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DUAL CLASS OF A SUBVARIETY

TATSUO Suwa

Hokkaido University

Dedicated to the memory of N. Sasakura

Let M be a complex manifold of dimension n and E a holomorphic vector
bundle of rank k over M. If s is a holomorphic section of E generically transverse
to the zero section, it defines a subvariety V' of pure codimension & in M possibly
with singularities. It is “well-known” that, if M is compact, then the top Chern
class ck(E) of E corresponds to the homology class [V'] under the Poincaré duality
P : H*®(M;C) 5 Hyp_ok(M;C) (in fact this holds with Z coefficients). The
nature of the proof of this fact depends on, of course, how one defines the class
ck(E) (cf. [G] §5 for the projective non-singular case, [F] §14.1 for the general case
in the algebraic category and [GH] Ch.1, §1 for the case k¥ = 1 in the complex
analytic category). In this article, we take up the definition of Chern classes via
the Chern-Weil theory and give a relatively elementary proof of a more precise
statement. Namely, we prove that there is a canonical localization cx(E,s), in
the relative cohomology H2*(M,M \ V;C), of ck(E) with respect to s and, if V
is compact (M may not be), it corresponds to [V] under the Alexander duality
A:H*(M,M\V;C) 5 Hin—2k(V;C) (Theorem 3.2). If M is compact, we have
the commutative diagram

H*(M,M\V;C) ——  H?*(M;C)

|2 |»

Han—2k(V,C) SN Hopn_2x(M,C),

where ¢ and j denote, respectively, the inclusions V < M and (M,0) — (M,M\V).
Since j*(ck(E,s)) = ck(E), we recover the result we first mentioned.

As related topics, we discuss intersections of subvarieties. We also prove a
- duality theorem when V as above may not be compact, considering it as a relative

cycle in M modulo M \ § for a compact connected component S of its singular set
(Theorem 6.1). This is effectively used in [BLSS].

Typeset by ApS-TEX



The proofs are done in the framework of Cech-de Rham cohomology. Note
that the varieties defined as above include the hypersurfaces and the set-theoretic
complete inetrsections in the projective space.

In section 1, we recall the Cech-de Rham cohomology and integration theory
on it, describe the Poincaré and Alexander dualities and define the characteristic
classes in the Cech-de Rham cohomology. We give a short discussion on the localiza-
tion of the top Chern class in section 2. In section 3, we prove the duality theorem
mentioned above . In section 4, we give an explicit formula for the residue of the
top Chern class at an isolated zero in terms of Grothendieck residues. This gives
an explicit formula for the local intersection number of divisors. In section 5, we
discuss (refined) intersections of subvarieties. Combined with results in the previous
sections, we reprove that the global intersection number of divisors intersectiong at
isolated points is the sum of local intersection numbers. Finally, in section 6 we
prove another type of duality theorem mentioned above.

1. Preliminaries

For the background on the Cech-de Rham cohomology, we refer to [BT].
The integration theory on the Cech-de Rham cohomology is developed in [L1-3].
For the Chern-Weil theory of characteristic classes of vector bundles, we refer to

[BB], [B], [GH] and [MS]. See also [S] for the material in this section.
(A) Cech-de Rham cohomology

Let M be a (connected) oriented C* manifold of dimension m. For an open
set U in M, we denote by A%(U) the space of complex valued C*® g-forms on U.
Let U = {Uq}aer be an open covering of M and set Ung...op = Uy N+ -NUq,. We
assume that [ is an ordered set such that, if Us...a, # 0, the induced order on the
subset {ag,...,q,} is total. We let I?) be the set of (p + 1)-tuples (aq,...,ap)
with ap < -+ < @, and denote by CP(U, A?) the direct product

CPU, AN = [  A'Uap..a,)-
(ao,...,oz,,)EI(P)
Thus an element o in CP(U, A?) assigns to each (ag,...,a,) in I® an element

Cag...ap i AN (Ugy...a, ). The coboundary operator § : CP(U, A7) — CPH(U, A?) is
defined as in the usual Cech cohomology theory. This together with the exterior
derivative d make the collection C*(U, A*) a double complex. The simple complex
associated to this is denoted by (A*(U), D) or simply by A*(U). Thus A™(U) =
@D, g=r CP(U, A?) and the differential D : A™(U) — A™1(U) is given by

P
(Da)ao---ap = Z(—]‘)uaao...&-;...ap + (_1)? daao...ap-

v=0



We denote by H"(A*(U)) the cohomology of (A*(l),D) and call it the Cech-
de Rham cohomology associated to the covering . It is known that the restriction
map A"(M) — C°(U,A”) C A™(U) induces an isomorphism

(1.1) H™(M;C) = HT(A*(U)),

where H"(M;C) denotes the de Rham cbhomology of M ([BT)).
We define the “cup product”

AT(U) x A°(U) — AT (U)

by assigning to ¢ in A"(U) and 7 in A*(Y) the element o - 7 in A™*(U/) given by

P
(0' ~ T)ao...ap = Z(—l)(r_y)(p—y)a'ao...a,, A Toy...ap-
v=0

Then o « 7 is linear in ¢ aﬁd T and we have
D(o ~7)=Do -1+ (~1)"c ~ Dr.
Thus it induces the cup product
H(AYU)) x Ho(A*(U)) — H™H(A*(U))

compatible, via (1.1), with the usual cup product in the de Rham cohomology.

