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Abstract. In this paper, we study formal power series with exponents
in a category. For example, the generating function of a category £
with finite Hom-sets is defined by £(¢) = Y tX /|Aut(X)|, where the
summation is taken over all isomorphism classes of obejects of £. We
can use such power series to enumerate the number of £-structures
along a faithful functors(Theorem 4.6). Our theory is closely related
to the thory of species (Joyal 1981). A species can be identified with
a faithful functor from a groupoid to the category of finite sets (The-
orem 3.6). We use mainly the concept of faithful functors with finite
fibers instead of that of species, by which we can separate the roles
which categories play and which functors play. For example, the ex-
ponential formula £(¢) = exp(Con(£)(t)) means the unique coproduct
decomposition property(Theorem 5.8). In the final section, we give
some applications of our theory to rather classical enumerations.
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1 Introduction

(1.1) Plan. This series of papers aims to develop the theory of generating
functions (of polynomial and power series type) from the categorical view
point and is planed to study the following objects:

(A) &-structures and species.

(B) Exponential formulas and Krull-Schmidt categories.

(C) Operations on categories and functors.

(D) Polynomials and power series with exponents in a locally finite toposes.
(E) Polynomials and power series with coefficients in a Mackey functor with -
multiplicative induction.

In the present paper we study (A) and (B); in the next paper we will study
(C), and in the third paper we will study (D) and (E). The purpose of
(D) and (E), which is also the final purpose of this paper, is to build the
“external "theory of polynomials and power series. Here, for example, the
external integer ring with respect to a category Set fG of finite G-sets and
G-maps is nothing but the Burnside ring of the finite group G, that is,
the Grothendieck ring of Set;® with respect to disjoint union and cartesian
product ([DreSi 88], [Yos 87]); on the other hand, the internal integer ring
with respect to Set® is the rational integer ring with trivial G-action which
is defined by internal Peano’s axiom and internal Grothendieck construction.
Of course, the external integer ring with respect to Set; and the internal
integer ring inside Set are both isomorphic to the rational integer ring Z.
See MacLane-Moerdijk’s book [McIMo 92, Section V.5]

(1.2) Species and E-structures. The most famous and successful ab-
stract theory of generating functions is Joyal’s theory of species([Joy 81],
[BerLL 98]) and its generalizations ((MenNa 93], [Ber 89]), which affect also
the present paper. Let Bij; be the category of finite sets and bijections and
Set; the category of finite sets and maps. Then a species A is now a functor
from Bij; to Sets; an element of the image A[E] of E under A is called an
A-structure on label set E; furthermore, its generating function is defined
by

S = |A[n
Alt) =) | TE! I n,
n=0 k
Here A[n] denotes the value at the n-point set [n] := {1,2,...,n}.
On the other hand, for a faithful functor F : £ — S with finite fibers
|F~1(N)/=| < oo, an E-structure over N along F is defined to be a pair
(X,0) of an object X of £ and an isomorphism ¢ : F(X) — N. The
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concept of £-structures (or F-structures) is explicitly or implicitly considered
in some articles (e.g. Diir [Dur 86], Joyal [Joy 81]). Let Str(£/N)/= be the
set of isomorphism classes of (labeled) £-structures on N. For example, if
£ = Seth is the category of finite G-sets, where G is a finitely generated
group, and F': Set fG — Set; is a forgetful functor, then there is a bijective
correspondence (Example 2.10):

Str(Set;®/[n])/= +— Hom(G, S,).

Furthermore, if £ = RTree is the category of rooted trees and F : RTree —»
Set;y is the forgetful functor which assigns a rooted tree to the vertex set, then
an isomorphism class of RTree-structure on NV is bijectively corresponding to
a labeled rooted tree on N.

Theorem 3.6. Let S : G — Sety be a faithful functor with finite fibers
from a groupoid G. Then the assignment

Ags: N +— Str(€/N)/=, N € Bij;

15 a species. This construction gives a bijective correspondence between a
species and a faithful functor with finite fibers from a groupoid to Set;.

For example, the functor corresponding to the species of graphs is the
functor from the groupoid of graphs and graph isomorphisms to Set; which
assigns its vertex set to a graph; here note that the same species is also
obtained from the category of graphs and all graph homomorphisms.

The above theorem states that there exists an equivalence

r: (Gpd/Setf)ﬁf — [Bijf,Setf]

between the category of species and the category of faithful functors with fi-
nite fibers from groupoids to Set;. This equivalence remind of an equivalence
familiar in sheaf theory([McIMo 92, IL.6], [Joh 77, 0.2, Chapter 3)):

I : Etale/X — Sheave(X) C [O(X)°, Set],

where Etale/X is the category of local homeomorphisms over the space X.
See also (2.3.b).

The concept of faithful functors with finite fibers have some advantages
in comparison with that of species as follows:

(1) The source category of the functor corresponding to a species via The-
orem 3.6 is a groupoid like Bij;. But this restriction is not essential. Using
faithful functors from any category with finite fibers instead of species, we
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can generalize the theory of species. Especially we can take a locally finite
topos as the source category ([Joh 77], [MclMo 92]).

(2) Considering a faithful functor S : £ — S instead of a species, we can
separate the part which the source category £ plays and the one which the
functor S plays. For example, the exponential formula essentially depend on
the property that £ is a strict KS-category (see (5.5)); for the functor S we
need to assume only its additivity.

(3) When we want to substitute a natural number a for the variable ¢ in
the generating function A(t) of polynomial type, the value of t* at ¢t = a
should be the number of mappings from an n-point set [n] to an a-point set
[a]. However, [Hom([n], [a])| in Bij; does not give the expected value a™ in
general. In this viewpoint, Set; is more natural than Bij;.

(1.3) Generating functions with exponents in a category. The cru-
cial idea used in this paper is that we let the exponents of polynomials or
power series range over the objects of a category £. Thus the (exponential)
generating function associated to a skeletally small category £ with finite
hom-sets may be defined by

%e:r: |Aut %

where A runs the isomorphism classes of the objects of £.

Theorem 4.6. Let F': £ —> S be a faithful functor. Then we have
FA) = N |Str(£/N)/=| N

Z |Aut Z |Aut(N)] )

Acg Nes
This formula together with the exponential theorem (Theorem 5.8) has
many applications for enumerations of labeled structures.

(1.4) Exponential formulas. In Section 5 we prove the following expo-
nential formula:

Theorem 5.8. Assume that £ is a strict Krull-Schmidt category with the

~ full subcategory Con(E) of connected objects. Then the exponential formula

holds: ‘
E(t) = exp (Con(&)(2)) .

General theories of exponential formulas have been developed in many ar-
ticles, e.g. Bender-Goldman [BenGo 71], Foata [Foa 74], Beissinger [Bei 85],
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Dress-Miiller [DreMu 97], Diir [Dur 86]. See also [FoaSc 70], [DouRS 72],
[Sta 78a], [GarJo 80], [Joy 81], and the books [Aig 79, Section V.2], [Wil 94,
Chapter 3], [Sta98]. _

Among them, Diir's book [Dur 86, Chapter 2] states a general theory
of exponential formulas of functors between Krull-Schmidt categories. The
definition of Krull-Schmidt categories he used is not the same as the one I
adopt in the present paper. For example, the category of finite dimensional
vector spaces over a finite field is a Krull-Schmidt category in the sense of Diir,
but not in the sense in the present paper. However, our theorem is simple
but general enough to apply it, and contains many of the known exponential
formulas for non-additive categories, for example, Cayley’s formula for the
number of labeled rooted trees, Wohlfahrt’s formula for the numbers of group
homomorphisms [Hom(G, S,)|, n =0,1,2,... (Section 6), and so on.

In the present situation, power series with exponents in a category are
inconvenient for composition, substitution and derivation; for example, (4 +
tB)C and d£(t)/dt are both meaningless; in fact, they are not a polynomial
or a power series in our sense. To solve this difficulty, we need to extend
the concept of power series. In the third paper, we will introduce the “ex-
ternal’ring of power series (and polynomials) associated to a locally small
topos ([Bor 94, I1I], [McIMo 92], [Joh 77]) with coefficients in a Mackey func-
tor with multiplicative transfer, especially a Burnside ring functor ([Tam93],
[DreSi 89], [Yos 87]). We will study again the problem on the definition of
polynomials and power series in the third paper of this series.

2 E-structures

(2.1) Notation and terminology. Our notation and terminology on cat-
egories in this paper are taken from some standard books, e.g. [Mcl 71],
[Bor 94].

