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Global Existence of Classical Solutions to Systems
of Wave Equations with Critical Nonlinearity

in Three Space Dimensions

Kazuyoshi Yokoyama

Department of Mathematics, Hokkaido University,

Sapporo 060, Japan

Abstract

We discuss the existence of a global small solution to the Cauchy problem for a
system of quasilinear wave equations in three space dimensions, when its nonlinear term
have a critical exponent. Global existence is established on the null condition which
is extended to the condition for systems of wave equations with different propagation

speeds.
1 Introduction.

We consider the Cauchy problem for a system of quasilinear wave equations

0w’ = F*(0u,8%) in [0,00) x R3, (11)
w(0,)) = eff, Oui(0,-)=eg' IR i=1,... m, (1.2)



where 0; = 03 — 2 53, 02,6, >0, 0, = 0/9z°,t =¥, ¢ = (z', 2%, 23) and ' = u'(t,z) are

real-valued unknown functions. We denote by & the space-time derivatives, i.e.
Ou = (0at)ay, 0u = (8,0pU )a .,

where o, § range over 0,1,2,3 and 7 over 1,...,m. f' and g* belong to C°(R?) and ¢ is a

positive small parameter. We also assume that each F¢(du, 8%u) takes the form

au 8%u) Z Z au 305w’ + D (Bu), (1.3)
i=1a,8=0

c;g(au) = C,(0u), (1.4)

C5(0) = 0, D'(0) = 8D /8(8,u?) = 0, (1.5)

where C(ijﬁ, D* are C*°-functions near du = 0.

We give a condition of global existence for the initial value problem (1.1)-(1.2) in three
space dimensions. Small solutions exist globally when F'(du,d?u) do not have quadratic
parts, but in general we cannot expect global solutions when they have quadratic parts even
if ¢ is small. However, Klainerman (7] introduced the null condition for the quadratic parts
of single wave equations (or systems of wave equations with the same propagation speeds)
and proved a global existence theorem on that condition. We extend the Klainerman’s null
condition to the case where the propagation speeds are different. In the two spatial dimen-
sions, it was shown in [1] that the null condition for the systems with different propagation
speeds could be derived by applying John-Shatah observation provided D*(8u) = 0. We can

prove the following null condition by applying similar argument to our case. That is,

3 . . N 3 ‘e . .

Y, Cop XeXpXi =0, > DEXIXi=0 (i=1,...,m)

a,3,y=0 ' a,8=0

for all real vector X* = (X§, X}, X3, X3) satisfying (1.6)
3

(X5 — i 3_(X5)* =0.

j=1

Here we have set . .
3C’a’5 9%D? (0)
A8y u*) O(0ou?)0(puk) >

The aim of this paper is to prove a global existence theorem on the null condition (1.8).

ijk
Cfxﬁ‘/

ik
(0)’Dc3ﬂ =
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Theorem 1.1 Let ¢; to be different from each other. Assume that the nonlinear terms

F(8u, 8*u) given by (1.8)-(1.5) satisfy the null condition (1.6) and

Q,

Cls(Ou) = CI4(Au). (1.7)

Then there exits a positive constant ey such that the initial value problem (1.1 )-(1.2) has a

unique C*-solution in [0,00) x R3 for ¢ with 0.< ¢ < ¢,.

In the two spatial dimensions, Hoshiga and Kubo have proved in [2] a corresponding global
existence theorem. They obtained necessary estimates with the use of only the angular
derivatives and the scaling operator to avoid the difficulty coming from the difference of
speeds. We improve their method to prove our theorem. Comparing the two spatial dimen-
sions, the weighted L*-estimates involve ‘log t' (Proposition 3.1), and it is shown that the
null condition is used to take away ‘log t’ from our estimates (section 3.2). Further, by virtue
of the null condition, we can prove L?-boundedness of the derivatives of the solution (section

4), which leads to the global existence.

2 Notation.
Set

0y = 8/02%, 20 =t
d= (80,81,62, 83)1
V= (ala32a83),

’

r=|z| forz € R3

We denote by I' = (T, ..., I'7) the collection of differential operators 0, {2, S where

Q=zAV, (2.1)
F7 = S = tat + Tar, (22)
o, ==.V. (2.3)

A



Then we find that the bracket [T', '] of any Ty and I'y is written by another T',.

we have

7.