In what follows, we use the following convention. Let (ao, ... ,ap) be an
element in I?*1. If Uy, . .o, # 0, there is a permutation p such that (a0, - .., ap(p))
is in increasing order. Then we set Cag.ap = signp-aap(o)_”o,p(?). HUy..ap = 0, we
set 0qy...a, = 0. Note that this is consistent with the definitions of the coboundary
operator and the cup product.

A system of honey-comb cells adapted to ¢/ ([L1-3]) is a collection {Rq }acr
of m dimensional manifolds R, with piecewise C* boundary in M satisfying the
following conditions :

(1) Ry CUqy and M =, R,.

(2) Int Ro NInt Rg = 0, if o« # B,

(3) ¥ Uso..ap # 8, Rag..p, = No—g Ra, (= (Vo ORs, ) is an (m — p) dimensional
manifold with piecewise. C* boundary.

(4) If the set {ag,...,a,} is maximal, Ray...a, has no boundary.
In the above, Int R denotes the interior of a subset R in M and {ay,... ,Qp}
being maximal means that, if Ua,a0,....0, # 0, then a € {ay,...,ap}. We orient

Ry,...a, by the following rules :
(1) Each R, has the same orientation as M and the boundary is oriented so that, if
(z1,...,2Zm) is a positive coordinate system on an open set U in M with R, N U =
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{zm 2> 0}, then the coordinate system (z1,. .., Zm,—1) on OR, is positive or negative
according as m is even or odd.
(2) If p is a permutation, Ra,...c,,, = signp - Raq..ap-

(3) aRao ap z Rao Qpo
Let {R,} be a system of honey-comb cells adapted to . Suppose M is
compact, then each R, is compact and we define the integration

/M tA™U) - C

/ o= Z ( /R o)

for o in A™(U). Then we see that it induces the integration on the cohomology

by the sum

(aO: ,QP)EI(p)

/ H™(AU) — C,
M

which is compatible, via (1.1), with the usual integration on the de Rham cohomol-
ogy.
(B) Duality theorems

If M is a compact oriented C' manifold, the bilinear pairing
AU x A™HU) — A™(U) — C

defined as the composition of the cup product and the integration induces the
Poincaré duality

Py : HY(M;C) ~ HY(A*(U)) 5 H™ YA (U))* ~ Hpno(M;C).

In the above isomorphism, a class [o] in H‘(A*(U)) corresponds to the class [C] in

Hp—o(M;C) such that
[oor=]
M (o]

for all 7 in A™~4(U) with Dr = 0, where we choose the cycle C in its homology
class so that it is transverse to each Reyy...a, and the integral in the right hand side

is defined by
m
Z / Tao...ap .
=0 \(ao,.. ,ap)ej(p) Rag...apNC
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We may define, for an r-chain C transverse to each Ray...a, and an s-cochain
o in A*(U), an (r—s)-chain C ~ o, which assigns to an (r—s)-cochain 7 in A=) (1)
the value |, c ¢ ~ 7. This induces the cap product

Hr(M;C) x H*(A*(U)) — Hr—(M;C).

Then we may write
Pu([o]) = [M] ~ [o],

where [M] denotes the fundamental class of M.

Now let M be an oriented manifold of dimension m again and S a closed
set in M. Let Uy = M \ S and U; a neighborhood of S in M and consider the
covering U = {Up, U1} of M with 0 < 1. We denote by A"(U,Up) the kernel of the
canonical projection A"(U) — A"(Up). It is not dificult to see that

HT (AU, Uo)) ~ H™(M, M \ S;C).

Let {Ro, R1} be a system of honey-comb cells adapted to Y. Recall that, if

M 1?'0 lzl R01

for o = (09,01,001) in A™(U). Now suppose that only S is compact (M may not
be). Then we may assume that R; is compact and we still have the integration

/ L A™U, Up) — C
M

/U=/ 01+/ Oo1
M Ry Roy

for o = (0,01,001) in A™(U,U;). This again induces the integration on the coho-
mology

given by

/ L H™ (AU, Uy)) — C.
M
In the cup product A4(U) x A™~4(U) — A™(U), we have

(00,01,001) ~ (7o, 71,701) = (90 A o, 01 A 71, (=1)"00 A To1 + 001 A Ty).
Hence, if 09 = 0, the right hand side depends only on ¢y, 5¢; and 71. Thus we have
a pairing AYU,Uy) x A™~4(U;) — A™(U, U,), which, followed by the integration,
gives a bilinear pairing

A4 U, Up) x A™4U,) — C.
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If we further assume that U; is a regular neighborhood of S, this induces the
Alexander duality

(1.2) Am, : H(M, M\ S;C) ~ HY(A*(U,Up)) S H™ (U, C)* ~ Hpm_y(S,C).
Similarly we have
(1.3)  H™S,C)~ H™YU1,C) 5 HYA (U, Up))* ~ Hy(M, M\ S;C).

