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GENERALIZATION OF VARIATIONS AND
BAUM-BOTT RESIDUES FOR HOLOMORPHIC
FOLIATIONS ON SINGULAR VARIETIES

DANIEL LEHMANN AND TATSUO SUWA

1. Introduction

There are already several kinds of residues for holomorphic singular folia-
tions on singular varieties. In this paper, combining the two techniques of using
coherent sheaves and the extension of the normal bundle to a local complete inter-
section, we would like to define: .

- a generalization to the case of arbitrary dimension, of the “variation”, defined in
[KS] for foliations by complex curves on complex surfaces, ‘

- and, closely related to the previous one, a generalization to the case of foliations on
singular varieties, of the usual Baum-Bott residues for singular holomorphic folia-
tions on complex manifolds. Here, by a (singular) foliation on a singular subvariety
V of a complex manifold M, we mean a foliation Fy on the regular part of V, that
we assumed to be induced by a (singular) foliation F on M leaving V invariant; in
fact, the data is not only Fv, but also the germ of F along V.

In this framework, the link between the Camacho-Sad index and the varia-
tion given in [KS] (see also [Br2]) becomes more or less obvious.

Before all, let us recall the general routine which produces “residue theo-
rems”. First, we need a vanishing theorem (or obstruction theory), of the
following type: the existence of some special “object” D on a space X implies that
“some” characteristic classes o(E) € H*(X) of “some” bundle E — X vanish.
We are only concerned in this paper with “primary” characteristic classes, which
are obstructions to the existence of some object; however the same could be done
with higher order characteristic classes which are obstructions to the “compatibil-
ity” between several such objects (see for instance [H], [Le5], [GL], [Po]). Also, all
homology and cohomology groups in this paper are for real or complex coefficients;
corresponding vanishing theorems for integral coefficients may be wrong (see [Bo2]).

When such an object D is given now only away from some closed subset S of
X (called its “singular” set), then it is only the restrictions o(E)|x_g to H *(X-5)
which vanish: therefore, because of the exactness of the sequence

(1.1) o= HY(X,X - S) —» H*X) > H*(X = §) = -~ ,
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the classes o(E) will lift to some @(E,D) € H*(X,X - S), and generally in a
canonical way once given D on X — S. The classes ¢(E,D) will be called the
residual characteristic classes. Recall that, for any open neighborhood U of S,
H*(X,X - S) and H*(U,U - S) are isomorphic (“excision” property): this implies
that ¢(E,D) depends only on the local behaviour of the given object D near (but
away from) S: it is the reason why, we say that the characteristic classes have been
“localized” near S. ' ‘

If, furthermore, X (hence S) is compact, and if X has a fundamental class
[X], we call residue the image Res,(D, E; 5) = Ag (p(E,D)) of o(E,D) by the
Alexander homomorphism u — u ~ [X] from H*(X,X — S) into H;_.(S), £ de-
noting the real dimension of [X]. More generally, if we denote by S, a compact
connected component of $ having some orientable regular neighborhood U, not
intersecting the other components Sg, we may define Res,(D, E; Sy) as the com-
ponent on Hy_,(Sa) of Resy(D, E; S) € Hp_.(S) = ®pHe-u(S5).
' Note that the homomorphism As is compatible with the Poincaré homo-
morphism Px : H*(X) — Hy—.(X), in such a way that the following diagram is
commutative:

H*X,X-8) - H*X)
(1.2) : Asl le
Hy_s(S) = ®aHe-s(Sa) —=— Hy_u(X)

Therefore, we get the residue theorem in H,(X):
(1.3) . Z(ba)* Res¢(D, E; Sa) = SO(E) ~ [X]’

where ¢, denotes the natural inclusion of S, into X. When Px is an isomorphism
(for instance when X is a compact oriented manifold), we get the corresponding
residue theorem in cohomology:

D _(Ha)«Resy(D, E; Sa) = p(E),

where (fa)x = Px 7! 0 (ta)x-

However, it may happen that the bundle E depends on the data D. In this
case, we first need to extend in some sense E or at least ¢(E) on all of X, even if
D itself is defined only over X — S, for the previous residue theorem to make sense.
Moreover, it may happen that there are different ways to do so. Let us recall three
examples of this situation:

1) The Bott vanishing theorem ([Bo2]) asserts that the graded algebra
Chern*(N#) of Chern polynomials of the normal bundle Nx to a non-singular
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holomorphic foliation F of dimension p on a complex manifold M of dimension n
vanishes in dimension * > 29 = 2(n—p). If F is only defined over M — § , Baum and
Bott need first to define A’ as a coherent sheaf (or equivalently as a virtual vector
bundle) over all of M and develop a Chern-Weil theory for such coherent sheaves
or virtual bundles, before to define and compute their residues [BB1], [BB2].