[[a,0i} = 0for 0 < a <6 and [I'7,0;] = —20;

We also note that

V=20, - ZAQ.
T T

For a = (a1,...,ax) (a; € {0,...,7},1 < i < k) we define
[*=T,, - Tq, and |a] = £.
Let u = *(ul,...,u™) be a vector and set
wi(t,r) =1 +r)1+let—r]) (i=1,...,m).

Then we define

[Oulke = i 23: sup sup

la|<k i=1 a=00<s<t z€R3

Butelle= X 303 I0uu(s, e -

|aj]<k i=1 a=0

m 3
1Pulle= 32 23 sup |IF*dau(s, )
0<s<t

Ia]SIc je=] =0 VUSSS

w;(s, |2])T*0,u' (s, 2)

’

L%(R3) -

3 Weighted L*-estimates.

3.1 Estimates for solutions of scalar wave equations.

Let v = v(t,z) be the smooth solution of the Cauchy problem

fv—ciAv=F in [0,T) x R3,
v(0,) = 0v(0,-) =0 in RS3,

Moreover,

(2.4)

(2.5)

(2.6)

(2.7)

(3.1)
(3.2)

where F € C*([0,T) x R?) and F(t,-) € C°(R®) for each t. In this subsection we present

the decay estimates for v that we will use later on.
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Proposition 3.1 Let v be the solution of (3.1)-(3.2). For1< u, 0<v and 0 < ¢, we set

Then we have

Zup(8,2) = (L +[es = ADH(1 + 5+ 1),
B(t) = { log(2+1t) (6 =0)
1 (9 > 0),

Mypp(F) = Z sup sup |y|z,.(s s, [y)ITeF (s, )]
|al<k,0<s<tyeR

() ot 2)] < C(1+ ¢+ |a]) 7 @i () Byt () My o (F)

for 1<pu,1<y,

() [9v(t,2)] < OO+ [2))7H(1 + [eot = |2|[) ™ @ps () My 1 (F)

for 1< u,0<v,c# ¢, and

(#8) [0v(t,2)] < C(1+ [a)TH{(1 + [eot = |2])) ™ Bpa ()

+(1+ ot — )T @y -1 ()} My (F)

for 1 <u,1<v,c=uc.

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

Proof. By a change of coodinates, the proof can be reduced to the case where ¢y = 1. So we

let co = 1. Set |z| = r. In appendix in (3], F. John showed that the solution of (3.1)-(3.2)

could be expressed in the form

where

r4i—3s
v(t,z) = (4nr)~ ds )\d)\ F(s,A0)dyp,
|[r—t+s|

© = O(s, A, ) = R(sin ) cos p, sin ¢ sin g, cos 1),

R is an orthogonal transformation with R(0,0,7) = z,

costp = (2rA) 7 (r? + A2 — (t — 5)?), sin¢p = (1 — cos? ) 1/2.

Thus, v can be written as

2
o(t, z) = (4ar)! /D AdAds /0 " F(s,70)dg,

(3.8)

(3.9)

(3.10)



where

D={(s,2)]0<5<t A& <)<},

M=r—t+s),g=r+t—s.
We first prove (3.5). By (3.10),

|’U(t,£l?)| S CI()M,_L,V;()(F)

where
Iy = r'l/Dzu,u(s,)\)"ld)\ds.
We obtain (3.5) from
L<CA+t+r)10, 1(1)0,_1(2),

which we will prove now. In order to prove (3.12), four cases
1. r<1,
221<rand 2+t <,
3. 1<rand 27 <r < (2+ o),
4. 1<randr <27t

are considered separately.

In the first case, we have

/\2 —)\1 S 27‘(S 2),

and hence

St
A

. t Ao
or! /0 ds A 200 (5, o)A

IA

< C(L+t+47)78,,(1)
Therefore, (3.12) is proved for the case 1.

t
C/o (L4 es = A2]) ™ (1 + s+ Xp)™¥ds

(3.11)

(3.12)



In the second case, the inequalities
A=cs > min{r —t,r - ¢t} > (24 )" (1 + min{1, ¢})r
hold for (s, A) € D. Hence it follows from
z,0(5,A)7 < C(l+4r)y v

that
I, < ¢! /D (1 + 7)™+ d)ds
< C(l+t+r)t-sv,
Consequently, we have (3.12) for the case 2.

In the third and the fourth case, we introduce the new variables of integration

)-(20()

a=2"{(1-ca+(1+c)(r—1t)}.

