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THE FOCAL DEVELOPABLE AND THE BINORMAL INDICATRIX
OF A NONLIGHTLIKE CURVE IN MINKOWSKI 3-SPACE

DONGHE PEI* AND TAKASHI SANO

Department of Mathematics, Faculty of Science,
Hokkaido University, Sapporo 060 JAPAN

ABSTRACT. We define the binormal indicatrix and focal developable of a nonlightlike curve
in Minkowski 3-space. We establish the relationships between singularities of these subjects
and geometric invariants of curves under the action of Lorentzian group.

1. INTRODUCTION

There are several articles concerning ‘generic differential geometry’ in the Euclidean
space [1-5,7,9,13,etc.]. The main tools in these articles are the distance-squared func-
tions and the height functions on submanifolds. In this paper we introduce the notion of
Lorentzian height functions and Lorentzian distance-squared functions on timelike curves
or spacelike curves in Minkowski 3-space. We also define the notion of binormal indicatri-
ces and focal developables of timelike curves or spacelike curves in Minkowski 3-space, and
establish the relationships between singularities of these subjects and geometric invariants
of the curve under the action of Lorentzian group as applications of standard techniques of
singularity theory for the above functions. For the basic notions in Lorentzian geometry,
see [11].

Let R® = {(z1,%2,23)|21, 22,23 € R} be a 3-dimensional vector space, ¢ = (z1, 2, 73)
and y = (y1,¥2,y3) be two vectors in R3, the pseudo scalar product of z and y is defined
by < z,y >= —z1y1 + 222 + z3y3. (R3,<,>) is called a 3-dimensional pseudo Euclidean
space, or Minkowski $-space. We denote R;® as (R®,<,>). For any ¢ = (1,22, 3),
¥ = (y1,%2,y3) € R;®, the pseudo vector product of £ and y is defined by

—€1 €2 €3
zAy=| 21 3 Z3|= (—(x2y3 - $3y2),$3y1 —ZT1Y3,T1Y2 — $2y1)'
U1 Y2 Y3

Moreover, z in R;?® is called a spacelike vector, a lightlike vector or a timelike vector if
<z, xz>>0 <z,z>=00r <z,2z > <0 respectively. For z € R;%, the norm of =
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*On leave from Department of Mathematics, North East Normal University, Chang Chun 130024,
P.R.China
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is defined by ||z| = +/sign(z) < z,z >, and =z is called a unit vector if |[z]| = 1, where
sign(z) denotes the signature of  which is given by

1 =z :spacelike
sign(z) =< 0 =z :lightlike

—1 =z : timelike .

Let v : I — R}; 4(t) = (z1(¢), z2(%), z3(t)) be a smooth regular curve in R} (i.e.,y(¢t) #0
for any ¢ € I), where I is an open interval. For any t € I, the curve + is called a space-
like curve, a lightlike curve or a timelike curve if < #(t), 7(t) > > 0,< 4(t),4(t) > = 0,
< A(1), 7(t) > < 0 respectively. We call v a nonlightlike curve if 7 is a timelike curve or a
spacelike curve. The arc-length of a nonlightlike curve v, measured from v(t,), to € T is

- / ()] dt.

Then the parameter s is determined such that ||y/(s)|| = 1 for the nonlightlike curve,
where 7'(s) = dy/ds(s). So we say that a nonlightlike curve v is parameterized by arc-
length if it satisfies that ||y'(s)|| = 1. Throughout the reminder in this paper we denote the
parameter s of v as the arc-length parameter. Let us denote t(s) = +/(s), and we call #(s)
a unit tangent vector of v at s. We define the curvature by k(s) = \/|< Y'(s),¥"(s) >|. If
k(s) # 0 then the unit principal normal vector n of the curve v at s is given by Y'(s) =
k(s)-n(s). We denote that ¢(y(s)) = sign ((s)) and 6(vy(s)) = sign (n(s)). The unit vector
b(s) = t(s) An(s) is called a unit binormal vector of the curve v at s. Then the following
Frenet-Serret type formula holds:

t'(s) = k(s) -n(s)
n'(s) = —e(7(s)) - 6(v(s)) - k(s) - (s) + e(7(s)) - 7(s) - b(s)
b'(s) = (s) - n(s), |

where 7(s) is the torsion of the curve v at s (cf.,[7]). This is the fundamental formula for
the study of nonlightlike curves in R3.
We now define

Hi*(r)p = {z = (z1,22,23) €R,* | <z —p,z —p>=—r?},

Slz(r)p = {z = (21,22,23) € R,® | <z—-p,z—p>= r2},

where p = (pl,pz,pg) and r € R — {0}. We respectively call H,%(r) := H;%(r), — {p},
S12(r) == 5,2 (r)p {p} a hyperbola, a pseudo sphere with radius r at the center p. We
denote that Hl = 12(1)0 and 512 = 512(1)0.

Let v : I — R} be a nonlightlike curve with e(7)é(v(s)) = —1 and k(s) # 0. In this
case we always have b(s) € S7. On the other hand, if e(7)6(y(s)) = 1 and k(s) # 0, then
7 is spacelike. In this case, we have b(s) € HZ.
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We now define a curve BN,y : I — S} for e()é((s)) = —1 (respectively, BN, : [ —»
H? for v with e(7)é(y(s)) = 1) by
BN4(s) = b(s),
and a ruled surface E, : I Xx R — R} by

_ e(v)
E,(s,u) = (v + SR + ub)(s).