2) A similar vanishing theorem is proved in [Le2]: if a non-singular subman-
ifold V' of M is invariant by F, and if F has no singularities on V, then the graded
algebra Chern*(Ny) of the normal bundle Ny to V in M vanishes in dimension
* > 2(m — p), where m denotes the complex dimension of V, thus m — p is the com-
plex codimension of the induced foliation Fy on V. The Camacho-Sad index ([CS]
for m = p = ¢ = 1) and its first generalizations ([G], [Li2] for m = p and ¢ = 1, or
[Le2] for arbitrary m, p,q) were concerning the case where F had singularities on
V, V being still non-singular and Ny therefore defined on all of V. When V is now
itself singular, but being a local complete intersection, the normal bundle to the
regular part of V' in M is first extended to all of V and then to a neighborhood of
V before studying corresponding residues in [LS1] (generalizing various particular
cases in [Li2], [So], [Su2] where the extension of Ny wasnot used).

3) In the case where F is globally defined by a holomorphic non singular
vector field v on M, the coherent sheaf Nz is stably equivalent to 7M. Therefore
the Bott vanishing theorem becomes, for M compact: all Chern numbers of M
vanish. Thus, when v is singular, the sum of Baum-Bott residues is here equal to
Chern numbers of M ([BB1]; see also [Bol], [Bo3] when v is non-degenerate). If
now v is tangent to a subvariety V of M, we get similarly Chern numbers of V
as long as V' is non-singular. If V has singularities, but being a local complete
intersection, we still can do the same, but replacing now Chern numbers of V
(i.e., Chern numbers of the tangent bundle T'V) by Chern numbers of the “virtual
tangent bundle” TM|y — Ny (globally defined on V since Ny is defined on all of
V'): this is done in [LSS], defining residues (which turn out to be equal in the case of
isolated singularities to those defined in [GSV] and [SS]). This will be a particular
case of the Baum-Bott residues on V that we wish to get; in fact, if the leaves
are one dimensional, the foliation F is defined by a morphism h : F — TM of
vector bundles, where F' is some holomorphic line bundle (the previous particular
case corresponding to a trivial F'): the effective computations done in [LSS] in the
case of isolated singularities remain then valid with respect to vector fields defined
locally by mean of a local trivialization of F; the only difference is that the sum
of these residues will produce now Chern numbers of the virtual normal bundle
TM|v — Ny — F|y to Fy in V, instead of the virtual tangent bundle TM|y — Ny
to V. : o

The first situation we are interested in is that of the restriction V. Flv of N
to an invariant subvariety V' (variations): in this case, the corresponding vanishing
theorem asserts that, when S = Sing(V') U (Sing(F) N V) is empty, Chern*(Ng|v)
vanishes not only for * > 2¢ = 2(n — p) but also for * > 2(m — p). Observe on
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the other hand that, for p = m, Ny and V. 7|v are two different extensions of the
normal bundle to a leaf in V — S, giving rise to two different kind of residues.

The second situation concerns N- #lv — Ny, which is an extension to V of
the normal bundle Nz, to Fy over V — S. When § = 0, the usual Bott vanishing
theorem may be used for Fy on V. Thus, in the general case, corresponding residues
are generalizations of the Baum-Bott residues for Fy, to the case where V may be

singular.
2. Backgrounds
(A) Mayer-Vietoris complex on a singular variety, and integration

Let M be a complex manifold of dimension n and let V be an analytic
subvariety of M of dimension m.

Let S be a closed subset of V' containing the singular set Sing(V) of V,
and let (Su)a be the connected components of S. For each «, we take a regular
neighborhood U, of S, in M so that U, n ﬁﬂ =0, if a # B. Let Uy be a tubular
neighborhood of V' — S in. M with the projection p : Uy — Uy = V — S. Then we
have a covering U = {Us, (Us)a} of U = U, U (Ua Us). We assume moreover that
V is a deformation retract of U. Set U; = Ua U,.

Denoting by A*(N) the differential algebra of de Rham forms on a smooth
manifold NV, the Mayer-Vietoris complex A* (U) of V is defined by: ‘

A*U) = AV = §) @ A*(Ty) @ A*~1(Tyy),

with the differential D(a, a1, @01) = (dag,day, —dag; + ay — p*ag), and the cup
“product’ '

(00, a1, 001) ~ (Bo, B1,B01) = (a0 A Bo, a1 A B, 01 A By + (=1)1*p*a A Bo1).

Recall ([BT]) that the map ¢ : A*(U) — A*(U) defined by «(a) = (alv-s,aly,,0)
induces an algebra isomorphism H*(V) ~ H*(U) — H(A*(U)) in cohomology. (It
is understood that the symbol of restriction of differential forms to the suitable open
set is omitted.)

