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ON THE CAUCHY PROBLEM FOR
THE NAVIER-STOKES EQUATIONS
WITH NONDECAYING INITIAL DATA

YOSHIKAZU GIGA, KATSUYA INUI, AND SHIN’YA MATSUI

Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan
Faculty of Business Administration and Information Science,
Hokkaido Information University, Nishi-Nopporo, Ebetsu 069-0832, Japan

1. Introduction and main results
We consider the Cauchy problem of the Navier—-Stokes equations in R™ forn > 2 :

ur — Au+ (u,V)u+ Vp=20 for z€R"™ t>0,
(NS){ divu=0 for zeR" ¢t>0,

U|¢=0 = Ug for z e R",

where u = u(z,t) = (ul(z,t), -+ ,u"(z,t)) and p = p(z,t) stand for the unknown ve-
locity vector field of the fluid and its pressure, while ug = up(z) = (uj(z), - ,ul(z))
is the given initial velocity vector field.

There is a large literature on existence of solutions of (NS) in R” (e.g. [1],[2],[4],[6],
18],[11},[13],{14],[18],[19]). For a given initial data solutions of (NS) have been con-
structed in various function spaces. In these works, however, the initial data is re-
quired to decay at space infinity. On the other hand, there are many exact solutions
which is unbounded at space infinity in some practical flow problems (see [22]).

The goal of this paper is to construct a unique local solution of (NS) without
assuming that the initial data uy does not decay at |z| — oo. There might be several
freedom to choose function spaces of nondecaying functions. In this paper we do
not handle functions growing in the space infinity. We choose an initial data wug in
BUC = BUC(R™), which is the space of all bounded uniformly continuous functions
on R™ or in L*® = L*°(R"), which is the space of all essentially bounded functions
on R™. We do not distinguish the space of vector-valued and scalar functions. This
assumption allows us to take nondecaying functions as an initial data such as a
constant or a spatially periodic functions. Our goal is to construct a unique local
solution of (NS) for given initial data ug € BUC or L. We also study the global
regularity of soluitons.

Typeset by ApS-TEX



For this purpose as usual we transform (NS) into the abstract ordinary differential
equation for u
ug + Au+P(u, V)u =0 (ABS)

by eliminating the prssure, where P is the operator defined by
P = (Pihgii<n » Pij =8+ RiR; ;

R;j(j = 1,--- ,n) are the Riesz operator with symbol /=1 &;/|¢| (cf. [24]). (The
equation (ABS) is formally obtained from (NS) by noting P(Vp) = 0, PAu = Au since
divu = 0.) Using the solution operator e*® of the heat equation (i.e., e!2 f = E(t)x f
where F(t) = (4mt) "™/ 2exp(—|x|2/4t)), we transform (ABS) into an integral equation

u(t) = ePug +/O et=AP((u, V)u)(s)ds . (1)

Since divu = V -u = 0 so that (u, V)u = V- (L ®u) and since operators P, V, et2 are
commutative, the above integral equation is expressed in the form

t
u(t) = etPug — / V- et=98P(y @ u)(s)ds , (INT)
0

where u @ u is the tensor whose i component equals uu? and V - F' denotes the
divergence of a tensor F' = (F};) defined by (V-F); = E?=1 OF;;/0z;, (j=1,---,n).
The equation (INT) is formally equivalent to (ABS). To fix the idea we mainly
consider the initial data in BUC and point out necessary alternations to the case of
L. (The space BUC is a closed subspace of the Banach space L™ equipped with
the maximum norm || - ||.) Our goal is to construct a unique local-in-time solution
u of (INT) in the space C([0,T"); BUC), which is the space of all continuous functions
from [0,T) to BUC.

Theorem 1 (Local existence and uniqueness of the solution to (INT)).
(i) For up € BUC there exists Ty > 0 and a unique solution u = u(t) of (INT) such
that |

u € C([0,Ty); BUC) . (1.1)
(ii) The solution u(t) satisfies
t12 Vu € C([0, To]; BUC) , (1.2)
ltifgt”zllw(t)lloo =0, (1.3)
u € C*([6, To); BUC) , (1.4)
Vu € C*([8, Tp); BUC) , (1.5)
(=A)Pu € C([6,To); BUC) (1.6)

2



for any o with 0 < a < 1/2, any f with 0 < 8 < 1, and any § with 0 < 6 < Tp,

Here C*(I; X) (0 < a < 1) denotes the space of all Hélder continuous functions of
order « defined in an interval with values in a Banach space X. The operator (—A)®,
the fractional power of —A, is defined as in Remark (ii) right after Proposition A.2.1
in Appendix 2, where it is expressed by A%. The solution of (INT) constructed in
Therorem 1 is often called a mild solution (NS). The difficulty in proving Theorem 1
lies in the fact that the operator P is not bounded in BUC(R"), or L®(R™), since
the Riesz transforms are unbounded in these spaces although they are bounded in
LP(R™) for 1 < p < oo (see [25]). For this reason we rather use the form (INT)
instead of (I). To overcome this difficulty we use the estimate of the derivative of the
heat kernel E(t) = E(z,t) in the Hardy space H!(R"™) which was obtained by Carpio
[3]. Such an estimate yields a uniform bound for t!/2Ve!AP as a bounded operator
in L although PP is not bounded in L®. Thus we are able to construct a solution
using the standard iteration (see e.g. [14]). To prove (1.6) we generalize her estimate
to (—A)*E (Appendix A.2).

Remark. (i) For a lower estimate for Ty > 0, we get
To 2 C |luolle

with a numerical constant C' > 0. This follows from the way of construction in §3.
This estimate is consistent with existence result for LP—data in [6] which says

To > Cllugllg with o = 2/{(n/p) — 1}.
(ii) For regularity of u(t) , we also have
VFu € C([6, To); BUC)

for any 6 with 0 < § < Tj and any positive integer k. This follows (1.2) and iterative
use of (iv) below.

(iii) If we replace BUC by L™ in Theorem 1, we obtain same results as Theorem 1.
But we have to replace (1.1),(1.2) by

u € Cy([0,To]; L), (1.1°)
t1/2Vu € Cy ([0, To); L) (1.2))
for any 0 < § < Tp, and exclude (1.3). Here for an interval I C R, Cy,(I; L™) denotes
the space of all L*° valued weakly continuous functions f(t) defined in ¢t € I. The
proof paralles that of Theorem 1.
(iv) If we assume VFug € BUC for some positive integer k, the solution of (INT)
obtained in Theorem 1 satisfies
Vku € C([0,Tp); BUC)
t1/2vFly € C([0, To); BUC) .
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For the proof we note that if VFuy € BUC for some k then V7 ug € BUC for all
J < k. Taking V* of both terms of (INT) we have above result using the argument
is §3 inductively on k.

(v) Assume ug € BUC is periodic in the direction of z,-axis, that is,

uo(x + weg) = ug(z) in R™

for some w > 0 and e, is the unit normal vector whose ¢-th component is one. Then
the solution u(%) of (INT) in Theorem 1 satisfies the same periodicity condition in
space. This follows from the uniqueness of (INT) and translation invariance of (INT).
(vi) From the proof we may choose Tj (satisfying Remark (i)) so that there is bound

for ||u(t)lles, t"/2]lu(t)|lco:

oo [u()lloo < 2[|uol|oo, oS 2| Vu(t)lloo < Clluolloo
0

with a constant C' depending only on 7.

We next check whether our mild solution u really solves (ABS) or (NS) by assuming
divug = 0. The main difficulty here is that P(u, V)u in (ABS) may not belong to
BUC' at fixed t, so one can not interpret (ABS) as an equation in C((0,T); BUC);
u; may not belong to BUC at fixed t. In fact, taking the derivative with respect
to ¢t in (INT) we find a few terms expressed by VPv for some v € BUC. However,
because of the unboundedness P in BUC we are not sure whether these terms belong
to BUC. One should be careful about global uniform regularity of u,. Nevertheless
we are able to prove that our solution u solves (NS) with suitable choice of p.