In the isomorphism (1.2), a class [o] = [(0,01,001)] in HY(A*(U,Uy)) cor-
responds to the class [C] in Hy,—4(S; C) such that

/ 0’1/\7'1+/ 0'01/\7'1=/T1,
Ry Ro1 C

for all 7 in A™~4(Uy) with dr; = 0. Also, in the isomorphism (1.3), a class [r1] in
H™~ Uy, C) corresponds to the class [C] in Hy(M, M \ S;C) such that

(14) / 0'1/\T1+/ 001 /\7‘1=/ o1 -|—-/ g01,
Ry Ry RiNC Rgy1NC

for all ¢ = (0,01,001) in AYU,Uy) with Do = 0. If S is connected, then we have
Hm(M,M\S;C) ~ H%(S;C) = C. We denote by [Ms] the class in H,,(M, M\S;C)
corresponding to [1] in H°(.S; C). We may also define the cap product

H(M,M\ S;C) x H*(M,M \ $;C) — H,_,(S;C)
as before. Then we may write
Aps([o]) = [Ms] ~ [o].
When M is compact, we have the commutative diagram
HYM,M\ S;C) —_  H{M;C)
(1.5) ZJ'AMS llPM
| Hm—f(Sa (C) _h”'_> Hm—Z(Ma(c)a

where ¢ and j denote, respectively, the inclusions § — M and (M, §) — (M, M\ S).

We also describe the Alexander duality in another situation we consider
later. Let M be a complex manifold of (complex) dimension n and V a compact
subvariety in M. Let § = Sing(V') be the singular set of V. Also, let Uy = M\V, U;
a sufficiently small tubular neighborhood of V! = V'\ S and U, a sufficiently small
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regular neighborhood of S in M. We consider the coverings U = {Uy, Uy, Uz} of M
and U' = {Uy, Uz} of U = Uy UU3, which may be assumed to be a regular neighbor-
hood of V. An element o in A4(1f) is expressed as (90,01,02,001,002, 012, 0012). We
denote by A*(U,Up) the subspace {o € A4U) | g =0} of AYU). The Alexander
duality

(1.6) HY M, M\ V;C) ~ H (AU, Ty)) > Hynt(U;C) ~ Hapo(V;C)
is induced from the pairing

B: AYU,Uy) x A 4U') — C

given by, for ¢ = (0,01,02,001,002,012,0012), in AE(LI, Up) and 7 = (11,72, 712) in

A2n—£(ul)’

B(a,r):/ o1 AT+ 02/\7'2+/ 001/\7'1+/ 002 A Ty
Ry Rs Ro, Rog

+ (01 /\7'12+012/\T2)+/ (=001 ATz + 0012 A T2),
Ry2 Ro12
where {Rqo, Ri, Ry} is a system of honeycomb cells adapted to /. Thus in the

Alexander duality (1.6), the class [o] in H4(A*(U,Up)) corresponds to the class [C]
in Hypn—e(V; C) such that

(L) Bor=[ n+f nrf m,
RiNC RaNC Ri2NC
for all 7 in A2 ~¥(¢{') with Dr = 0.

(C) Characteristic classes in the Cech-de Rham cohomology
" Let M be a C° manifold of dimension m and E a C* complex vector
bundle of (complex) rank r on M. For a connection V for E and for i = 1,...,r,
we denote by ¢;(V) the i-th Chern form defined by V. Thus it is a closed 2i-form
on M and its class [¢;(V)] in H*(M;C) is the i-th Chern class ¢;(E) of E.
If we have p + 1 connections Vy,...,V, for E there is a (2¢ — p)-form
ci(Vo,...,V,) alternating in the p + 1 entries and satisfying

P
(1.8) D (1) ei(Vo,. o, V0, V) + (=1)Pd (Vo ..., V) = 0
v=0

([B], here we use a different sign convention).
Let U = {Us}aer be an open covering of M as in (A). For each o, we choose
a connection V, for E on Uy, and for the collection V, = (Va)a, we define the
element ¢;(V,) in A%(U) by
ci(V*)ao...a,, = Ci(vao, ey Vo,p).
Then we have D ¢;(V,) = 0 by (1.8). Moreover, it is shown that the class of ci(Vi)
in H*(A*(U)) does not depend on the choice of the collection of connections V.

Comparing with the class defined by a global connection, we see that the class
[¢i(V)] corresponds to the class c;(E) in H2(M; C) under the isomorphism (1.1).