Set

Iflt—r|<a<t+r, then —ca < oy < a. Hence,

-1
/D 2,5, A)"Ld)ds

< / L+ ]es — A)7H(1 + s + A)"“d)ds

<[Ma+ar "da/ (1+]B))#dg

r—¢|
7L
< (14 a)™®,_(e)de.

Ir—t|

Therefore in the third case, it follows that

I < CL+r)"8, () / (1+0)™da
—t

< Cl+t+r)” 1®H 1(8)®,-1(¢),
and in the fourth case, it follows that
t+r
Iy £ Crt(l+t—1)"d,_(t) do
t—r

< CA+t47)7"®,(t).

7

(3.13)

(3.14)

(3.15)

(3.16)



Hence we have proved (3.12) in all cases.

We next prove (3.6) and (3.7). In order to prove (3.6) and (3.7), we give representation

formulae for d,v.

Let (s,A\) € D and 0 < p < 2. By (2.5),
(VF)(s,A0) = ©(3,F)(s5,A0) — A71Q A (QF)(s, AO).
Since 0,0 - © = 0, it follows that

(8,F)(s, A0) |
= 8y{F(s5,70)} — \0,0 - (VF)(s, AO)
= 0\{F(5,20)} = 20,0 - {8(8,F)(5,\0) — A0 A (QF)(s, \O)}
= 0\{F(5,70)} + 8,0 - (O A (UF)(s, A0)).

In a similar manner,
(0.F)(s5,20) = 0,{F(5,)\0)} + 9,0 (O A (QF)(s,20)).
If we substitute (3.18) into (3.17), we have

(VF)(s,A0) = ©8\{F(s5,0)} + ©{8,0 - (0 A (UF)(s, x0))}
~A"LO A (QF)(s, AO).

We use these expressions in

Osv(t, z) = (4mr)~! /D AdAds /02W(80F)(s, AO)dyp,

(3.17)

(3.18)

(3.19)

(3.20)

which are obtained from (3.10). We split the domain of integration D into D; and Dy, where

Dy={(s,A) €ED|[ M <A< A +6or da—8 <)< A},
D2=D\D1,
6 = min{1,r}.

(3.21)



Using (3.19),(3.20) and integrating by parts on the domain D,, we obtain the following

representation formulae.
4#T8tv(t,x)
27
- /D Ad\ds /0 (8.F)(s, \0)dip
| do [ AF(s,20)d
+ 8D, s UA (5, ) 4
2w
+ /D AdAds /0 8,0 - (8 A (QUF)(5,10))dy (3.22)
2
47rVo(t, z) _ '
27
= [ Adxds /0 (VF)(s, \0)dy
2
d
+/61);. mado | AOF(s,A0)dyp

- [ aris Az”{eF(s,A@)+@A(QF)‘(s,Ae)}dgo

+/ /\d/\d/ [—0\OF(s,10) (3.23)
Dy 0 +0{0,0- (O A (QF)(s,10))}dp |

Here, (n,,n,) is the unit outer normal vector field on dDs, and do is the line element on
0Ds.
Note that Dy = () if 7 < 1. Therefore it follows from (3.22) and (3.23) that

4
|0v(t, z)| < C Y LM, . (3.24)
i=1

where

L = r-I/D 20 (5, \)"1dAds,

fonl
It

(14+7r)” / Zu0(8,N) lda

L = (L4r) / (14 A1z, (s, A)"1dAds,

IL = (1 / 90|z, (s, \)~*d\d
e = (1+4r)” b, Og;lg%I |20 (8, A) ™" dAds.

By the definition of the domain Dy, we can easily see
L <CL. (3.25)

9



Concerning Iy, I3 and I, we will prove
L <CA+r)TH L+t —r)) @y ()

for 1 < p,0<v,c#1,

I < CU+ ) (L4 [t = 7)™ Bums(t) + (1 + [t = 1)@, (2)}

for1 <p,1 <y, c=1,
LSCA+r) M1+t —7))®,1(2)

for 1 < p,0 < v, and
I < CLAr) ™ (L[t = )™, (2)

(3.26)

(3.27)

(3.28)

(3.29)

for 1 < p,0 <wv,e#lorl<p,l/2<wy,c=1. If we have proved (3.26)-(3.29), then (3.6)

and (3.7) are obtained through (3.24),(3.25) and these estimates.

(a) Proof of (3.26) and (3.27).

If r > (2+c)t, (3.26) and (3.27) are easily obtained from (3.13). So we let r < (2 + c)t.