Theorem 2 (Local existence of the solution to (NS)). Let ug € BUC

satisfy div ug = 0. Let the solution u(t) € C([0, Tp); BUC) of (INT) satisfy t/2Vu €

C([0,Tp]; BUC). Then
» Ut+V‘q€C((0,T0];BUC),

for some tensor q € C((0,To}; BMO). If we set p(t) = EU _; RiRju*u(t) for each

t >0, then (u,p) is smooth in R™ x (0,7T,) and solves (NS).

Remark. (i) We denote by BMO = BMO(R™), the space of all (vector valued)
fuctions of bounded mean oscillation (see [5],[12],[25]).
(ii) Taking the divergence of (NS), we formally obtain

—Ap(t) =) a% a% Ht)ud (t). (1.7)

3,5=1

Recalling the identity
d 0
Ba; 0z, = TR
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for f € L"(R™) and 1 <7 < 0o (see [24;p59]), we observe

Bt) =) RiRjui(t)ul(2) (1.8)

4,5=1

p solves (1.7). Since R; : L*°(R™) — BMO and R; : BMO — BMO are bounded,
P belongs to BMO if u € L*(R") (see [20],[25],[27]). We note that { is defined only
up to an additive constant since the element of BMO is determined up to constant
as a locally integrable function in R™. However, Vj in (NS) is uniquely determined
as a tempered distribution.

If the solution v does not decay at spatially infinity, the uniqueness as a solution
(u,p) of original (NS) is rather subtle. For example we consider a spatially constant
function u = g(t). If p is taken as p(z) = ¢/(¢)-z (inner product), then (u, p) evidently
solve (NS) no matter how g is taken. This shows nonuniqueness of solution, since
u is not determined even if we fix initial data g(0). To get uniqueness we need to
impose some condition on p. In [15] Kim and Chae (extending a result of Okamoto
[21]) showed that a classical solution (u,p) of (NS) having a bound for |Vu| and
|2[2/"=1|p(z)| is unique. However, their condition requires some decay of p for n > 3
which is evidently too strong to include spatially periodic solution. We give the
uniqueness by assigning the value of p from v without assuming that p is bounded
or decays at space infinity. Our assumption implies p € BMO which still allows
growing p as |z| — oo ([25;p.140]).

Theorem 3 (Uniqueness of the solution to (NS)). Let uy € BUC satisfy
div ug = 0. For eacht > 0 set p = ZZj:l R;Rju*u/. Then the solution (u,p) of
(NS) in the distributional sense which satisfies

u € C([0,T); BUC) (1.9)
u, Au € C((0,7];8") for some T > 0 (1.10)

is unique, where S’ denotes the space of tempered distribution.

Remark. The solution u constructed in Theorem 1 and 2 fulfill the last condition
by the global uniform regularity of u; in Theorem 2 and Remark (ii) of Theorem 1.
- By the way the assumption on p can be weakened. In fact it suffices to assume that

n
p=)_ RiRjm;
1,j=1

for some m;; € L satisfying Vm;; € L. We shall discuss this problem in our
forthcoming paper.



After this work was completed, Cannone informed us of the paper [2] by Can-
none and Meyer. In the paper they gave a simple sufficient condition for an ab-
stract Banach space X that guarantees the existence and uniqueness of the solution
u € C([0,T); X) of (INT). This condition is based on the Littlewood—Paley decompo-
sition, and there are several Banach spaces fulfilling the condition. They also proved
some spatial regularity results in the Besov-type space on the quadratic term of the
mild solution. Since it is easy to check that our space X = BUC satisfies their con-
dition, the existence and uniqueness of a mild solution u € C([0, T); BUC) of (INT)
is obtained by their method although it is not explicitly written in [2]. In the case
X = L™ is mentioned in [1]. However, they did not obtain regularity in time nor the
relation the mild solution to a solution of (NS). We prove some regularity results on
the mild solution in time in Theorem 1 (ii) and explain in what sense the constructed
mild solution satisfies (NS) by using BM O-functions in Theorem 2.

There is a result of Knightly ([16;Theorem 3]) closely related to our Theorem 1.
He proved existence and uniqueness of a mild solution to (NS) for the initial data
which is only assumed to be bounded. In his paper a key estimate to show this result
is stated, but seems to be not proved at least explicitly. Since our results are also
valid for the initial data belonging to L®(R") except the continuity of the solution
at ¢ = 0 (see Remark(iii) after Theorem 1), our results recover the result by Knightly
in a sense although his proof seems to be based on delicate pointwise estimates of
growth of a solution while our proof is based on estimates by using norms which is
simpler than his proposed method.

This paper is organized as follows. In Section 2 we prepare various estimates for
e'® which are used later. In Section 3 we prove Theorem 1 (i) and (1.2). In Section
4 we prove Theorem 1 (ii) except (1.2). Proofs of Theorem 2 and 3 are written
respectively in Section 5 and 6. In Appendix 1 we show that Laplacian generates an
analytic semigroup in BUC. In Appendix 2 we prove an estimate in the Hardy space
for fractional powers of Laplacian of the heat kernel which is stated in Section 2. In
Appendix 3 we prove that f € BMO is smooth if its all derivatives belongs to BMO
to prove regularity of (u,p) in Theorem 2.

We are grateful to Professor M. Cannone for informing us of applicability of his
theory.

2. Estimates for solutions of the heat equation

We recall various fundamental estimates for the heat semigroup e*2. Except esti-
mates involving P, these estimates are well known. Throughout this paper we denote
positive numerical constants by C' the value of which may differ from one occasion
to another. A subscript attached to C indicates the dependence of the parameter
denoted as a subscript.

For the Laplace operator we associate a closed linear operator A (densely defined
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in BUC) of form

Af=—Af for f € D(A) (domain of A),
D(A)={f € BUC; fis C' with Vf € BUC
and its distributional derivative
Af belongs to BUC}

As shown in Appendix 1, —A generates the analytic semigroup in BUC. The theory
of analytic semigroups and fractional powers of its generators ([10;p26 Th.1.4.3],
[23;p74 Th.6.13)) yields:

Lemma 1. For 0 < a <1 there is a constant C, that satisfies

A% €7 flloo < Ca t™%||flloo for all f € BUC and t >0, (2.1)

(€™ —D)fllo < Ca t[|4%flloo forall f € D(A%) and £ >0,  (2.2)

where I denotes the identity operator.

We recall the basic estimate for the heat semigroup e* acting for f € L™ by

(€2 f)(z) =E(t) * f
= [ Ba-u05d
Rn
where F denotes the heat kernel of form
E(z,t) = (4mt) "™ 2exp(—|z|?/4t).
Lemma 2.

1" flloo < lIfllec for t>0,f € L%, (2.3)
IV €2 fllo <Ct72 ||flloc for t>0,fe€ L™, (2.4)

with some C' > 0.

Unfortunately e*” is not a continuous (Cp) semigroup in L as shown in Lemma
5. However, it has several properties similar to those of e~ *4 defined on BUC.
~ Moreover, by (2.3-4) e!»f € BUC for t > 0. So we use the notation e~t4 for et
even if it is rather abuse of notation.

Remark. The estimate (2.1) is still valid by replacing BUC by L. In fact express
A%t f = A%e~t4/2(¢7t4/2 f) and use (2.1) for BUC and (2.3) to get (2.1) for L®
since e~*4/2 f ¢ BUC by (2.3-4). Note that (2.1) for L™ can be proved directly if we
use the explicit representation of A% f = constantA|z|2(1~*)—" « f (0 < a < 1) given
in Appendix 2. (The case a = 1 follows from (2.4).) This integral operator is often

7



written by (—A)® instead of A%. A direct method also proves ||(e"*4 —I)A~% f]|o, <
Ct*||flleo for f € L.