Here we add some basic but perhaps non-standard notation and termi-
nology. A category is finite if it has finitely many objects and morphisms; a
category is skeletally finite if it is equivalent to a finite category; a category
is locally finite if every hom-set Hom(X,Y) is a finite set; a category has
finite automorphism groups if every automorphism group Aut(X) is a finite
group. A skeleton of a category is a full subcategory consisting of complete
representatives of the isomorphism classes of objects. A category is skeletally
small if it is equivalent to a small category; C/= denotes the set of all iso-
morphism classes of the objects of such a category C and often identified with
a skeleton of C; the isomorphism class containing an object X is denoted by
[X] or simply by X if there is no confusion.
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A subobject A of an object X is called complementary if there is a com-
plement A’ in the poset Sub(X) of subobjects of X, that is,

0 A

(2.1.a)

A X

is a push-out diagram and a pull-back diagram. The poset of complementary
subobjects of X is denoted by Sub-_(X).

For a category C, we define the groupoid C;;, as the subcategory of C
consisting of all objects of C and all isomorphisms. The dual category of a
category C is denoted by C°P. The notation X € C means that X is an object
of the category C. The functor category from C to D is denoted by [C, D]
or D€. Thus [C°, D] is the category of contravariant functors. The vertical
(resp. horizontal) composition of two natural transformations is denoted by
using o (resp. *).

We use the following notation for some important special categories. Set
is the category of sets and maps; Sety is the category of finite sets and maps;
Bij; := (Setf)op is the category of finite sets and bijections; Set;® is the
category of finite (left) G-sets and G-maps for a group G; Gpd denotes the
category of (infinite)groupoids.

We furthermore use the standard notation of sets. The symbols IN (resp.
P) denotes the set of nonnegative (resp. positive) integers. For a nonnegative
integer n, we put

] = {L,2,...,n}, [0]:=0.

We write Sym(N) for the symmetric group on a set INV; in particular, S, =
Sym([n]) is the symmetric group of degree n, where we think that Sy consists
of only an identity element.

(2.2) Comma categories. For a category C and its object X, the comma
category C/X (or often C | X) is the category of object over X, that is, an

" object of this category is a morphism (a : A — X) from an object of C,

and a morphism f from (o : A — X) to (8 : B — X) is a morphism
f: A — Bin C such that 8o f = a. There is a faithful functor which is
often called a localization

Ex:C/X —=C(A— X)— A (2.2.a)
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More generally, given functors F' : A — C and G : B — C, the comma
category F' | G is defined to be the category of the triples (X, c,Y) where
XeAYehB adoa: F(X)— G(Y); a morphism (f,g) : (X,a,Y) —
(X',o/,Y')isapairof f: X — Y and g : Y — Y” such that G(g)ca =
o' o F(f). See [Bor 94, 1.1.6].

In particular, for a functor F' : C — D and an object 4 of C, the
category A | F' whose object has the form (,Y’), where Y is an object of
F and o : A — F(A), and whose morphism g : (o,Y) — (8,2) is a
morphism g : Y — Z of F such that F(g)oa = @, is also called a comma
category. '

(2.3) The category of elements. A very important case of a comma cat-

egory which plays an important role in this series is the category of elements
of a functor. Let Rel be the category of sets and relations. For a functor
F : C — Rel, an element of the functor F is a pair (X, s) of an object X
of C and an element s € F(X). A morphism f : (X,s) — (Y,t) between
elements of F' is a morphism f : X — Y in C such that (s,t) € F(f) C
F(X) x F(Y). In this paper, we denote the category of the elements of F'
by Elts(F'). There is a faithful functor called a projection

Sr : Elts(F) — C; (X, s) — X. (2.3.2)
Thus we have a functor
A : [C,Rel] — Cat/Set; F — Sp. (2.3.b)

In the case where F is a functor F' : C — Set, a morphism f: (X,s) —
(Y,t) between elements of F is a morphism f : X — Y in C such that
F(f)(s) =t. See [Bor 94, I, Definition 1.6.4].

As an example, take the functor

F:C — Rel; X — Aut(X),
where for f: X — Y, the relation F(f) is defined by
(o,7) € F(f) <= 7f=fo (o€ Aut(X),r € Aut(Y)).

Then an element of F' has the form (X,o), where X € C,0 € Aut(X),
and it is called a cyclic object in this paper; a cyclic set is often called a
permutation set. The category Elts(F’) of cyclic objects is equivalent to the
functor category C¢, where C is a infinite cyclic group viewed as a category.

Some books (e.g.[Mcl 71], [McIlMo 92]) adopt the symbol / F instead of

c
Elts(F'); however, this notation is not suitable for the present paper because
Elts(F) is the ‘derivation’of F' !
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(2.4) &-structures. Let F': £ — S be a faithful functor and N an object
of S. Then an £-structure on N (along F) is a pair (X, o) of an object X
of £ and an isomorphism o : F(X) — N in S; here, N (resp. o) is called
the label set (resp. the labeling). A morphism f : (X,0) — (Y,T) between
&-structures on N along F is a morphism f : X — Y in £ such that
7o F(f) = 0. Thus £-structures on N makes a category Str(£/N). The set
of the isomorphism classes of £-structures on N is denoted by Str(£/N)/=.
Thus an element of Str(£/N)/= has the form [X, o], where X is an object

and o : F(X)-=5N, and
[X,0] =[Y,7] <= thereexists f: X — Y such that 7o F(f) = 0.

(2.5) Functors with finite fibers. We say that a functor F : C — D has
finite fibers if for any object Y of D there are only finitely many isomorphism
classes of object X of C such that F(X) =Y.

|[FHNY)/~| =#H{X eC| F(X)2Y}/~ < co.
This notion is essential in this paper as is shown by the following lemma.

(2.6) Lemma. Let F': £ — S be a faithful functor into a category S with
each automorphism group finite. Then the following hold:

(1) Under one of the following assumptions, F has finite fibers:

(a) F has a right adjoint functor and each object X of £ has only finitely
many subobjects.

(b) F has a left adjoint functor and each object X of £ has only finitely
many quotient objects. '

(2) |Str(€/N)/=| < oo for any object N of S if and only if F has finite
fibers.

PROOF: (1) Under the condition (a), let R : S — £ be a right adjoint
functor to F and o : F(X) — N an isomorphism. Then its adjoint & :
X — R(X) is a monomorphism; in fact, for any u,v : A — X such that
Gu = v, we have that 0F(u) = 0F(v), and so u = v by the facts that o is
an isomorphism and that F' is faithful. Thus X is isomorphic to a subobject
of R(N), and so there are only finitely many such X’s by the assumption
~ (a). By the duality, (b) also implies the finiteness of each fiber.

(2) Assume first that F has finite fibers. If two £-structures (X,o) and
(Y, 7) are isomorphic, then clearly X =Y. Thus

Str(E/N) /=] < T JAut(V))

X:F(X)=N
= [Aut(N)|-#{X € £/~ | F(X) = N} < o0,
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where the summation is taken over a complete representatives of objects
X on & such that F/(X) = N, as required. The converse follows from the
existence of a surjection

Str(/N)/~ — F7Y(N)/=; [X, 0] — [X].

(2.7) Remark. The assumption of the faithfulness of F in the above lemma

(and also in the definition of £-structures, Theorem 4.6, Theorem 3.6, Corol-
lary 5.9) can be replaced by the faithfulness on automorphisms. A functor
F: & — §is called faithful on automorphisms if an automorphism o of an
object X of £ such that F'(o) = 1 is only identity morphism of X.

(2.8) Example—surjections. Let Surj be the category of surjections of
finite sets, that is, an object is a surjection X —=+ X’ between finite sets
and a morphism (f, f') : (X -2 X'") — (Y —L~ Y") is a pairs of maps
f:X —Yand f: Y — Y’ such that f'op = g f. Define a faithful
functor F' : Surj — Sets by (X —= X') = X. Then a Surj-structure
(X —2+ X',0) on N gives a partition {op~!(z')}sex’ of N; and conversely
a partition {Bi,...,B;} of N gives a Surj-structure (N-23[k], id), where
p(zr) = 1 if z € B;. In particular, |Str(Surj/[n])/=| is equal to the Bell
number b(n), that is, the number of equivalence relations on [n].

(2.9) Example—graphs. Let Graph be the category of simple graphs and
V : Graph — Set; the functor which assigns a graph to its vertex set. Then
an isomorphism class of Graph-structures on a finite set N along V is a graph
structure (N, E'), where E is a two-point subset of IV, on the vertex set N.

