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Abstract. In this paper we study singularities of certain surfaces and curves associated
with the family of rectifying planes along space curves. We establish the relationships between
singularities of these subjects and geometric invariants of curves which are deeply related to the
order of contact with helices.

1. Introduction. There are several articles concerning singularities of the tangent
developable (i.e., the envelope of osculating planes) and the focal developable (i.e., the
envelope of normal planes) of a space curve([2,4-12]). In these paper the relationships
between singularities of these surfaces and classical geometric invariants of space curves
have been studied. The notion of the distance-squared functions on space curves is useful
for the study of singularities of focal developable [7,10,11]. For tangent developable, there
are other techniques to study singularities[2,4-6,8,9]. The classical invariants of extrinsic
differential geometry can be interpreted as “singularities” of these developable; however,
the authors cannot find any articles concerning on singularities of the rectifying devel-
opable (i.e., the envelope of rectifying planes) of a space curve. The rectifying developable
is an important surface in the following sense: the space curve « is always a geodesic of
the rectifying developable of itself (cf., [3] Page 308).

In this paper we introduce the notion of volumelike distance functions {(or binormal
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directed distance functions) on space curves. This function is quite useful for the study
of generic singularities of rectifying developable of space curves. We also introduce the
notion of volumelike height functions (or tangential height functions) on space curves,
which induce the notion of rectifying Gaussian surfaces and spherical Darbouz images
and these singularities are deeply related to the geometry of spherical tangential images
of curves. :

As a consequence, we apply ordinary techniques of singularity theory for these func-
tions and describe the relationships between the singularities of the above three sub jects
and differential geometric invariants of space curves.

The main results in this paper are Theorems 2.1 and 2.2. We describe the geometric
meaning of Theorem 2.2 in §4. The proof of Theorem 2.2 is given in §5. In §6 we consider
generic properties of space curves. Since the calculations for the proof of Theorem 2.1 are
terribly long and tedious, so that we only give a sketch of the proof in this paper. The
basic techniques we used in this paper depend heavily on those in the book of Bruce and
Giblin [1], so the authors are grateful to both of them. The authors also wishes to thank
Professors K. Tsukada and T. Fukui for valuable suggestions.

All curves and maps considered here are of class C° unless otherwise stated.

2. Basic notions and the main results. We now review some basic concepts on
classical differential geometry of space curves in Euclidean space IR%. For any two vectors
x = (21,%2,73) and y = (y1, Y2, ¥3), we denote < x,y > as the standard inner product.
Let v : I — IR3 be a curve with 4(t) # 0, where 4(t) = dy/dt(t). We also denote the
norm of & by ||z||. The arc-length of a curve v, measured from 7y(to), to € I is

s(t) = / @)1 de.

Then a parameter s is determined such that ||7/(s)|| = 1, where 7/(s) = dy/ds(s). So
we say that a curve v is parameterized by the arc-length if it satisfies 7' (s)|| = 1. Let
us denote £(s) = +/(s) and we call t(s) a unit tangent vector of v at s. We define the
curvature of v by &(s) = /|17 (s)]|. If k(s) # 0, then the unit principal normal vector
n(s) of the curve « at s is given by v/(s) = k(s)n(s). The unit vector b(s) = t(s) x n(s)
is called a unit binormal vector of the curve 4 at s. Then the following Frenet-Serret
formula holds:

t'(s) = n(s)n(s)

n'(s) = —r(s)t(s)+ 7(s)b(s)

'(s) = —r(s)n(s),

where 7(s) is the torsion of the curve v at s. It is well-known that the point at where

the torsion 7(s) vanishes is the point at where the curve has at least third order contact
with the osculating plane. It corresponds to the degenerated singularities of the tangent
developable of y(cf., [2]). So we do not consider such a point for the study of singularities
of rectifying developable of . We assume that 7(s) # 0 throughout in this paper. For any
unit speed curve 7y : I ~— IR?, we call D(s) = 7(s)t(s) + £(s)b(s) a Darbouz vector of ~y
(cf., [7] Section 5.2). By using the Darboux vector, the Frenet-Serret formula is rewritten
as follows:

t'(s) = D(s)xt(s)
n'(s) = D(s) x n(s)
b'(s) = D(s)x b(s)
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Thus the Darboux vector plays an important role for the study of space curves. We
define a vector D(s) = (7/k)(s)t(s) + b(s) and we call it @ modified Darbouz vector along

7. We also define a spherical curve d : I —» S2 by d(s) = ﬂ%(%ﬂ and surfaces

RG(7y) = {ut(s) + b(s) |u € R,s € I},

RD(v) = {v(s) + uD(s) | u € R}.
We call the image of d the spherical Darbouz image, the surface RG(7y) the rectifying

Gaussian surface and the surface RD(7y) the rectifying developable of v. Our main result
is the following:

THEOREM 2.1. Let Imm, (S, R®) be the space of regular curves vy : S* — IR3 with
T # 0 and kK # 0 equipped with C®-topology. Then there exists a residual set O C
Imm,.(S, R?) such that for any v € O the following properties hold:
(1) The number of the points s € S* where (1/k)'(s) = 0 is finite.
(2) There is no point s € St where (1/k)'(s) = (7/£)"(s) = 0.
(8) The number of the points s € S where (1/x)"(s) = 0 is finite.
(4) There is no point s € S* where (1/k)"(s) = (1/K)"(s) = 0.