Lemma 3. Assume that 0 < a < 1.
(i) There exists a constant C,, that satisfies

1A E(®)| |3 @ey < Ca ™ for t >0, (2.5)

where H! = H!(R") is the Hardy space equipped with the norm

fll#2@ny = 1 fllLr@n) + Z IR, fllimny- (2.6)

=1
(ii) There exists a constant C, that satisfies
1A% P fllo < Ca t7|flloc for t>0, (2.7)

where A% = (—A)“.

Remark.  (i)Since P is not bounded in L, the uniform estimate ||e!2Pf||o, <
Cl|flloo fails. Although, e**Pf has uniform continuity by (2.8), we do not espect
the boundedness of e!2Pf for ¢ > 0. So we rather use the explicit operator (—A)®
instead of the operator A* in BUC.

(ii)In [3;Lemma 2.1] Carpio proved that

IVE®)||31rry < CL7Y2;
(The proof there is misprinted. A full proof is found in [7]) This estimates yields
IV e P flloo < C t72||f||oo, for t>0. (2.8)

The proof is similar to derive (2.7) from (2.6). We shall only give the proof of (2.7).

Proof of Lemma 3. We shall prove (i) in Appendix 2 so we prove (ii) admitting
(2.5). For f € L™, the operator A%e~tAP is written in the form

i-th component of A% P f = A%t + Z A%e'ARR; f;
i=1

= A%E(t) * fi + Y A*RiR;E(t) * f;
Jj=1

= (6 + RiR;)(AE(t)) * f;

j=1

=Y kij(t)xf; for 1<i<n (2.9)
=1

.,
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where the kernel k;;(t) = (6;; + R;R;)(A®E(t)) and * means a convolution with
respect to space variables. Since the Riesz transforms are bounded in H!(R") and
I Hzr@ny < I ll32(mm), we have

|1ki5 WL mny < 1K (@)1 @)
S NAZE®)||1r mr)-

Hence (2.5) implies
ki)l mny < Cot™ for ¢>0.
Thus, applying Young’s inequality to (2.9), we obtain (ii). n

For the proof of Theorem 1, we list all of the estimates which are deduced from
Lemmas 1, 2 and 3.

Lemma 4. Assume that 0 < oo < 1. Then

(e — ™) fllo < Cals = )% 7 || flleo, | (2.10)
[(Ve™4P — Ve ™ P) flloo < Cal(s —1)* 77/ ||f]|, (2.11)
1(Ve™>4 = Ve™) flloo < Cals — ) t7271/2) || f]|o, (2.12)
IV2e™ P (f @ lloo < C 72 |V f]lo]1f]lc0s (2.13)

1(V2e™*4P — V2e ™ P)(f © f)lloo < Cals — )%t~V ||V f]| ]| flloo
(2.14)
for 0 <t <s, f€ L®, where V2 = VV.
Proof.  Since e™*4 — 74 = (e=(6"1)4 _ YA~ A% ~t4 we get (2.10) immediately
from (2.1-2).
It follows from (2.1-2) and (2.8) that
(V4P — Ve P) f||o = ||(e™*04 — [) Ve *4Pf]|o
<I(e™C™4 — DA™ loomoo [[4%eTHD4 oo || VeH2DAPS |,
<Cals — )5t~ W2 | ] oo,

which yields (2.11). Here || - ||co—oo Stands for the operator norm from L% to L% .
It follows from (2.1-2) and (2.4) that

[(Ve™*A-Ve™) flloo = [|(e™~94 — Ve *4 ||
<€A — DA™ loomsoo [[A%eHDAY| o [IVe-HDAS||
<Cals = )7t/ f]|o.

9



We thus obtain (2.12).
By (2.8) we have
V2™ P(f @ f)llo
<|IVe™ P|comco [IV(f ® f)lloo
<Ct2(|V fllool| 1100

for (2.13).
By (2.11) we have

[(V2e™*4P — V2eMP)(f © f)llo
<|(Ve™ 4P — Ve P)|loomoo IV(f @ oo
<Cals — t)at_a_(l/z)linHoon”oo-

which yields (2.14). |
To obtain the continuity at ¢ = 0 of the solution u(t) of (INT), we need a continuity

of e*Af at ¢t = 0 for f € BUC. (cf. Remark (iii) after Theorem 1). The proof is
standard but we give it for completeness.

Lemma 5. Assume that f € L®. Then f € BUC if and only if

e tf s f in L™ as t]O0. (2.15)
Proof.  Assume f € BUC. For arbitrary § with 0 < § < 1, we have

et f = E(y,t)f(z —y)dy + E(y,t)f(z — y)dy.
ly|<6 |ly|>6

Taking ¢ tehds to 0, the L norm of the second term tends to 0 by the property of
the heat kernel. Since [, E(y,t)dy =1 and f is bounded continuous , we get

I E(y,1)f(@ - y)dy - f(z)lle <

ly|<6
sup | E(y,t)(f(z —y) — f(2))dy]
zeR™ Jly|<6
+ sup | E(y,t)f(z)dy|

zER"™ lyl>6

< sup max |f(z — ) — 1(@)) + If]leo /[ Pl od,
Y

zeRn y|<6

which tends to 0 as ¢t | O for small § > 0.

10



Conversely, assume f € L® and (2.15). For h > 0, we have

sup sup |f(z +y) — f(z)|
z€R™ |y|<h

< sup sup {|f(z+y)— (e f)(z+ )]
zER™ [y|<h

™)@ +y) — €N @) + (e 1) (@) - f(=)]}-

The first and third terms of the right-hand side are estimated by

2{1f — e flloo-

The second term is estimated by

sup sup |[Ve ' f|| |yl
z€R™ |y|<h

Thus we get by (2.4)

sup sup |f(z+y) — (@) <2 ||f — e flloo + ROt 2| f]| oo
z€R™ |y|<h

We send h to zero first and send ¢ to zero to observe that f is uniformly continuous.

3. Local existence and uniqueness of the solution to (INT)

In this section we prove (i) and (1.2),(1.3) of Theorem 1, using a succesive iteration.
The method is standard when BUC is replaced by L? 1 < p < oo(e.g. [6],[14]). Since
we handle BUC (not L™), we give also a proof of continuity of approximate sequence
in time with values in BUC.

We define the approximation u;(t) (j=1,2,---) by

ui(t) = e~*ug

3.1
Ujt1 (t) = C-tA'U/o + Su_.,'(t), ( )

where wug is the initial data of (NS) and Sv(t) = f(f Ve~ (t=94(_P)(v@v)(s)ds. First
- weset, for j=1,2,---

K;=K;(T)= sup ||uj(t)llc and Kj=K}(T)= sup t/2||V;(t)||oo;
0<t<T 0<t<T

note that Ky = ||up||co. From the above iteration scheme we have
K;1(T) < Ko + C1TY2K4(T)?,
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by (2.3) and (2.8). Similarly (2.4) and (2.13) imply
i41(T) < CKo + CoTY2K(T)K;(T).
We take 17 small so that max; 4CjT11/ ?Ko < 1. Then it is easy to see that

sup K;(T) < 2Ko and sup K(T) < 2CK, (3.2)
J J

for any T' < T3.
Second, we show that u; and t'/2Vu; belong to C([0,71); BUC) for all j > 1. To

prove that u;(tp) € BUC for any ty with 0 < t; < T3, it is sufficient to show that
u;(to) satisfies the equivalent condition given in Lemma 5. When ¢y = 0, u;(0) = ug
clearly belongs to BUC. For fixed ¢, € (0,T1) and arbitrary ¢ > 0, it follows from
(2.10-11) and (3.2) that
lle™ % u;(t0) — u;(to)lloo < |le™ (o HMAyg — etodyq)|,
to
+lI | AV eI P) — V. eI b (u;_; @ ujmg)(s)dsl o
0
<Cy t* ™

to
+ Cy t* / (to — 8)~2~ (/25 |
0 .

which tends to 0 by letting ¢ | 0 with 0 < o < 1/2. Thus we see that u;(to) belongs
to BUC for 0 <ty < T;.