By the definition of I, we have
(1+nL <C(L+ 1+ 1)),

where

¢
I = /0 2,,(8, M) ds,
t
I = /0 2,.0(5, Aa) " ds,
t+r
I = /| u(0,2) A
t—r
If ¢ # 1, it follows that
' t
I o< /0(1 Hles — M) (1 4 s + A) "V ds
< CA+t=r))"®,-1(t),

10



because s + A\; > |t — r|. However, if c =1,

1
I < /0(1+|s—)\1|)‘“(1+s+)\1)‘”ds
(t—r)+
=/O (L+]s = M) ™#(1 + ¢ —r)ds

+/(:_T) (1 [t = r])™™(L + 5 + A)~“ds
S O+t = 1) By y(8) + (Lt [t = )40, 1(2).

As for I} and Ij’, we obtain, straightforwardly,
2 2 g Y

LSCA+t+7r)d, (1),
I < C(L+ |t —r|)tr

for 1 < pand 0 < v. Thus we have proved (3.26) and (3.27).
(b) Proof of (3.28).

In case 7 > (2 + c)t, (3.28) results from (3.13).
Let 7 < (2 +c)t. If ¢ = 0, by the change of variables (3.15),

A+t < [T+ a)yvda [T+ )

—~r| ag

IN

t+r

C/ L+ [t = r])™(1 + 00) der
=]

< C+t—r) "By (2).

If ¢ >0, set
Ao = {(5,M)]0 < X < 271es),
0={(s,M)]0 <X <27 cs} (3.30)
Ar = {(s,M)]0 < 271es < A},
Since
(5,A) € Ao = (14X 2, (s, ) < CA+ N)7H1 + s+ 2)™#, (3.31)

(5,A) €A = (1+ N 2, (5, )T < CL+]es = AD#(L+ s+ X717, (3.32)

11



the inequality
(L+X)200(5 )T S C{L+ N+ (14 [es = A)HHL + s+ A)"1 (3.33)

holds. Hence, adapting (3.15) for each term of (3.33), we obtain (3.28).
(c) Proof of (3.29).

We first need estimates of [00|. By the definition (3.9) of ©, we have
10381 = [A% + A ATH(A? = A)(A — A%},
10:0] = (A1 + A){(\ = AP)(A3 - A%)} 172,
where A\ =t — s — 7. Not:_ing

- =-Ap for(t—-r).<s<t
A forO<s<t—r,

it follows from
XA =204+ + (A2 = A),
A=A+ X2)+ (A= A)
that
(t=7)s <s<t=100] < (A2 = AH)~V2 L (A2 - 22712 (3.34)
0<s<t—7r=[00] < (A= AD7T2 L {(X = A) (Mg = A)}V2. (3.35)
As before, the case r > (2 + ¢)t is easy. So we consider r < (2 + ¢)t. Set

DY) ={(5,)) € Dy|(t — 1)y < 5 < t},
D® = {(s,\) € Dy|0< s <t—r}.
Then from (3.34) and (3.35),

(3.36)

(5,A) € DSV = 100] < C{(1+ A= A)) M2 + (1 4+ X — ATV 4 M)V
(s,\) € D = 00] S C{A+ A2+ (1 + X = N)"V2HL 4+ X = M)~ 12

12



Hence, noting (3.31) and (3.32), we obtain the following estimates:
(5,1) € D) = 100]2,,(5, )7L < C{p8,(5,\) + ¢ (5, N}, i=1,2  (3.37)

where.

pIL(8,0) = E0M (s, A) + €975, 0), i = 1 (3.38)
¢, (5,2) = (s, A) + 2 (s, ), i = (3.39)
(1)1(3 A= (14X=X)" 1/2(1+)\) 1/2—u(l+s+)\)—-u
02 (5,0) = (L4 2o = N) V(1 + X)L 45 4 2),
nff,”(s,A) (L2 = )73+ fes = A)H(L+ 5+ A) 72,
Py (8,2) = (L4 A = A) V21 Jes — A)H(L + 5 + )12,
(2”( )= (LA VR A=A )2 (1454 M),
AN = (L2 =)L+ A= A) 2L+ N+ s+ A),
Nyt (s,A) = 1l (s, ),
Mer?(8,0) = (1422 = A)7T2(L+ A = X))V (1 4 [es = A) (1 + 5+ \)™

We change the variables of integration by (3.15). Here, we let ¢ = 0 to adapt (3.15) for
P (s, A) and P (s, ). Then we can prove

/() D(s,N)dds < C(1+ |t — r|)™®,_1(t) (3.40)

for 1 < u,0< v, ,
" N5 (s, \dAds < C(1 + [t — 7)™ @,y (t) (3.41)

for 1 < p,0<v,(4,5) #(1,1), and
" Nyt (s,\)dAds < C(1+ |t — 7)™ @,-1(2) (3.42)
for 1 <p,0<wv,c#lorl <p,l/2<v,c=1. Weshow the estimate of the integral of

£104(s, A) and n{)1(s, M) here. The others are easy to treat.

