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Reticular Legendrian Singularities

Takaharu Tsukada
Department of Mathematics, Faculty of Science, Hokkaido University

1 Introduction

In [6] K.Jdnich explained the wavefront propagation mechanism on a manifold which is
completely described by a positive and positively homogeneous Hamiltonian function on
the cotangent bundle and investigated the local gradient models given by the ray length
. function. Wavefronts generated by an initial wavefront which is a hypersurface without
boundary in the manifold is investigated as Legendrian singularities by V.I.Arnold (cf., [1]).
In [9], I.G.Scherbak studied the case when the hypersurface has a boundary and she explained
the wavefronts generated by the hypersurface with a boundary corresponds to a generalized
notion of wavefronts (i.e., the boundary fronts).

In this paper we investigate the more general case when the hypersurface has an r-
corner. In this case each wavefront incident from each edge of the hypersurface gives a
contact regular r-cubic configuration (cf., Section 5) at a point of the 1-jet bundle which is a
generalization of the notion of Legendrian submanifolds. In complex analytic category, the
notion of contact regular r-cubic configurations is introduced by Nguyen Huu Duc, Nguyen
Tien Dai and F.Pham (cf., [2], [5]). But all contact regular r-cubic configuration in their
category is stable.

The first topic in this paper is the investigation of the relation between (symplectic)
regular r-cubic configurations which has been developed in [10] and contact regular r-cubic
configurations. ;

The second topic is the investigation of the stability of smooth contact regular r-cubic
configurations and the classification of stable wavefonts given by stable contact regular r-
cubic configurations in C*°-category. In order to realize this purpose we shall define the
notion of reticular Legendrian maps in Section 7 which is a generalization of the notion of
Legendrian maps for our situations. We shall also prove that the equivalence relation among
reticular Legendrian maps is equivalent to a certain equivalence relation of corresponding
generating families. In this section we shall define the notion of stability, homotopically
stability, infinitesimal stability of reticular Legendrian maps and prove that these and the
stability of corresponding generating families are all equivalent.

By the above results the classification of stable wavefronts is reduced to the classifications
of function germs. In section 8 we classify function germs with respect to reticular K-
equivalence with reticular K-codimension lower than 8 . This gives the classification of
stable wavefonts in manifolds of dimension< 7.

Here, we draw the figure of the wavefront of one of the reticular Legendrian map-germ
whose generating family is a reticular versal unfolding of B3 -singularity in the classification
list, that is 2 — 2,73 — T3 + 123 + g2Z2 + g3z1 + q4. The wavefront given by this generating
family is a subset in (g1, g2, g3, ¢4)-space around 0. Hence we draw the sections of this
wavefront in (gs, g3, ¢4)-space given by cutting at ¢; < 0,¢; = 0,¢; > 0 respectively.






2 Preliminaries

Here we shall define several notations and recall basic facts. Let H™ = {(z,---,z,) €
R7|z; > 0,--+,z- > 0} be an r-corner. Let £(r;[) be the ring of smooth function germ at 0
on H" x R for r,1 € N and m(r;{) = {f € £(r,1)| f(0) = 0} be the maximal ideal of £(r; ).
Let B(r;1) the set of diffeomorphism germs on (H™ x R/, 0) preserving H" N {z, = 0} x R}
forall o C I, = {1,---,r}. We remark that a diffeomorphism germ ¢ on (H" x R, 0) is an
element of B(r;[) if and only if ¢ is written in the following form:

¢(l',y) = (xlal(xvy)v'"7xTaT(Ivy)7bl(I7y)a T '>bl(x1y)) for ("L‘7y) € (HT X Rl)o)y
where ai, -+, ar, b1, -, b, € E(r;1) and a;(0) > 0, -+, a-(0) > 0.