THEOREM 2.2. Lety: I — IR® be a unit speed curve. Then we have the following:
(1) The spherical Darbouz image is locally diffeomorphic to the ordinary cusp C at d(sg)
if and only if (7/k)'(s0) = 0 and (7/k)"(so) # 0.

(2) (a) The rectifying Gaussian surface is locally diffeomorphic to the cuspidal edge C x IR
at uot(so) + b(so) if and only if up = (7/k)(se) and (1/k) (so) # 0.

(b) The rectifying Gaussian surface is locally diffeomorphic to the swallow tail SW at
uot(so) + b(so) if and only if uo = (7/8)(s0), (7/&) (s0) =0 and (7/K)"(so) # 0.

(3) (a) The rectifying developable is locally diffeomorphic to the cuspidal edge Cx R at
v(s0) +uoD(so) if and only if (7/k)'(s0) £ 0, (t/k)"(s0) # 0 and uo = m

(b) The rectifying developable is locally diffeomorphic to the swallow tail SW at v(s0)+
woD(s0) if and only if (t/K) (so) # 0, (t/K)"(s0) =0, (T/K)"(s0) # 0 and ug = WIT’W

Here C = {(zl,z2)|x1 = x93} is the ordinary cusp and SW = {(z1,z9, x3)|z; =
3u? + uv, 1y = 4ud + 2uv , T3 = v} 1s the swallow tail.

The geometrlc meanings of the singularities of Imaged, RG{v) and RD(vy) will be
discussed in §4.

3. Families of smooth functions on a space curve. In this section we introduce
two different families of functions on a space curve which are useful for the study of
singularities of d, RG(v) and RD(v). Let v : I — IR? be a unit speed space curve with
k(s) # 0 and 7(s) # 0.

Volumelike distance functions. We now define a three-parameter family of smooth
functions on I:

F:IxR*- R
by F(s,u) = [t(s) n(s) v(s) — u] =< (s) — u,b(s) > . Here, |a b c| denotes the
determinant of the matrix (a b ¢) and < a, b > denotes the standard inner product of a

and b. We call F’ a volumelike distance function (or a binormal directed distance function)
on 7. We denote that f,(s) = F(s,u) for any u € R®.
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PROPOSITION 3.1. Lety: I — IR? be a unit speed curve with k(s) # 0 and 7(s) # 0.
Then

) f. y(s) = 0 if and only if v(s) — u €< (s), b(s) > .

(2) fy(s) = f,(5) =0 zf and only if y(s) — u = u((r/x)(s)t(s) + b(s))

(3) fuls) = fu(s) = £./(s) = 0 if and only if v(s) — u = w7 (T/6)(s)E(s) + b(s))

and (T/R) (s ) 7é 0.
fuls) =

(4) fols) = Fu'(s) = ££2(s) = 0 if and only if

16) = = s (r/R)(5)Hs) + (),
# 0 and (T/K}) (s) =0.
= fu(s) = fu'(s) = £59
96) = = s (7 /R)(s)t(s) + b(s),
(t/r)(5) # 0 and (7/8)"(s) = 0 and (7/k)"'(s) = 0.
Proof. By the Frenet-Serret formula, we have the following calculation:
(@ fu (s) = 7(s)[t(s) b(s) (s) — ul.
®)  fu (s) = =T2(S)t(s) n(s) Y(s) — ul + K(s)7(s) In(s) b(s) ¥(s) — ul
+7'(8)]t(s) b(s) 7(s) — u.
©  fu (8)==37(s)r (5)[t(s) n(s) 7(s) —ul
+(26()7 (5) + K (5)7(5))In(5) b(s) ¥(s) — v
+(7" (s) = K2(5)7(s) — 73())It(s) b(s) ¥(s) — u| + K(s)7(s).
(@ £u(s) = (—4r(s)r" (s) — 3(r ()2 + K2(s)72(s) + T4(5))[t(s) n(s) ¥(s) ~ u|
+(3/~c( )7 (s) + 3k (s)7 (s) _
+&" (8)7(s) — K(5)T%(s) — K3(s)7(s))In(s) b(s) ¥(s) — ul
+(r" () — 3r(s)k (s)7(s) — 6T2(s)7 (s)
~3k2(s)7 (3))[t(s) b(s) ¥(s) — u|
+(2n,(s)7'(s) + 3/9(3)7' (s)).
(€  fu®(s) = (=57(s)7" (s) = 107 (s)7" () + BK2(5)7(s)T (s).
41071 (s)rl(s) + 5n(s)n (S)T (s ))|t(s) n(s) v(s) — u|
+(4r(s)T" (s) + 6K (s)T (s)+4/<.; "(s)7 (s) — 9k(s)T2(s)T (s)
4E3(s) (s) + K (s)7(s) — K (5)7(s
6&2(s)n ()T s))ln(s) b(s) ( )~
+(r® (s) = 6k%(s)7 (5) —
—12/@(3)n S)T (s) — 157‘(
+2K (3)7'3(3) + 7'5(3) (S)/‘E
r4(s )T(s) — 3(k (5))?7(s))[£(s) b(s) ¥(s) — ul
(6,-;(5)7 () + 8k ()T (s) + 3k (8)7(s) — k(s)T3(s) — K3(s)7(s)).