(2.10) Example—G-sets. Let G be a finitely generated group and Seth
the category of finite G-sets and G-maps. Let H be a finitely generated
subgroup of G. Then there is a faithful functor which is defined by the
restriction of the action to H: -

Res% : Set;® — Set/#; X +— X. (2.10.a)

Since the restriction functor has a left (and also a right) adjoint functor,
it has finite fibers by Lemma 2.6. Let IV be a finite H-set with associated
permutation representation:

pr : H — Sym(N); h — (i — hi), (2.10.b)
and put

Hom(G,Sym(N); H, pr) := {7 € Hom(G,Sym(N)) | mz = px}, (2.10.c)
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Note that since G is finitely generated, Hom(G, Sym(NN)) is a finite set. Then
there is a bijection

Str(Set;®/N)/= +— Hom(G, Sym(N); H, px) - (2.10.d)
defined by

[X;o]— (7 : g— (n(g) : i+ a(g - 07}(3)))),
(m: G — Sym(N)) — [N, 1],
(the G-action on N is defined by gi := 7(g)(:)).

In the case where H is trivial and N = [n] = {1,2,... ,n}, the restriction
functor becomes the forgetful functor

F: SEth — Setf;X — X,
and we have a bijection

Str(Set;%/[n])/= +— Hom(G, S,). (2.10.e)

3 Species.

(3.1) Species. Let Bij; be the category of finite sets and bijections. Then
a species is a functor A : Bij; — Set;. A morphism between two species
is defined to be a natural transformation. Thus the category of species is
the functor category [Bij;, Sets]. The image of a finite set E by the species
A is written usually as A[E] instead of A(E) and its element is called an
A-structures with label set E.

Clearly, the cardinality |A[E]| depends only on the cardinality |E| of
E. We simply write A[n] for A[[n]], where [n] = {1,2,...,n}; then the
symmetric group S, acts on the set A[n]. A species A is completely, up to
equivalence, determined by the series {A[n]}n=0,1,2,.., where for each n A[n]
is an S,,-set.

- (3.2) Generating functions of a species. There are some kinds of gen-
erating functions of a species A ([Joy 81], [BerLL 98]). The (ezponential) .
generating function of a species A is the formal power series

n!

A@) =3 A . (3.2.0)

n=0
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The label generating function is

o0

A(z) =Y |A[n]/Sula", (3.2.b)

n=0
where A[n]/S, is the set of S,-orbits.

(3.3) (Cat/Sety)gr and (Gpd/Setf)gr. A groupoid is a (possibly large but
skeletally small) category in which all morphisms are isomorphisms; thus
it is equivalent to a disjoint union of some groups viewed as categories. A
homomorphism of groupoids is a functor between groupoids as categories.
All groupoids and homomorphisms form a category Gpd.

Let (Cat/Sety) g be the category defined by the following data:

(i) An object is a faithful functor S : C —> Set; with finite fibers from a
(necessarily locally finite and skeletally small) category C.
(ii) A morphism from S : & — Sety to T : F — Set; is a pair

[F,)], where F:& — F, A:ToF—S.

For two morphisms [F, )], [F", N] : (£ —>— Set;) —+ (F —— Set;), the
equality is defined by

[F,A=[F,N] <
there exists ¢ : F——F" such that N o (T x @) = A.

where T x ¢ = 17 * ¢ denotes the horizontal composition.
(iif) The composition of

(€-535et;) —2s (F T sety) —22 s (gL, Set;)

is defined by

(G, 1o [F,N] = [GoF, UsGoF —=2— T F23 3],

Furthermore, (Gpd/Set)gr denotes the full subcategory of (Cat/Sety) gy
consisting of faithful functors with finite fibers from groupoids.
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(3.4) The groupoid associated to a species. We construct a functor
A : [Bij;, Sets] — (Gpd/Sety) 4. (3.4.a)
For a species A : Bij; — Sety, the category of elements
Elts(A) = {(N,a) | N € Bij;, a € A(N)} - (3.4.b)
is a groupoid and the projection
Sy : Elts(A) — Sety; (N,a) — N (3.4.c)

is clearly faithful and has finite fibers, and so we obtained an object S4 of
(Gpd/Set)gr. The functor A is defined by A(A) = S,4 on objects.
Any morphism 6§ : A — B of species induces the functor:

A(9) : Elts(A) — Elts(B)
defined by |
A()((N,a)) = (N,8(N)(a)),
AB) (N, a)—=(N",d)) := ((N,6(N)(a)) (', 0(N') (),

where note that 6x/(A(g)(a)) = B(g)(0n(a)). Since Sy = SpoA(f), we
obtain a required functor A.

(8.5) The species of £-structures. Let S : £ — Set; be a faithful
functor. For any finite set N and any bijection g : N — N’, define a
functor Ag : Bij; — Set by

As(N) = Str(E/N)/=
As(g) : Str(E/N)/= — Str(E/N") /= [X, 0] — [X, go0].
By Lemma 2.6, if the functor S : £ — Set; has finite fibers, then

|As(N)| = [Str(€/N)/=| < oo, and so the functor Ag is a species.
We can now define a functor

I': (Cat/Setf)ﬁf — [Bijf, Setf]. (3.5.a)
On objects, I" is defined by
['(S:E& — Sety) := Ag. (3.5.b)
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Furthermore, let T : ' — Set be another faithful functor with finite fibers
and [F, )] : S — T a morphism. Then a morphism of species

I[FyA]: As — Agp
is defined by

L[F Ay ¢ Str(E/N)/= — Str(F/N)/=
; [X,J]H—)[F(X),Uo)\x].

Hence we obtained the required functor T'.
(3.6) Theorem. [Bij;, Set;] = (Gpd/Sety)g.

PROOF: We prove that the functors A and I" give an equivalence between
the above two categories. It will suffice to show that (a) A = Id, (b) I'
is faithful, and (c) A is dense, that is, any faithful functor with finite fibers
from a groupoid to Set; is isomorphic to the image of a species under A

(a) First, let A be a species and put B := I'A(A). Then any element of
B(N) has the form [(N,a),1]; in fact, for any o' € A(N') and o : N'—3N,
we have

[(V',a'), 0] = [(N, A(0)(a)), 1].

Furthermore, [(N,a),1] = [(N,a'),1] if and only if a = o’. Thus there is a
bijection between A(N) and B(N) defined by '

a(e A(N)) +— [(N,a),1](€ B(N)).

This correspondence is clearly natural on N and A, and so we have the
natural isomorphism of functors:

oA 2 1d.

(b) We next show that I is faithful. Let [F, )], [G, ] be two morphisms
from S : G — Sety to T : # — Sety, where G, H are groupoids and S, T

~are faithful functors with finite fibers. Assume that

D[F, A\ =T[G, u] : Str(G/N) /=~ — Str(H/N)/=.
Then for any [X, o] € Str(G/N)/=2, we have

[F(X),0 Ax] = [G(X),0 px],
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that is, there is an isomorphism 7x : F(X) — G(X) such that o Ax =
o px T(7x). Since o is isomorphism, we have that Ax = ux T(7x), and so

T(Tx) = ,LLX__1 )‘X : TF(X) — TG(X)

Thus X +— (T(7x) : TF(X) — TG(X))x is natural on X because ) :
TF — S and p: TG — S are natural transformations, and so it follows
from the faithfulness of T' that X ~— 7x is also natural. Hence 7 = (7x) :
F — G is a natural isomorphism satisfying A = po (T * 7), that is, [F, \] =
[G, u], as required.

(c) Finally, let G —S—>Setf be a faithful functor with finite fibers from a
groupoid. Define the species Ag and a functor T by

Ag = (I(S): N+ Str(G/N)/=)
T := A(Ag):Elts(Ag) — Sety; (N, [X,0]) — N.

We want to show that the funct_or
F:G — Elts(Ag); X — (S(X), [X,1])

gives an equivalence of groupoids, which then gives a required isomorphism
[F,1g] : S — T. The functor [F,1g] is faithful because so is S. In order
to prove that [F,1g] is full, let g : (S(X),[X,1]) — (S(Y),[Y,1]) be a
morphism in Elts(Ag), so that g is a mapping from S(X) to S(Y) with
[X, 9] = [¥,1] € Str(G/S(Y))/=, and so there is an isomorphism f : X —Y
in G such that S(f) = g. This means that the morphism g comes from f
via F. Thus the functor [F,1g] is full. Furthermore, let (N,[X,o]) be any
object of Elts(Ag). Then there is an isomorphism

o: F(X) = (8(X),[X,1])=>(N, [X, o]).