A function germ F(zi, -, Zr, 41, " ¥k, q1," "+, qn) € m2(r;k + n) is called S-non-

degenerate if
oF OF OQF oF

M=t e B v
are independent on (H* x R**" 0), that is

Ty, Try

O*F  O*F
rank %@%y %xzcz_’q =r+k.
Oydy Oydq /,
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We remark that F'(z,y,u) € m?(r; k + n) is S-non-degenerate only if r < n. '

A function germ F'(Z1,:*,Tr, Y1, ", Yy AL, -+ 5 Ang1) € m(r; b +n + 1) is called C-non-
degenerate if 25(0) =0, %%(0) =0 and '

 OF  OF OF  OF
’83:1’ ’c%cr’ayl’ ,8yk

are independent on (H* x R¥*"*1 (), that is

L1y Ty

OF  OF
Oy 9\
PF  OF
k —r4k+l.
X\ Bzay Gmon | T
PF . PF
Oydy 0OyoX /,

We remark that F(z,y,A) € m(r;k +n + 1) is C-non-degenerate only if 7 < n.
Let # : PT*R™! — R™"! be the projective cotangent bundle equipped with the contact
structure defined in [1, p.310]. By the trivialization

PT*Rn+1 N Rn+1 X P(Rn+1)
[E1dA|n + -+ F Enr1dAng]a] (A, Ang1), (15 -+ 5 &),

we call (A, [¢]) a homogeneous coordinate, where A is coordinates of the base space of #.
Let 7 : JH(R™, R) — R™!((g, z; p) — (g, 2)) be the canonical Legendrian bundle equipped
with the contact structure defined by the canonical 1-form a = dz —pdg, where (g1, -+, gn, 2;
D1, ,Pn) are canonical coordinates of J}(R", R).
We fix [€°] € PT*R™!. Choose coordinates (g1, - -, gn, 2) of R**! (the base space of 7 and
‘@) such that [€°] = (0,[0;---;0;1]). Set the affine chart of PT*R™\:U, = {((q1, "+, Gn, 2),

(€153 &nsm))In # 0} Then

is a Legendrian equivalence. We define
pr R — R ((g,2) = q),

p: JH R R) — T"R™ ( (g, 2,p) — (¢,p) )

Then the following diagram is commutative:

v, % J'®MR) 2 TR"
T T4 : 7

id
Rn+1 z , R+t p1 3 R™.

We say that function germs F(z,y,u), G(z,y,u) € m(r; k +1), where z € H", y € RF and
u € RY, are reticular K-equivalent (as I-dimensional unfoldings) if there exist ® € B(r; k +1)
and a unit a € £(r; k + ) satisfying the following:
(1) ® = (¢, %), where ¢ : (H” x R** 0) - (H™ x R¥,0) and % : (R!,0) — (R',0).
(2) G(z,y,u) = a(z,y,v) - F((z,y,u),¥(u)) for (z,y,u) € (H" x RFH 0).
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Lemma 2.1 Let F(z,y,q,2) € m(r;k+n+1) be a C-non-degenerate function germ. Then
F' is reticular K -equivalent to —z + F(z,v,q), where F € m?(r; k + n) is S-non-degenerate.

Proof. By taking some coordinate change of (g, z), we may assume that %(0) =0, %é(O) # 0.

By implicit function theorem, there exists F' € m(r; k 4+ n) such that F(z,v,q, F(z,y,q)) =
0.It is easy to check that F' € m®*(r; k + n). Since F|(_,4+r=0} = 0, there exists a € £(r; k +
n+ 1) such that F = a - (—z + F). Since 2£(0) = ~a(0), a is an unit. By Proposition 5.5,
F' is S-non-degenerate. O

By [1, p.313 Proposition and p.323 Proposition] and [11], we obtain the following Lemma.

Lemma 2.2 Let C™ be the set of Legendrian submanifolds of (J*(R",R),0) and S™ be the
~ set of Lagrangian submanifolds of (T*R™,0). Then C™ and 8™ have the following relations:
(1) p1 gives a bijection from C™ to S™.

- (2) Let F(y,q,2) = —z+ F(y,q) € E(k+n+1)(F e m®(k+n)) and L € C*. Then F is a
generating family of L if and only if F' is a generating family of p1 (L).

Indeed let L be a Legendrian submanifold germ of (PT*R™?,[¢%)) and F(y,q,2) = —z +
Fly,q1, -+ ,qn) € E(k+n+ 1)(F € m?(k + n))be a generating family of L. Then
OF oOF OF -
- s s Qn, 7_.__...;...;_.;_1 _:F___O,
o sam 2 [ 5= 1)) }

- oF OF  OF
L = ZL = ,---,n,F7_’...1___. _:0,

s (T OF OF OF
L:PI(L) = {(q]n'“?qnaga,"',b—(}—)—a—EJ—:O}.

I~

Under these fact, we identify (PT*R™,[¢°]) and (J*(R™ R),0) and identify Legendrian
submanifold of (PT*R™* [€°]) and that of (J}(R", R),0) respectively.