(1/5)'(s
)

)
(5 f;(s) (s) = fff’)(s) = 0 if and only if
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We also calculate as follows:
(7/K)(s) = (1/K*()) (7' (s)K(s) — T(s)K(5)),
(r/8)"(s) = (/K3 ()){(7" (8)s(5) — T(s)K" (s))K(5) — 2'(s)(7' (s)(s) — T(s)K(s))},

)
(/K" (s) = (/R (s)" () + 6r(s)s ()K" (s)7(s) = K ()K" (s)7(s)
—3k2(s)k (s)T (s) — 3K2(s)k ()T (5)
+615(s)K 2(s)T (5) — 6K 3()7(s)}-
Since 7(s) # 0, the assertion (1) follows from the above formula (a). By (1) and (b),
we have v(sg) —u = vit(sp) + ub(so) and
—7(s) [£(s) n(s) wb(s)| + K(s)7(s) In(s) b(s) v (s)| = —7(s) p + K(s)T(s) v = O.
Thus we have v = (7/k)(s)p. '
By (2) and (c), we have v(s) — u = u((7/s)(s)t(s) + b(s) and
—7(s)7 (s) [¢(s) m(s) pb(s)| + K (s)7(s) [ (s) b(s) (T/H)( Jt(s)] + K(s)7(s)

= (=7(9)7 (8) + (< (5)7(5)/(5)) ) e+ (87 (s) =
It follows that ﬂiﬂ%ﬂi p = £(s). Hence, we have (T/fi) (8)-p=1
By (3) and (d), we have (/) (s) # 0 and (s) —u = 75 ((7(s)/n(s))(5) +b(s)).
Moreover, by the direct calculations as above, we can show the assertion (4). By the
similar but rather long calculation, we can also show the assertion (§). =

Volumelike height functions. We define a two-parameter family of smooth functions
on I:

G:IxS? - IR
by G(s,v) = |n(s) b(s) v| =< t(s),v > We call G a volumelike height function (or a
tangential height function) on . We denote that g,(s) = G(s,v).

PROPOSITION 3.2. Let~y: I — IR3 be a unit speed curve with k(s) # 0 and 7(s) # 0.
Then

(1) g,(s) = 0 if and only if there exist real numbers A, € R, such that v = At(s) +
pb(s), A%+ p?=1.

(2) gh(s) = gl(s) = 0 if and only if v = i-—(”)-(-i)—;;(—) ((r/m)(s)t(s) + b(s)).
(3) gi(s) = gl/(s) = gl""(s) = 0 if and only if

v= i% ((r/R)()t(s) + b(s))  (7/R)!(5) = 0.
(4) gh(s) = gl(s) = gl/'(s) = 98 (s) = 0 if and only if
o= (/) ()t(s) + b(s)) , (/m) (s) = (/)" (s) = 0.

72(s) + K2(s)
(5) g (3) = gli(s) = gl'(s) = g5 (5) = g () = 0 if and only o

58 ((r/m)(s)t(s) + B(s))

I
72(3) + K2(s)
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and (7/k)'(s) = (1/r)"(s) = (7/K)"'(s) = 0.
Proof. By the Frenet-Serret formula, we have the following calculation:
(@  gy(s) = —r(s)[t(s) b(s) vl.
®)  gy(s) = —K'(s)It(s) b(s) v| — K*(s)[n(s) b(s) v] + K(s)7(s)[£(s) n(s) .
(c) 9y (8) = (=K"(8) + K3(5) + K(s)7*(5))[t(s) b(s) v] — 3K(s)(s)|n(s) b(s) v|
+(26"(s)T(s) + K(s)T'(3))[t(s) n(s) vl.
(d) 9i(s) = (=K"(s) + 652(s)K/(s) + 3K/ (s)72(5) + 3K(s)7(s)7' (5))IE(3) b(s) 9]
+(—4k(s)K" (s) + £*(8) + K2(8)T%(s) — 3K"%(s))|n(s) b(s) v|
+(36"(s)7(s) = K2(s)7(s) — K(s)T3(s) + 3K'(8)7'(5) + K(s)T" (s))|t(s) n(s) v].
(&) g8(s) = (—k®(s) + 15k(5)K"2(s) + 10K2(s)K" (s) + 6K (s)7%(s)
+126"(s)7(s)7'(s) + 3K(s)T'2(s) + 4k (s)7(s)7" (s) — K*(5) — 2K3(s)72(s)
~w(s)T4(3))[t(s) b(s) v| + (=5k(s)k" (s) + 1063(s)K'(s) + 5k(s)K'(s)T2(s)
+562(s)T(s)7'(s) — 10&"(s)K" (s))|m(s) b(s) v
+(4r"(s)7(s) — 9K2(8)K/(8)7(s) — 4K'(s)73(s) — 6K () T2(s)"(5)
+66"(8)1'(s) — K3(8)T' (s) + 4K/ ()7" (s) + ()T (s))[t(s) n(s) v].