Hence F' is an equivalence. The theorem was proved.

(3.7) Other kinds of species. Besides Joyal’s original species ([Joy 81]),
there are many kinds of species; I-species ([MenNa 93]), S-species (or permu-
_ tation species, [Joy 81], [Ber 89]), symmetric species ([Men 93]), species on

digraphs ([Men 96]), polynomial species ([BonRSV 92]), K-species ([Lab 89]),
Mobius species ([MenYa 91]), and so on.

Some of them have the corresponding faithful functors with finite fibers.
For example, for a finite set I an I-species is a functor Bij /T — Sety, where
Bij;/I is the comma category over I, and a species on digraphs can be viewed
as an I X I-species. An I-species is bijectively corresponding to a faithful
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functor G — Set;/I with finite fibers from a locally finite groupoid G to the
comma category Sety/I (2 Set/’).

An S-species (or permutation-species) is a functor from (Setfc),-so, the
category of cyclic finite sets (2.3) and isomorphisms, to Set; ([Ber 89]). Then
the faithful functor corresponding to an S-species is a functor from a groupoid
to Set fC.

Similarly, Chen’s compositional ([Che 93b]) is also viewed as a functor
from Surj;,, to Sety, where Surj,,, is the category of surjections between finite
sets with bijections as morphisms. The faithful functor corresponding to a
compositional M is the one from the category of elements Elts{(M), which
forms a groupoid, to Set;.

4 Formal Exponential functions

(4.1) The space of formal power series. Let R be a commutative Q-
algebra and £ a skeletally small category. Then R[[£°°/=2]] denotes the R-
module of formal power series with exponents in &:

ft) = Z’aN t", ay €R. (4.1.a)

Neg

Here Z' means the summation on all isomorphism classes of objects of £
and the variable tV is regarded as the isomorphism class containing N in the
dual category £°, and so t™ =tV if M = N. When the above summation
is finite, f(t) is called a polynomial; the R-module of such polynomials is
denoted by R[E°P/=]. We do not consider multiplication of formal power
series yet (5.1). :

- For the category of finite sets, since an isomorphism class of finite sets is
determined by its cardinality, we usually denote ¢tV by ¢", where n := |N]|.
Thus we identify the power series with exponents in Set; with the usual
power series in one variable:

> layth = i ant™, (4.1.b)
=0 :

Nee n
where a, = ap), [n] = {1,...,n} and t* = ¢,

(4.2) The exponential generating functions. The (ezponential) gener-
ating function of a skeletally small and locally finite category £ is the formal
(infinite) sum
S 2 op
= —_— > 4.2.
E):=) Ay © RUET/) (4.2.2)
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(4.3) Other generating functions. The ordinary generating function of
a skeletally small and locally finite category € is the formal (infinite) sum

Et) =) _"t* € R[[®/~]]. (4.3.a)
Xe&

We furthermore define the Dirichlet generating function of £ as the formal
sum

E@)pi =ER(—t) =Y "X, (4.3.1)
Xe&

From the view point of the theory of species, the ordinary generating
function is corresponding to the label generating series ([BerLL 98]). See
Corollary 4.8.

(4.4) Remark. Let &, be the subcategory of £ consisting of all objects
and all isomorphisms of £. Then clearly we have

E(t) = Einolt), E(t) = Einolt). (4.4.a)

Thus it seems apparently that the non-isomorphic morphisms in £ have no
meaning for generating functions. However, it is essential to consider a more
general category £ not a groupoid if we apply a functor on a generating
function or substitute some element for the variable ¢X, For example, the
“value”of £(t) at T € £

< |Hom(X,T)| »
Et) g = ;ﬁ TAn (4.4.b)

is not the same as
8iso(t)|t=T =1
See (5.3).

(4.5) A linear map induced from a functor. Let F : £ — S be a
faithful functor with finite fibers between skeletally small categories. Then
the functor F' induces a linear map '

F, : R[[E°?/~]] — R[[S°P/«]] (4.5.2)
defined by

. (Z'axtx> ::Z/axtzr(x) ZZ, Z/ ax | ¥

Xe€ Xe€ NeS \ Xe&:F(X)=N
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Note that the inner sum is finite by the condition that F has finite fibers.
The series

F(t) := )=>"' F(X) (4.5.b)

> e

is called the ezponential generating function of £ along F', which corresponds
to the generating function of species. Similarly, the series

F(t) = FR(E@®)=)"t'®

Xe&

SHX € £/ | F(X) 2 N}tV (4.5.0)

Nes

is called the ordinary generating function of £ along F', which corresponds
to the label generating function of species.

If FF: G — Sety is a faithful functor with finite ﬁbers from a groupoid G
associated to a species A, then F' and A have the same generating functions:
F(t) = A(t).

(4.6) Theorem. Let F : &€ — S be a faithful functor with finite fibers
between skeletally small categories. Then

PRI tF(x>=Z'chtN, (46.2)

2 TAu(X)| £ TAut(N)]

In particular,

Str(E/N) [
Z /| | Am{ =g (4.6.b)

PROOF. For two £-structures, note that [X, o] = [X’, o] implies X & X’ and
that [X, o] = [X, o] if and only if there is an automorphism f € Aut(X) such
that o'« F'(f) = o, that is, o and ¢’ are contained in a common F(Aut(X))-
orbit. Furthermore, since F' is faithful, F(Aut(X)) = Aut(X). Thus we

have
IStr(E/N)/=| = H{[X,0]| X € £/, o : F(X)—=N}
= Z’g{[x,anazF(X)iN} -
Xeé&

_ N [Iso(F(X), N)|
- Z |E'( Aut ))I

- e 4.6,
Xes%quv |Aut(X)|’ (4.6.c)
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Hence

Str 8 N ! ! 1
Z I t|Au‘{ / |CNt = Z Z chtN (46d)

Nes NeS Xe&:F(X)=N
— CF(X) F(X) 4.6.e
Z |Aut(X)] (4.6)

as required. In particular, when ¢y = 1 for all N € S, the last summation
is equal to F'(¢).

(4.7) Corollary. Let £ be a skeletally small category with finite automor-
phism groups. Let € be the category of cyclic objects (2.3) with projection
functor:

F:6¢—&(X,0) — X.
Then we have
F.(E@®) = E(2). (4.7.a)

PROOF. This formula directly follows from the faithfulness of F and the
existence of the bijection

Str(E€/N) /=~ —s Aut(N).
defined by

[(X,a),0] — ocac™?, (aEAut(X),UEIso(X,N))
B — [(N,0),1n] (B € Aut(N)).

(4.8) Corollary. Let A : Bij; —> Set; be a species accompanied with a
Jaithful functor S : G — Sety with finite fibers from a groupoid G. Then
the exponential (resp. ordinary) generating function of A and the ezponential
(resp. label) generating function of S coincide each other:

A(t) = 8(t), A(t) = S(2). (4.8.a)

" (4.9) Example—some species. Here there are some faithful functors
from groupoids associated to special species.

(a) The faithful functor with finite fibers corresponding to the zero species 0 :
E +— ( is the functor § — Set; from the empty category Its exponential
generating function is 0. :
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(b) Let 1 be a species such that 1{E] = {0} if E = § and 1[E] = 0 otherwise.
Then the functor corresponding to I is the functor 1 — Sets : x — 0,
where 1 is the category with only one object * and only one morphism. Its
exponential function is 1 = ¢°.
(c) A singleton species X is defined by X[E] = {E} if |E| = 1 and X[E] = {)
otherwise. The corresponding functor is the functor 1 — Set; : x — {x},
where 1 is the category with only one object * and only one morphism. Its
exponential generating function is ¢.
(d) A uniform species U is defined by U[E] = {E} for all finite set E. Then
the corresponding functor is the embedding Bij s — Sety and its exponential
X un
function is ef = Z %T
n=0

In some species A : Bij; — Set; can be extended to a functor from Set;.
For example, the identity functor Set; — Set; is an extension of the uniform
species U and they have the same exponential function e®. Contrarily the
singleton species X, for which X[E] = {E} if |E| = 1 and = { otherwise, can
not be extended to Set ¢+ Since the category Set; of finite sets and mappings
has richer structures than the category Bij j; of finite sets and bijections, it is
significant to study faithful functors with ﬁmte fibers instead of species.