7



2. Localization of the top Chern class

Let 7 : E — M be a C* complex vector bundle of rank r over an oriented
C*° manifold M of dimension m as in the previous section. We say that a connection
V for E is trivial with respect to a non-vanishing section s (simply, s-trivial), if

V(s) = 0. Note that if Vo, ...,V are s-trivial connections, we have the vanishing
(cf. [2] Ch.II, Proposition 9.1) '

(2.1) (Yo, ..., V,) = 0.

Let S be a closed set in M and suppose we have a C™ non-vanishing section
sof E on M\ S. Then, from the above fact, we will see that there is a localization
cr(E,s) in H*"(M, M \ S;C) of the top Chern class ¢.(E) in H*"(M, C).

Letting Uy = M \ S and U; a neighborhood of S, we consider the covering
U = {U,U1} of M. Recall the Chern class c.(E) is represented by the cocycle
cr(V4) in A?"(U) given by '

cr(V) = (er(Vo), er(V1), er(Vo, V1)),

where Vo and V; denote connections for E on Uy and Uy, respectively. If we
take as Vo an s-trivial connection, then ¢.(Vy) = 0 and thus the cocycle is in
A?"(U,Uy) and it defines a class in the relative cohomology H?"(M, M\ S; C), which
we denote by ¢.(E,s). It is sent to the class ¢.(E) by the canonical homomorphism
j* « H*™(M,M \ S;C) — H?>"(M;C). It does not depend on the choice of the
connection V; or on the choice of the s-trivial connection Vy ([S]). We call ¢,.(E, )
the localization of c¢,(E) with respect to the section s at S. Suppose S is a compact
set admitting a regular neighborhood. Then we have the Alexander duality (1.2)

Apg t H¥(M, M\ S;C) 5 Hp—3.(S,C). .

Thus the class ¢.(E,s) defines a class in Hp—3.(5;C), which we call the residue
of ¢.(E) at S with respect to s and denote by Res, (s, E;S). This is called the
“localized top Chern class” of E with respect to s in [F] §14.1.

Let R; be an m dimensional manifold with C*® boundary in U; containing
S in its interior and set Ry = M \ Int R; so that {Ry, R;} is a system of honey-
comb cells adapted to /. Then the residue Res,, (s, E;S) is represented by an
(m — 2r)-cycle C in S such that .

/T1=/ Cr(vl)/\Tl-i-/ C,-(Vo,vl)/\Tl
C Ry Ro

for any closed (m — 2r)-form 7, on U;. In particular, if 2r = m, the residue is a
complex number given by

(2.2) Rescr(s,E;S)=L cr(V1)+/ ¢r(Vo, V1).

Roy
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If we let (Sx)a be the connected components of S, we have

Hy—2r(8,C) = P Hm-2-(5,C)
A

Hence, for each A, ¢.(E, s) defines a class in H,—5,(S); C), which we call the residue
of c.(E) at Sx with respect to s and denote by Res,, (s, E; Sy).
From the commutativity of (1.5), we have the following “residue formula”.

Proposition 2.3. In the above situation, if M is compact,

Z(u)* Resc,. (s, E; Sy) = [M] ~ c,'(E) in Hpy_2.(M;C),
A

where i) denotes the inclusion Sy — M.

3. The duality

Let M be a complex manifold of complex dimension n and V a subvariety
(reduced analytic subspace) of pure codimension & in M. In what follows we assume
that there is a holomorphic vector bundle E of rank k over M and V is defined
by a holomorphic section s of E generically transverse to the zero section. This

means that, if (s1,...,5%) is a holomorphic frame of E on an open set U in M
and if we write s = Zf=1 fisi with f; holomorphic functions on U, V is defined by
fi=- = fr =0in U and df; A-- - Adfy is not identically equal to 0 on VNU. If we

denote the singular set of V' by Sing(V'), Sing(V)NU is given by dfy A--- Adfy = 0
in V'NU. Thus V is a set-theoretic local complete intersection and the restriction
Elv: of E to the regular part V' =V \ Sing(V) coincides with the normal bundle
of V' in M. In this situation, we prove the following ‘

Theorem 3.1. If M is compact, the class cx(E) corresponds to [V] under the
Poincaré duality H**(M;C) 5 Hn—2:(M;C). Thus we have

' [M] ~ Ck(E) = [V] in H2n_2k(M;(C).

In fact, this follows from the following more “precise” theorem, where the
things are localized at V' and we need only the compactness of V but not of M itself
(cf. (1.5) and the introduction).

Recall that we have the localization cx(E, s) in H**(M, M \ V;C) of c4(E)
with respect to the section s, as discussed in section 2.

Theorem 3.2. Let V be a subvariety of dimension n — k in M as above. If
V is compact, the class cy(E,s) corresponds to [V] under the Alexande duality
H2(M,M\V;C) 5 Han—2x(V;C). Thus we have

[My] ~ ck(E,s) = [V] in Hapok(V;C).