13



We first prove

L4 5 - 0021+ |5y ap
(e 1]

< C{(1 + o) + x(0)(1 + |ao]) 2@,y (a)}, (3.43)
forr>land t—r|<a<t +7, where X is the characteristic function of the interval

(—00,0). Let (a,b) C (ap,a) to be the interval where 1 + 8 — ap < 1 + 18] If ap > 0, then
(a,b) = (0, @), and if ag < 0, then (a,b) = (ag, ap/2). Integrating by parts,

@48 = a0y (1 +|9l) s
— [ 201+ 9 - ax )1+ |3
< 2L+ BT 2 [+ |9

< C{(L+ a7 + (1 + o)) 127}
< C(1 + |ap))? 7,

Hence,

J (48— o) (1 + [B)ap

:L6+A~a
< C(1 +[ea) 77+ Cx{ao) (1 + Jaol)™/2(1 +18) 745,

and we obtain (3.43).
Since A — A\; = 2(1+¢)~Y(B — ag) in DYV, it follows from (3.43) that

/D o EL (s, ) dAds

t+r

<C ! (1+a)da /a(1 + B — ag)"V(1 + B)" M2 kg

t—r|
t+r

< C/ (14 0)™(1+ o) *da
[t=r|

< C(L ]t =), (1),

14



which prove (3.40) for 7 = j = 1. Concerning n{})(s, A), we have

" 77[(11’2,’1(3, A)dAds
t+r o
SC“ﬂﬂ+aY”%WaL(Lh@—%Y”%LHMYMﬂ
v t+r
<C ; |(1 + )21+ |ag)) "2 dad o (1), (3.44)

If ¢ = 1, we note that ap = r—t. If ¢ # 1, let h(a) be a primitive of (14|ap|)~/2. Integrating
by parts, it follows that

—~

t4r
/| 1+ )72 (1 + [ag])™2de

t—r|
< (1+a)2|h(a)|

SCA+t—r))™,

i+r
-3/2
I,t+T+(1/2+y)‘/|t_rl(1+oz) |h(a)|da

a=|t—r

since |h(a)] < C(1 + &)'/2. Hence we obtain (3.42).

3.2 An estimate for the quasilinear system with the null condition.

Proposition 3.2 Letu = (u',...,u™) be the smooth solution of
O;u' = F¥(0u,8%) n[0,T) x R?, (3.45)
u(0,) = ef’, Bu'(0,-) = eg* in R3, (3.46)
t=1,...,m.

Assume that F' satisfy (1.6) and c; are different from each other. Ife < 1 and Ouli (w72, <
1, then

[Bulw, < Cw(e+ “au||f13\f+9,t)~ (3.47)

Proof. Let uf be the solutions of the homogeneous equations

O;ug =0 in [0,00) X R?, (3.48)
u(0,) =ef’, 0up(0,-) = e¢* in R, - (349)
i=1,...,m.
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From (2.4), each 'uj satisfies (3.48). Hence by the proof of Theorem 1 in [6] we have

ITui(t,z)| < Cyne(l+r)"H1 + et — )1

< Cye(l+t+r)1 (3.50)
00%uh(t,z)] < Cnve(l+ 7)Y 1+ Jet — 7))L, (3.51)
for |a|] < N.
Set,
Uy = U — ug. (3.52)

Then, each I'"u! satisfies the equation of the form

Ol = Y CoI*F(du,8%u) in [0,T) x RS, (3.53)
b<a
Iui(0,-) = 8,M%i(0,-) =0 in R3. (3.54)

We apply Pfoposition 3.1 to a solution of (3.53)-(3.54) by replacing the weight z, (s, \) with

2(s,0) = min_2{(s,\),

1<i<m+1
where
£0,(5,0) = (14 Jeis = AP(1+ 5+ 2, et = 0. (3.55)
Then it follows from (3.5)-(3.7) that
T (t,2)] < a1+ 4 1) {log(2 + 1)) 2Mu (FY) (3.56)