We call BN, the binormal indicatriz and E., the focal surface of ~.

In §3, under the assumption that k(s) % 0, 7(s) # 0 and 8§(y(s0))(k*72 — e(7)k'*)(s0) >
0, we show that there exist a unique pseudo sphere which has four-point contact with
nonlightlike curve v at y(so) which is called the osculating pseudo sphere of v at sq and

!

its center v = (y + 56((;;)1:" + 6(7)5157),92 b)(so) is called the center of the osculating pseudo
sphere at so. Under the assumptlon that k(s) # 0, 7(s) # 0, < b(s0),b(s0) >= —8(7(s0))
‘and 8(v(s0)) (k272 — e(7)k'*)(s0) < 0, we also show that there exist a unique hyperbola
which has four-point contact with spacehke curve vy at ’y(so). which is called the osculating
hyperbola of v at so and its center v = (y + 6(7)kn + 6(7)“ b)(so) is called the center of
the osculating hyperbola at sy.

We now consider the following conditions:

(A 1) The number of points p of y(I) where the osculating pseudo sphere at p having
five-point contact with the curve v is finite.

(A 2) There is no point p of y(I) where the osculating pseudo sphere at p having greater
than six-point contact with the curve 7.

(A 3) The number of points p of v(I) where the osculating hyperbola at p having
five-point contact with the curve « is finite.

(A 4) There is no point p of 4(I) where the osculating hyperbola at p having greater
than six-point contact with the curve .

(A 5) The number of points at where v has at least four-point contact with the osculating
plane is finite.

(A 6) There are no osculating plane with which v has five-point contact at a point.

Remark. If the curve + satisfies the condition §(v(s))(k272 —e(7)k'?)(s) > 0 (respectively,
< 0), then we can show that there exists the osculating pseudo sphere (respectively, oscu-
lating hyperbola) at each point of v (cf., §3).

Our main results are formulated as follows:

Theorem A. (1) Let n-Immy(I,R3) be the space of proper nonlightlike curves with
k(s) # 0 and 6(~y(s))(k%r? — 6(7)k'2)(s) > 0 equipped with Whitney C*°-topology. Then
the set of curves which satisfy (A 1) and (A 2) is a residual set in n-Imm_ (I, R3).

(2) Let n-Imm_(I,R}) be the space of proper nonlightlike curves with k(s) # 0, <
b(s),b(s) >= —8(v(s)) and 6(y(s))(k27% — e(7)k'*)(s) < 0 equipped with Whitney C°°-
topology. Then the set of curves which satisfy (A 3) and (A 4) is a residual set in n-
Imm_(I,R?).

(3) Let n-Imm(I,R}) be the space of proper nonlightlike curves with k(s) # 0 equipped
with Whitney C'*°-topology. Then the set of curves which satisfy (A 5) and (A 6) is a
residual set in n-Imm/(I,R3).



Theorem B. (1) Let v : I — R} be a nonlightlike curve with k(s) # 0 andrT(s) # 0.
Under the assumption of (A 1) and (A 2) (respectively, (A 3) and (A 4)), if p is a point of
the focal surface E. of vy at sg, then locally at p, the focal surface is

a) diffeomorphic to C x R at (y + :((J))kn + ub)(so) in R} if and only if k'(s9) # 0 and

Up = (Wb)(so). Moreover, if 6(vy(s0))(k?72 — e(7)k'*)(s9) > 0, then the locus of

the center of the osculating pseudo sphere (v + 66((77))kn + ub)(so) is the cuspidal edge. If

§(v(30))(E27% — e(7)k®)(s0) < 0 and < b(sp),b(s¢) >= —8(v(s0)), then the locus of the

center of the osculating hyperbola (v + “—i)—kn + ub)(so) is the cuspidal edge.

b) diffeomorphic to a SW at (y+ 56((77))kn-l— 5(7)61217)k2rb)(30) if and only if k'(so) # 0 and
(kk'T! = kk"T + k2% + 2k 1)(s0) = 0.

(2) Let v : I — R3 be a nonlightlike curve with k(s) # 0. Under the assumption of (A 3)
~and (A 4), if p is a point of the binormal indicatrix of v at sg, then locally at p, the
binormal indicatrix BN, is

a) diffeomorphic to a line if 7(so) # 0.

b) diffeomorphic to the ordinary cusp C if 7(s9) = 0 and 7'(s9) # 0.

Here, C = {(z1,22) | 22 = 23} is called the ordinary cusp and SW = {(z1,22,23) | 2, =
3ut +u?v, 2o = 4ud + 2uv, z3 = v} is called the swallow tail.

2. LORENTZIAN INVARIANT FUNCTIONS ON NONLIGHTLIKE CURVES

In this section we introduce two different families of functions on a nonlightlike curve,
which are useful to the study of Lorentzian invariants of nonlightlike curves.
Lorentzian height functions

For a nonlightlike curve v : I — R}, we now define a function H : I x $2 — R
(respectively, H : I x H? — R) by H(s,v) =< v,v > . We call H a Lorentzian height
function. We denote that h(s) = Huvg(s) = H(s,vg) for any fixed vy € S? (respectively,
vo € H}). We have the following proposition.