3 Propagation mechanism of wavefronts

The propagation mechanism of wavefronts incident from a hypersurface germ with an r-
corner in a smooth manifold is described as follows (cf., [6],[10]): Let M be an n(= r+k+1)-
dimensional differentiable manifold and H : T*M\0 — R be a C*®-function, called a Hamil-
tonian function, which we suppose to be everywhere positive and positively homogeneous
of degree one, that is H(A{) = AH(&) for all A > 0 and £ € T*M\0. Let Xy denote
the corresponding Hamiltonian vector field on T*M\0, given locally by the Hamiltonian

equations:

. _OH .  0H
Q’L"‘airpz— aqi)
where (g,p) are local canonical coordinates of T* M.

We set E = H~!(1) and consider the following canonical projections : 7 : T*M — M,
g : RxE — E, mgp : R x E — R. We denote E, the fiber of the spherical cotangent
bundle 7|g at ¢ € M.

Let go € M, ty > 0, & € E,, and 7y be the image of the phase flow of Xy at (29, ). Since
the phase flow of Xy preserves values of H, the local phase flow ¥ : (R x T*M\0, (t0,&)) —

(T*M\O,mo) of Xy induces the map @ : (R X E, (¢y,&)) — (R X E, (t9,m0)) given by
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@(t, f) = (ta ‘Ij(ta f)) : : ’
We set exp =mp 0@ : (R X B, (t0,6)) = (M, up), expg, = explrxk,,, €xp~ = mp 0 &1

(R x E, (to,m)) — (M, q), ezpy, = exp|rxE.,, $1 = (T, ezp) : (R X E, (t,&)) —

(M x M, (g0, u0)), $2 = (exp™,mnr) : (RXE, (tg,m0)) = (M x M, (g0, u0)), where ug = ().

By [6, 2.2] we have the following Proposition
Proposition 3.1 If exp,, is regular then ¢; and ¢y are diffeomorphisms.

Let exp,, be regular. We can define the function germ
T=mro¢;  =mro ;" (M x M, (g0, u)) = (R, %)

- We call 7 the ray length function associated with the regular point (fo, &) of expg,. Then
the following diagram is commutative:

(R x B, (to, &)) - (R x B, (o, m0))
" (TR, exp) 1N\ W b2 (TR, exp™)
Rx M, (o)  F2 (M xM,(0uw) T (Rx M, ()

Let V? be the hypersurface germ in (M, o) satisfying §0qu0 vo = 0 with an r-corner defined
as the image of an immersion ¢ : (H" x R¥,0) — (M, qy). We parameterize V° by .. For each
o C I ={1,---,r} we define A} by the set of conormal vectors of V! := V° N {z, = 0} in
(E, &) as the hft of the initial wavefront incident from V?. Then we regard the set L, the
image of covectors in A2 by ® around time %, that is

L, = {8(t,€) € (R x B, (to, m0))|(t, €) € (R, to) x A%},

as the set of the lift of the wavefronts incident from V? around time ¢,. We also regard the
union of L, for all ¢ C I, as the set of the lift of wa,vefront incident from the hypersurface
V? around time . We define the wavefront incident from V° by

LJI (ﬂ'R, 7TM) (I:a). |

The family of submanifolds {L,}scs, of (R x E, (to,70)) is ‘generated’ by the ray length
function 7 as the following:

Proposition 3.2 Let VO be the hypersurface g_erm in (M, qo) satisfying foquOVO = 0 which

is the image of an immersion + : (H" x R¥,0) — (M,q). Let L, be the set of the lift
of the wavefronts incident from V? = Von {xa = 0} around time ty for ¢ C I.. Define
F(z,y,u,t) == —t + 70 (u(z,y),u) € E(r;k +m +1). Then the following hold:

(1) F is C-non-degenerate, that is 2£(0) = 0, 65 (0) =0 and

oF  oF
Oy ou ‘
rank FF  OF =r+k+1
o0zdy Ozdu | '
0*F  9°F
. Oydy Oydu /,
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Ly ={(t,duF(z,9,u)) € (R x T*M\0, (to,m))|

’ Lo =dgy, _ F(z,y,u) = d,F(z,y,u) = F =0}
for o C I, where we identify (M,w) and (R™,0) by coordinates (u1,- -+, un) of (M,uq).
Proof. This is immediately followed by [10] Proposition 2.2.