00Uy (8, 2)| < Ch (14 7) 711+ [eit — 7]) " og(2 + £) My (F9), (3.57)

for |a| < N, where

M(F') =} sup sup |y|z(s, |y])|T*F(du, 8%u)(s, y)|.

la|<k 0SsStyeRS

In order to estimate My(F"), we use the Sobolev inequality (Lemma 4.2 in [8]):

Wilfl < C{> “Qaf @) + Y 0.9 fllz2 ey} (3.58)

laj<2 lal<1
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If |b] +|c| < k and 0 < s < t, we have
[yl2(s, [y)IOT (s, )[|OT°w! (s, y)| < CilOule/or,e [19ullisay |
since 2(s, |y|) < Cwi(s,|y|) (¢ =1,...,m). Therefore,
My(F*) < Crl0ul i1/ 10ullsas, (3.59)

- provided |9ul, |0%u| < 1. Therefore, it follows from (3.50), (3.51), (3.56), (3.57) and (3.59)
that

|Faui(t,1‘)] < CN(l +t+ r)“l{log(Q -+ t)}2(6 + [3u][(N+1)/2],t |l(9u||_N+3,t), (3.60)
00w (t, 7)) < Cn(L+7)"Y(1 4 |eit —r|) " log(2 + t)-
(& + [Oulv+2)/2, 10Ul Npare) (3.61)
for |a] < N.

Next, we estimate the nonlinear terms by making use of (3.60), (3.61). We separate F*

into three parts:

F*(8u, 0%u) = N*(Qu, 0%u) + R'(8u, 8%u) + G*(du, d%u), (3.62)
where
N'(Ou,0%u) = Y i Oy’ 00 Ogu’ + Y. Did.uidpu’, (3.63)
' 0<a,8,7<3 0<a,8<3
R{(9u,0%u) = Y. ( Y CUE 0 005 + S Dggaaufaﬁuk) , (3.64)
(4:k)#(4,4) \0<a,8,7<3 0<e,B8<3

and G*(du, 0%u) are higher order terms. Moreover, by the null condition (1.6), N ‘(Ou, 0%u)
can be expressed in the form '

N'(0u,0%) = 3 TIQ(v,8.u") + Y. Tap,Qap(u’,0,u)

0<as3 0<e,f,7<3

+ > Tiduu'Ou’ + TEQH(u,u), (3.65)

0<a<3
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where
Q' (u,v) = Budw — 2Vu - Vo, (3.66)
Qap(u,v) = 0,udsv — Gud,v. (3.67)

These forms gain good decay near ¢;t — r = 0. Indeed, the following estimates hold for

leit — 7| < it /2

1Q"(w,v)] < Clest —r|(1 4+t + )" 5u||0v|
+C(1 +t 4 7)7Y(|Tu|8v] + |8u||Tv)), (3.68)
|Qep(w,v)] < C(1+t+7)7!(|0u||Tv] + |Tu||0v]), (3.69)
|Giu] < Clet —r|(1 4+t +7)70%|

+C(1 4+t +r)"}(|0u| + |0Tul). (3.70)
Let us give a proof of (3.68)-(3.70). Following [2], we define
SF = 8, + ¢;8,. (3.71)
Noting

Siu=1t"Yeit —r)0u + 1t~ Su,

Ir~1Qu| < C|Vul,
(3.68) follows from the identity

Q' (u,v) = 27Y(SFuS;v+ S uSiv)

—cir™H(E A Qu) - (& A Qu), & = z/r,
which is derived from (2.5). If we rewrite Qqg(u, v) by using (2.5) and
O = —rt~19,u + t~1Su,
we can prove (3.69). Finally, (3.70) is the consequence of
Oiu = S} S7u — c2(2r 1 0,u + r~2Qu - Qu).