Proposition 2.1. Let v : I — R} be a unit speed nonlightlike curve with k(s) # 0. If
v € S? (respectively, v € H?), then

(1) Rh'(so) = 0 if and only if there exist A, u € R such that v = An(so) + ub(sp) and
5(3)(\? — e(y)?) = 1 (respectively, 5()(V2 — e(x)u?) = 1)

(2) h'(so) = h"(sp) =0 if and only if v = £b(sp).

(3) R'(s¢) = h'"(s0) = h®)(s¢) = 0 if and only if v = +b(sy) and 7(s¢) = 0.

(4) RK'(s0) = h"(s0) = h®)(sp) = h¥(sq) = 0 if and only if v = +b(so) and 7(sp) =
7'(80) = 0.

Proof. Let H : I X S? — R (respectively, H : I x H? — R) be the Lorentzian height

function on the nonlightlike curve ¥ : I — R}. Then we have 3 =< 7/(s),v >=<

t(s),v > and v € S? (respectively, v € H?). It follows that % = 0 if and only if
< v,t >= 0. Then there exist A\, u € R such that v = M + b and §(7) - (A2 —e(y)p?) =1
(respectively, §(7)(A% —e(y)u?) = —1). Where < b,b >= —¢(v)é(7y) by < t,t >= &() and
<n,n >=§(v).



On the other hand, we have %I;I =< k-n,v >= 0. It follows that % = 8323}2[ =0
if and only if v = An + ub, < k-n,v >= 0 and 6(7) - (A2 — e(y)pu?) = 1 (respectively,

§(7)(A? — 5(7)/,L2) = —1). This is equivalent to the condition that v = =b.
Since & 52 H —<k'n+kn' v>, as H — %ZSH = 833 —Olfandonlynfv—:i:b T =0.

3
Mizeover, v,ve hgwe ;?s{f =< t®) v > . Then %—Ij = %SI;I = %S{;,I = 334 = 0 if and only if
v=d24b, =7 =0.

Lorentzian distance-squared functions
For a nonlightlike curve v : I — R3, we now define a function

G:IXR?—-)R
by
G(s,v)=<y—v,y—v>.

We call G a Lorentzian distance-squared function. We denote that g(s) = Gy, (s) = G(s,vo)
for any fixed vy € R;®. We also have the following proposition.

Proposition 2.2. Let v: I — R} be a unit speed nonlightlike curve with k(s) # 0 and
7(s) # 0. Then

(1) ¢'(so) = 0 if and only if there exist A\, € R such that v(sg) — v(so) = In(se) +
ub(so).
(2) ¢'(s0) = g"(s0) =0 if and only if v = (y + 66((7))kn pb)(so) for some u € R.

(3) ¢'(s0) = ¢"(s0) = g (s9) = 0 if and only if v = (7 + 5(7))kn + 5(7)612;)k2rb)(30)'

(4) g'(s0) = ¢"(s0) = 9(3)(30) = g(4)(80) = 0 if and only if
(kR = R"'7 — ()78 + 2K 7)(s0) = 0 and v = (7 + F55n + Ma’émsz)(sa)-
(5) ¢'(s0) = ¢"(s0) = (3)(30) = g@W(sy) = ¢g®(s0) = if and only if

(kk'r! kk‘"T €(’)’)k2T3-|—2k' 7)(s0) = (2kk'r® e(’y)kk'T"+6(7)k‘k(3)7'+3k27' T —
3e(7)k'k"T — 3e(1)k'>7')(50) = 0 and v = (v + F2n + sysospb)(50)-

Proof. Let G : I x R} — R be a Lorentzian distance-squared function on the nonlightlike
curve v : I — RS, Then we have a_e:_ =2 < vy —v>. follows that aG = 0 if and
onlyif y—v=X-n+pu-b.

On the other hand, since 62 =2<thy—v>42<t,t >=2{<k -n,v—v>+e(y)},
%f = 832 = Qifand only if y—v = An+pub and < k-n, \n+ub >= —&(v). The last equality
is equivalent to the relation that kAé6(y) = —e(y). This means that v = v+ 6((])),611 — b by
k #0.

Since a;g; =2<(k-n),y—v >, %—? = %1? = 633 = 0 if and only if ¥ # 0 and
<k'm+k-n,— ;(%)kn + ub >= 0, which is equivalent to the condition that k¥ # 0 and

k' + 6(’)’)6(’7)sz,& = 0. This means that v = v + ;((;S)kn + 6(7)6’2;)k27b by k and 7 are not
Zero.
Moreover, we have %Zf =2<k'"n+2k'n'+kn",y—v>+4+2 < k'n+kn',t > . Then

%—}f— = 0 if and only if < (k" — e(7)6(7)k® + e(7)kr®)n — 3e(7)6(7)kk't + (2e(v)k'T +
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e(y)kr")b,y — v >= 6(7)k?. Therefore 3¢ = 26 _ &6 _ %“_Q_ = 0 if and only if < (k" —
!