By Theorem 5.6 (2), Proposition 3.2 means that {L,},c;, is a contact regular r-cubic
configuration of (R x T*M\O0, (to,m0)) with the contact structure defined by the canonical
1-form dt — pdu, where p are the fiber coordinates corresponding to u. Hence there exists a
contact diffeomorphism C : (J}(R", R),0) — (R x T*M\0, (ty,n)) such that

L,=C(L§) for ocClI,

where LY = {(¢,z,p) € (J*R™R),0)|¢, = pr,—o = gry1 = - = go = 2 = 0,7, > 0} (cf,
Section 5).

Small perturbations of the immersion ¢ implies small perturbations of contact diffeomor-
phism C'. Therefore we investigate the stabilities of contact regular r-cubic configurations
with respect to perturbations of corresponding contact diffeomorphisms in a more general
situation in Section 7.

4 Results of Reticular Lagrangian singularities

Here we shall recall some results given in [10]. Let (¢,p) be canonical coordinates of
(T"R™,0) and 7 : (T*R",0) — (R",0) be the cotangent bundle. Let H = {(q1,"--,q,) €

(R™,0)lg1 > 0,---,¢r > 0,gr41 = -+ = ¢y = 0} be an r-corner and H, = {(q1, -+, ¢,) €
H|g, = 0} be an edge of H for 0 C I,. We define LY the conormal bundle of H,, that is
Lg = {(Qap) € (T*RR’O)IQU =Ph-c=Gs1 =" =¢,=0,q5,—5 > 0}-

Definition 4.1 Let {L,},cr, be a family of 27 Lagrangian submanifold germs of (T*R",0)
under canonical symplectic structure of (I*R™,0). Then {L,},c;. is called a symplectic
regular r-cubic configuration if there exists a symplectomorphism S on (T*R™,0) such that
Ly = S(L%) for all o C I,.

Let {Ls}scr, be a symplectic regular r-cubic configuration and F(z,y,q) € m(r; k + n)?
be a function germ which is S-non-degenerate. We call F' a generating family of {L,}c;. if
F|g, =0 is a generating family of L, for o C I, that is

| OF OF  OF
L, = {(q, z € (T"R",0)|zy = —— = — =0} for 0 C I,.
{(q q( ,¥,0) € ( )| oy~ By }

Let {L;}ocr, and {L2}scr, be symplectic regular r-cubic configurations. We call {L1},cr.
and {L2},c;, are Lagrangian equivalent if there exlsts a Lagrangian equivalence © such that
L =0O(L}) for o C I,. ~

We say that function germs F(z,y,v), G(z,y,u) € m(r;k + n), where z € H", y € R*

7



and u € R", are reticular R*-equivalent (as n-dimensional unfoldings) if there exist & €
B(r;k+n) and a € m(n) satisfying the following:
(1) ® = (¢, %), where ¢ : (H" x R¥*™ 0) — (H" x R¥,0) and ¢ : (R™,0) — (R™,0).
(2) G(z,y,u) = F(6(z,y,u), b(w)) + () for (z,y,u) € (H x RF™,0).
We say (®, ) a reticular R*-isomorphism from G to F and if a = 0 we say that F and G
are reticular R-equivalent.

We say that function germs F'(z,y1,- -, Yk, u) € m(r; ky + n) and F(Z,y1, Yk, U) €
m(r; ks + n) are stably reticular RT-equivalent if F and G are reticular R*-equivalent after
additions of non-degenerate quadratic forms in the variables y.

Theorem 4.2 (1) For any symplectic regular r-cubic configuration {Ls}scr,, there ezists a
~ function germ F € m(r; k +n)? which is a generating family of {Ls}ocr, -

(2) For any S-non-degenerate function germ F € m(r;k + n)?, there exists a symplectic
regular r-cubic configuration of which F is a generating family. "

(3) Two symplectic regular r-cubic configuration are Lagrangian equivalent if and only if
their generating families are stably reticular R -equivalent.

We remark that two S-non-degenerate function germ F,G € m(r;k + n)? are generating
families of the same symplectic regular r-cubic configuration, then F' and G are reticular
R-equivalent.

Lemma 4.3 Let U,V be open sets in R™ such that 0 € U and let fo : U = V be a embedding.
Then there exist a neighborhood Uy of 0 in U and an open ball V' around fo(0) in V and
a neighborhood Ny of fo in C®(U,V) with C*®-topology such that fl|y, is embeddmg and
Vi C f(Uy) for all f € Ni. Moreover

Ny — C*(V,U) (= (Flo) 7 )

18 continuous.