Proof. Let S denote the singular set Sing(V) of V. Also, let Uy, Uy and U, be as in
the last paragraph of section 1 (B). It suffices to prove that there is a representative
o, Do =0, of cx(E,s) in A**(U,Uy) such that for any 7 in A2"~2%(}") with
D7 = 0, we have (1.7) with C' = V. Now let o be an element in A2*(, Up) with
Do = 0 so that we have

(8.3) doy =0, doy=0, doos =0y, dogy =0y, dog=0cy— o1, and
doo12 = —012 + 0oz — 001.

Also let 7 be an element in A?*~2¥(Y{') with D = 0 so that we have

(3.4) drp=0, drpn=0 and dry=7—mn.

Thus 71 is a closed 2(n — k)-form on Uy, which is a tubular neighborhood of V' =
V' \ S. Denoting by = the projection U; — V', we have an isomorphism 7* :
H*=2%(V';,C) 5 H*™ 2%(Uy;C). Hence there is a closed 2(n — k)-form 6 on V"
and a (2n — 2k — 1)-form p; on U; such that

(3.5) T =7%0 4+ dp;.

Also, 7, is a closed 2(n — k)-form on U,. Since U, is homotopically equivalent to S,
which is less than 2(n — k)-dimensional, we have H2"~2¥(U/,; C) = 0. Hence there
is a (2n — 2k — 1)-form p; on U, such that

(36) Ty = dpg.

Using (3.3), (3.4) and the Stokes theorem and noting that 8R; = —Rg; + Ry and
Ro1 = Ro12, we compute

/alAdplz/ d(al/\p1)=-/ 01/\p1+/ o1 A\ p1 and
Ry Ry Roy Ry

/ o1 Ndpy = d001/\P1—/ d(001/\P1)=/' 01/\P1—/ oo1 A p1.
Ro1 Ry, Ry, Rpy Ro12

Similarly we have, noting that aRz = —Roz had R12, 8R02 - —-R012, 6R12 = R012,

and 6R012 = 0,
/azAdp2=—/ 02/\,02—/ o2 A p2
R, Ry, Ry»

/ 002/\dP2=/ 02/\P2+/ ooz A P2
Ro2 Ro2 Ro12

/ 12 Ndpy = (02—01)/\;02—/ o12 N\ p2
Ri» Ryo Ro12

/ do12 A dpa =/ (012 — 0oz + 0o1) A pa.
Ro12 Ro12

10



Hence, if we denote by I; the left hand side of (1.7), we have

I1=/ 01/\7T*9+/ 001/\77*9—/ 01/\P12+/ go1 A p12,
Ry Rop Ry, Ro12

where p13 = ps — p1 — 712, which is a (2n — 2k — 1)-form on U; NU,. Note that from
(3.4), (3.5) and (3.6), we have

dp12 = 7*6 on Us.
The chain Rj, is in the interior of the (2n — 1)-dimensional manifold U; N OR,,

which may be assumed to retract to VNOR, = Rj; NV by the projection 7 so that
we have the commutative diagram

UlnaRg ——;—> Uanz

VNOR, —— v'nu,,
where i and 7 denote the inclusions. We have di*pia = t*dpiy = 1*7*0 = %0 = 0,
since ¢*6 is a 2(n — k)-form on V N ARy, which is a (2n — 2k — 1)-dimensional
manifold. Hence we see that there exist a (2n — 2k — 1)-form p on V N 9R; and a
(2n — 2k — 2)-form w;3 on U; N OR; such that
(3.7) P12 = T p + dwys on U; NOR;.

We have, as before

/ 01/\dw12=/ g1 /\wlz and 001/\dw12=/ (en] /\w12.
Ri, Ro12 Ro1s Ro1a

Hence we obtain

Il=/ 0'1/\7r*9+/ oo1 AT*0 — 0'1/\7r*p+/ oo1 A T p.
Ry Ry Ry» Ro12

Next, we compute the right hand side I, of (1.7). From

/ 7'1=/ (7T*9—|-dp1)=/ 9-{—/ P1 and
RNV RNV RNV RNV

/ - Tg = _/ P2,
RNV RNV

11



and using (3.7), we have

Iz = / 0 - p.
RNV RNV

Now we let Vj be a connection for E on Uy, trivial with respect to the
section s. On Uy, the bundle E is C* equivalent to the pull-back 7* Ny of the
normal bundle Ny of V' in M. We take a connection V for Ny on V' and let Vi1
be the connection for E on U; obtained as the pull-back; V; = 7*V. On U,, let
V2 be an arbitrary connection for E. The class cx(E, s) is then represented by the
cocycle o with oo = ¢x(Vo) = 0, 01 = cx(V;) and o0¢; = cx(Vo,V1). In fact we
have o3 = cx(V3) and so forth, but as we have seen above all the terms involving V,
cancel out. First we have o1 = (V1) = 7% (V). Hence oy A*6 = ™ (ck(VING),
but this is 0, since ¢x(V) A6 is a 2n-form on V', which is real 2(n — k)-dimensional.
By a similar reason, we also have o1 A 7*p = 0. We denote by m; and o, the
restrictions of m to Ry and Ry, respectively. We may assume that m; : Ry — RNV
is a closed 2k-disk bundle and that 7y, : Ry; — Ry NV is an S%*~!-bundle. Recall
that Ry = —OR;.