982 ds3 84
e(VE(VIE® +e()kT>)n — 3e(7)6(7)kk't + (26(1)K'T + 6(7)hT' )b, — 51 — Frpisir=b >=
§(7)k? and v = vy + 65((,;;)kn + 5(7)6?;)k2rb, which is equivalent to the condition that kk'r’ —

kk"T — e(y)k?m3 + 2k =0 and v = v + ae((%)k” + e(v)slfIwk?rb'

Finally, we have %(52 = Oif and only if < {(k" —e(7)6(7)k*+e(7)km®)n—3e(v)6(7)kk't+
(2e(7)k'T + e(y)kr' )b}, v — v >= 56(y)kk'. This is equivalent to the condition that
< (K® = 3e(m)8(7)k2k' + (kT2 + (kT — 3e()6(VEE + 2e(y)k')n
+(k = SN2 — 3e(7)8(1)K — 4e(7)8(7)kE")E + (3e(7)k"T + 2e(1)K'T' + e(7)K'T! +
e(NkT" — 8(7)E°T + k)b, y — v >=56(y)kk'. So 8% = &G = TG _ G _ TG _ (i
‘and only if kk't! — kk''T — e()k27% +2k"* 1 = 2kk' 7% — e(7)kk'T" + e(1)kk® T 4+ 32721 —

!

Be(NKK'T —3e(n)k"*r' =0 and v =7+ £Fn + kb, O

3. LORENTZIAN INVARIANTS OF NONLIGHTLIKE CURVES

In this section we study the geometric properties of the binormal indicatrix and focal
developables of the nonlightlike curves. By the propositions in the last section, we can
recognize the function (kk'r' — kk'"'1 — e(y)k%r3 + 2k’2'r)(s) has special meanings. Firstly
we have the following proposition.

Proposition 3.1. Let v : I — R} be a nonlightlike curve with k(s) # 0, k'(s) s 0
and 7(s) # 0. Then (kk't' — kk"7 — e(7)k*7® + 2k'*7)(s) = 0 if and only if

8 k' (s
p="(s)+ ﬁ%n(s) + 6(7(3))5(7(53);,92(8)1_(8) b(s) are constant vectors.

Proof. We put

K'(s)
e(7(8))8(7())k?(s)7(s)

P(s) = 1(s) + 0D

k(™) T

b(s),

then we have

(kKT - EE"T ~ e(n)R TP + 2k'27')(3)b(8)
e(7())8(v(s))k3(s)72(s) '
It follows that P'(s) = 0 if and only if (kk'7" — kk"'T — e(y)k*r3 + 252 r)(s) = 0. O

Let v : I — R} be a nonlightlike curve with k(s) # 0, 7(s) # 0 and §(y(s))(k272 —
k'?)(s) # 0 (the last condition is always satisfied for timelike curves), and G : I x
R} — R a Lorentzian distance-squared function on the curve 4. Under the conditions
9'(50) = ¢"(s0) = g®(s0) = 0 at s = s, we can show that < 7(se) — v,7(s0) — v >=
(6(7)(k27,;2:2€(7)klz))(so) > 0 for 6((s0)) (k372 —e(7)k'*)(s0) > 0 and < v(s0)—v, ¥(s¢)—v >
< 0 for 6(y(s0)) (k272 — k'*)(sp) < 0 by Proposition 2.2. (For the case 8(y(so))(k?7% —
k'*)(s¢) = 0 on spacelike curves, see [6].) :

So we have the following corollaries.

Corollary 3.2. Lety : I — R3 be a nonlightlike curve with k(s) #0,k'(s) #0,7(s) #0
and 6((s))(k*r? — e(y)k'*)(s) > 0. Then singularities of focal surface are the locus of

P'(s) =

6



centers of osculating pseudo spheres of v which is given by p(s) = v(s) + ﬁ%%&n(s) +

k(s s
6(7(3))6(7(5,);,62(3)1_(3) b(s). Moreover, if (kk't' — kk"T — e(y)k2r3 + 2k'*7)(s) = 0, then p(s)
is a constant point and v is a curve on the pseudo sphere whose center is p(s) and radius

isr= \/ B e (k) ()

Corollary 3.3. Let v: I — R} be a spacelike curve with k(s) # 0, k'(s) # 0, 7(s) # 0
and 6(y(s))(k*r2 — k'*)(s) < 0. Then singularities of focal surface are the locus of centers
of osculating pseudo hyperbolas of v which is given by p(s) = v(s) + Ws—)n(s) +
W#;C(f()s)r—(s)b(s). Moreover, if (kk't' — kk"T — k2r% + 2k'*7)(s) = 0, then p(s) is a
constant point and v is a curve on the osculating hyperbola whose center is p(s) and
radius is r = \/—M(s).

k42

Let F': R} — R be a submersion and v : I — R} be a nonlightlike curve. We say
‘that v and F~(0) have k-point contact for ¢t = t, if the function g(t) = F o (t) satisfies
g(to) = ¢'(to) = -+ = g*V(ty) = 0, ¢g®(¢9) # 0. By Propositions 2.1, 2.2 and 3.1, we
have the following proposition.

Proposition 3.4. (1) Let v : I — R$ be a nonlightlike curve with k(s) # 0. Then the
binormal b and the osculating plane of v have 3-point contact for s = sy if and only if
7(s0) = 0 and 7'(s9) # 0.

(2) Let v : I — R} be a nonlightlike curve with k(s) # 0, k'(s) # 0 and 7(s) #
0. Then v and the osculating pseudo sphere have 4-point contact for s = s, if and
only if 8(7(s0))(k*7% — e(7)k'*)(s0) > 0, (kE'r" — kk"T — e(7)k2r3 + 2k'>1)(s0) = 0 and
(2kk'7® — e(y)kk'T" 4+ e(7)kk® T + 3k2727" — 3e(7)kK'E"'T — 3e(y)k"*7")(s0) # 0.