The assertion (1) is trivial by the formula (a) in the above calculation.
(2) By (1), we have v = Xt(s)+ub(s). It follows from (b) that g7/ (s) = &(s)(k(s)A~7(s)p).
Since x(s) # 0, g7/(s) = 0 if and only if A = %,u Therefore we have v = (7/k)}(s)pt(s) +
pb(s) = u((T/£)(s)t(s) + b(s)) . By the assumption that v € S? and s(s) > 0, we have
K8

B= i,/rz(s)ﬂz(s)'

(3) We now substitute the formula v = +

K(s) .
T2(s) + K2(s)

(—K'(8)7(s) + K(s)T'(5)) (i—i(s)—> = 0.

((r/£)(s)t(s) + b(s)) into (c),

then we have

Since :t—;;(:)(i)—mz(ss # 0 and (7/k)'(s) = (1/6%(s))(7'(s)K(s) — 7(5)x’(s)), the asser-
tion (3) follows.
(4) We also substitute the formula (3) into (d), then we have

(—6"(s)7(s) + K(s)7"(5)) (i“ﬂ“{;}) —0.

T2(s) + k2
If (7/K)'(s) = 0, then we can show that (7/k)"(s) = (1/&2(s))(7"(s)K(s) — T(s)K" (s)).
~ Since i————L # 0, we have the assertion (4).

2(s) + £%(s)
(5) By the similar calculation, we have the assertion (5). =

4. Helices and the spherical tangential image of a curve. In this section we
study the geometric properties of the rectifying developable, the spherical Darboux image
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and the rectifying Gaussian surface of space curves. By the propositions in the last section,
we can recognize that the function (7/k)(s) and the modified Darboux vector D(s) =
(T/K)(s)t(s) + b(s) are the important subjects. If (7/x)'(s) = 0 then the curve v(s) has
been classically known as a heliz. For a unit speed regular curve v : I — IR®, the unit
tangent curve t : I — S? is called the spherical tangential image of v. We can easily
calculate that the geodesic curvature of the spherical tangential image t is equal to the
function 7/k, which has been called the conical curvature of v (cf., [7] Section 5.2).
Moreover, we have the following proposition.

PROPOSITION 4.1. Lety: I — IR3 be a regular curve. Then v is a heliz if and only if
the modified Darbouz vector D(s) is a constant vector. In this case we have the following
assertions:

(1) The spherical tangential image t(s) of v is a circle on the unit sphere S? and the
direction of the center of the circle is given by the constant vector d(s) = e.

(2) The rectifying developable of v is a cylindrical surface given by y(s) + ue.

Proof. By the Frenet-Serret formula, we can show that D'(s) = (7/k)’(s)t(s). Therefore,
7 is a helix if and only if D’(s) = 0. This condition is equivalent to the condition that
D(s) is a constant vector. In this case we have < e,t(s) >= cosf(s), where 6(s) is the
angle between two vectors t(s), e. Since

k(s)

e= im ((r/r)(s)t(s) + b(s)),

we also have < e,t(s) >= ——(ﬁ%, so cosf(s) is constant. This means that the
spherical tangential image £(s) is a circle on the unit sphere S2 and the center is directed
by e. The assertion (2) is clear by definition. m

Let ; : I; — R® (i = 1,2) be regular curves. We say that 7(s¢) and v2(to) have
at least (k + 1)-points contact if 'yfp)(so) = ’yép) (to) for 0 < p < k. We also say that
Y1(s0) and v2(to) have (k + 1)-points contact if these have at least (k + 1)-points contact
and satisfy the relation ,y£k+1)(30) # 'yékﬂ) (to). By definition of the curvature and the
torsion, we can show the following proposition.

PROPOSITION 4.2. If v1(s0) and v2(to) have (k + 1)-points contact, then
(7/R){7 (s0) = (/) (t0) (for 0 < p <k —3) and (7/w) 2 (s0) # (r/R)$ ™ (t0).
We also have the following proposition.

PROPOSITION 4.3. Let y: I — IR® be a regular curve with k(so) # 0 and 7(so) # 0.
Then there exists an open interval so € J C I and a unique heliz § : J — IR3 such that
6(s0) = v(s0) , the curvature of 6(s) is k(s), the torsion of § at so is 7(so) and v and &
have at least 4-point contact at sg.

The proof of Proposition 4.3 is given by solving the natural equation ks(s) = x(s),
75(s) = (7/k)(s0)7(s) under the initial condition &(so) = (s0),8" (s0) = 7'(s0) and
6" (s0) = 7v"(s0). So we omit the detail. We call the helix § in Proposition 4.3 the
osculating heliz of ~ at so. We denote it by 6[so](s). By Proposition 4.1, the spherical
tangential image %55,)(s) of the helix §[sq] is a circle whose center is directed by the
spherical Darboux image d(so) of v at sg. We call d(sg) the center of conical curvature
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of v. We also call the locus of the center of conical curvature of v the spherical (or,
conical) evolute of ~. Under the above terminology, the spherical Darboux image is the
spherical evolute of y. Therefore the singularities of the spherical Darboux image (or, the
rectifying Gaussian surface) describe how the shape of the curve vy is similar to a helix.
On the other hand, the singularities of the rectifying developable describe how the shape
of the curve « is different from a helix.