(4.10) Example—finite groups. Let Gp be the category of finite groups

and homomorphisms; and let F : Gp — Set; be the forgetful functor.
Then an isomorphism class of Gp-structures on a finite set N bijectively
corresponds to a group structure x4 on N: '

p:NxN — N (4.10.a)

where, of course, the multiplication x must satisfy the axiom of groups. Thus
the exponential function of the functor F' has the form

(Gp—Set ) (2) = ZI ( )Ithl (4.10.b)
GeGp

and the number of group structure on an n-point set [n] is equal to
Str(Gp/[n]) /2| = n! 4.10.c
Str(Gp/[n]) /=] = %_jnlAut( 5 (4100)

Such summations on finite groups (or finite abelian groups) appear in several
area, e.g. [Hal 38], [CohLe 84]. In particular,

nnl ) _ 1 (4.10.d)
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presents the probability where a binary operation u : N x N — N satisfies
the group axiom. Furthermore, when n = p™ is a power of prime, we have

1 1 o1
Z |AUt(A)|= Z |_:4_I=p m:i[:—[ll—p_i, (4.10.6)

|Al=p™ rk(A)=m

where the first (resp. second) summation is taken over all abelian p-groups
of order p™ (resp. rank m). See [Hal 38], [Yos 92].

(4.11) Example—G-sets. Let G be a finitely generated group and Set;©
the category of finite G-sets and G-maps with the forgetful functor

F:Set;% — Sets; X — X,

Let [n, p] denote the G-set correspond to the homomorphism p : G — Sp;
note that [n, p] & [n, p'] as G-sets if and only if there is an inner automorphism
¢ of S, such that p' = top. Thus we have

G _ ! 1 X _ 2 1 n,
Setf (t) = ; M—'t _Zf,_»ﬁ Z t[ p]’ (4113.)

n=0  pcHom(G,S.)

;1
F(t) = ——_F(X),
2. TEw )]
= i [Hom(G, Su)l 1 (4.11.b)
) . 1.

Similarly, for the restriction functor Resg to a subgroup H, we have

bl
(Res).(Set;(t)) = XX: TAR(X)| tX

1
= Z o Z |[Hom(G, S,; H, p)| 7.

n=0  pcHom(H,S,)

5 Exponential formulas

(5.1) The polynomial ring. Let &£ be a skeletally small category with fi-
nite coproducts, especially an initial object . Then the set £°P/= of isomor-
phism classes of objects of the dual category forms a multiplicative monoid
with a unit element 1 by the product operation

tM N = MNP (5.1.2)
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where () is an initial object of £, and so the R-module R[£°P /=] of polynomlals
(4.1) of the form:

Z ant, ay €R (5.1.b)
Neé&

where the summation is finite, becomes a semi-group algebra. We call
R[£°P/=<] the polynomial ring with exponents in £. When £ = Sety, this
ring is canonically isomorphic to the usual polynomial ring R[t] in one vari-
able t by the identification tV = ¢Vl

(5.2) The ring of formal power series. Let £ be a skeletally finite cate-
gory with finite coproducts. In order to extend the multiplication of polyno-
mials to that of power series, we need the following additional assumption:

Assumption. For any object N of £, there exist only finite number of
isomorphism classes of pairs (A, B) of £ such that N = A + B.

Under this assumption, the R-module R[[£°P/=]] of infinite R-linear com-
binations of t¥ (IV € £/22) becomes an R-algebra (the complete semigroup
algebra) equipped with the product defined by

(Z’aNtN) . (E,bNtN) = Z,CNtN,
Ne& Neé& Ne&

!
CN = E ay - bp,

A+B=N

where (A, B) runs over all pairs of the isomorphism classes of the objects in
&€ such that A+ B & N. By the above assumption, the summation (5.2.a)
is finite and the product is well-defined.

(5.3) Substitution. We next consider substituting an element of a ring
for the variable “t ”of a power series

= Z’aN tN, (aN € R)

Ne&E

Let R be a commutative ring containing R as a subring. A multiplicative
invariant of £ is a map 7 : £ —+ R satisfying the following conditions:

i) M=2=N = 71(M)=r1(N),

(i) 7(0) =1,7(M + N) = 7(M) - 7(N),

Then we can substitute 7 for ¢ in f(¢):

!

anT(N (5.3.a)
Neg
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Here this series can not converge to an element of R in general. However,
except for the problem of convergence, the substitution f(t) — f(7) is a
ring homomorphism. This series (5.3.a) converges in R with discrete topology
if and only if

(iii) ${N € £/= | ax # 0,7(N) = ¢} < oo for any c € R.

(5.4) Examples of invariants. (1) A typical example of multiplicative in-
variant of a skeletally small and locally finite category with finite coproducts
is the Yoneda invariant associated to X € &:

nx : N — [Hom(NV, X)|.

(2) If F : £ — Set; is a functor preserving coproducts, then
e : N — zVl € R[],

where z is an indeterminate, is a multiplicative invariant.

(3) Assume that £ is a (locally finite and skeletally small) full subcategory
of a topos closed under subobjects and coproducts. Let denote by Sub(X)
the set of subobjects of X. Then

sub : N — |Sub(NV)]

is a multiplicative invariant. When £ is a subcategory of a topos closed under
subobjects, this invariant is equal to the Yoneda invariant associated to the
subobject classifier 2.

(4) Assume that € is a strict KS-category (see (5.5) below). Let Sub_-(X)
denote the set of complementary subobjects of X (see (2.1)). Then

sub.- : N — |Sub_-(N)|

is a multiplicative invariant. When £ is a subcategory of a topos closed
under cimplementary subobjects, ths invariant equals the Yoneda invariant
associated to 1 + 1.

(5) The product of two multiplicative invariants is also a multiplicative in-
variant. Furthermore, if 7 : £ — R is a multplicative invariant and z is a
" new indeterminate, then

7% : N —> 7(N)?

is a multiplicative invariant into the ring of “Dirichlet series”. The universal
multiplicative invariant of £ is given by N — ¢V into the polynomial ring
R[E°P /o],
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(5.5) Strict KS-categories. Let £ be a category with any finite coprod-
ucts. An connected object J is a non-initial object satisfying the condition
that J = A+ B implies that A or B is an initial object. The full subcategory
of connected objects of £ is denoted by Con(£). The category £ is a (strict)
KGS-category if the following strict Krull-Schmidt type property:

(KS) Any object X is isomorphic to a coproduct of some finite number
of ‘connected objects, and a coproduct decomposition of X is unique in the
following sense: if X =L+ + I, = Jy+---+ J, are two coproduct
decompositions into connected objects with canonical injections iq : [y — X
and jg : Jg — X, then m = n and there exist a permutation © € S, and

isomorphisms f, : Iaf—)J,r(a) such that jr(a) fa =ta foralla=1,... n.

Let £ be a strict KS-category. Then any object X can be uniquely rep-
resented as a finite coproduct

X2 ns(x), (5.5.a)

where J’s are representatives of isomorphism classes of connected objects;
furthermore, n;(X) J is the coproduct of n;(X) copies of J and n;(X) # 0
only for finitely many J. The above coproduct decomposition is called a
KS-decomposition of X with KS-type (n;(X)).

(5.6) Remark. The uniqueness of the usual Krull-Schmidt decomposition
for categories with finite biproducts states that if M =, ®-- - @ I, = J; ®
-+ -@Jy is a bi-product (or simply coproduct) decomposition into indecompos-
able objects with canonical injections i, : [, — M and jz : J3 — M, then
m = n and there exist a permutation = € S,,, isomorphisms f, : I, — Ir(a)
and an automorphism f € Aut(M) such that foiq = jr(a)ofa for all a.
We can build an analogue theory for semi-simple additive KS-categories. In
his book [Dur 86], Diir defined KS-categories and proved some exponential
formulas for such categories; his definition of KS-categories contains the in-
jectivity of injection into coproducts and the disjointness of coproducts (see
(2.1.a)); these conditions hold for many important categories, for example,
the category of finite sets, the category of finite dimensional vector spaces
over a finite field (see [Dur 86, 2.15, 2.28]).

However, in this paper a KS-category means always a strict one.

(5.7) Lemma. Let X =[] nqJ, be a K§-decomposition of X. Then

Aut(X) = H(Aut(Ja)) wr Sy, (5.7.a)

o4
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where wr stands for a wreath product. In particular,

Aut(X)] = [ [ [Aut(Ja)[nl. (5.7.b)

PROOF: Take the canonical injections

Jop i Ja — X =]]nala (B=1,...,n4).
[+

Then the required group isomorphism is defined by the correspondence

f ((fa,ﬂ)’ 7"):

where

= (m,) € HSM C Ssne

as follows. Given f, the family of morphisms (f,5) and 7 are uniqully
determined by the following commutative diagram:

Jap

Jo Jo
Jap ta,n(8)
X f X.