(3) Let v : I — R? be a spacelike curve with k(s) # 0, k'(s) # 0 and 7(s) # 0. Then v
and the osculating hyperbola have 4-point contact for s = sq if and only if §(y(so))(k*7?% —
e(7)E)(s0) < 0, (kE'T' — kE"7 — k273 + 2k'*7)(s0) = 0 and (2kE'7® — kk'T" + kk®)7 +
3k2721 — 3K'k" 1 — 3k’27")(30) # 0.

4. UNFOLDINGS OF FUNCTIONS BY ONE-VARIABLE

In this section we use some general results on the singularity theory for families of
function germs. Detailed descriptions are found in the book [3]. Let F' : (RXR", (sg,z¢)) —
R be a function germ. We call F' an r-parameter unfolding of f, where f(s) = Fy,(s,z0).
We say that f has Ag-singularity at so if f®P)(s9) =0foralll1 < p <k, and FEFD(50) # 0.
We also say that f has Asy-singularity at so if f(P)(sg) = 0forall 1 £ p < k. Let F be an
unfolding of f and f(s) has Ag-singularity (k = 1) at so. We denote the (k — 1)-jet of the
partial derivative —g% at sg by j(k_l)(g—i(s,xo))(so) = Zf;ll ajis? for i =1,...,r. Then
F is called a (p) versal unfolding if the (k — 1) X r matrix of coefficients (aj;) has rank
k—1(k—1Z<r). There is a important set concerning the unfoldings relative to the above
notions. The bifurcation set of F' is the set

OF O8*F

Br = {z € R"| there exists s with i 0 at (s,2)}.

Then we have the following well-known theorem (cf., [4]).
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Theorem 4.1. Let F': (R x R",(s9,20)) — R be an r-parameter unfolding of f(s) which
has the Ay singularity at sq.
Suppose that F' is an (p) versal unfolding.
(a) If k = 2, then By is diffeomorphic to {0} x R™™1,
(b) If k =3, then B is diffeomorphic to C x R"™2,
(c) If k =4, then B is diffeomorphic to SW x R"3,
Where, C = {(z1,z2)|z1? = 22%} and SW = {(21,22,23)|z1 = 3u* + vlv, 29 = 4u® +

2uv, 23 = v}.
For the proof of Theorem B we have the following fundamental theorem.

‘Theorem 4.2.

(1) Lety : I — R3 be a unit speed nonlightlike curve with k(s) # 0 and H : I x §? —
R be the height function on 7.
If h(s) = Hy,(s) has the Ag-singularity (k = 2,3) at sq, then H is the (p)versal
unfolding of h.

(2) Let~: I — R3 be a unit speed spacelike curve with k(s) # 0 and H : I><H2 — R
be the height functlon on 7.
If h(s) = Hy,(s) has the Ap-singularity (k = 2,3) at sg, then H is the (p)versal
unfolding of h.

(3) Lety: I — R? be a unit speed nonlightlike curve with k(s) # 0 and G : I xR} —
R be the distance-squared function. We consider the point (sg,vg) € I x R3.
If g(s) = Gy,(s) has the Ay-singularity (k = 2,3,4) at sg, then G is the (p)versal
unfolding of g := G,

Proof. (1) Let v(s) = (z1(s), z2(s), z3(s)) be a nonlightlike curve and v = (v1, v2,v3) € S%.
By definition, in this case we have

H(s,v) = —v1z1(8) + va72(s) + v3z3(s) = —viz1(s) £ /1 +rv12 —v32z9(s) + vaz3(s).

So that aH ~z1(s)+ ﬁ% = —z1(8) + 3L z5(s), (since v is spacelike, v; and v3 are
not both zero, so we let vy 7é 0) so the 2-jet at sg is —(sz}(s) + 2s2z{(s)) + w(szy(s) +

v322(8)

15%2Y(s)). We also have £ 35— = :Fm + 23 = — 22y + x3, so the 2-jet at 5o is

(S$3(30)+ 35%2§(s0)) — 2 (s25(s0) + %25 (s0)).
(i) By Proposition 2.1, h has the Aj-singularity at sg if and only if v(sg) = £b(s¢)
a,nd 7(3s0) ;é 0. When h has A, at sg, we require the 1 x 2 matrix (—z(s) +
13(s), — 273 + x3) to have rank 1, which follows from the proof of the case (ii).

(11) By Propos1t1on 2.1, h has A3 at sp if and only if v = +b(sg), 7(sp) = 0 and
7'(s09) # 0. When h has Asz at s, we require the 2 x 2 matrix

( —zi(s) + 3a(s)  —3iap+tas )

——$1(3)+§ﬁ;$”(3) 2_1)3_wl/+ 1$;’;’

8



.

to be nonsingular, which it always does. In fact, by v = £b(so), v(sp) = :i:t(.so) A
n(so) = k(so)(’Y (s0) AY"(s0)) = (v1,v2,v3) € 51 So that

— 1 [ 10
vy =k (—zhey + zhzh)
_ 1 ] [

vy = =3 (2} 2y — zhal).

Hence, the determinant of the above matrix is £{(z}z} — z{z}) + w(zizy — 2p2y) —

S(—zyay +x325)} = £ (v, + —‘i ;)J;) 2—’;2 # 0 by k(s9) #0 and vy # 0. This means
that H is (p)versal When h(s) has the Ap-singularity (k=2,3) at s,.