5. Unfoldings of functions by one-variable. In this section we use some general
results on the singularity theory for families of function germs. Detailed descriptions are
found in the book [1]. Let F': (IR x IR", (s0,%0)) — IR be a function germ. We call F' an
r-parameter unfolding of f, where f(s) = Fy (s, zg). We say that f has Ag-singularity
at so if fP)(sg) = 0 for all 1 < p < k, and F%*+D(54) £ 0. We also say that f has
A -singularity at sp if f(T’)(so) =0foralll <p <k Let F be an unfolding of f and
f(s) has Ag-singularity (k > 1) at so. We denote the (k — 1)-jet of the partial derivative
8L at s by F*D(BE (s,20))(s0) = Zf;ll aj;s? for i = 1,...,r. Then F is called a (p)
versal unfolding if the (k — 1) x r matrix of coefficients (c;;) hasrank k—1 (k-1 <r).
Under the same condition as the above, F' is called a versal unfolding if the k X r matrix
of coefficients (cw;, 0yj;) has rank k (k < r), where ag; = g—%(so,xo).

We now introduce important sets concerning the unfoldings relative to the above
notions. The bifurcation set Br of F is the set

OF 8?F
Br = {z € IR |there exists s vvith'a—s = 5 = 0 at (s,z)}
The discriminant set of F' is the set
Dr = {z € R"|there exists s with F= aa—f =0 at (s,2)}.

Then we have the following well-known result (cf., [1]).

THEOREM 5.1. Let F': (IR x IR",(s0,%0)) — IR be an r-parameter unfolding of f(s)
which has the Ay singularity at so.
(1) Suppose that F' is an (p) versal unfolding.

(8) If k = 2, then (so,zo) is the fold point of n|Sr and Br is locally diffeomorphic to
{0} x R™ 1.

(b)If k = 3, then Br is diffeomorphic to C x IR™™2,
(2) Suppose that F is an versal unfolding.

(a) If k =1, then D is locally diffeomorphic to {0} x R™™1,

(b) If k = 2, then Dr is locally diffeomorphic to C x IR™ 2.

(¢) If k = 3, then D is locally diffeomorphic to SW x IR™ 3.

Here, C = {(z1,x2)|71? = 723} is the ordinary cusp and SW = {(z1,x2,23)|x1 =
3ut + u?v, 2o = 4ud 4 2uv, x5 = v} is the swallow tail.

For the proof of Theorem 2.2, we have the following key propositions.
PROPOSITION 5.2. Let G : I x §% — IR be the volumelike heightfunction on a unit

speed curve y(s). If gy, has Ap-singularity (k = 2, 3) at so, then G is a (p)-versal unfolding
of Guo- ' '



RECTIFYING DEVELOPABLE 9

Proof. We denote by v(s) = (z1(s), z2(s),z3(s)) and v = (y1,y2,v/1 — ¥? — y35). By

definition, we have

G(s,v) = <it(s),v

= gh(s) + vagh(s) + /1 92— gE(s).

Let j5*~1(0G/0yi(s,90))(s0) be the (k — 1)-jet of HG/By; at so; then we have

a2 [ O0G ;
# (5t ) o) = {aon) - ——2aton) | 5
Ye AV/31-%51— ¥,
1 1" Yo,: z 2
+§ zi'(s0) — — 0y 2(s0) | s
1/ 1- Yo, — y0,2
1 .
+e z£4)(so) S T — (s0) | 5°.

3
\/ 1- y(2),1 - yg,z
We distinguish two cases.

Case (1) When g,, has the Ay-singularity at so, we define the 1 x 2-matrix A as follows:

Yo,1 0,2
A= [ #(s0) — —==Eeeaf{(s0) §(s0) ~ =} (s0)
1 —Yo,1 — Yo,2 ~4/1 —Y0,1 — Yo,2

Since gy, has the As-singularity at sp, we have

v, (50) = 0,177 (S0) + Y0,225 (50) + /1 — 43 1 — ¥ 225 (50) = 0.

By this relation, we have

1
A1 = 2%(s0) + 25%(s0) + | 1 + —5——5— | z4%(s0) # 0.
1-951— Yo,z

Therefore we have rank A = 1.
Case (2) When g,, has the As-singularity at sg, we also require the 2 x 2-matrix

3 0 2
21 (s0) = ——amt(s0)  2}(50) - ——y——z 74 (s0)
B 1—yo,1—yo,2 1—yo1 Yo,2
) - ! 30) . Yo,1 ! (g0 — Y2
1_?!3,1—.%%,2 1—y01 3/02

to be nonsingular. '
Since v"'(s) = k(s)n(s), we have v"(s) = —~k2(s)t(s) + &/(s)n(s) + x(s)7(s)b(s). By
the assumption that g,,has the As-singularity at so, we have

K(80)
72(s0) + £2(s0) ((t/K)(s0)t(s0) + b(s0)) -

U=t
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By the direct calculation, we have
1