Similarly, we obtain té/ 2Vuj(to) € BUC for 0 < t9 < T3 as follows. We may
assume 0 < {g < Tj. For t > 0, we observe that

74152V u;(t0) — t/> Vs (to)loo < t5/?| Vet Ay, — Tetodyy|,,
+ 5% / (V2. e llott=a)A(_P) _ g2, e~ (=94 (_P)}(u;_; @ uj_1)(s)ds]|oo
< Ca 1% 17 1527 VD yg) 1o

to
4O, 82 g / (to — s)~= (/2 g=1/245
0

which tends to 0 as ¢ | 0. Here we have used (2.12),(2.14) and (3.2).
The continuity in time of u;(t) and t/2Vu;(t) is proved as follows. For fixed
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t € (0,T1) and arbitrary § > 0, it follows from (2.8),(2.10-11) and (3.2) that

lui (@t + 8) — ui(@)]loo < |le™ T4y — e Hug) |

t
+ H/ (V- e tH=4(_P) — V. e =4 P)Huj_; ® uj_;)(s)ds]|oo
0
t+6

+ 1] V- em A P) (um1 @ u-1)(8)ds] oo
t .

t
< Cot®t7+ Cot™ [ (1= 5)72 0/
0

t+6
+C’/ (t+6—s)"Y2s,
¢
and for fixed ¢ € (0,71] with ¢ > §

45(6) = w3t = 8)lloo < [le~HAup — e~ EAyg] o

Pl ARy — 7 5 9A )}y © 1ty 1)(5)d5 ]
0

1 [ Ve APy  uyoy)($)dsllen
t—06

t—é6
< Cab*(t = 6)7% + Cub” / (t — 6 —s)~"(1/2) 4
0 .

t
+C / (t —s)"Y%ds .
t—6

Letting ¢ | 0, all terms in the rightest hand sides of these inequalities tend to O for
0 < a < 1/2. When t = 0, for arbitrary § > 0 we have

|luj (2, 8)—uolloo < |le™%Aug — uoloo
)
1l /0 V- e C=9A(_P) (u;_; ® u;_1)()ds] oo

Using (2.8) and (3.2), the second term of the right-hand side of the last inequality
is estimated by

5
c/ (6 —s)"Y%ds
0
which tends to 0 as § | 0. The first term also tends to 0 as § | 0 by Lemma 5. Thus

we conclude that u;(t) is continuous in ¢ € [0, 73] with values in BUC.
Similarly, it follows from (2.1-2),(2.8) and (2.12-14) that

t1/2Vu;(t) is continuous in ¢ € (0, T1] with values in BUC for all j > 1. (3.3)
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We shall prove that t'/2Vu; — 0 in BUC as t | 0. For ug € BUC and arbitrary
n > 0, define u] = E(n) * uo. Then, for any € > 0 there exists 779 > 0 such that

H“g _UOHOO <e,
IVuglloo < Cn™ 2| Juol|oo
for 0 < n <o . So, for arbitrary ¢ with 0 < ¢ < n2 we have

182Ve  uglloo < t1/2]|Ve ™ (ug — ug)loo + /2|l THAVUT oo
< CtY27 2w — ul|oo + 2| Va0
<Ce+CtY™ Y2 for 0<np<np,

where we have used (2.3-4). After setting n = t1/2, the right-hand side tends to 0 as
t | 0. On the other hand we have by (2.13) and (3.2)
¢
B [ VR e ARy Dy ) (sl
0

t
< Ctl/Z/ (t —s)~1/2s71/2gs |
0

which tends to 0 as ¢ | 0. Hence we have proved that
t1/2Vu;(t) -0 as t|0 in BUC forall j> 1. (3.4)

Thus by (3.3-4) we conclude that t1/2Vu;(t) is continuous in ¢ € [0, T}] for all j > 1,

then we have proved that u; and ¢}/2Vu; belong to C([0, T1]; BUC) for all j > 1.
Actually, we do not need to check u;(to), Vu;(tg) € BUC once we have u; €

C([0, Tp]; L), t1/2Vu; € C([0, Tp); L) since BUC is a closed subspace of L.
Finally we set

Li(T) = sup_lu;(t) — uj-1(#)lloo,

Li(T) = sup t2||Vu;(t) — Vitj_1(t)]]o-
0<t<T

forany T <Tj and j =1,2,---. By (3.1) we have
t
u+1(t) —ui(t) = /0 Ve DA (P) {(u; @ uy)(8) — (uj_1 ®uj_1)(s)}ds,
Vujy1(t) — Vuy(t) = / Ve IRV (u; @ us)(s) — V(uj—1 @ um1)(s)}ds.

So, by (2.8) and (3.2) we observe that

Ljt1(T) < CaTY2 Ky Li(T)
L 1 (T) < CaTY2Ko(L;(T) + Li(T))
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for T < T7 with C3 and C} independent of Ky, T. Take Ty < Tj small so that
(Cs + Ca)Ty"? Ko < 1/2. Then Ljy1/Lyi(T) < 1/2, (Lyyy + Lyya)/ (L} + L;)(T) <
1/2 for any T < Tp and j > 1. So, {L;(T)};»>1 and {L}(T)};>1 converge to 0 as
J — o00. Thus, we conclude that the approximation {u;(t)};>1 and {¢}/2Vu;()}>1
respectively has a unique limit function u(t),v(t) € C([0,Tp); BUC). It is easy to
see v = t1/2Vu, and u(t) satisfies (INT) for 0 < t < Tp. Since t1/2||Vuy,]|(t) — 0
as t — 0 and since t*/2Vu is given a uniform limit of a function ¢}/2Vu; on [0, Ty
(with values in BUC), (1.3) follows. The uniqueness of solution can be proved by
estimating the difference supy<;<7, ||u—v||(t), of two solutions u and v of (INT). We
have thus proved (i) and (1.2),(1.3) of Theorem 1. By the choice of Ty Remark (i)
right after Theorem 1 is also proved.

4. Regularity of the solution to (INT).

In this section we shall prove Theorem 1 (ii) (1.4-6). The proof is standard except
that we frequently use (2.11), (2.13-14).