5 Contact regular r-cubic configurations

In this section we shall define Contact regular r-cubic configurations and investigate the
relations between symplectic and contact regular r-cubic configurations.

Let (g1, *1qn, 2,01, +,Pn) be canonical coordinates of J*(R",R). Set Eg = {(g,2,p)
e (J'(R", ) Olge =Ptce =Gr1= " =¢=2=0,q1,—¢ > 0} for each o C I,.

Definition 5.1 Let {L,},c;, be a family of 2" Legendrian submanifold germs of (J'(R",
R),0). Then {L,},cs, is called a contact regular r-cubic configuration if there exists a
contact diffeomorphism C on (J(R™ R),0) such that L, = C(L2) for all o C I,.

Two contact regular r-cubic configurations {L1},c;. and {L2}o,cs, are said to be Legen-

drian equivalent if there exist Legendrian equivalence © of #( or ) such that [2 = ©(L1)
for all ¢ C ;.
Remark: The definition of contact regular r- cublc configuration by Nguyen Huu Duc {5,
p. 631] is that there exists a contact diffeomorphism C such that L, = C({g, = p1,—¢ =
Gri1 =" =g, =2=0}) for all 0 C I,. Then {L,},c;, is called a contact regular r-cubic
configuration. :



Definition 5.2 Let {L,},c;. be a contact regular r-cubic configuration in (J'(R",R),0).
Then F(z,y,q,2) € m(r;k+n+1) is called a generating family of {Ls}scr. if the following
conditions hold: ’

(1) F is C-non-degenerate.

(2) For each o C I, F|,,— is a generating family of L,, that is

- oF , OF 0F  oF
L[,={(q,z, a_q'/(_—a_'))l z =

L= OF _OF _h_ g
z axlr—a Oy }

We now consider contact diffeomorphisms and contact diffeomorphism germs on J'(R™, R)
and (J'(R™ R),0) respectively. Let (Q, Z, P) be canonical coordinates on the source and
(g, z,p) be canonical coordinates of the target. We define the following notations:
1 (JYR™R) N {Z =0},0) = (J}HR",R),0) be the inclusion map on the domain.
),00 = {C:(J'®R",R),0) = (J'(R",R),0)|C : contact diffeomorphism}
),0) {C € C(J'(R™ R),0)| C preserves the canonical 1-form }
R",R),0) = {Co1|C e C(J'(R™R),0)}
),0) = {Co1|CeC*J'(R",R),0)}

= {C:U — JYR"R)|C : contact embedding }

c(U, J{R™ R))
c(U,JHR™R)) = {C e C(U,J(R"R))|C preserves the canonical 1-form }
Cz(V,JHR" R)) = {Co7|C e (U J'RR))}

Cy(V,JHR"R)) = {Coi1|C e C*U,J"R"R))}

Lemma 5.3 Let {L,}oc1, be a contact regular r-cubic configuration in (J*(R™ R),0) de-
fined by C € C(J'(R™ R),0). Then there ezists C' € C*(J'(R*,R),0) that also’ defines
{Lcr}ac[r- '

Proof. Let C = (g¢,2c,pc). Define the function a on C(J*(R™ R),0) by the relation
C*(dz — pdq) = a(dZ — PdQ). Define

¢ (JHR"R)N{Z =0},0) = (J'(R",R)N{Z = 0},0) ((@Q,P) — (@ a°%(Q, P)P) ),
C':(JY(R™ R),0)5 (JY(R™,R),0)

(@, 2Z,P) +(gco10¢7HQ,P),Z+z2c010¢71Q,P),pco10¢~(Q,P)).
Then o

C'*(dz — pdq) = dZ + ((C 01) 0 $™1)*(dz — pdq) = dZ — (¢™Y)*(a 01(Q, P)PdQ) = dZ — PdQ.