18



Hence, it follows from (3.65), (3.68)-(3.70) that

IT*N*(0u,8%uw)] < Clet —r|(1+t+7)"" > |orhf||arey’]
| b+l lal-+1

O +t+7r)70 Y Doy (3.72)
[6]+c|<|al+2

for |eit — r| < ¢;t/2. Here we have used Lemma 1.2 in [7]. Therefore, if |¢;t — 7| < ¢;t/2, the
- estimates (3.60), (3.61) and (3.72) yield

DN (0u, 0%u)] < Cn(1+t+7)7(1+ et — r|) ™ {log(2 + 1)} -
(& + [Buliwv+aya,e 10l 16..) (3.73)

for |a| < N, since & < 1 and [0u(n+a)2,: < 1. In case |eit — 7| > ¢;t/2, we find from (3.61)
that '

IT*N'(0u,*u)] < Cy . |80 |arw!|
[bl+lel<N+1

< Cn(1+7)2 (1 +t+1r)2{log(2 +1)}2-

(& + [Oulvray/2,e 10U 3 16.0)- (3.74)

Similarly, by (3.61)

|I“‘Ri(6u,82u)| < Cy - Z Z |0Pbu]|lal'\culc|
(5,k)#(353) [bl+]c| <N +1
< Cv{(l+r)2(1+t+7)2

D1+t + )7L+ et — )72 {log(2 + 1))} -

i
(& + [0uyvrayane 10ull3rss,)s (3.75)
T°G'(0u, )] < Cx Y > |0T u?| [T u¥||oT %! |

LGkl Sm |b]+Hlel+ld| SN +1
< Cn{(l4+7)3(1+t+7)3
+ > (Lt +7)3(1 4 et — )3 {log(2 + £)}3 -
1<j<m

(& + [Oulyv+ays2e 110|346, (3.76)
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for |a] < N.
Therefore, it follows from (3.73)-(3.76) that

[T F*(Qu, 0%u)|

<COn{(L+t+r)) L)

HL+t )Yt r)
J#E
(1 + )T (6 )T e + [0y] (X (3.77)
1y, 145t €+ [Ou(v+ay/2, [10ullyy6.4) :

for 0 <y <1,0<k<1-7,0<p<1and|a] <N. (3.77) give estimates of the right-hand
side of the equations (3.53), and hence by Proposition 3.1 and (3.51),

IBF“ui(t,x)| S CN(]. + 7')—1(1 + IC,‘t - 7‘|)—1+p(€ + [8u][(N+5)/2],t I|8u||§v+7’t). (378)
Using (3.78), we estimate I*R*(0u, 8%u) again. Then

[FaRi(au,82u)| < CN{(1+T.)“2(1+t+T)-—2+2p

+D (L4t +7)72(1 + |¢jt — r|) 7242} .
o
(e + [Ouliwvsey/ae 10uly4s,0), (3.79)
for [a| < N. We take p < 1/2 and replace the estimate (3.75) with (3.79). Then we have

|I‘“Fi((9u,82u)|
S Ca{(L 41+ Lt )
H1+t+7)7 SR ()
J#i
H(1 4+ 7)" AT (g ) d a8 (3.80)
( r 21+»,,1+n( ,7) }(5‘*‘[ u][(N+6)/2],t | U||N+s,t) .
for some 0 < 7, & < 1. Then, applying Proposition 3.1 again, we have

00w (2,2)] < Cw(L+7) " (1 + et = )™ + [uljrsmyape [0ullfias).  (3.81)

Consequently we have finished the proof.
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4 Energy estimates.

Proposition 4.1 Let u be the solution of (3.45)-(3.46). Assume that F' satisfy (1.6)
and c; are different from each other. Assume moreover that C’;]ﬁ(au) satisfy (1.7) and
[8u]{(N+10)/2]’t < wy, where wy < 1 is a small number depending on N and given func-

tions. Then,

||6u|]N,t§ CNEI. (41)

The proof of Theorem 1.1 is now easy. Uniqueness is proved by the application of the
method in John [4], Appendix. Since the Cauchy problem (1.1)-(1.2) can be converted to
a Cauchy problem for a symmetric hyperbolic system, we know the local existence of the
smooth solution to (1.1)-(1.2).

Let N > 10. Fix Cy > 1 in (3.47) and (4.1), and set g9 = wy/2Cy. According to Kato
(5] and Majda [10] Chapter 2, we can take T > 0 so that there exists a solution to (1.1)-(
1.2) in [0,7] x R3 with [0u]((n+10)/217 < 2Cne. Suppose that T, < oo is the maximal of
such T'. Then, for arbitrary t < T., [Ou]|(n+10) /2t < wy. Therefore by Proposition 3.2 and

Proposition 4.1,

[au] N,t

IN

Cye + C5eb

IA

Cye + Cye278
< (3/2)Cye.

This contradicts the maximality of T, and hence T, = co. This proves the Theorem 1.1.