Also let, for each a, R, be a compact (real) 2n-dimensional manifold in
(70,, with C* oriented boundary RM, containing Sy in its interior. We set Ry =
U - U, Int R,. We further assume that each Roo = OR, is transversal to V, and
we set Ry = Rg NV, Ry = RyNV and Roa = Roo NV. Recall that every element
o in A*(U) is expressed as o = (00, (0a)as (F0a)a)-

If V is compact, we have the evaluation

/;/ : AP™(U) — C,
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defined, for ¢ in A?™(Uf), by

fyo= forot ([ ot [ one).

Remark 2.1. The Mayer-Vietoris complex imbeds naturally in the total Cech-de
Rham complex associated to an open covering U = {U,, U} of a manifold [/ by
two open sets. All what is recalled in this paragraph could be done for a covering U
with arbitrary number of open sets (cf. [BT] for Cech-de Rham complex and [Le3]
for integration in the general case). Observe that integration for arbitrary open
covering, while not used in this paper, has been intensively used in various papers,

such as [Le2], [LS1], [LSS).
Integration above defines the pairing

(2.2) B : A*U) x A™*(U) — C,

B(o,7) = / o1 foroe A*U)and T € A2 H(),
A%
This induces the “Poincaré homomorphism”
Py : H*(U;C) > H*(V;C) — Hym—u(U;C) = Hym—o(V;C),
which coincides with the cap product by the homology class [V].

Denote by A*(U,Up) the subgroup in A*(U) of elements of the form o =
(0,04,000). From the comparison of the long cohomology exact sequence coming
from the exact sequence

0 — A*(U,To) — A*(U) — A*(Tp) — 0
with the usual éohomology exact sequence for the pair (V,V — §), we get:
H*(A*(U,T,)) ~ H*(V,V - §;C).
Then, (2.2) induces the pairing

B : A*U,T,) x A*™*({];) — C,

given by

(2.3) B(o,r) =) (/R Oa A To + /Ro,. Toa A r,,)

o
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for o in A*(U,U,) and 7 = (7,) in A*™=*(U). In cohomology, the pairing defines
the “Alexander homomorphism”

Ay : HY(V,V - S) — H2m—*(ﬁ1;c) = Hz_m—*(5§ C) = SaHom—x(Sa; C).

We have the commutative diagram:

H*(A*U, o)) = HY(V,V = §;C) —— H*(4*U) ~ H*(V;C)
(2'4) ‘ lAV ‘ va
Hms(S5;C) = ®aHom—s(52;C) —=—  Hyppmou(V;C)

where j* denotes the canonical homomorphism. If V is non-singular, the above Py
and Ay are the usual Poincaré and Alexander duality isomorphisms.

(B) Chern-Weil theory for virtual vector bundles and coherent sheaves
([BB2]) |

Let E be a complex vector bundle over M. Denoting by o; the i-th elemen-

2
tary symmetric function, we set ¢; = (3%,1) i, which is the ¢-th Chern polynomial.

If V is a connection for E, we have a closed 2i-form ¢;(V) whose class in the (de
Rham) cohomology H?'(M;C) is the é-th Chern class c¢;(E) of E. The total Chern
class is given by ¢(E) = 1+ c¢1(E) + ¢3(E) + - - -, which is invertible in the cohomol-
ogy ring H*(M;C). More generally, if ¢ is a symmetric polynomial, we may write
¢ = P(c1,c,...) for some polynomial P. We set (V) = P(c1(V),c2(V),...),
which is a closed form. Furthermore, if we have p + 1 connections Vo,...,V, for
E, there exists a differential form ¢(Vy,...,V,) alternating in the p+1 entries and
satisfying ~

(2.5) i(q)%(%, ooy ks, V) + (=1)Pdip(Vo, ..., V) = 0
k=0

([Bo2] p. 65), here we use a sign convention different from that of [Bo2]. In partic-
ular, if V and V' are two connections for E, then ¢(V') — 0(V) =dp(V,V'). Thus
the class of (V) is independent of the choice of the connection V and is the charac-
teristic class ¢(E) of E with respect to ¢. Note that if ¢ is homogeneous of degree
d, then ¢(Vy,...,V,) above is a (2d — p)-form and that @(E) is in H24(M;C).

Now suppose we are given, for each i = 0,...,q, a complex vector bundle
E; on M and a connection V() for E;. We denote by V* the family of ¢connections
(V),...,V®) and define the total Chern form ¢(V*®) of the “virtual bundle”
£ =31 o(—1)'E; with respect to V* by

g
(2.6) oV) = J[e(VOy® @) = (-1)-.