For ¢t > 0 we show the Hélder continuity of the solution u. For arbitrary § > 0
and 6 <t < s < Ty, it follows from (2.10-11) that

[u(s) = u(t)]leo <lle™* 1o — e uglloo
+ /0 tnv cem APy @ u) (1) — V- e DAP(u @ u)(7)|| oo dT
<Cals —1)%6™{|uoloo
+Co(s — t)® / t(t — 7)1/

<Cu(s —2)“ (4.1)

with 0 < a < 1/2. This proves (1.4).
We next prove (1.5). For arbitrary § > 0 and 6§ < t < s < T}, we estimate

[IVu(s)=Vu(t)lleo < [[Ve™* ug — Ve ug||o
+ ] /t Tz e~ APy @ u) (7)d7]|oo
4] /0 t{vz e~ (5mAP(y, é u)(1) — V2 - e~ APy @ 1) (1)}l o
= f1(s,t) + fa(s,2) + fa(s, t). (4.2)
By (2.11) we get for any o with 0 < a < 1

J1(5,1) < Cals —1)*67 M2y
< Chsls —)°. (4.3)
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On f5(s,t) it follows from (2.13), (3.2) and mean value theorem that

fa(s,t) < C/ (s — T)‘1/27-—1/2d7.
t

< Cs12 / (s —7)~12dr
t

S CE M2 (s —t){s— (t+0(s — 1))} ~/?
< Cals =)'/ (4.4)

for some 0 < § < 1. On f3(s,t) we obtain by (2.1-2),(2.14) and (3.2)

t
f3(31 t) S Ca(s - t)a/ (t — 7-)"0‘_(1/2)7.—1/2d7_
v}

< C'¢,46°°‘B(1 - a, l)(s —t)* < Cop(s—t)* for0<a<1/2,
2 2 ’ (4.5)

here B(z,y) is the Euler beta function for z,y > 0. Combining (4.1-5) with0 < a <
1/2, we obtain (1.5).
It remains to prove (1.6). For arbitrary p > 0, define

t—p
Fo(t) =— A Ve t=94p(y, @ u)(s)ds for p<t<Ty

with Fj(t) =0 for 0 < ¢ < p, and
t
F(t)=- / V. e t=94p(y, @ u)(s)ds  for 0<t<Ty.
0

Then by (2.8) F), convergences F’ in BUC uniformly in [0, 7] as p | 0. Moreover F,
is continuous in BUC for 0 < ¢ < T} since we obtain for 0 <t < t+ h < Tp and any
a with 0 < a <1 from (2.8) and (2.11) that

HFp(t + h) - Fp(t)”oo
t—p
< / |V - e=UFh=DAp _ g e=C=DAP|| _, 1/(u® w)(7)]|eodT
0
t+h—p
+/ IV - e=tHh=nAp)| 1w ® u)(7)]]codT
t—p
t—p
< Cuh® / (t — 1)~ (/2 g
0
t+h—p
+C (t+h— 1)~
t—p
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and for 0<t—-h<t<T
[1Fp(t) — Fo(t — M)lloo

t—h—p
< / [V - e~t=DAP — v e (h=nAp|| | ll(u @ u)(r)]loodr
0

N /tt_p ||V - e_(t—T)AIPl loo—sool](u @ u) (7)o dT

t—h—p
< Cuh® / (t —h—71)"2" /247
0

t—p
+ C/ (t — T)_1/2d7'.
t

—h—p

These terms tend to 0 as & | 0 for 0 < a < 1/2. Therefore, F' is continuous on [0, Tp)
with values in BUC. We also have ||F(t)||cc — 0 as ¢ | 0 by (2.8).

If 0<s<t, then Ve (!*=2)4P(u @ u)(s) belongs to BUC by (1.1) and (2.8), by
(2.7) and (1.2) this quantity also belongs to D(A®) for any 3 with 0 < 3 < 1, so the
Riemann sum for F,(¢)

Z Ve (t=2)4P(y @ u)(s;)As; belongs to D(AP),
0<s;<t—p

and

i Lo (t—si)A . )
Jim Y Ve P(u @ u)(s;)As;
0<s;<t—p

t—p
= V- e 4Py @ u)(s)ds
0

in the topology of BUC, where we denote As = max;>o As; and As; = s;41 — 8; for
0 < s; <8341 <t— p. On the other hand for any 3 with 0 < 5 < 1 we obtain

lim AP Z Ve~ t=3)4P 0, @ u)(s;) As;

8520 ocoitop
t—p
= / APY - e~ =) AP(y, @ u)(s)ds.
0
Thus, by the closedness of A®, F,(t) belongs to D(A?) and
t—p
APF,(t) = ~/ APV - e~ (=) AP(y @ u)(s)ds
0

for0< g <1.
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Consider arbitrary 6§ > 0, then APF,(t) — APF(t) in BUC on [6,T) as p | 0 if
0 < 8 < 1. Indeed by the commutativity of V and e~ (*=")AP we see that

LAPFL(t) — APF (1)1
<[ APV DA B (@ u)(r) — (10 u)(t)}drl
t—p »
f [ 4V ARy o wyayr

t—p

< / | AP =DAP|| 11V - {(w @ u)(7) — (u ® u)(t)}llcodr

-p

+C/t 148 €= DA o0t /26/2| | V(1) oo [u(t)l|codT
t

-P

¢
< 05(5_1/2/ (t — 7)*Pdr
t—p
¢

+ Cb™ 112 / (t—7)"Pdr .

t—p

Here we have used (2.7) and the Holder continuity (1.4-5) with 0 < a < 1/2. Again
by closedness of A?, we conclude that F'(t) € D(AP) for any B with 0 < 8 < 1 and
(1.6) has been proved. The proof of Theorem 1 (ii) (1.4-6) is now complete.

5. Proof of Theorem 2.

Let u € C([0,Tp}; BUC) be the solution of (INT) given in Theorem 1.

First we differentiate u of (INT) with respect to time in the distributional sense
to get

¢
u () = Ae™Hup — V-Plu®u)(t) —/ AV e~ =Py @ u)(s)ds for 0<t < Tp,
0

(5.1)
that is,

i-th component of wu(t)

n

= Ae_tAuf) — Zn: Vaz, Z((Sij + R R {u? (t)uF(t) + /Ot Ae~ (=24 (s)u*(s)ds}

k=1 j=1

= Ae7Huf =Y Vo, Y (6 + RiR;)Fj(t) for1<i<n.

k=1 j=1

We shall prove Fji(t) € C((0,T5]; BUC) in the same manner as §3. To prove
that Fji(to) € BUC for any tg with 0 < t, < Tp, it is sufficient to show that
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Fji(to) satisfies the equivalent condition given in Lemma 5. For fixed to € (0, 7g]
and arbitrary ¢ > 0, it follows from (2.12) and a bound of u, t}/2Vy that

tg to .
||e_tA/ Ae‘(to“s)Auj(s)uk(s)ds—/ Ae_(to_s)AuJ(s)uk(s)dsH
0 0
to .
< / [Vemtott=a)4 _ ge=lto=a)A|| ||V (u (5)u*(s))||wds
0
to
< C’ata/ (to — s)_“_(l/z)s_l/zds,
0

which tends to 0 as ¢ | 0 choosing 0 < a < 1/2. The continuity in time of F(t) is
guaranteed since for 0 < ¢y < o+ h < Tp we get from (2.4),(2.12), and a bound of
u, t1/2Vu that

t0+h . . to . .
[|/ Ae~(oth=s)Ay3(5)(5)ds -—/ Ae= 0= AyT (5)yt(s)ds||
0 0
to
< C/ Ve~ toth=a)d _ we=(o=ad|| ool [Vau(8)]loo ()|l oods
0

to+h
L / Ve~ (tath=2)4)|_115u(s)lloo lu(s) lcods
t

Q

to
< Coh® / (to — 5)~*~ (/2 5=1/2gs
0

tot+h
+C (to+h—35)"Y2ds > 0ash |0,

to

and for 0 < tg—h <ty <Tp
to : . to~h . .
H/ Ae~ 0= Ayd (5)ut(s)ds — / Ae~ o=k A3 5V (s)ds||
0 0
to—h
<C [ Vet e ok Tu(s) ol ) ods
0
to
+C Ve (o4 | ool IVU(8) ool [u(8) ]| cods
to—h
° to—h
< Cah® / (to — h — 8) 7o~ (/2 s=1/2(
0

to
+C’/ (to —8)"*2ds —0ash |0,
to—h

Here we chose o as 0 < a < 1/2. Thus, Fj;, € C((0,T); BUC), hence we deduce (see
[27;Lemma2.1])

RiR;Fji, € C((0, Ty; BMO) for1<i,j,k<mn.
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Hence if we define q(t) by

(¢,k) component of ¢(t) = ZR,-Rijk(t) for1<ik<n,
Jj=1

then we get

q € C((07T0]7BMO)a
uy+V-qe C((O, To],BUC)

We next calculate Au of (INT) in the distributional sense to get
t
Au = Ae Ay — / AV - e~ t=)AP(y @ u)(s)ds for 0<t<Tp . (5.2)
0

From (5.1) and (5.2), it follows that
ug(t) — Au(t) + V-Pu®@u)(t) =0 for0<t< Ty

in the distributional sense. Since div e t4uy, = 0 by div ug = 0 and since div
(Ve tPf) = 0 we see divu = 0. Thus, we obtain

ug(t) — Au(t) + (u, V)u + V( i RiRu* (Wi (t)) =0 forO0<t<Typ.