Proof of Proposition 4.1. If v = (v',...,v™) satisfies
Yo > als0.0sv = b, i=1,....m (4.2
0<e,8<31<5<m
with

e = o = o, (3
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then we have the energy identity

0<Zﬁ<3 1<Z< {Ba(agsB0v'Bpv7) — BaalyB0v'd — 271 00(aJs050%) + 271800500 507}
Sa,050 151, y5m
= > bay, (4.4)

1<i<m

by multiplying both side of (4.2) by dyv’. Integrating (4.4) on [0,%] x R3, we obtain

9-1 /R (B0(t), du(t))dz — 27! /R (9v(0), 0(0))dz

_—..-/0 ds R3{ > N (8aa2530v’8[3v3—2_180a258av’85v7)+ > b'opvi}ds,

0<a,8<3 1<i,j<m 1<i<m
. (4.5)
where
(0v,0w)y = 3 (adyvidew’ — agBpv' o). (4.6)
1<4,5<m 1<k,I<3
We first set
oy = g8 - Cou), (47)
o= > Y {ads0u05T%u — T%(a¥;0,85u)} + T Di(0u), (4.8)
1<j<m 0<e, 853 ‘
where
1 0 0 0
. 0 —c¢2 0 0
(Mo Jogap<s = (4.9)
0 -2 0

0 0 0 —c?

Then each agﬁ satisfies (4.3), and '« is a solution of (4.2). Therefore, it follows from (4.5)
that
o1 /R (@reu(t), oT"u(t))dz — 2! /R (OT°u(0), OT°u(0))dz
= A ds R3{ Z Z (Baafjﬂaol"“u’aﬂ‘“u] il 2‘180a;]ﬂ6af‘“u’8gI‘“u’)
0<a,B<3 1<i,j<m
+ Z biaol"“ui}da:.

1<i<m
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Noting

> > {0¥0.05TW — T%(a;0,05u7)}
1<j<m 0<e, 853
=[O, - Y % {C5(0u)0a05T v ~ T%(C(u)0,05T i }

1<j,k<m 0<a,8<3

Y

we obtain
2—1 l-\a t a __o—1 a a
/R (@T%u(t), 8T u(t))dz — 2 /R (8T°u(0), aT*u(0))dz

‘ t . ,
<y Y% /Ods/R3 D20 ||T*0u? || T¢0u|dz

bl+le| SN+1 1<4,5,k<m
Ibl,1¢]5%0

t
< vl igwsyne [ (147" ous)IB, ds

for |a] < N. Since
Z /R (@ru(t), 0T u(t))dz > Cy [|ou(t)|2,

lal<N

if [Ou]o,; is small, it follows that

0u(e)f< O (&2 + Buloranyas [ (1 +5)7 ou(s)ly ds).
Hence, by Gronwall’s lemma,
Ou(E)Fr< Cive(1 + e Pelveoan,
Next, we set
a’ijﬂ = Uiﬁéﬁ,
b o= [0;, T4 4 DOFi(du, 8%u).

Then by (4.5), we have

t R R
Bud)Z< Cu(s2+ 3 % / ds / T Fi(0u, 9%u)|| 860’ |dx).
la[b|<N 1<i<m Y0 /B3
Using (3.80) and (3.81), we have
ITPF*(9u, 8%u)|| o u)
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(4.10)

(4.11)
(4.12)

(4.13)



<Cy{(1+s+ r)"lzﬁ)_,y 14x(8,7)72

+(1+s+7)” LY (s,r)!
J#

+H1+ )T D (5, )T 4 ) L+ s — )
(&% + [Dulivary/210 10 R o.,)
<Cn{{(1+4s+ r)"3—'°(1 + |cis — r|)"2—7

+(1+s+ r)“4 Z(l + |cjs — )77

i
L+ 1)L+ 5 +7) 7 HE? + [Ou] vy 10U )
m+1 .
S Cn(L+8)77 3 (14 |ejs — r|) 727717262 + [Ou w4720 10ul| ¥ io,). (4.14)
=1

Moreover, by (4.10) and (4.14) it follows that

TP F(Qu, 8%u)||9pT*u|

m+41
< C(L48)77% 30 (14 [egs — 7)™ 722 4 [Ouliv-y/2,66 (1 + )V U102 )
i=1
m+1 )
< Cne*(1 + [Bu]iwry/2,6) (1 + §) 7L +ON Ul 10)/21.0 > (L4ejs — 7)) 1720 (4.15)
Jj=1

Therefore, if [Ou]yv+10)/2: < 27'Cy'&, we obtain (4.1) from (4.13) and (4.15).
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