=0



We denote by ¢;(V*) the homogeneous component of degree 25 in c(V®). Ifpisa
symmetric polynomial (a polynomial in the Chern polynomials of ¢ ), Wwe may write

as a finite sum © @
=) e o,
)

where, for each 7 and ¥, cpgi) is a polynomial in the Chern polynomials of E;. Then

we set © )
P(V*) = o (VO)A- .. A gD (VD).
£

Now suppose we have p + 1 families of connections Vi = (Vf), ceey Vio) ),
k=0,...,p. Then we may construct a form ©(V3,...,Vy) satisfying

P
(2.7) D (D*e(Vs. s Vi, VE) + (<1)Pdp(V5, ..., V3) = 0.
k=0

In fact, let AP be the standard simplex °F_ t; = 1, t; > 0 in RPH!,
and m : M X AP — M be the natural projection. Then, e(V3,... »V3) is equal
to the integration of ¢(V*) along the fiber AP of the projection m, where V* =
(VO YW ... V), each V() denoting the connection on 7~1(E%) which is the
usual affine combination of the connections V;cr) .

In particular, if V§ and V3 are two families of connections, then

¢(V1) = e(V5) = dp(V3, V1).
Hence we see that the class [¢(V*)] of the closed form ¢(V*) in H*(M;C) depends
only on ¢ and not on the choice of the family of connections V*. We denote this
class by ¢(€) and call it the characteristic class of ¢ with respect to ¢. In the case

p=ciorp=c=14c +cy+ -, this is the :-th Chern class ci(§) or the total
Chern class ¢(€) of ¢, respectively. Note that

o) = [] o(E:).

=0

Let
(2.8) 0> E, 2% .. B P E =0

be a sequence of vector bundles on M, and, for each i, let V() be a connection for
E;. We say that the family (V9. .., V() is compatible with the sequence if, for
each ¢, the following diagram is commutative:

A, E) 22, Ay, E)

l J1ow

v (i+1)
AO(Ma Ei+1) I Al(Ma Ei+1)'
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If the above sequence is exact, then the virtual bundle ¢ = S (=1)'E; is trivial,
thus ¢(¢) = 1. In fact, there is always a family V* = (V@ .., V) of connections
compatible with the sequence and for such a family we have ([BB2] (4.22) Lemma)

(V) =1.

From this we have

Proposition 2.9. Suppose the sequence (2.8) is exact. Let ¢ be a symmetric poly-
nomial and Vi = (V{,..., V"), k = 0,...,p, families of connections compatible
with (2.8). Then

o(Ver--, Vi) = @(V§),..., VD). In particular () = p(Ey),

where V3 denotes the family of connections (ng), . ,Vil)) for the virtual bundle
£ =YL (~1)""'E;. Similarly for the other bundles and “sub”virtual bundles.

Let now C be a coherent sheaf on a complex manifold M. The singular set
Sing(C) of C is defined to be the set of points p in M where C, fails to be free.
If we set Uy = M — Sing(C), on Uy, C is locally free by definition, and there is a
(well defined) holomorphic vector bundle E(C) whose sheaf of germs of holomorphic
sections is equal to C|y,. Suppose M is a relatively compact open set in another
complex manifold. Take a resolution

(2.10) 0— Am(Er) = -+ — Ap(Ey) — Ay ®o0y C—0

of the coherent sheaf C by real analytic (complex) vector bundles E; on M ([AH)),
where Ajs denotes the sheaf of germs of real analytic functions on M. Following
[BB2], the characteristic classes ¢(C) are, by definition, the characteristic classes
¢(&c) of the virtual bundle é¢ = 3°7_(~1)*E;, which do not depend on the choice
of the above resolution. On Uy we have the exact sequence of vector bundles

(2.11) 0—FE,—..-— Ey— E(C)—0.

Let V be an arbitrary connection for E(C) on Uy. By [BB2] Lemma (4.17),
there is a connection V((,i) on Uy for each E; so that the family of connections
(VE,') yens ,V(()o), V) is compatible with the sequence (2.11). If we denote by V3 the
family of connections (V(()r) yeens V((,O)) on Uy, we have by Proposition 2.9,

(2.12) ©(Ve) = ¢(V).

Let (Sa)a be the connected components of Sing(C) and Uy, a regular neigh-
borhood of S, for each a. On Uy, we take an arbitrary family Ve = (v&’), cen, v )
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of connections, each V) being a connection for E; on U,. Then the class o(C) =
¢(&c) in H?4(M; C) is represented by the cocycle @(V2) in A%4(U) given by o(V?) =
(@(V), (V) #(V3, V2)). In particular, we get

(2.13) 0(C) = [(0,0(V2), (5, V)]

if (V) = 0 on Uy because of some vanishing theorem for E(C) on Uy.

If V denotes a subvariety of M, we shall call characteristic classes of C lv
the restriction to V of the characteristic classes of C, i.e., characteristic classes of
éelv.