< (s0) X7 (s0) 0 >
V3I—¥Y1— Y2

1 %{s0) o) (K2(s +2(g 0
\/1—313,1*1/3‘2( VT(s0 +n2so))n( ) (s0) +7(s0)) #

This means that rank B = 2.

det(B) =

a
We define a function G': I x S2 x R — IR by
G(s,v,w) = G(s,v) — w.
We also put gy,.(s) = G(s,v,w).
PROPOSITION 5.3. If gyy,w, has Agx-singularity (k = 1,2,3) at so, then G is a versal
unfolding of Gy we-

Proof. Under the same notations as the above proposition, we have

é(sa v, y3) = ylxll (S) + y2xl2(s> + <\/ 1- y12 - yg) fL'g(S) — Y3

Let j5~1(0G/8y:)(s,y0)(s0) be the (k — 1)-jet of 8G/8y; at sp (i = 1,2,3); then we have

oG o [ 8G ;
5y (80, %0) + 5 (F(s,yo)> (s0) = i(s0) - —yg—’z——z—xé(%)
Vi Yi V31-Y51— Y2
+ | 2/ (s0) — S z5(s0) | s
A/ 1- yg,l - yg,z
1 .
+3 | 8l (s0) ~ =2t (s0) | 5%,

V1—%81 %2
We also distinguish three cases.

Case (1) When gy,4, has the A;-singularity at so, the the rank of 1 x 3 matrix

0, 2 ’
z4(s0) — ——————y2 ! - z5(s0)  z4(s0) Yo, —_—t7l(s0) ~1
1-y51—Yoe \/ ~Yo1— Yo

is clearly 1.
Case (2) When gy,,w, has the Ay-singularity at sy, we require the 2 x 3-matrix

Yo,1 Yo,2 !

4 (s0) ~ =L (s0)  wh(s0) ~ =Rz (s0) -1
I —ug1— Y2 1-93, Yo,2
D= " yO,l " 7l y() 2 "
77 (s0) — —p=——===—=13(s0) z5(s0) — ——————0s(s0) 0
1- 98,1 - y§,2 1- Z/g,l - yo,z

to have the maximal rank. By the case 1 in Proposition 5.2, the second line of D does
not vanish, so that the rank of D is 2.



RECTIFYING DEVELOPABLE 11

Case (3) When gy, ., has the As-singularity at sy, we consider the 3 x 3 matrix

zh(so) — _____y_q,1_2x3( Y2 z5(se) -1
1‘1/01 Yo,2 1/1_3/01 yoz

E= z/ (s0) Yo.1 —————1(s0) 5 (s0) S E— z4(sp) O
\/ yo 1 yo 2 1- yO,l yo 2

7{!(s0) — — et (s0)  34'(50) — —=2Ef'(50) O

1‘2/0,1 yoz 1‘113,1*902
By the case 2 in Proposition 5.2, the rank of Eis 3. =

For the volumelike distance function F, we have the following proposition.

PROPOSITION 5.4. If fu, has Ag-singularity (k = 2,3,4) at so, then F is a (p)-versal
unfolding of fu,.

Proof. Under the same notations as in the above proposition, we denote that E;; =
x;(s)x;’(s) T (8)z; ;(s). We also denote that E(s) = (Ea3,E31,E12), F(s) = E,(s),

é(s):F( s) and H(s) = G( ). Then we have

E(s) = 7(s)x7 (s)
= k(s)b(s).
F(s) = -—ﬂ(s)T(s)n(s)+nl(s)b(s).

G(s) = R(s)r(s)t(s) + (=26 (s)r(s) = k()T (3)) mfs) + (57 (5) = K(s)72(s)) Bs).
H(s) = 2x(s) (26'(s)7(s) + K(s)7 (5)) ¥(s)
+ (=38 (s)r(s) 3 ()7 (s) = K(s)r" (5) + K3(5) () + fi(s)’r3(s)> n(s)
+ (r"(5) = 3%/ (5)7(s) = 35(s)7(s)7" (s) ) B(s)-
Therefore, we have
K (5)E(s) — 5(s)F (s) = K*(s)r(s)n(s), |
(K (E(s) ~ KOF(5)) = K" () (6()b(6))  w(s) H(s)
(K @E(s) - HOF(5) = (5K (5)7(s) — 26°(5)7 () (6)
+ (2&(3)/@” (s)7(s) +2 {5 ()} 7(s) + an(s)x ()7 ()
—2(8)7" (5) + KA ()7 (5) + K3(5)7(5)) m(s)
+ (4,-;(3)&’(3)72(3) + 3;«02(3)7(3)7’(3)) b(s).
By definition, we have
F(s,u) = (1/x(s)) {(z1(s) —u1) Eaz + (z2(s) — u2) a1 + (23(s) — us) E12}.
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We denote that %(s,u) = (g%g(s,u), %%g(s,u), %%%(s,u)) , then we have
O () = ~(1/m(s)) B(s),

S = (=(1/x(s)E(s))
= (/&%) (K () B(s) = K(s)F(5)) ,

S = (/%) (K ()EE) - s(6)F(s))
+(1/5%(s)) (K" (8)E(s) — n(s)G(s)) .