%,j=1

We thus proved that (u, p) solves the Navier-Stokes equation (NS) in the distribution
sense. Since V™u € C((0,7p); BUC), V™P(u®u) € C((0,Tp); BMO) for all m > 0,
the smoothness of (u, p) follows from (NS) and Appendix A.3. The proof of Theorem
2 is now complete.

6. Proof of Theorem 3.
Define p=3"7"._; R;Rju*u?, then (NS) is transformed into the form

u—Au+V-Pluu)=0 for z€R" t>0,
divu=20 for zeR" t>0, (6.1)

Ulg=0 = Ug for z e R".

Let u be a solution of (6.1) in the distributional sense satisfying (1.9-1.10) for some
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T > 0. Then we have for any f € S
[ (59 B o)
= /t< fre7 4y, — Au)(s) )ds
= /t( f, %(e“(t‘s)“‘u) + Ae~ ¢4, Vs
= ( fu(t) — e~ (= 4y(e) )
¢
+ [ (8 eys

t
~ / (f, et~y (s))ds fore <t < T.

Here we used %(e‘t"‘u) = Ae 4y + ety as an element of BUC, of course, as an
element of S’. Since u(t), e"(*~)4y(e) and fst V- e~ t=9)A4(_P)(u @ u)(s)ds belong
to BUC by (1.9),(2.3) and (2.8), we deduce

u(t) = e~ =)y (e) + /t V-e DA P u@u)(s)ds fore<t<T (6.2)

as an element of BUC. It follows from (1.9-10),(2.1) and (2.8) that

IV - e EDA(—P) (u @ u)(8)||oo < Cnl sup [[u(s)]leo)?(t — s)~ /2.

e<s<t

From this estimate it is allowed to send € to 0 in (6.2) to get
¢
u(t) = e Mg + / V-e 94 P)u@u)(s)ds for0<t<T
0

in C([0,T]; BUC), which means that u is a solution of (INT). We have proved that
a solution of (6.1) with (1.9-10) satisfies (INT). Conversely, Theorem 2 says that the
solution u of (INT) given in Theorem 1 satisfies (6.1) with (1.9-10). On the other
hand the solution u of (INT) is unique by Theorem 1. Thus the solution of (6.1) is
unique. This completes the proof of Theorem 3.

Appendix 1

We show that the Laplace operator generates an analytic semigroup in BUC(R™)
with n > 1 for the convenience of readers although this fact is well known at least
when 1 = 1 (see [9; p 23 Ex. 2.18.7],[26]).

For f(z) € BUC, we define the heat operator:

TW)f=| E(@-yt)fly)dy, for t>0
Rn
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with T(0)f = f at t = 0, where
—-n/2 lxi2
E(z,t) = (4mt) exp(—zt—).
We define an operator in BUC by
Af=-Af, feBUC
with the domain
D(A)={feBUC |Vf,Af € BUC},

where Af is defined as a distribution. Even if f is vector valued the operator A
and T'(t) operates componentwise we may assume that BUC is the space of bounded
uniformly continuous scalar functions in R™ in the whole argument in Appendices.

Proposition A.1.1.  {T'(t)}:>0 is an analytic contraction semigroup in BUC.
Proof. It is easy to see that T'(t)f is a holomorphic function for Re ¢t > 0 with
values in BUC and that T'(¢)T(s) = T'(t + s) for t, s > 0. The continuity of T'(t)f at

t =0, that is, T'(¢)f — f ast | 0 in BUC has been proved in Lemma 5. By (2.4) it
is clear that {T'(t)}:>0 is a contraction semigroup. [

We next show that the operator — A generates the semigroup 7'(t). For this purpose
we consider for each f € BUC

({—-A)u=f inR" ' (E)

Lemma A.1.2. Let f € BUC. Then there exists a unique solution u € D(A) of
(E) in the distributional sense.

Proof. 'We may assume that n > 2 since the case n = 1 is trivial. To solve
({-Aju=f inR"

we set

ua) = [ Glle—yhswa, (A11)

where
G(p) = 2m) ™" pT K, (p), p=0, v=(n—2)/2,

and K, (2) is the modified Bessel function with the integral representation

| z oo 22
K, (z) = %(5)'/ /0 exp(—t - =)t dy (A.L2)
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for Re v > —1/2, |argz| < /4 (see [17; p119,(5.10.25)]). Then u is a continuously
differentiable function and u, Vu € BUC for f € BUC since the estimate
O(p*~™) if n=3,4,---
G()Z{O(log%) if n=2
is obtained by (A.1.2) (see [17; p 136, (5.16.4)]). We prove that u satsifies (E)
in the distributional sense. This is easy to see at least formally since G(|z|) is the

fundamental solution of /— A. We give its proof for completeness. For a test function
¢ € Cg° it follows from Fubini’s theorem that

(Vau, Vap) = [ . [ Gllo=u)s @iy Vaple) de

_ / / V.G(z — y)) f)dy - Voo(z) dz
R JR"

as p—0 (A.1.3)

= [ [fly)dy / V.G(|z — y|)Vepo(z)dz .
R* R» (A.1.4)

Here (f,g) = fR" fgdz and C§° denotes the space of compactly supported smooth
functions in R™. Integrating by parts yields

/ V.G(z — y)Vap(e)dz = — / A£Gz - y)p(z)de
Qe Q.

+ /3  $@VaG(lw —y) n()ds

= a1,(Y) + a2,e(y) (A.L.5)

Here Q. = {z € R"; [z —y| > €} for € > 0, and 0, is the boundary of Q.; n(z) is the
normal outer vector of 92, and dS is the surface element of <2,. Since AG(z) = G(z)
by using Bessel’s differential equation (see [17; p110, (5.7.7)]), we have

0el) =~ | Glle—y)pla)da, (AL6)

For ay (y) we later prove
lim az.¢(y) = ¢ (y)- (A.17)

Letting € | 0 in (A.1.5) combined with (A.1.6-7), there holds
/.R V.G — ) Vap(z)ds = ~ /R G(1z — y))p()dz + o(y).