Conversely, given ({fa,8), 7), the above commutative diagram uniquly deter-
mines the endomorphism f.

(5.8) Theorem (exponential formula). Let £ be a skeletally small KS-
~ category and let J := Con(E) be the full subcategory of connected objects of
E. Then

E(t) =exp (T(2)). (5.8.a)

Here the power series J(t) is viewed as an element of Q[[E]] through the
canonical embedding J C €.
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PROOF: By the definition of KS-decomposition and Lemma 5.7, we have

exp (7)) = (Z i )

JeJ

=TT e 17
N Qj p(lAut(Jn)
, o0 th
- H <n2=%n! |Aut(J)|")

nJ J

= Z 1 tHnJJ
|Aut([]; nsJ)|

N
= 2 iy~

where (n;) in the above summations runs over all (J/2)-indexed non-
negative integers with Z} ny < oo, proving the theorem.

(5.9) Corollary. Let £ be a skeletally small KS-category, J = Con(E) the
full subcategory of connected objects of £ and F : € — S a faithful functor
with finite fibers preserving finite coproducts. Then the following holds:

> ',SJ{L iSE)/ (Z ITXt )/ ltN) (59.2

Nes

Proor: Since the functor F' has finite fibers, it follows from Theorem 4.6
that

R(E®) = (EDs) Z |St|x§t/]>3)/| Btl&/N)/=]

FI®) = (T580=3" %Z%ﬂtzv

Nes

Furthermore, F' preserves coproducts, and so the linear map

F, : R[[£°%/~]] — R[[§®/=]]; t* +— tFX) (5.9.b)
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gives an R-algebra homomorphism. Thus

F.(exp(J () = exp(F.(J(2)). | (5.9.c)

Now the statement follows from taking the image of the exponential formula
E(t) = exp(T(t)) (Theorem 5.8) by F,.

(5.10) Theorem (binomial theorem). Let £ be a skeletally small KS-

category and let J := Con(E) be the full subcategory of connected objects
of £. Then

£t =[] (1 _lt,) (5.10.a)

Ieg

= exp (Zizltnl) . (5.10.b)

n>1 IeT

ProoF. Using KS-decomposition, we have

Et) = D flnd
(n1)

- S

(n;) Ieg

= II' > e

IeJ n20
- II'—=
Ieg ¢

where (n;) runs over nonnegative integers indexed by J /= such that Y n; <
oo as before. (5.10.b) follows from (5.10.a) by an easy calculation.
6 Examples

~ (6.1) Lemma. Assume

Zn—';t"=exp (Z;ﬁ—t”)

n=0 n=1

Then the following hold:
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—n'ZH () (n>1), a=1,

pbno 2
where the summation is taken over (yy, us, . ..) of non-negative integers such

that ), ip; = n.

=Y Sl (F) w20

@ s =3 (V)b (n20)

=0
Proor. Trivial.

(6.2) Bell polynomials. Here is a typical but rather old example ([Rio 58 ,
2.8]). Let Surj be the category of surjections of finite sets (Example 2.8). A
connected object in this category has the form of

J(n):=([n] —[1]), [n]:={1,2,...,n}, (n>1). (6.2.2)

Then the isomorphism classes of objects of (X —2-~ X’) such that |X| =n
are bijectively correspondent to the partitions of n; in fact, the surjection
p gives a partition g = 1#12¢2...n#" where 1; is the number of elements
z' € X' such that p~!(z’) has ¢ elements, and so (y;) is the KS-type of

X —%++ X'); and conversely a partition W= 11282 ...nk» oives an object
gt

[{wr6) (6.2.b)
i=1
of Surj. Since Aut(J(i)) = S;, we have
Aut(J ] mi J(5)) = ] Si wr Sy (6.2.c)
Thus
. 1 1 X —> X'
Swi(t) = > oy TRUHX — X 4 |

[X —_—

= ZZH “'2““ ps I (@)

n=0 utn

> 1 MOANE
- szl---un!( 1 )

tJ(n) Hn
JE S
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where y = 1#1...n# runs over the partitions of n. This summation is
conventionally written as if it is a power series in one variable (for example
[Ber 89)):

ZZ —t* (6.2.¢)

On the other hand, the exponential generating function associated to
J := Con(Surj), the category of connected objects in Surj, is as follows:

®© tJ(z) o tJ(z')
Z N0 ; —~ (6.2.1)

Thus the exponential formula gives the following identity (Lemma 6.1 (1)):

tJ(l) H1 tJ(n) Hn o tJ(i)
ZZ !( 1 ) ( ! ) =ew |2 ) 629

n=0 /.d—n i=1

This identity is usually written by using so-called Bell polynomials. Sub-
stituting f g; #* for each indeterminate ¢/(9, we have

Surj(t) =Y Yu(f gl’T'Li‘ 2 J9n) 4o, (6.2.h)

n=0
where the polynomial

1 (531 Hn
Yn(fgly v ,fgn) = Z ,Ul' n /Jnn' (f]ﬁl) te (%) . (621)

un

in variables f, g1, 9s, ..., gn is just the Bell polynomial. Thus the exponential
formula gives the following well-known formula:

® Ya(f gire-- s fn) m e .
S Bl fm) (Zf“>. 621)

n=0

Furthermore, the binomial theorem (Theorem 5.10) simply means the
follow trivial identity:

-~ e Y 1

[x —> x) >1
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Substituting the multiplicative invariant

Jo, o (i<m)
0 (>

we have the usual binomial identity:

1-t)y™ = Y &n

Nl yeer MM 20

Zﬁ{("h---:nmﬂzn-i:k}t’“
k=0

(m+k-1

- > (")

k=0

Furthermore, substituting ¢! for ¢X —> X'l in (6.2.k), we have

S odl=14 ip(n)tn =TI 1%? (6.2.1)

fx —» x'} n=1 i>1

where p(n) is the partition number; here remember that the isomorphism
class of the surjection p is determined by the partition corresponding to p.

(6.3) Bell numbers. A Bell number b(n) is the number of equivalence
relations on [n]. Then as is well known, the exponential generating function
of the Bell numbers satisfies the following:

52 exples - 1), (6.3.2)
n=0 .
This formula directly follows from our exponential formula. Let Surj be the
category of surjections (X —2~~ X’) and F : Surj —» Set; a faithful functor
defined by F(X —+ X') := X. Any Surj-structure (X =2 X'), (0

X-Z5N)) on N is isomorphic to ((N X "), 1); furthermore, two Surj-
structures (N —2~ X"), 1) and (N —%~ X"), 1) are isomorphic if and only
if there is a bijection g : X’ — X" such that gop = q. Thus an isomorphism
class of Surj-structure on N is bijectively corresponding to an isomorphism

class of surjection from N, that is, an equivalence relation on NN, and so we
have

F IStr( Surj/ /2] 0 =b(n)
(Surj—Sety)(t }: " = ZT:‘, , (6.3.b)

n=0



30 T.YOSHIDA

where [n] := {1,...,n}. On the other hand, an object (X — X') of Surj
is connected if and only if X’ is a one-point set, and so J = Con(Surj) is
equivalent to the category of nonempty finite sets. Thus we have

x

(T-Erset) () =3 % —eto1, (6.3.0)

Now, the required formula (6.3.a) on the Bell number generating function
follows from the exponential formula.

(6.4) Wohlfahrt formula. Let G be a finitely generated group and Set ;¢
the category of finite G-sets and G-maps with the forgetful functor

F: Seth —> Setf;X — X

Any connected finite G-set is isomorphic to the homogeneous G-set G/H. for
a subgroup H of G of finite index, and G/H = G/K if and only if H and
K are conjugate in G. Since Aut(G/H) & Ng(H)/H and the number of
subgroups conjugate to a subgroup H is equal to (G : Ng(H)), we have

G tG/H {G/H
(Con(Set; ) () => ' TAw( G/ =Y Rl (6.4.a)

G/H H<;G

where H runs over subgroups of G of finite index. Thus we have the following
exponential formula by Theorem 5.8:

: , X G/H

HZ5G

A pplying Corollary 5.9 to the functor F', we have the Wohlfahrt formula
([Woh 77)):

m (G:H)
Z M)_l " = exp ( Z (—é—m) . (6.4.C)

n=0 HSIG

In general, |Hom(G, S,)| expresses the number of solutions to some si-
. multaneous equation in S,. For example, let G be a free abelian group of
rank 2, so that |Hom(G, S,)| equals the number of pairs (z,y) in S, such
that xy = yx; in this case, G has o(m) subgroups of index m, where o(m) is
the summation of all divisors of n, Thus we have

i HEy) € xS sy =y} o _ (Z G;T) t"‘)

n:
n=0 m=1
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Note that, as is well-known, for any finite group G
1
|G|

equals the number of conjugacy classes of G. Thus we have

ip(n)t" = exp (i fén@tm) , (6.4.d)

n=0 m=1

#{(2,9) € G x G | vy = yz}

where p(n) denotes the number of partitions of n. This formula is another
expression of the following fundamental identity([Rio 58 , Chapter 6 Section
2], [Aig 79, Proposition 5.16]):

00 oo 1
Z.p(n)tn = H n’
n=1 n=1 1 —1

On generating functions related to group theory, refer to Yoshida [Yos 96].