(2) Let y(s) = (z1(s),z2(s),z3(s)) be a spacelike curve and v = (vy,ve,v3) € HZ. By
definition, in this case we have

H(S, ’U) = —1)1.1:1(8) -I— ’U2.’132(5) + ’03{173(8) =FV 1 -+ '022 + 1)32:61(8) + vng(s) + ’U3$3(3).

So that §H = tay(s) F 288, = —225(s) + wz(s) so the 2-jet at so is (szh(s) +

25 $2(3)) %2 (sz)(s) + 5%z (s)). We also have $& = :':\/11-)1—3;1—2(-7-)1)7 +as = —%a1 +as,
so the 2-jet at so is (sz(so) + 352z (s0)) — —‘i(sxl(so) + 2523 (s0)).

(i) By Proposition 2.1, h has the As-singularity at s if and only if v(sg) = =+b(so)

and 7(s¢) # 0. When h has A at s, we require the 1 x 2 matrix (—2z(s) +

z5(8), —22} + 23) to have rank 1, which follows from the proof of the case (ii).

(ii) By Proposition 2.1, h has Az at sg if and only if v = £b(sg), 7(s9) = 0 and

7'(s0) # 0. When h has Aj at s, we require the 2 X 2 matrix

(. ~ 8224 (5) + a}(s) vxa+xa>

zf::c"(s) + 1:c 5(s) 5;)3;33” + 1zl

to be nonsingular, which it always does. By the same reason as the case 1), the determinant
of the above matrix is 3 {—2-(:03951 —zhay )+ 2= (a:la;2 —zhal)—(—zhay +zhzy)} = +k (

2
2 v = I{Zm # 0 by k(sg) #0and v € H12 This means that H is (p)versal when h(s)

has the Ag-singularity (k=2,3) at so.
(3) In this case we have

G(s,v) = —(21(s) — v1)” + (z2(s) — v2)* + (23(s) — vs)’,

where y(s) = (:1:1(3) z2(s),z3(s)) and v = (v, vg,v3).
Thus we have 3 ( ) = 2(z1(s) — v1), so the 2—Jet at so is 2(sz}(s0) + 552z1"(s0))

and the 3-jet at sq is 2(szi(so) + 53 221" (s0) + —3 a:1(3)(30)) We also have aG (s)
—2(z;(s) — v;) (z =2 3) so the 2-jet at s¢ is — (sx’(so) + 25%z;"(s0)) and the 3—Jet at sp

is —2(sz!(so) + 25%2;"(s0) + £5%2;(®(s)). The condition for (p)versality can be checked
as follows:

(i) By Proposition 2.2, g has the As,-singularity at so if and only if v = (so) +
ﬁ’k)&—o)n(so) — ub(so)) and k(sg), 7(so) # 0. When g has the Ay,-singularity
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at so, we require the 1 x 3 matrix (2z}(so), —2z5(s0), —2(z4(s0)) to have rank 1,
which it always does since « is regular. ‘
(ii) It also follows from Proposition 2.2 that g has the A>3-singularity at s, if and only

ifv=_(y+ 56((77))/!:" + 5(7)6?;)k2rb)(50) and k(sg), 7(so) # 0. When g has A, at sq,

we require the 2 x 3 matrix

(2:10'1(80) —25(s0) —296&(80))

-771”(30) —502”(80) —xs"(so)

to have rank 2, which follows from the proof of the case (iii).

(iii) By Proposition 2.3, g has the As4-singularity at so if and only if (kk't' — kk''7 —
e(7)k?7m3 42k 7)(s0) = 0 and v = (v+ 65(%)]011—{— 5(7)6?7)k2rb)(30)' Where k(sg), 7 #
0. When g has A>4 at sq, we require the 3 x 3 matrix

2x:11550; —23:/’212303 —2:10,’%%303
1" (8o —Z2 (S0 —Z3 (S0
%371(3)(30) —%xz(g)(so) —gfﬂs(s)(so)

to be nonsingular, which it always does since the determinant of the above matrix is

2e(7(50))k%(s0)7(s0) # 0 by k(so) # 0 and 7(sq) # 0. This completes the proof. [

For the proof of Theorem B, we consider the bifurcation set of H and G. By Propositions
2.1 and 2.2, the bifurcation set of H is

Bg={veR|o = b(s)},
and the bifurcation set of @ is

e(7(s))

8(v(s))k(s)

The assertions of Theorem B follow from Propositions 2.1,2.2 and Theorems 4.1, 4.2. O

Be={veR:|v=r(s)+ n(s) + ub(s) with the real number u is not zero}.

5. GENERIC PROPERTIES OF NONLIGHTLIKE CURVES

We now consider the notion of Lorentzian Monge-Taylor maps for timelike curves anal-
ogous to the ordinary notion of Monge-Taylor maps for space curves in Euclidean space
(cf.,[4]). ( For spacelike curves, see [6].) Let v : I — R} be a (regular) timelike curve,
with I an open connected subset of the unit circle S1, increasing ¢ corresponding the an-
ticlockwise orientation of S'. We now choose a smooth family of unit vectors n(t), with
n(t) pseudonormal to v at ¢, so |[n(¢)]| = 1 and < n(t),4(t) >= 0 for all t € I. Such
n(t) can be obtained as follows: consider the smooth map ¢ : I — S;% which takes ¢
to the unit tangent vector #(t). If V is any vector in S;? we can obtain the vector field
n(t) by pseudo-orthogonally projecting V onto each of the normal planes and normaliz-