and
4 " I3
%u—f(s,u) = (1/£%(s)) (n ()E(s) — k(s)F(s )
+2 (1/8%(s)) (5" (5)E(s) - ()G (s)
+(1/k%(5)) (K" () B(s) + K" (s)F(s) - K (5)G(s) — w(s)H(s))

We now prove the (p)-versality of F. Let j*(0F/0u;)(so) be the k-jet of OF/u; at
s0 (i =1,2,3); then we have

oF O*°F 1 (8%F 1 (8*F
3 [ OF _ (oL (o F 2 1 fO°F 3
7 (Gt 1)) (o) = (G (oo, w)) s+ 5 (G o)) 74 3 (GG ) )
We distinguish three cases.
Case (1). When f,, has the As-singularities at s, we have

<2271;(30, uo)) = (1/%(s0)) (n'(so)E(so) - n(so)F(so))

= 7(s0)n(so) #O0.
This means that rank (%’;(so, uo)) =1.

Case (2). When f,, has the As-singularities at sy, we require the 2 x 3 matrix

oo [ Fle) 8L (s0, uo)
K%(s0) - %%?(SO,UO)

to be nonsingular. By the previous notation, we have
( (k' (s0) E(s0) — 5(50)F (s0)), )

K2(s0)(1/) (s0) (K (s0)E(s0) — (s0)F(s0)) + (k" (s0) E(s0) — K(50)G(50))

( K% (s0)7(so)n(s0), )
B —k3(s0)7(s0)t(s0) + £2(s0)7 (s0)n(0) + K2 (50)72(50)b(50) '
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Let M be the Gramm-Schmidt matrix of @, then we have
1 7 (s0)
M = k8(s0)72(s0) 5
7 (s0)  £2(s0)7*(s0) + {'(5)} +7%(s0)
So the determinant of M is given as follows:
det M = £3(s0)7*(s0) (K*(s0) +72(s0)) #O.

(%;;F;‘(SO’ UO))
Therefore we have rank iy =rankQ = 2.
3 (‘Z—fE(sO, uo))

Case (3). When f,, has the A4—silngularity at s, we require the 3 X 3 matrix

K’z(so) : au (507 U()) )
R=| K*(s0)- g—l;(so, uo) ) 5

Q)

K2(s0) - W@(So, ug)

i

to be nonsingular. We also have
(< (s0)E(s0) — K(s0)F(s0)),

K (s0)(1/w) (s0)( (50)B(s0) — £(s0)F(s0)) + (ﬁ}'(So)E(So) - H(SO)G(SO)),

{NQ(SO)(l/H)”(SO)(ﬂ' (s0)E(s0) — £(s0)F(s0))
+25%(50)(1/%) (50) (%" (s0) E(s0) — 5(50)G(50))
+(k" (s0)E(s0) + & (s0)F(s0) — & (s0)G(s0) — n(so)H(so))}
It is enough to show that det (R)
( K (s0)E(s0) — K(s0)F(s0)
det

# 0. By the direct calculation, we have
det(R) = det | ¥ (0)E(s0) —n(s0)Glso) )
Kk (s0)E(s0) + K (50)F(s0) — & {80)G(s0) — k(so)H (s0)

0)
= k%(s0)T(s0) (4/-@,(30)7'(30) + 3&(30)7‘/(30))
—k8(s0)7%(s0) (5" (s0)7 (so) + 25(s0)T (so))

= k%(s0)73(s0) (K(So)‘f‘/(
# 0.

This completes the proof of Proposition 5.4. m
Thoerem 2.2 follows from Propositions 3.1, 3.2, 5.2, 5.3, 5.4 and Theorem 5.1.

6. Generic properties of space curves. In this section we consider the notion
of Monge-Taylor maps for space curves in Euclidean space (cf.,[1]). Let v : I — IR3
be a regular curve, with I an open connected subset of the unit circle S!, increasing t
corresponding the anticlockwise orientation of S'. We now choose a smooth family of
unit vectors n(t), with n(t) normal to v at ¢, so ||n(t)| = 1 and < n(t),t(t) >= 0
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for all ¢ € I(See [1], Chapter 9). We can obtain a second smooth family of unit vectors
b(t) = t(t) x n(t) normal to v at t. We now use the perpendicular lines spanned by
t(t),n(t), b(t) as axes at y(t) with the unit points on the axes corresponding to the three
given vectors. Note the curve y(t) not necessarily unit speed, with v(tg) = 0. We can write
v(I) locally as a graph {(€, f¢(£),9:(£))}, with 51 f:(0) = j1g:(0) = 0. If Vi denotes the
space of polynomials in ¢ of degree > 2 and < k we have a map, the Monge- Taylor map
for the space curve v, py : I — Vi x V;, given by p (t) = (5% £:(0), 7%9:(0)). (Vi x Vj, can
be identified with R*~ x R*"! = R**~1 via the coordinates (a2,...,ap bay. .., bk).)
Of course p, depends rather heavily on our choice of unit normals n(t). Here, a;(t) =

LOP ) = 2O (5 < i < k), that is

Vi X Vie = {(a2€? + b3€3 + ... + bye®), (b2€? + b3e® + ... + axt®)}.