(6.5) Even permutation representations. Let G be a finitely generated
group. An even G-set is a finite G-set corresponding to a group homomor-
phism G — A, into an alternating group A, of some degree. A transitive
G-set G/H associated to a subgroup H is even if and only if

[{(z)\G/H| = (G : H) (mod 2) (6.5.a)
for any 2-element x of G. We define the signature of a finite G-set by

+1 if X is an even G-set,
sgn(X) := { -1 else.

Clearly, it satisfies sgn(X +Y) = sgn(X) - sgn(Y). The category of even G-
sets is not a KS-category, and so we can not apply our exponential formula
directly.

However, the generating function for even G-sets can be easily obtained
from the exponential formula:

' X ‘
2 ]~ | 2

HL,G

tG/H
(G:H) |’

In fact, substituting sgn(X)tX for X, we have

Z/ sgn(X)tX Z sgn(G/H) t¢/H (6.5b)

Aut(X)] P (G H) ’

X H<;G
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and so
r X 1 G/
> mam = 3o | s
o Aut(X)| 2 fee (G : H))
1 sgn(G/H)t¢/H
+—exp Z : , (6.5.¢)
2 (Hst (G: H)

where X runs over a complete set of representatives of the isomorphism
classes of even G-sets and H runs over all subgroups of G of finite index.
By the same way as the proof of the Wohlfahrt formula, we obtain the
following required formula for the number of homomorphisms into alternating
groups:

® |Hom(G, dw)| . _ 1 e
Z n! o= 5 °*P Z(G’:H)

n=0 HL:G
1 sgn(G/H)t(GH)
+-exp : .(6.5.d)
o LS

In particular, when G is a cyclic group of order m, we have

H{red, | =1} , 1 tk
Stesalr=te - Lo (5]

+%exp (Z (—_l)—kk———-l—ﬁ) . (6.5.¢)

klm

See Riordan [Rio 58 , p.89 Ex.22]. A essentially same formula as (6.5.d) for
an abelian group G is also proved by Takegahara [Tak98].

(6.6) Cyclic sets. For an infinite cyclic group C, a finite C-set X is viewed
as a cyclic set (X, w), that is, a finite set X equipped with a permutation = on
X (see (2.3)). A morphism f:(X,7) — (Y,7) isamap f: X — Y such
that 7o f = fom. The category of cyclic sets is denoted by Set fC. The type
of the cyclic set (X, ) is the type of the permutation 7. The isomorphism
classes of cyclic sets are completely characterized by their types. If 1#12¢2 ...
is the type of (X, ), then (X, ) has the KS-decomposition

(X, m) 2y [+ + i+, (6.6.a)
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where [7] ;= {1, ... ,4} is the unique connected cyclic set with cyclic permuta-~
tion (1,2,...,1). Since Aut([4]) is cyclic group of order i, KS-decomposition
gives

|Aut(J ] aliD)] = T e pat. (6.6.b)

Thus

Set t)_ZH () , (= tH), (6.6.c)

(i) ¢

Con(Set© (t)—z ;. (6.6.d)

=1

By the exponential formula we have

> 114 ( ) = exp (i%t) (6.6.¢)

() @ i=1
Now for any non-negative integer m, define a faithful endo-functor as
follows:

Fp: Set;© — Set;%; (X,7) — (X, 7™)

The end-functor F,, of Setfc is called a Frobenius functor; it has a left
adjoint functor V;, called a Verschiebung functor, and so F;, has finite fibers
by Lemma 2.6. Refer to [Men 93], [Che 93a), [Che 93b, 2.8], [Nav 87, 1.4],
[Haz 78] for Frobenius and Verschiebung functors; and refer to [DreSi 89] for
the category of cyclic sets, especially its Burnside ring and its relations with
Witt vectors, Necklace rings and lambda rings.

Let (N, p,) be a cyclic set of type p with [N| = n.. Then there is a
bijection

Str(Set;®/(N, pu))/2 +— {r € Sym(N) | 7™ = p,}

defined by

[(X,7),0] — omo™!,
™ — [(N, m),1].
Thus we have

o Sym(N) | 7™ = p,}
Set C———)F Set ¢ t = _;_ ﬁ{ﬂ. < [ t(N’p#)
(Sets 7)) G [Aut(N, p,)|

= Zzﬂ{ﬂes | 7m _pﬁ}H(th,.

n=0 utn
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Next, let J := Con(Set;°) be the category of connected cyclic sets [n]
(n=1,2,...), so that Fi,([n]) & d[n/d], where d := (m,n), the greatest
common divisor. Thus

i . _ 00 ___1___ F([n])
(T -5Set9) (1) ; |Aut([n])] t

21
— Z_t(m,n) [n/(m,n)]
n
n-—l

¥ g

dlm (k,;m)= 1

where k runs over nonnegative integers relatively prime to m. Substituting
t, for t(™, we have the following exponential formula:

Sy tres o "’“}H(,)

n=0 pukn
_nzopkxnﬁ{wes | 7™ 1softypeM}H< 1)1)
—ep (3% __tk : (6.6.1)

dim (k,m)= 1

For m = 1, this formula gives the well-known exponential formula for the
cycle indicators of symmetric groups ([Rio 58 , 4.2], [Aig 79, Prop.5.13]).

(6.7) Labeled trees. One of the most famous classical application of ex-
ponential formula may be the enumeration of labeled tree. A rooted tree is
a finite tree with a distinguished vertex called the root; and a rooted for-
est is a disjoint union of finite number of rooted trees. Let RForest be the
category of rooted forests (resp. rooted trees) in which an object of this cat-
egory is an (unlabeled) rooted forest and a morphism between two rooted
forests is a mapping between vertices preserving edges and roots; similarly
let RTree be the category of rooted trees. Then RForest is a KS-category with
Con(RForest) = RTree, and so

RForest(t) = exp (RTree(?)). (6.7.a)

The category RForest has some good properties and it has a strong resem-
brance to Set; and Set;®. In fact, RForest is almost a topos and its object
is viewed as a contravariant functor from the poset {0 <1 < 2 < ---} to
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Set;; unfortunately, exponentials and a subobject classifier are infinite rooted
forests.

Let V : RForest — Set; be a faithful functor which assigns the vertex
set to a rooted forest. Then a RForest-structure on [n] = {1,...,n} is a
labeled rooted forest with n vertices. Let v, (resp. u,) be the number of
labeled rooted forests (resp. labeled rooted trees) on n vertices. Then the
exponential formula (Corollary 5.9) gives '

z;i; (}:%ﬁ (6.7.b)

n=1

Furthermore, since there is an equivalence of categories

I : RForest—RTree; F —3 F'U {*}, (6.7.c)

where * is a new root, we have v, = u,4; and Cayley’s famous formula:

u(t) = texp(u(t)), (6.7.d)
u(t) = Z%’!lt"=t+t2+g—t3+---. (6.7.e)

See [Aig 79, Prop. 5.11], [Sta98, Chapter 5]; furthermore, for the exponential
formula for labeled graphs, see [Gil56],
Next, by the binomial theorem (Theorem 5.10) we have

RForest Z tF
r 1
= I,ll T
= exp (Z (Z t"T)) (6.7.)

n=1

where F' (resp. T') runs over all non-isomorphic rooted forest (resp.tree).
Let f(t) (resp. c(z)) be the ordinary generating function of unlabeled forests
(trees), that is,

f@) = Y fat",

n=0
0

c(t) = cht",

n=0
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where f,, (resp. ¢,) is the number of non-isomorphic rooted forests (trees)

with n vertices. Note that ¢ f(t) = c(¢). Since the vertex functor F' —
V(F) preserves finite coproducts, the specialization tf — tVI) gives the
following well-known formula:

£(t) = exp (Z %c(tﬂ)), (6.7¢)

n=1

The proof found in Harary-Palmer’s book [HarPa 73, Section 3.1] needs
Polya’s enumeration theorem.