(C) Singular holomorphic foliations ([BB2], [Sul], [Y])

Let M be a complex manifold of complex dimension n and Oy, (or simply

O) the sheaf of germs of holomorphic functions on M. Also, denoting by TM the

(holomorphic) tangent bundle of M, let ©r = O(TM) be the sheaf of holomorphic
vector fields on M.

Definition 2.14. We call singular foliation F on M the data of a coherent subsheaf
©F of Op, which is integrable (or involutive), i.e., such that

*) , [OF,p, Ox,) COf, forpe M.

Since Oy is locally free, in this case the coherence simply means that the
sheaf O is locally finitely generated. We set Ny = @y /©F and define S(F) by

S(F) = Sing(N).

Note that S(F) is an analytic set, containing Sing(©). We may describe S(F)
explicitly as follows. Let U be a sufficiently small coordinate neighborhood with
coordinates (zy,...,2,) and let vy,...,v, be generators of F on U. We write vy =

Z;‘l=1 f,\j(z)g‘z—j-. Then
S(F)NU ={z €U | rank (f»j(2)) <p},

where p is the rank of (the locally free part of) O .

Remarks 2.15. If p is the rank of ©F, then F defines a non-singular foliation of
dimension p on M — S(F). We call F a singular foliation of dimension p. We call
OF the tangent sheaf to the foliation, and Nx = @y /© £ the normal sheaf.

Let M be a complex manifold of dimension n and F a foliation on M of
dimension p. We recall the exact sequence

(2.16) 0205 — 0Oy D Nr—0.

9



Note that from the integrability of ©, the map
(2.17) - Or x Ng — Nx

assigning 7([v, w]) to (v,n(w)) (v € Ox, w € Op) is well-defined. On the comple-
ment M — Sing(©#), the sheaf ©x is locally free and there is an involutive sub-
bundle F of TM such that O x| M-sing(x) = O(F). Also, if we set M' = M — S(F)
(C M — Sing(©r)), there is a vector bundle Np such that Ng|yy = O(Nr). We
have Np = TM/F on M'. The map (2.17) induces an action of F on Ng:

a: AO(M',F) X AO(M',NF) — AO(M';,NF)

and Nr becomes an F-bundle.
Recall that a connection V for Np is called an F-connection (or Bott con-
nection) if
(1) V(n(w))(v) = n([v,w]) for w € A°(M',TM) and v € A°(M',F) and
(ii) V is of type (1,0).
(D) Local complete intersections

Let V be a subvariety of dimension m in a complex manifold M of dimen-
sion n. We say that V is a “set-theoretic local complete intersection defined by a
holomorphic section” if there exist a holomorphic vector bundle E — M of rank
k =n — m over M and a holomorphic section s of E, generically transverse to the
zero section, so that V = s71(0). Thus V is a set-theoretic local complete intersec-
tion and the restriction E|y, coincides with the normal bundle of the regular part
Vo of V. The following proposition is known (see for instance [Pa] when k = 1):

Proposition 2.18. For any connection V on E, the morphism Vs : TM — E has
a restriction to Vo whose kernel is equal to TV, and has a restriction to V which
does not depend on the choice of V. Thus, the restriction of Vs to V, is surjective,
and naturally identified with the canonical projection of TM |v, onto the normal
bundle of V, in M.

We denote by Ny the restriction E |v of E to V: it is therefore an extension
to V of the bundle normal to V; in M.

If we assume furthermore that the components of the section s with respect
to some local trivialization of E generate locally the ideal Zy of holomorphic func-
tions vanishing on V, then V is not only a set-theoretic local complete intersection,
but also a local complete intersection. In this case, the vector bundle Ny 1is well
defined, i.e., does not depend on the choice of E (e.g., [LS1]).

3. Characteristic classes of Nr|y; variations

Let M be a complex manifold and let V be an analytic subvariety of M. We
denote by Sing(V') the singular set of V and by Ty the ideal sheaf of O, defining
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V. We consider the sheaf ©(log V) of so called “logarithmic vector fields” of V
([Sa], [BR]) defined by:

Om(logV)={v € Op |v(ZTv)CIv}.

Note that a germ v in @y is in Ops(log V) if and only if it is tangential to the
regular part V — Sing(V).

We shall call (singular) foliation on V the data Fy = (F,V) of a singular
foliation F on M and a subvariety V' of M invariant by F, i.e., such that
(1) ©r C Op(log V) and
(2) V ¢ S(F).

We assume once for all, for simplification, V' to be compact. We denote by
n, m and p the complex dimensions of M, V and F, respectively. When using the
material of section 2-A, then we shall take S = Sing(V) U (S(F) N V).

We shall be interested here in computing the restriction to V of the char-
acteristic classes of the normal sheaf Nx of F. The interesting fact is that we have
more characteristic classes producing residues than on M. In fact, recall that there
is an action of F' on Np. If V is non-singular and if S(F) NV = §, this action
induces an action of Fy = F|y on Np|y. Hence we have the following vanishing
theorem: ‘

Proposition 3.1. If V is non-singular and if S(F)NV =0, then
Chern* (Nx|y) =0, for x > 2(m — p).