ing. Thus n(t) = ”“;iz&zgg;g;“, then we have < n,n >=1 and < n,t >= 0. We can

obtain a second smooth family of unit vectors b(t) = #(t) A n(t) normal to v at t. We
remark that the triple #(¢), n(¢), b(t) is the Lorentzian frame along v. We now use the
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psuedoperpendicular lines spanned by #(¢),n(t),b(t) as axes at () with the unit points
on the axes corresponding to the three given vectors. We remark that the Minkowski
metric is invariant under the Lorentz transformation. Note the curve () not necessarily
unit speed, with y(to) = 0. Then the coordinates n,{ and x of y(¢) relative to axes ¢,n
and b are functions of ¢ : {(t) = v(t) - t(t0), n(t) = v(¢) - n(te), x(t) = v(¢) - b(to), n(t) =

FEC), X(8) = g((C()) where £ = fo, 9 = - S0 14 1(0) = aa(f)C* +as(e)C" - as (11"
7%9:(0) = bz(t)C2 +b3(t)¢® +- - - + b (¢)¢F in the neighbourhood (0,0,0). Locally then ~(I)
can be written in the form {C, (f:(€), 9¢(¢))}, with £(0) = ¢(0) = jlft(O) = j1¢:(0) = 0.
If Vi denotes the space of polynomials in ¢ of degree =2 2 and < k we have a map,
the Lorenizian Monge-Taylor map for the space curve v, p, : I — Vi x Vi given by
py(t) = (7 £:(0),7%9:(0)). (Vi x Vi can be identified with RF~1 x R¥~1 = R2(F~1) yia the

coordinates (ay,...,ax,bs,...,b).) Of course u. depends rather heavily on our choice of
) ;
unit normals n(t). Where, a;(t) = ft(?—!), b;(t) = it(?!ﬁ (2215 k), thatis Vi x Vi =

{(a2C® + bsC® + - + bkCF), (2 4+ b3¢® + -+ 4 ar¢F)}.

Let P; denote the set of maps v : Ry® — R;? of the form Y(z,y,2) =
(1(z,y, 2),%2(x,y, 2),s3(z, y, 2)) where ¥;(z,y, 2) is a polynomial in z,y and z of degree
< k. So an element 3 € Py is determines by the coefficients of the various monomials z'y®z7
occurring in 1,2 and 3. There are altogether 1 +3+---+(2k—1)+2k+1 = (k+ 1)?
monomials of degree < k, so Py can be thought of as a Euclidean space RG+D* | Tt is this
space which will provide the required deformations of the curve.

To simplify matters we now assume that the curve v is proper (i.e., v satisfies the
condition that the inverse image of a compact set is compact) and ')/(I ) is bounded. The
identity map Igs R;® — R;?, is of course an element of Py (provided k 2 1), and using the
above assumptlon of 7 it easily follows that there is an open nelghbourhood U of 1gs in Py

with the property that if 1) € U then the linear map T9(v(¢)) : R} - R3; v — Dz/)(fy(t)) v
satisfy D (v(t)) - n(t) is spacelike vector and D(y(t)) - ¢(¢) is timelike vector. Where,
D(y(t)) denotes the derivative of ¢ at v(¢). (In fact, in this case the two conditions can
be written two conditions of algebraic inequality in the open neighbourhood of v(t), so by
the compactness of 7(S*) the set which satisfy the two conditions is intersection of finite
sets. Hence, it is open.) If we deform the original curve by the map ), then we can also
obtain the required new smooth family of normal vectors ny(t) as follows: since the map
¥ : R} — R? is a diffeomorphism on some open set containing (I), the vector n(t) will
be sent to some new spacelike vector Di(y(t))n(t) which will be neither zero nor tangent
to 1 oy at t. Orthogonally projecting this vector onto the normal plane to 3 o v at ¢

3o : _ _Dy(y()n(6)+<Dy(v(t))n(t),ty >t —
and normalizing, that is ny(t) = ||Dw(yy(t))z(t)+<Dzb(z(t))n(t),tz>tz||’ < ny(t),ny(t) >= 1.

Where, t,, denotes the tangent vector of the curve ¥ oy at t. So assuming as the above,
we choose an open neighbourhood U of 15 € Py consisting of polynomial maps which map
an open set containing y(I) diffeomorphically to its image. We have now shown that there
is a smooth map

pu:IxU— Vi xV

defined by u(—,%) = Monge-Taylor map for the curve 1 o v using the family of normal
vectors ny(t). By exactly the same arguments as those in the proof of Theorem 9.9 in [4],
we have the following theorem.
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Theorem 5.1. Let v be a nonlightlike curve and Q a manifold in Vi x Vi = Ry2*72. For
some open set Uy C U containing the identity map, the map p : I x Uy — Vi defined by
p(t,%) = pypoy(t) is transverse to Q. (In fact we can prove that u is a submersion so @
does not enter the argument at all.)

In order to give a proof of Theorem A, we prepare some lemmas.

Lemma 5.2. (1) Let v: I — R;® be a timelike curve defined by v(t) = (¢, f:(¢), g:(¢))
= (a2C® 4+ as®+ -+ ,(,boC + b3¢® + -+ ) with ((to) = 0 and k(s¢) # 0. We denote that
Mij = aibj - ajb,-, Ni]‘ = aia; — 6(7)bz‘b]‘. Then:

(a) T(sg) =7'(s0) =0 at to if and only if

{ Msz; =0
2M42Nog — 3M39Nas3 = 0.