We prove that

(38) : (71'01)*0'01 = 1

so that we get, by the projection formula,

/ 001 /\7!'*6:/ (7’('01)*0'01 9=/ g.
Ro1 RinV RinV

This is done as in the proof of [S] Ch.III Theorem 4.4. First, we identify U; with
a neighborhood of the zero section in E|y/. We also identify E|y, with 7*(E|y).
Let p be a point in V'. We may choose a neighborhood W of p in V' and a frame
(s1,...,8%) of E over W such that, if we identify E|w with W x C* by this frame, we
have s(z, z) = Zf=1 z;-m*s;(z, z) for a point (z,2) in U = 77'W C E|w = W x CF,
where z = (21,...,2) denotes a coordinate system on C* and (7*sy,... , T 8E) is
the frame of E on U obtained by pulling back (sy,...,sx) by 7. We identify E|y
with U x C* by this frame. Note that T*si(z, z) = ((z, 2), si(z)) in this identification
and s(z,z) = (2,2, 2) in the identification E|y = U x C¥ = W x CF x CF.

We may assume that V is obtained by extending the connection on W

trivial with respect to (s1,...,sx). Thus V; is trivial with respect to the frame
s = (7*s1,...,m*sk). Let U be the open set in U defined by z; # 0. Then
{U@}E_ is acovering of U\V. On UM s, = (T*S1, 00 T 851, S, T Sig1, .- -, TFSk)

is a frame of E. Let V() be the connection for E on U trivial with respect to s;.
Set pi = |z:*/||2]I%, llzll = V/]z12 + - + |2¢[2. On U, VO 1*s5, = 0 for £ + i and
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VO s = ~1/z - Z§=1 dz; ® m*s;. Thus we obtain an operator iV on U \V
by setting
Zi k * ,
pi VO s, = { TP Zj=1 dz; @ m*s;, for £ =1
; =
0, for £ # 1.

Moreover, from 21;1 pi = 1, we see that Vy = ZLI piV(® is a connection for E
on U \ V. Note that it is s-trivial, since each V(¥ is. We extend Vo to an s-trivial
connection for E on Uy. We denote by p : Ely = U x C" — C* the projection. We
may assume that Roy NU = —(W x $2%=1) where $%*~1 is the unit (2k — 1)-sphere
in C*, oriented as the boundary of the unit disk. By identifying the fiber of Ry,
over p with —§%%~1 to prove (3.8), it suffices to prove

(3.9) /S ex(V1, Vo) = 1.

Exactly as in the proof of [S] Ch.III, Theorem 4.4, we can show that cx(V1,Vo) is
the pull-back by p of the Bochner-Martinelli kernel on C¥, thus we get (3.9).

If we denote by 712 and mg1, the restrictions of 7 to Ry and Ry12, respec-
tively, then w12 : Ri2 — Ry2NV is a closed 2k-disk bundle and mo12 : Hg12 — RNV
an S%?*~1_bundle. This time the orientation of Ry12 is same as that of R,,, thus
we have (7912)«001 = —1 so that we get

/ 001 A 7I'*p = —-/ P
Ro12 Ry2nV

Therefore, we obtain I = I,. O

Remiark $.10. As we noted, in the second half of the proof above, we use the tech-
niques of the proof of [S] Ch.III, Theorem 4.4. In fact, Theorem 3.2 implies the
latter for a holomorphic vector bundle over a compact complex manifold. Namely,
let 7 : E — M be a holomorphic vector bundle of rank k over a compact complex
manifold M of dimension n. We denote by s the diagonal section of the pull-back
bundle 7*E over E. The section sp is transverse to the zero section and the variety
defined is the zero section of E, which is identified with M. Thus we have the
localization cx(7*E, sa) in H2¥(E, E\ M;C) of ck(7*E) with respect to sa. Recall
that we have the Thom class U in H**(E, E \ M;C) and the Euler class e(E) in
H?*(M,C) of E as a real bundle (cf. [S] Ch.II, 5). In this situation, we have

ck(n*E,sp) = Vg and ck(E) = e(E).

In fact, the second identity follows from the first. To show the first identity, consider
the commutative diagram

HY(M;C) —— H(E,E\ M;C)
E
?lPM ?lAEM
Hzn(M,C) —?—‘* H2n(M1(C))

13



where Tg denotes the Thom isomorphism. The identity follows from Theorem 3.2
and ¥g = Tg([1]).
4. Residue of the top Chern class at an isolated zero

Let m : E — M be a holomorphic vector bundle of rank n over a complex
manifold M of dimension n. Suppose we have a section s with an isolated zero at p
in M. In this situation, we have Resc, (s, E; p) in Ho({p}; C) = C. In the following,
we compute this residue. Let U be an open neighborhood of p where the bundle E
is trivial with holomorphic frame (s1,...,s,). We may write s = Y .., fis; with f;
holomorphic functions on U. In this case, we may express the residue in terms of
the Grothendieck residue symbol.