(6.8) Further Cayley type formulas. We use the notation as in the
preceding paragraph. By using the correspondence (6.7.c), we rewrite the
exponential formula (6.7.a) as follows:

,tT{}

Z TAGH (T = exp (Z Aut(T ) (6.8.a)

where T runs over all non-isomorphic trees and 7' — {*} is the forest obtained
by removing its root * from the tree 7T'.

Let Sub(F') denotes the set of the sub-rooted forests of a forest F'; note
that an empty forest @ is a sub-rooted forest of any rooted forests (and rooted
trees) and that each rooted tree has at least two sub-rooted forests. Let ht(F')
denote the height of F'. Then

: [Sub(F)[F ¢Vl (ht(F) 2 h)
T { 0 (otherwise)

is a multiplicative invariant. Thus substituting 7 for (6.8.a), we have

T (ISub(T)| — 1) VD pexp ( N |Sub(T)|| vm.) (6.8.b)

ht(T)<h+1 |Aut(T)| ht(T)Sh' ut(T)

Here we used the following formula for the forest 7' — {*} :

ht(T — {+}) = ht(T) - 1
[Sub(T — {*})| = |Sub(T")| — 1.

As a special case, put
V(D)

uh(t) = Z, m—-)—l

ht(T)<h
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Then u(t) =t and
Un41(t) = texp(up(t)). (6.8.c)
We denote by Sub*(T") the set of sub-rooted trees of a tree T, so that
|Sub*(T')| = |Sub(T)| — 1.
Letting z =1 and h — oo in (6.8.b), we have
u*(t) = texp(u*(t) + u(t)), (6.8.d)
where

w(t) = Z'|SUb*(T)|t|V(T)|

T |Aut(T)|
2 8 t4
= t+4§+30§+332a+"'

and the series u(t) is defined in (6.7.¢). Note that if we let u be the number
of the pairs (T, F) of a rooted tree T on [n] and a sub-rooted tree F, then
Ot
wt) =) B¢

n!

n==1

By Cayley’s formula (6.7.d), we see that the equation (6.8.d) means that
u*(t) as a function of u(t) satisfies Cayley’s equation:

u*(t) = u(t) exp(u*(t),

and so we have the following formula:

u*(t) = u(u(t)). (6.8.e)

(6.9) A mass formula for self dual codes. For simplicity, we study
only binary codes. See MacWilliams-Sloane’s book [McwSl 77 as a general
reference for error-correcting code theory. Let F3 = {0,1} be a 2-clement
field. For a finite set IV, let F»" be the vector space of N-indexed elements
(vi)ien, vi € Fa. The weight of a vector v(v;); of F¥ is defined by

wt(v) == t{i € N | v; # 0}. (6.9.2)
A map f: M — N between finite sets induces a linear map

fl F2M - F2N; (ui)z’EM — ( Z 'U/i)jEN- (69b)
i€f~1(9)
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Thus we have a functor from the category of finite sets to the category of
F'5-vector spaces:

Set; — Vectp,; N — FoN, f—s f. (6.9.c)

Now, a (binary linear) code (N, C), or simply C, is a pair of a coordinates
N and a subspace C of Fo¥. When |N| = n, a code C C F," is called a code
of length n. The dual code C* consists of all vectors v with u-v = duivi=0
for all u € C; clearly dimC+ = |[N| —dimC. A code C is self-dual if
C = C%; for a self-dual code C, we have dimC = |N|/2. A morphism
(M, B) — (I, C) of codes is defined as a map f : M — N such
that f(B) C C. Codes and morphisms form a category Code. We denote
by sdCode the full subcategory of self-dual codes. Both categories are KS-
categories; the coproduct of codes (M, B) and (N, C) is given by

(M,B)+ (N,C) = (M + N,Ce® D). (6.9.d)

A connected object in Code is usually called indecomposable; we denote by
Con(sdCode) the category of indecomposable self-dual codes. We are inter-
ested in the enumeration of self-dual codes. The exponential formula for
self-dual codes has the following form:

sdCode(t) = exp(Con(sdCode)), (6.9.¢)

Let C(n) be the set of non-isomorphic self-dual codes of length n, and
let Z(n) be its subset of indecomposable codes. Let a, be the number of
self-dual codes of length n and b, the number of indecomposable self-dual
codes on length 7, so that

n!
-2 meor hC X mer 699

cecC(n) C€eZ(n)

where Aut(C) denotes the automorphism group of a code C. Note that the
number of codes of length n isomorphic to a self-dual code C is equal to
n!/|Aut(C)|. The following mass formula ([McwST 72|, [PleSl 75]) is useful
for the classification problem of self-dual codes of small length ([PleS] 75)):

k-1

a =az =1, ag = H(Qi + 1), ageq1 = 0, (6.9.g)
i=1

Unfortunately, there is no enumeration formula for C(n) itself.
There is a faithful functor

F : sdCode — Sety; (N,C) — N.
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A sdCode-structure on a finite set IV is exactly a self-dual code in F3", and
so the exponential generating function of F is

oo

= de-~ =y Inm, 9.
f(t) := (sdCode—>Set;)(t) ng; — t (6.9.h)
Similarly, we have
b :
g(t) := (Con(sdCode)—+Set;)(t) = > St (6.9.1)
n=1
Then by the exponential formula, we have
f(t) = exp(g(t)), or g(t) =log(f(t)). (6.9.3)

Thus we can calculate the total number b, of indecomposable self-dual codes
of length n by using Lemma 6.1 and the fact that aggs; = boxyy = 0 as
follows:

o = o0 2T ()

pHk i
Bi .
b = 80 1+ L T (g + =)
Lk >1 t

(6.10) Remark. There is anther definition of the category of codes. In his
paper [Ass 98], Assmus defined a code homomorphism ¢ : (M, C) — (N, D)
by a linear map ¢ : C' — D satisfying

wt(p(u)) S wt(u), (ueC).

For example for a subset M C N, the punctuation C' C Fé"[ of a code
C C F2 consists of codewords of the form (u;)iear, where (u;);en is an
element of €. Then the canonical projection C — C’ is a code homomor-
phism in the sense of Assmus; however, there is no morphism in Code from
(N,C) to (M,C’) unless M = N. The category Code’ (resp. sdCode’) of
codes (resp. self-dual codes) and Assumus’ code homomorphisms also makes
a strict Krull-Schmidt category, which contains Code (resp. sdCode) as a sub-
category. We have the same exponential formula by using sdCode’ instead of
sdCode.
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(6.11) A mass formula for weight enumerators. The weight enumer-
ator we(z,y) of a code C' C FY is a polynomial in two-variables z, y defined
as follows:

we(z,y) =Y _ alV=wiyme), (6.11.a)
ueC

For a self-dual code C, two identity hold:

we(z,y) = w (x\j—y x\;— >,wc(x,y)=wc($,—y)

([McwSl 77, 5.2]). We introduce the following two power series:

o) = 35 ,'g;jg

n= OCEC( n)
. ! 'wD x y
Geslt) = 3 3" 1B}
n=0 DeZ(n)

where C(n) is the set of non-isomorphic self-dual codes of length n and T
is its subset of indecomposable codes. Since wegp(z,y) = we(z,y) wo(z,y)
and n(C @ D) = n(C) + n(D), where n(C) denotes the length of C, we have
a multiplicative invariant of sdCode:

w : sdCode — Q|[z,,t]]; C — we(x, y)t™O). - (6.11.b)
Subtituting w for the exponential formula (6.9.e), we have
Fry(t) = exp(Gay(t)). (6.11.c)

On the other hand, the mass formula ([PleSl 75, Section 4], [McwSl 77,
19.6]) for we(z,y) on all self-dual codes of even length n states

_ ’wc(iU )
Walmy) = n cqu: TAut(C)]

e (52 + ()] w0

where a, is the number of self-dual codes of length n given in (6.9.g); here,
Wa(z,y) = 0 for an odd n and

WO(x’y) = 17 W2($)y) = '7:2 +y2'
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Thus using (6.11.c) and Lemma 6.1, we can theoretically calculate the sum-
mation of all the weight enumerators of indecomposable self-dual codes of
length n:

WI . Wp ($7 y) .
DeZI(n)
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