(b) (kk'T' — kk"r + k273 + 2k'*1)(s0) = (kk'T' — kk'"7 4+ k273 4+ 2k'>7)'(s0) = 0 at t
with k'(so) # 0 and 7(s¢) # 0. if and only if
( Ay = 4MyyNasNoy + OMys NJy — 4 M3y NoyNog — 3M33 N33 Nog — 4M3o N3, + 3M3, = 0
Ay = Nay(18M3, + 12Mys N2, + 20Msa N2, + 48Mpy Nyg Ny — T2Mys N2,
§ +24Ma3 N3y Ny + 18 M3 Nog Nag) — M3z (27N35 + T2N23 N3, — 36 N2g Nay Noo
—27Ny3 Naa Nas + 36 N34 N2, + 20Nos N2, + 3N2,Naz) + 3(MZ, + N2,)(12M1z Nag
| +18Ma3Naz) + 3Ma3 Nag (N2, + 12N24Nag + 9Nag N + 12N3,) = 0.

(2) Let v : I — R;® be a spacelike curve defined by 4(t) = (f:(¢), ¢, 9:(¢))
= (a2¢® +asC® + -+ ,(,b02¢% + b3¢® +--+) with {(tp) = 0 and k(so) # 0. And we denote
that Mij = a,'bj — ajb,-, N,'j = a;a; — 6(")’)bibj.
Then:
(a) 7 =0 and 7' =0 at ty if and only if

{ M3z, =0
2M42|Noo| + 3M32N35 = 0.

(b) By the direct calculation, (kk't' — kk"7 — k273 4 2k'*7)(so) = (2kk'7T® — kEk'r" +
kG r 4+ k2727 — 3Kk 1 — 3k'27")(30) =0 at to with k¥'(so) # 0 and 7(s¢) # 0 if
and only if

( By = +4My3Nas|Nao| + 8Mas NJs F 4M3aNog|Noz| F 3M3o N33 | Nog| + 4M30|No2 |2 Nog
—3M3, =0

By = £ Na3(18M2, + 12M42|Nag|? + 20Msz| Nag|2 + 48 Mys Nog | Naz| — T2Mys N2,

§ E£24My3Noy|Nog| £ 18 Ma3|Nog | Nas) + Msa(27TN3, + 72Ng3 Nag | Nag|?
—36N23N24|Naz| — 27N33|Nog| N3z & 36 N34 | Naz|? £ 20N5| Nog|* £ 3| Naa|? Ns3)
—3M35N23(—9NZ; + 12N24|Noz| + 9| Nag| N3z — 12N25|Nog|?)

\ —3(M2, — N2,)(12Myz| Naz| % 18Ma3 Nag) = 0.
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Here ( is the coordinate along the t-direction, f;(() along the n-direction and g.(¢) along
the b-direction.

Since the proof of Lemma 5.2 is analogous to that of Lemma 5.2 in [6], we omit it.
Lemma 5.3. We consider smooth maps p; : Vy X Vy = R® — R (¢ = 1,2) given by

{ p1 = Mz
p2 = 2MyaNog — 3M35Na3,

9; : Vy xVy =R® — R (i = 1,2) given by

{ 61 = M3
2 = 2My5|Naoz| + 3M32N3,,

¢ Ve x Vs =R® — R (1 =1,2) given by

{ ¢ = Ay
¢2 = Aa,

and p; : Vs x Vs =R® — R (1 = 1,2) given by

{#1 =B
p2 = Bs.

Here, M;;, N;;, P;j, A; and B; are given as the above. Then:

(1) The set Q1 = {(as,as, a4, b2,b3,bs) € R® | py = p2 = 0} is a codimension two subman-
ifold in R8.

(2) The set Q2 = {(a2,as,a4,bs,b3,b4) € R® | §; = 6 = 0} is a codimension two subman-
ifold in R8.

(3) The set Q3 = {(az,as,aq4,as,bs,bs3,bs,b5) € R® | ¢; = ¢5 = 0} is a codimension two
submanifold in R®.

(4) The set Q4 = {(aq, a3, aq,as,by, b3, bs,b5) € R® | uy = pp = 0} is a codimension two
submanifold in R8.

Proof. (1) The Jacobian matrix of the map (p1, p2) is calculated as follows:

0 2l
? T\ %ez  9p2 ky2 9p2  Bp2 ky2
80.2 3(13 262( 2 ) abz ab3 2012( 2 )

Since k(so) = 2(as? + by%)7 # 0, the numbers ay and by are not both zero. That is
rankJ(p1, p2) = 2. This means that @ is a submanifold in R® with codimension two.
(4) The Jacobian matrix of the map (u1, p2) is also calculated as follows:

J(p1, p2) =

o o a 2]
(g sy 0B wedr o)
A PR T TR P
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where k = 2|ay? — by%|% # 0. Then by + as # 0. And either as # 0 or bg # 0 by 7(so) # 0.
Hence rankJ(¢1, ¢2) = 2. So that Q4 is a submanifold in R® with codimension two.

The assertions (2) and (3) follows similar arguments as in the proofs of cases (1) and

(4). This completes the proof. O

We can use Theorem 5.1, Lemmas 5.2 and 5.3 for the proof of Theorem A exactly the

same way as the proof of Corollary 9.7 in [4]. So we omit the detail here.
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