Theorem 4.1. In the above situation, we have

Rescn(s,E;p) — Resp {df]f/\ v /\fdfn:| .
1y:25Jn

Remark 4.2. The right hand side above is defined as
1 df1 dfn

_— | 22 .../\f_,

(2rv=1)" Jr fi
where I" denotes the n-cycle in U defined by
P={q¢eUllfilgl="=lfalg)l =€}

for a small positive number €. If we denote by D; the divisor in U defined by f;,
¢ =1,...,n, then this is the (local) intersection number (D; --- D,), of Dy,..., D,
at p ([GH] Ch.5).

Proof of Theorem 4.1. This is done similarly as for [S] Ch.III, Theorem 5.5. Let
Uo = U\ {p} and Uy = U. On Uy, we let V, be an s-trivial connection for E
and, on U, we let V; be the connection for E trivial with respect to the frame
s =(81,...,8n). We set

By ={q€U|fi(@f +-- +|falg)] < ne?}

for a small positive number ¢. Since ¢,(V;) = 0 and Ry; = —8R;, from (2.2) we
have ' : '

(4.3) Rese, (s, B; p) = — / en(Vo, V1),
9R,

Now we consider the covering U = {UM) ... U™} of Uy, = U, defined by
U® ={qeUs| fi(g) #0}

14



and work on the Cech-de Rham cohomology with respect to . On U, we may
replace s; in the frame s by s to obtain a frame s() for E. We denote by V() the
connection for E on U trivial with respect to the frame s(¥. Then we define an
element 7 in A2"~2(l) by ' ’

Tio""’.k = Cn(VO, Vla v(io), e ,v(ik))’

which is a (2n — k—2)-form on Ul0) N...N U, Since V, and V) are all s-trivial,
we have

(4.4) ea(Vo, VUo) . Wiir)) = ¢

for k > 0. Also,if 0 <k <n—2,V; and VU . V(&) are all s;-trivial for some
. Hence

(4.5) (Ve VE) VY =0 for  k=0,....n—2
Now we compute Dr. First for k£ = 0, we have, using (4.4) and (4.5),
(D7)i = dea(Vo, V1, V) = —cp(V1, V) + €4 (Y5, VD) — (Vo V1)
= —Cn(Vo,Vl)-

For k =1,...,n — 1, we have, by (4.4),

k
(DT)ig..in = Z(——l)”cn(vo, Vi, V(i°), e, V) V(i"))

v=0

+ (= 1)k den(Vo, V1, V), 9(i0))
= —en(V1, VI, VD) 4 0 (V, VO, w0y
= —cn(Vy, V(io), L ’v(ik)).

Thus, using (4.5), we may summarize as

(Dr); = —cn(Vo, Vy)
(D7)ig-iy, =0, for k=1,...,n—-2
(D)1 = —cn(Vy, VO V),

Denoting by ¢ the inclusion map OR; — Uy, we let «*U be the covering of R, by
the open sets OR; NU). Then, as a system (R)2_, of honey-comb cells adapted
to *U, we take

RO ={q€ R | ()l 2 |fi(g)| forj+#i}
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and, for (z0---4x) with 1 <29 < --- < ix < n, we set Rlioi) = Rlio) ... A RCG)
oriented as in section 1 (A). Considering the integration

/ : AZ"_I(L*Z/{) — C,
R,

we see that

= Dr = n(Vo, V1) — n(V, VO (),
0 T Z/()c( V1) /R(1~--n)C( A )

R, 1=1

Hence we get, by (4.3),
Res., (s, E;p) = / cn(V1, VO L v,
v R(1...n)

If we compute the connection matrix 8() of V() with respect to the frame s, we see
that %) is an n xn matrix whose i-th row is given by — (dfl, ., dfn) with all other

rows equal to (0,...,0). Let V denote the connection for the bundle E x R™ over
N, UD x R™ g1ven by V=01-r 8V + S V@), Then the connection
matrix § of V with respect to the frame s is given by

6 = (1 — it,‘)el + zn:tie(i),
=1 =1

where 6, is the connection matrix of V; with respect to the frame s and is equal to
zero. Denoting by & the curvature matrix of V, we compute

cn(R) = (=1)"n! (dtl/\ ‘j{l) (dt A ‘j{")

1 n

= (=)™ BElnldty Ao Adt, A 22 ENN LY
fl fn
We denote by A™ the standard n- s1mp1ex in R* and by 7 : M X A™ — M the

projection. ‘Sirice fA,, dty A--- ANdt, = ,, we get,

-1\" ~1)i3]
Cn(vl,v(l),. . ,V(")) — <§) Tu(Cn(R)) = (2%1)\/—_——1)n % Ao A %

Taking the orientations into account we have I' = (— ~DIFIRA~m)  Hence we have
the theorem. O
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5. Intersection of subvarieties