Hence by (A.1.4) it follows from the Fubini’s theorem that
(Vau, Vo ) = — / @) / Gz —y)p@)dedy + | F)oly)dy
Rn R R~
- / () / G|z — ) f(y)dydz + / fW)o()dy
R~ R» RnR»
:_<u,90>+<f190>a
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which says that u is a solution of (E) in the distributional sense. It remains to prove
(A.1.7). We estimate

a2, (¥) — o(y)| <| 90(3/)/6Q VG(jz —yl) -n(z)dS - o(y) |

+ / 0(@) — 9(u)] VG2 - yl) - n(z)] dS
o0,

=b1,e(y) + b2,(y) -
Setting z — y = ew with w € R™ and |w| = 1, we have

b @) =1 90) [ VG(ew) nly+ew)endS — oly)|

<llplleo | [ G(e) nly+ew)erds — 1)
Sn—1
= llolleol 1S™7H G'(g)e™* - 1],
where S”~1 = {2 € R"|z| = 1} and |S™!| is the surface area of S”~!. By the
recurrence formula of K, (p) (see [17; p110,(5.7.9)]) we obtain
d
G'(e)e™ ! = (27r)_""1E(e"’l(’,,(&:))e"“1
— (27T)—u—1(6—21/——1€V+1KV+1(€))811.——1
— (27r)—u—1€-2u+n——2€v+lKu+1 (E)
Hence it follows from (A.1.2) that

5771 G/(6) €7t = ((2m) 7T+ 1)) (2m) T e 2dn2
2

* p
x 2Y v —s—=—)d
/0 s” exp(—s 45) s

—1 as ¢€]0.
Similarly by (A.1.3) we estimate
bae () < llo(2) — oW)lloo IG" ()] €™ [S™]

< le(y + ew) — p(y)lleo C [S™7]
—0 as ¢[0,
with some constant C' independent of €. This proves (A.1.7).
Note that the solution u of (E) given by (A.1.1) is in D(A) since the equation (E)
implies Au € BUC. It remains to prove the uniqueness of solution of (E) in D(A).
Suppose that u = Au for u € D(A). We set u = vy with (z) = |z|? + 2n + 1 to get

"L v 0
(n—An)v:nAv+2Z 3. 677]
i=1 t ¢

n R"
from v = Au. If u # 0, then v has either local positive maximum or negative

minimum since u € BUC(R™). At these points we get 7 < An which contradicts the
definition of . Thus we get u = 0. n
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Proposition A.1.3. —A is a generator of the analytic semigroup {T'(t)}e>o0-
Proof.  Let S be the generator of {T'(t)}:>0, that is,
1
Sf =lm H{TOf - 1}
for f € D(S) with
D(S) = {f € BUC [lm {{T()f ~ [} exists}.

Here the limit is taken in the strong topology of BUC. We have to show S = — A.
First we prove easier inclusion D(A) C D(S). Suppose that f € D(A). For
0 < & <t by Fubini’s theorem and the integration by parts we see that

T)f 1@ = [ Blo-u.0- By G
ta
= [ sy [ 5B -y,9ds
= [(as [ AB@-y.9s0)
= [(as [ Be-vonrway .

Letting € | 0, we obtain from Lemma 5

t
TR f — f:/ T(s)Afds .
O "
Applying Lemma 5 again we now get

1 _
lim {T())f - f} = Af
since Af € BUC. This means f € D(S) and —Af = Sf. We next prove the other
inclusion D(S) C D(A). Suppose that f € D(S). Since (I — S)f € BUC, there is a
unique solution w € D(A) of the following equation
I+Aw=(I-8)f (A.1.8)
by Lemma A.1.2. Because w € D(A4) C D(S) and —Aw = Sw we have
(I-Syw=IT-8)f.

Now {A € C| Re A > 0} is in the resolvent set of the generator S by the theory on
- contraction semigroups (see [23; pll Corollary 3.6}, [26;p282 Th. 12-4]). Hence 1
is in the resolvent set of S, then w must agree with f. This implies that f € D(A)
since w € D(A). By (A.1.8) we also observe —Af = Sf. This completes the proof.
|

Appendix 2
We prove Lemma 3 (i), that is,
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Proposition A.2.1.  Forn > 2 let A be the operator defined in Appendix 1. Then
for any a with 0 < a < 1, there exists positive constant C,, such that

HAaE(t)HtHl(Rn) SCot™ for t>0 (A.2.1)
where H! = H(R") is the Hardy space.

Remark. (i) In this section we use the norm of H!(R"™) of form
I sup |E(z, 8) * f(2)] 121 @mn),

which is equivalent to (2.6) (see [5]).
(ii) For 0 < a < 1, the integral kernel of the operator A*~1 is K (n, a)|z| "+2(1-2)
(see [24;p117]), then we have

E(t) = AA*T1E(t)
K(n,a)

= A R» [T — y[nm20=e)

E(y,t)dy

where 1/K (n,a) = n™/222(0-2)1(1 — a)/T(2 + « — 1). This form is valid even for
n=2and forn=1with1/2<a<1.
For the proof of Proposition A.2.1 we need pointwise estimates on the heat kernel.

Lemma A.2.2 Let A be the operator defined in Apendix 1. Then for any a with
0<a<1and any £ with 0 < ¢ < n + 2a, there exists positive constants Cp,o and
Ct,n,e such that

Chpat™(?/2)-c for |z|] <1
Coalz|~ftE=n=20)/2  for |z|>1.

4B (2, 1)| < { (A22)

Proof.  Here we argue in the same way as the proof of Lemma 2.3 in [7]. Setting
z = t1/22, it is easy to see that

A%E(z,t) = t~ (WD go B2, 1). (A.2.3)
So, to prove (A.2.2) it is sufficient to show for ¢ = 1, that is,

{ Cna for |2/ <1

A24
C’g,n,al:cl_z for |z|]>1 ( )

with some Cp,o > 0 and Cp o > 0 which are independent of t. In fact if (A.2.4) is
valid, we have

|AE(z,t)] < Cppo t~ 2= |4]~¢
=Cone t—-(n/2)—a tz/z |$|—-£
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for |z| > 1 and
|A®E(z,t)] < Cpat™ (W22

for |z| < 1.
Let 91 be a smooth function in R™ such that supp ¢, C {z € R™;|z| < 1},

0<% <1land¢;(z)=1for |x| < 1/2, and let 1) = 1 — 9;. Then we have

A1) =~ Kna)s, [ PO g, 1y
— K(n,e)A, Y2(z —y) E(y,1)dy

Rn [T — y|nm2(=e)
=K (n,a)(I1(z) + I2(z)) .

For the term I;, we have

P1(y)
L(z)=-A / — 1Y) _F(x—y 1)d
1( ) e [nyl |yln_2(1_a) ( y ) y
2

S— Yiy) Je—yf o lz—yl
ICORE /lylsl Iyl"‘lz(l—‘”( Y R

since supp ¥1(z) C {z € R™;|z| < 1}. We note that |z —y| < |z|+ 1 and |z — y]2 >
(1/2)|z|2 — 1 for |y| < 1. Then we obtain

(Iz[+1)%  ny _ops 1
< — z -
[11(z)| < Cr( 1 + 2) € /Iyl.<_1 y|n—2(-a) dy

< Cpolz™ (A.2.5)

for all z € R™ and any £ > 0, and any a with 0 < a < 1.
For the estimate of I5, differentiating the kernel 45(z)|z|~"t2(1~2) we get

Io(e) = - /R (B02)E =8 5 1)y

n lm — yln—2(1—a)

— (2n — 4 + 40) / ) Z (Oast2) (@ — 9) (z; — ;) E(y, 1)dy
=1

|z — y|nt2e
— (4a® + 2am — 4a) - iﬁzz(—z’;—fz)aE(y, 1)dy
=—J1(z) — (2n — 4+ 4a)Ja(z) — (4a® + 2an — 4a)J3(z).