Let P, denote the set of maps 1 : R® — IR® of the form Wz, y,2) =
(1(z,y, 2), ¥2(z,y, 2), Y3(z,y, 2)) where 1;(z,y, 2) is a polynomial in z,y and z of degree
< k. We may identify P, and Euclidean space R*+D* Thig space provides the required
deformations of the curve.

To simplify matters we now assume that the curve v(I) is compact, that is I = S*.
The identity map 1ps : R® — R?, is of course an element of P, (provided k > 1),
and using the compactness of v(S') it easily follows that there is a open neighbourhood
U of 1gs in P, with the property that if ¥ € U then ¢ oy : S! — IR? is a regular
curve, If we deform the original curve by the map 1, then we can also obtain the required
new smooth family of normal vectors ny(t) as follows: since the map 9 : R® — IR® is
a diffeomorphism on some open set containing «(I), the vector n(t) will be sent to a
new vector Dy (v(t))n(t) which will be neither zero nor tangent to 1/ o v at t. Orthogo-
nally projecting this vector onto the normal plane to 9 o v at ¢ and normalizing, that is

_ _Dy()n(t)—<Dy(v()n)ity>1y -
ny(t) = DGt () () =< Do ()T Eostop? < Ny (t), ny(t) >= —1. Where, ty denotes

the tangent vector of the curve 1o+ at t. We choose an open neighbourhood U of 151 € P,
consisting of polynomial maps which map an open set containing v(S*) diffeomorphically
to its image. We have now shown that there is a smooth map

,u:Sle———)Vk><V}c

defined by u(—,v) = Monge-Taylor map for the curve 1 o vy using the family of normal
vectors ny (). Then we have the following theorem (cf., Theorem 9.9 in [1]).

THEOREM 6.1. Let Q be a submanifold in Vi x Vi, = R*~2. For some open set Uy C U
containing the identity map, the map p: S x Uy — Vi x Vi, defined by u(t, %) = pypory(t)
18 transverse to Q.

By the direct calculations, we have the following lemmas. The calculations are rather
long and tedious so we omit details.

LEMMA 6.2. Lety:S' — Ry® be a curve defined by v(t) = (€, f¢(£), g:(£))
= (£,a26% + az€3 + - - ba? + b3€3 + - ) with £(tg) = 0. Then
(1) k =0 at ty if and only if as® — by = 0.
(2)(s/7) (to) = 0 if and only if f1(az,as,as, bz, bs,bs) = 0, where

f1 = 4((1% -+ b%)(a2b4 - a_4b2) - 9(0,20.3 + b2b3)(a2b3 - a3b2).
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(38) (k/T)"(to) = 0 if and only if f2(az,as, a4, as, ba, bs, b, bs) = 0, where
fo = 12(a3 + b3)*(azbs — asbz) — 36(aZ + b2)(azas + babs)(azbs — azb)
—27((1% + bg)(ag + b%)(a2b3 — agbg) + 135((12&3 + b2b3)2(a2b3 —_ a3b2)
—72(aza3 + bobs){(azby — a4b2)(a% + b%) + 12(a3b4 — a4b3)(a§ + b§)2
+20(agbs — asba)(a? + b2)2.
(4) (s/7)"(to) = 0 if and only if f3(az, a3, a4, as, ag, bz, b3, ba, bs, ag) = 0, where
fs = —18-4(azas + babz)(azbs — azbz)(ad + b2)°
—60(azas + babs)(azbs — azba)(a + b3)?
—32. i2(a3a4 + b3b4)(a2b3 — a3bg)(a§ + b%)z
+3 15 - 12(aga3 + babz)(a2a4 + babs)(azbs — azba)(a? + b2)
+3 15 - 9(aza3 + babs)(ad + b3)(azbs — azbs)(a? + b3)
—-33%. 35(0,2(13 -+ b2b3)3(a2b3 — agbz) + 3. 42(013 -+ b§)4(azb4 — a4b2)
—9 - 4%(a2aq + baba)(azbs — asby)(ad + b3)?
~9-3 - 4(a? + b2)(azbs — asby)(ad + b3)?
+45 - 12(azas + b2b3)2(a2b4 - a4b2)(a% + b%)
-9. 12(a2a3 + bzbg)(a3b4 - a4b3)(a§ + bg)2
~9 - 20(azas + babs)(agbs — asba)(a3 + b2)2 + 2 -5 - 4(agbs — asbs)(a2 + b2)3
+10 - 4(agbs — agb2)(a2 + b2)°.
Here € is the coordinate along the t-direction, fi(¢) along the n-direction and 9:(&) along
the b-direction.

LEMMA 6.3. Under the same notations as in Lemma 6.2, we have the following as-

sertions: 5
(1) The rank of the Jacobi matriz Ban b,';(zﬁ:’flz,). ) is two.
(2) The rank of the Jacobi matriz Of2 f5) is two.

8(a¢,ai;i = 1,..‘,6)

The proof of Theorem 2.1 follows from Theorem 6.1 and Lemmas 6.2,6.3.
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