Let M be a complex manifold of dimension n. Also, for each i =1,...,q, let
E; be a holomorphic vector bundle of rank k; over M and s; a holomorphic section of
E; generically transverse to the zero section. We denote by V; the subvariety defined
by s;, which is pure k; codimensional. Then we have the localization cx; (Ei, i) in
H?*(M, M\ V;; C) of cx,;(E;) with respect to the section s; as in section 2. Setting
S=NL,Viand k=37  k;, we have the cup product

H2k1(M’M\V'17(C) X oo X H2kQ(M,M\Vq;(C) — HZk(M,M\S,C)

Let E be the direct sum E = E; @ --- @ E, and s the section of E given by
s =51 @ @sg. Then the zero set of s is S and we have the localization c;(E, 5)
in H2*(M, M\ S;C) of cx(E) with respect to s. In the above cup product, we have

ck, (Ev,81) - cr,(Eqy84) = ck(E, s).

Suppose S is compact (V; may not be). Then we have the Alexander duality

| Aps  H*¥ (M, M\ S;C) 5 Hyp_si(S;C).

In view of Theorems 3.1 and 3.2, we define the (refined) intersection product
Vi--Vgof Vi,...,V, to be the homology class Ay, (ck(E,s)) in Hopn—ax(S;C) (cf.
[F] §8.1). Thus, if (Sx)x denote the connected components of S, its ) component
(Vi+-+-Vy)x is given by

(V1+--Vg)r = Resc, (s, E; S)) in  Han—2k(5x; C)

and we have

(51 ViVa=> (Vi---Vdr= Rese,(s,E;Sy) in Hyn_sk(S;C).
A A

In particular, if k¥ = n, Han—2:(S);C) = C, hence Res. (5, E;S)) is a
complex number.

If s is also generically transverse to the zero section, then S is a subvariety
of pure codimension k.

Recall that a divisor D on M is a formal finite sum D = ¥ ;15 Vj with
n; integers and V; irreducible subvarieties of codimension one (hypersurfaces). We
denote by [D| the support |J ; Vi of D. Note that every hypersurface is defined by
a holomorphic section generically transverse to the zero section. Thus, for divisors
D,,...,D,, we may define the intersection product D; - - Dy in Hyp—24(S;C), if
S =1{{; |Di| is compact. From (5.1) and Theorem 4.1, we have the following

Theorem 5.2. Let M be a complex manifold of dimension n and let D+,...,D,
be divisors on M. If S = (), | D;| consists of finite isolated points, we have

Dy--Dy =Y (Di---Du)y,
pES

where (D -+ Dy), is the local intersection number at p (see Remark 4.2).
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6. Duality for non-compact varieties

Let M be a complex manifold of dimension n, E a holomorphic vector
bundle of rank k over M and V' a subvariety of codimension k defined by a section
s of E generically transverse to the zero section, as before. Also let S be a compact
connected component of Sing(V') and U a sufficiently small regular neighborhood
of §in M. We may think of [V] as a class in Hap—or(M, M \ S;C). We denote
by ck(E) the class cx(El|y,) in H2¥(U;,C) =~ H?*(S,C). Recall that we have the
duality (1.3)

H?*(S,C) S Hppop(M, M\ S;C).

Theorem 6.1. The class c;(E) corresponds to [V] under the above duality.

Proof. Let cx(E) also denote the Chern form with respect to some connection for
E. It suffices to show that

/ o1 A ck(E) +/ oo1 A ck(E) = / o1 +/ oo1
Ry Ry RNV Ro1NV

for any o = (0,01, 001) in AZ*~2k(Y, Up) with Do =0 (cf. (1.4)). We have doy =0
and may consider the class [0y] in the de Rham cohomology H?"~%¥(U;;C) ~
H*n=2k( 5. C), which is zero, since S is less than 2n — 2k dimensional. Hence there
is a (2n — 2k — 1)-form 7, on U; such that o = 1;. We compute

/ o1 Ack(E) = —'—/ m A ck(E) and / o1 = -—/ .-
Ry Ro1 RNV Ro1nV

Hence it suffices to show

(6.2) /RM(GOI —m)Ac(E) = / (go1 — ).

Rg1NV

From oy — dogy = 0, we have d(cg; — n;) = 0. Note that ck(E) is the Euler class
e(E) of E (restricted to Ry;) and the submanifold Ryy; NV of the compact manifold
Ro1 is defined by a section transverse to the zero section of E. Therefore, (6.2)
follows from the fact that Ry; NV is the Poincaré dual to e(E). O

Remark 6.3. Let C be a relative cycle representing a class in Hy(M, M \ S;C).
Suppose C' is transverse to Ry; and V. Then, by a similar argument as above, we
have

/ o1 A cx(E) +/ oo A ck(E) = / o +/ oo1
RiNC Ro1NC RiNCNV Ro1nCNV

for any o = (0,041,001) In Af"zk(u, Up) with Do = 0.
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