In fact, if V is an Fy-connection for Np|y, then (V) = 0 for any symmetric
polynomial ¢ of degree > m — p.
Remark §.2. The usual Bott vanishing theorem asserts Chern*(N: ) = 0 only for
* > 2(n — p). L 3

Let S, (Sa)a)s Uq, Uy, Re and Ry etc. be as above. For a homogeneous sym-

metric polynomial ¢ of degree d, the characteristic class (N #) on U is represented
by the cocycle ¢(V3) in A24(U) given by

e(V2) = (2(V3), (V) (e, V)

(section 2, (B)). The bundle N Flg, is isomorphic to p*(Nr|y,). Thus, we take as

V the connection equivalent to the pull-back by p of an Fy-connection for N Flu,-

Then by Proposition 3.1, ‘
¢(Vo) = (V) =0.

Hence ¢(V?) is in A24(U,Tp). We denote its class [e(V3)] in H2(AU,Ty)) =
H*(V,V — S;C) by ps(N#), and call it the “localization” of w(Nx). It is sent
to ¢(Nr) by the canonical homomorphism j* : H*(V,V — §;C) — H2(V; C).

11



We have, for each a, the residue Resy,(F,N7|v;Sa) in H3m—24(Sq4;C) as the a-
component of the image of ws(NVr) by the Alexander homomorphism Ay. Thus
Res,(F, Nx|v; Sa) is represented by a (2m — 2d)-cycle C in S, such that

(3.3) J 7= /. VAt [ (VY2 A,

for any closed (2m — 2d)-form 74 on U,. In particular, if d = m, the residue is a
complex number given by

(3.4) Resy(F, Ne|v; Sa) = /R o(V3) + /R V3, V).

o

Thus we have proved the following theorem.

Theorem 3.5. Let V be a subvariety of dimension m in M and F a singular foli-
‘ation of dimension p on M which leaves V invariant: Also, let ¢ be a homogeneous
symmetric polynomial of degree d > m — p. '

(1) For each compact connected component S, of the singular set S(Fy), we have
the residue

Res(P(f', N]-'Iv; Sa) € H2m—2d(Sa; C)a

which is determined by the local behavior of F near S, and is given by (4.3).
(2) XV is compact,

D _(ia)s Resp(F, N[viSa) = @(NF) ~ [V]  in  Hym_za(V;C),

where i, denotes the embedding S, «— V and the sum is taken over all the compo-
nents S, of S.

We call Res,(F,Nx|v; Ss) the variation of F with respect to V and v at
Sa-

Particular case p=1

Suppose there is a line bundle F' on M such that O = O(F). We may
consider the sequence (2.16) as a locally free resolution of N and in (2.11), we may
set r =1, Eg =TM and E; = F. Note that in this case, we have residues only for
homogeneous symmetric polynomial of degree m and they are complex numbers.

Since the characteristic classes of Nz are exactly those of the virtual bundle
TM — F, we have the following

Theorem 3.6. Let F be a one dimensional foliation on a complex manifold M
leaving invariant a subvariety V of dimension m and ¢ a homogeneous symmetric
polynomial of degree m.
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(1) For each compact connected component S, of the singular set S = S(Fv), we
have the residue Res,(F,(T'M — F)|y; S,), which is a complex number determined
by the local behavior of F near S, and is given by (3.4).

(2) IV is compact,

" Resy(F, (TM = F)|v; Sa) = o(TM — F) ~ [V],

where the sum is taken over all the components S, of S.

Remark 3.7. Suppose n = 2 and m = 1. Then V is a (complex) curve C in a
non-singular surface M and each S, consists of a point a. Moreover, for ¢, we
have essentially only c;. The residue Res,,(F,(TM — F)|c;a) coincides with the
“variation” Var(F,C;a) defined in [KS] and Theorem 3.6 above reduces to Theorem
2.2 in [KS]. ’

Suppose there is a generator v of F in a neighborhood U of S, in M. Then,
Resy(F, (TM — F)|v; Sa) = Resy(v, TM|v; So),

where the right hand side is defined as in [LSS] (see also [LS2]). This also shows
that, if & is a non-vanishing holomorphic function on U, then ‘

Resy(hv,TM|v; So) = Resy(v, TM|v; Sa).

If F is generated by a global vector field v, then F is trivial and the results reduce

to those of v for TM|y ([LS2]). See below for the formula for Res, (v, TMly;a)
when S, consists of a point a.

4. Baum-Bott residues for singular varieties

Let again Fyv = (F,V) be as above. In this section we assume V to be
a set-theoretic local complete intersection defined by a holomorphic section of a
vector bundle E — M of rank k = n — m (see section 2, (D)). Let Ny = E|y.