‘ For the terms J; and J,, since the supports of 8,92 and Ay, are included in
1/2 < |z| < 1 we can estimate similarly on the term I; as follows.

e,
@isf e - i

1
<CullBballoe™2 [
2llo 1/2<lyl<a Jy[mm2me)
<Cpalz|™, (A.2.6)
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(V) )] )
a(a)] < / ey s 81 Bz =y, idy

lal? |y
<Cl[Vip] oo 12178 / dy
- 1/2<lyi<1 [y[mF2e

<Crala|™ (A.2.7)

for all z € R™ and any ¢ > 0 and any a with 0 < < 1.
For the term J3, we have

— ¢2 (él? _ y) d

since the support of ¢3(z) is included in {z € R™;|z| > 1/2}. If |z| > 1, we get

- _=lf oz —y)
AN ooy T — ypios 20 D% |
<G (o =yl +151) b 1y gy |

T2l Jjayz1y2 |z ylnt2e

here we used |13| < 1 and |z|* < Cy(|z — y|® + |y|®) with some constant C; > 0.
Restricting £>0to 0 < {4 < n+ 2a,

|J3(z)| < o ) 1>1/2(2 t2amlby ont2eyIh By, 1)dy
z—yY| 2

since |z — y| > 1/2. Hence we deduce
IJ3($)! S Cﬂ,n,a|$|_£ (A29)

for0<f<n+2a,0<a<1and |z| <1. When |z] <1, we easily have by (A.2.8)

Ja(z)| <an+ee / E(y, 1)dy
jz—y|>1/2

<Chya - (A.2.10)

. Combining estimates (A.2.5-7) and (A.2.9-10), we obtain (A.2.4) and Lemma A.2.2
has been proved. |

Proof of Proposition A.2.1.  Since E(s) * E(1) = E(1 + s) for s > 0, we have
I sup [E(z, 5) x A*E(2, 1)] |11 )

=] sup |A%E(z,1+ 8)| ||p1(&n)- (A.2.11)
s>
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Since 0 <£<n+2a and 0 < a < 1, Lemma A.2.2 implies

|A%E(2,1+ 5)| <Conalz| ™21 + 5)En—22)/2
<Ctmale™ (A.2.12)

for [z| > 1 and s > 0 where Cp,5, o > 0 is independent of s and z. For |z| < 1 and
s > 0, similarly we get :

|A*E(z,1+ s)| <Cra(1+ S)(~'n—2a)/2
<Cra . (A2.13)

where Cp, o > 0 is independent of s and x. Hence we deduce from (A.2.11-13) that

(| 51>1}g |E(z, s) * A°E(z,1)] ”Ll(Rn) <Cima -
Thus we conclude
||AQE($’ 1)||H1(Rn) < Cl,n,a .

So, setting = = t1/22, again by (A.2.3) we get

1A% E(z,t)ll3@mny = D72 A2 E(2, 1) |38
= 17*|A*E(z, 1) || (mm)
< Cﬂ,n,at——a-

Appendix 3
In this Appendix we prove that

IfVv™fe BMO for alm=0,1,2,--- then Vf € C®

Theorem A.3.1. (i)Assume that |z|f € L}(R"), |z|"*'f € L®(R") and f €
L®(R™). Then f € H* if [, fdz = 0.
~ (ii)There exist a constant C > 0 such that

[ fll# < Cl 2] flloo + [1fll00)
for all f € L™ satistying |z|f € L?, |z|"*'f € L™ and [g,. fdz = 0.

Corollary A.3.2 (i)If f € L*™ satisfies sptf C Bgr = {z € R”;|z| < R}, then
feH if [ fde=0.
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(ii) There exist a constant C > 0 such that
1fllze < CR™ + 1)[Iflloo

for all f € L>(R") satisfying sptf C Bg and [ fdz = 0.

Remark.  Corollary A.3.2 seems to be wellknown. For example, (i) is found in
[25, 111, §5.5]. We give here a complete proof of Theorem A.3.1 (and Corollary A.3.2)
for reader’s convenience.

Corollary A.3.3 ()If f € W'P(R") such that [ fdz =0, sptf C Bg with p > n,
then f € H1. '
(ii) There exist a constant C = C(p,n, R) > 0 such that

1 fllr < Clifllwzmny

for [ fdx =0, sptf C Bg, f € WLP(R").

Proof of Theorem A.3.1.  We first show that:
(A) There exist a constant C; > 0 (independent of t) such that

1" e flloo < Cr(l] el fllx + 11 121"+ £lloo)
forallt >0, f € L'(R™) N L®(R") satisfying [ fdx = 0, where || - ||; denotes the

L! norm.
In fact, since [ fdz = 0 we see that

2 / Golz — ) f(y)dy = / 21" (Golz ~ y) — Go(2)f(4)dy
= / (lz — Y™ Gz — y) — 2" Gy () (v)dy

+ / (2 = |z — g™ Gyl - v) f(y)dy.

- Thus we get

T

I 2/~ e £l < sup / | & — g™ Gy — y) — 2|1 Ge () ||f1dy

+sgp/ lyI" T f @)|Ge(z — y)dy
=T+1I.

Evidently,
IT < 2" flloo
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To estimate / we use
1
Hi(z —y) — Hi(z) = ——/ (VH;)(z—6y) - ydb
0
with Hy(z) = |z|"1Gy(z)

to get
/ ||z — g 1Gy(z — ) — 21" Ge(a) |1£(9)ldy
1
< /0 /B IV H:(z — 00)llyf )l

Note that both || |z|"G}||w and || |2|"M1VG,(z)||e is bound as a function of ¢ > 0,
so,

IVH(2)]loo < (n+ D] [2]"Ge(2)]|oo + ] |2]" T VGe(2)]|0o
< Cy

with Cp > 0 independent of ¢ > 0. We thus obtain

/B | lz—y" Gl — ) — |2 | [y f (y)ldy

1
5/0 CO/BR lyf(y)|dydd
< Goll |z{fl]1-

This yields I < || |z|f||1 and completes the proof of (A).
We next estimate H! norm of f as follows

[l = [Isup[e*® f(z)| |1
t>0

1
< / e |z|"*! sup |et2 f(z)|dz + / sup |e*® f(z)|dz
lz[>1 |z] t>0

|z|<1 t>0
< ' sup |z sup |e*2 f(z)| + C" fggllemflloo

lel>1 t>0
< C'sup|] [z]"* (e f)(2) |loo + C” sup [|€™ fllco
>0 >0
< CoAll el flla + 11 121" flloo + 1 f]leo }
by (A) and ||e?2 fllco < |If]loo. The proof is now complete. |
Corollary ‘A.3.2 immediately follows from Theorem A.3.1 since

12" fllo < R*™ Y| flloo  and || 2] fll < R ||fllx-
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Corollary A.3.2 implies Corolldry A.3.3 by LP-Sobolev inequality.

Remark. If fe BMO and Vf € BMO, then Vf is well-defined as a distribution.
(For p € C§° we shall define (p, Vf).)

Let Br be taken so that spty C Bg, and let 7 € CS° satisfy 7 > 0, [ mdz = 1,
and sptm C Br. We define

<QD) Vf) = (90_0“71" Vf> + a(—Vw, f) (ASI)

witha:v/goda:

where brakets in the right hand side is the duality pairing of H! and BMO [5]. Note
~that [(p — am)dz = 0 so that ¢ — am € H! by Theorem A.3.1, so the first term is
well-defined since Vf € BMO. Note also that V7 € H! so the second term is also
well-defined since f € BMO.

Theorem A.3.4. If f € BMO and Vf € BMO, then Vf is a Radon measure.

Corollary A.3.5 IfV™fe BMO for all m > 0, then Vf € C™.
Proof of Theorem A.3.4. It suffices to show

sup o, V)] < o0 (A3.2)
peCE (Br)llollew<1

for each Br. We estimate the right-hand of (A.3.1). The second term is estimated
by

| / dz(—Vm, )] < ClIValla | fllzaollello ™ < ClIVAla |l fllaroR”

for [|¢]|oo < 1. Thus we may assume [ @dz = 0 in the proof of (A.3.2). By Corollary
A.3.2 we know

ol < Cllellne(sp)
for ¢ € L®(BR), [ dz =0, so that

sup (o, VA< sup [, VA < ClIVSllBMo-
Lp603°('BR),II<pI|°°51,f<pdx:0 HSOH—HISl/z

The proof is now complete.

Proof of Corollary A.8.5. By Theorem A.3.4 V™ f for m > 1 is a Radon measure.
Applying Sobolev inequalities for mollified function V f * pe, we get local uniform
convergence of all derivatives of Vf x p. as € — 0. Since Vf * p, is smooth for ¢ > 0,
sois Vf.
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