We wish now to compute the characteristic classes of N Flv — Ny, i.e., the
characteristic classes of the virtual vector bundle N. v = énplv — Ny which is
stably equivalent to Np, = TUy/Fy on Uy =V — 8.

The vanishing theorem we are using is simply the usual Bott vanishing
theorem on V for Fy: '

Proposition 4.1. If S is empty, that is if V is non-singular and if S(F)N'V = §,
then Chern*(Ng, ) = 0 for x > 2(m — p).

On Uy we have the exact sequence
0— NFV — NFIUO — NUo — 0.
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Each bundle in the above sequence admits a natural action of Fyr so that the family
of actions is compatible with the sequence. Proposition 5.1 is proved taking an
Fy-connection for N Fy- We may also prove it taking Fy-connections for N Flu,
and N Us+ '

Let (Sa)a, Ua, Uo, Ro and By etc. be as before. Also, let V3, V¢ and V
be as in section 3. Let V¥ be an Fy-connection for Ny, and VE a connection for
E on U, extending VN. On each U, we choose an arbitrary connection VZ for E.
We set V§ = (V§,VE) and V¢, = (Ve, VE). Then the class ¢(N7, ) is represented
by the cocycle (V) in A24(l/) given by

e(V2) = (p(V3),0(V2), 0(Ve, V2)).
If d > m — p, then by Proposition 2.9, |
o(V5) = 0.

Hence (V) is in A24(U,T,). We denote its class [p(V?)] in H2(AU,Ty)) =
H?Y(V,V — 8;C) by ps(N#,) and call it the localization of ©(N#,). It is sent
to ¢(N'x,) by the canonical homomorphism j* : H2(V,V — S; C) — H*4(V;C).
We have, for each a, the residue Res,(F, Nz, ; Sa) in Hym—24(Sq;C) as the a-
component of the image of ps(NF, ) by the Alexander homomorphism Ay. Thus
Res,(F,Nry; Sq) is represented by a (2m — 2d)-cycle C in S, such that

(4.2) [ra=[ o@Ama+ [ oA,
C Ra ROa .

for any closed (2m — 2d)-form 7, on U,. In particular, if d = m, the residue is a
complex number given by '

(43) Reou(F, Ny 5) = [ o9+ [ o(¥2,92)

Suppose V' is compact. If we compute the class (N7, ) in H 24([7; C), which
corresponds to ¢(Nr, ) ~ [V] in Hym—24(V;C) by Py, using Fy-connections, we
see that it has a natural reduction in H2¢(A*(U, Uy)) whose image by Ay is the sum
2o Resy(F, N7, ; S5) of the residues. Thus we have proved the following theorem.

Theorem 4.4. Let V be a set-theoretic local complete intersection of dimension
m in M and F a singular foliation of dimension p on M which leaves V invariant.
Also, let ¢ be a homogeneous symmetric polynomial of degree d > m — p.

(1) For each compact connected component S, of the singular set S(Fv), we have
the residue

Reso(F, N7y ; Sa) € Ham—24(Sa; 0,
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which is determined by the local behavior of F near S,, and is given by (5.2).
(2) If V is compact, v

Z(za)* Res¢(.7",./\fgr‘,; Se) = ‘P(Nf' - E) ~[V] in H2m—2d(V; C),

[+3

where i, denotes the embedding S, < V and the sum is taken over all the compo-
nents S, of S.

We call Res,(F,NF,;S,) the singular Baum-Bott residue of Fv at
Sa with respect to ¢. If V is non-singular, it coincides with the usual Baum-Bott
residue of Fy.

Particular case p =1

Since the characteristic classes of Nz, are exactly those of the virtual bundle
(TM — F — E)v, we have the following

Theorem 4.5. Let F be a one dimensional foliation on a complex manifold M
leaving invariant a set-theoretic local complete intersection V of dimension m in
M, and let ¢ be a homogeneous symmetric polynomial of degree m.

(1) For each compact connected component S, of the singular set S = S(Fv),
we have the residue Res,(F,(TM — F — E)|v; S,), which is a complex number

- determined by the local behavior of F near S, and is given by (5.3).

(2) HV is compact,

> Resy(F,(TM ~ F - E)\v; Sa) = p(TM — F — E) ~ [V],

where the sum is taken over all the components S, of S.

Suppose there is a generator v of F in a neighborhood U of S, in M. Then,
Resy(F,(TM — F — E)|v; Sa) = Resy(v, TM|y — Ny; Sa),

where the right hand side is defined as in [LSS] (see also [LS2]). This also shows
that, if A is a non-vanishing holomorphic function on U, then

Res,(hv,TM|y — Ny; S,) = Res,(v,TM|v — Ny;Sq).

If F is generated by a global vector field v, then F is trivial and the results reduce
to those of v for TM|y — Ny ([LSS]). See below for the formula for the residue

Res,(v,TM|y — Ny;a) when S, consists of a point a.

Remarks 4.6. 1°. When ¢ = ¢, Res,,, (v, TM|y — Ny; Sa) coincides with the
virtual index Vir(v|v, Sa) of the restriction v at S, ([LSS]), which is also equal to
the “GSV index” GSV(v|v,a) of v at a when S, consists of a point a. Note that
these are invariants of the foliation F generated by v.
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2°. Suppose n = 2 and m = 1. Then V is a (complex) curve C in a non-singular
surface M and each S, consists of a point a. Moreover, for ¢, we have essentially
only ¢; and Res, (F,(TM — F— E)|¢; a) = Vir(F¢,a) = GSV(F¢, a). The formula
in Theorem 5.5, (2) above reduces to the one in [Brl] Lemma 3, which is equivalent
to the one in [KS] Theorem 2.6. From the above argument, we also have the
following formula in [KS] Lemma 2.3 (cf. also [Br2] Proposition 5):

Vir(F¢, a) = Var(F, C;a) — CS(F, C;a),
~where CS(F, C;a) = Res,, (F, N¢; a).

5. Formulas for the residues

The residues for isolated singularities are already computed in [LSS], [LS2].
Here we quote the results.

Suppose S, consists of an isolated point @ in V and let v be a holomorphic
vector field on a neighborhood of a in M. We also assume that V is a complete
intersection near a. Then we have the following lemma ([LS1] Theorem 2).

Lemma 5.1. There exists a local coordinate system (z, ..., z,) near a in M such
that, if we express v as

i 0
v = ;a;(zl‘, . ’zn)a_z,'
and if we denote by (f1,: .., fi), k = n—m, a system of defining functions of V near

a, then the set of common zeros of the holomorphic functions A1y eeey Qmy f1yeeny Sk
consists only of a.

We set
A= 3(a1,...,an),
0(21y. .., 25)
the Jacobian matrix of (ai,...,a,) with respect to (z1,...,2,). If we let f=

(f1,--., fx) be a system of local reduced defining functions of V near p, the condition
that V is invariant by v is expresed as

k
o(fi) =Y ciifis
i=1
for some holomorphic functions ¢;; ([St], [BR]). Set C = (c;;). We set Clei,e,...] =
Chern* and Cley, ¢z, .. .]s the homogeneous component of degree d.

Theorem 5.2. In the above situation, if (21,...,2n) denotes a coordinate system
as in Lemma 6.1, we have:
(I) For a polynomial ¢ in Cley,. .., cplm,

Resy(v, TM|v;a) = / w(=A)dzy A -+ ANdzp, .

T al - -Qm .

16



(II) Let ¢ be a polynomial in Cley,...,cn]m and write ¢ = i+l with ¢; in
Cles, ..., ¢a] and ¢} in Cley, . ..., ck] so that o(TM —E) = 2 i(TM)-¢'(E). Then

?

rad| (—A)pl(~
Res,(v, TM|y — Ny;a) = Y / pi(=A)pi(=C)dz1 A+ A dzy,
R r

ay: - Qm
where T' denotes the m-cycle in V given by

P={zllai(z) =--- =lam(2)| = ¢, fi(2) =--- = fi(2) =0},
for a small positive number ¢, which is oriented so that df; A --- A db,, is positive,
0; = arg a;.

In particular, when ¢ = ¢y, denoting by [¢(~A) - ¢(—C)~1]4 the holomor-
phic function given as the coefficient of ¢¢ in the formal power series expansion of

det (I - t3§A) - det (I— th’) - in ¢, we have

[e(=A) - e(=C) Ymdzr A+ A dzm.

ai - am

(5.3) Vir(v,a) = /I‘

If a is a regular point of V, we may take a coordinate system (zy,... »Zn)
about p so that f; = zm41,...,fr = 2, define V near a. Then the invariance
condition for V by v is that am41,...,a, vanish on V. Thus (215...,2,) is a
coordinate system as in Lemma 5.1. On the other hand, ¢;; and g%:f& are equal

on V. Hence denoting by A’ the Jacobian matrix g—gi‘{:::—:::‘%, we have, on V,

C = A' and a—‘;’;—‘—jt-‘- =0fori=1,....,kand j = 1,...,m. Hence denoting by A"
t)

the Jacobian matrix 37(%, the formula in Theorem 5.2 (II) reduces to

- ,’ . e
Res‘P(v,TMlv—Nv;a)zf 90( A )d21 A /\dzm,
T

aj - Qm

which coincides with usual Baum-Bott residue for V' (see also [Le2] for more general
Grothendieck residues when V is non-singular).
See [LS2] for more explicit computations.
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