Therefore ' € C*(J'(R* R),0). Since C'(Q,0,a(Q,P)P) = C(Q,0,P), C' also defines
{LU}UCIT'



Lemma 5.4 Let S(T*R™,0) be the set of symplectic diffeomorphism germs on (T*R™,0).
We define the following maps:

Ce(JHR™R),0) — S(T*R™, 0)
C = (gc,2c,pc) = (S8°:(Q,P)+~ (40,p0)(Q,P))
S(T*R*,0) — Ce(JY(R™,R),0)

S = (QS7pS) = ( CS : (Q7P) '_>_ (QS)fsaz)S)(Q P) )
where f3(Q, P) is uniquely defined by the relation that S*(pdq) — PdQ df’, fS(O 0) = 0.
Then these maps are well defined and inverse to each other(that is SC° = S,C5° = C).
Proof. Let C € CZ(J*(R™, R),0) be given. Take C € C*(J*(R", R),0) such that C oz =C.
Since S¢ = (g¢, pc), we have
(S)(dpAdg) = C*(dpAdg)=C*(~d(dz ~ pdg)) = —d((C ©1)*(dz — pdg))
= —d(1*(dZ — PdQ)) = —d(—PdQ) = dP A dQ
Hence S€ € S(T*R™,0). )
Conversely let S = (gs,ps) € S(T*R",0) be given . We define the diffeomorphism C* on
(J'(R™,R),0) by C3(Q, Z,P) = (¢5(Q, P), Z + f5(Q, P),ps(Q, P)). Then C501 = C¥ and

(C®)"(dz — pdg) = dZ + df* ~ S*(pdq) = dZ + (S"(pdg) — PdQ) — S*(pdg) = dZ — PdQ.
Hence C° € C¢(J*(R", R),0). On the other hand, by definition, we have

S = (gos,pes) = (gs,ps) , C°° = (gse, £, pse) = (ac, 15, pc).

Since f5¢ and 2g satisfy the equation of z(Q, P) that dz = pcdgc — PdQ and 2(0,0) = 0,
we have that f5° = 2. 0

Proposition 5.5 Let C! be the set of contact regular r-cubic configurations in (J*(R", R), 0)
and S be the set of symplectic reqular r-cubic configurations in (T*R"™,0). We define

TS : C? - S':L ( {C(Eg-)}acb = {SC(LS)}UCIT )7Where C € Cg(‘]l(RnaR)ao)
To: 87 = €7 ({S(Lo)}ocr, = {C¥(LY)}oct, ), where S € S(T*R™,0)

Then (1) Ts and Te are well defined and inverse to each other.
(2) A function germ F(z,y,q) € m?(r;k + n) is S-non-degenerate if and only if —z + F is
C-non-degenerate.
(3) A function germ F(z,y,q) € m*(r; k +n) is a generating family of a symplectic regular
r-cubic configuration if and only if —2+F is a generating family of the corresponding contact
reqular r-cubic configuration.

Proof.(1) Let C = (q¢, 2¢,pc) € CE(JHR™ R),0) and S € S(T*R™,0) satisfy that S = S°
(hence C = C*). Since S = (g¢, pc), we have S(LY) = p1(C(LY)) for all o C I,.. Since S(LY)
and C(LY) are uniquely determined by each other under p; by Lemma 2.2, we have (1).

(2) Let F(z,y,9) € m*(r;k+ n). If we define F € m(r;k +n + 1) by F(z,y,q,2) =
—z+ F(z,y,q). Then 2£(0) = Z&(0) =0, g;j (0) = §5(0) = 0 and

o8 o2 oF oF - 9F - _q
6y 9z Ay dq

8*F 62F 8%F _ 62F o*F 0
dzdy Ozdq Ozdz - dzdy 9zdq

8% F 8% F o2 F 8%F - 9%F 0

gydy - Oydq Oydz 0 dydy Bydq 0
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This implies (2).
(3) By (2),we have
F = —2 + F is a generating family of {C(L%)},cr.
& F is C-non-degenerate and F|, o generates C(L2) for all o C I,
& F is S-non-degenerate and F|;, =g generates S(L2) for all ¢ C I,

& Fis a generating family of {S(L2)},cr.. o

The relation between contact and symplectic regular r-cubic configurations is given in the
following diagram:

(JIR%,R)N{Z=0},0) =" (J'®"R),0)  {i%er — {Lo}ocr.
Dilz=0 4 1 { Ts 1t Te
(T*R™, 0) 5=%°  (T*R",0) {LoYocr, = {Lo}ocr

We say that function germs F(x,y1,: -, ¥k, ,u) € m(r; k1 +m) and F(z,y1,- -, Yx,,u) €
m(r; ke + m) are stably reticular K-equivalent if F and G are reticular K-equivalent after
additions of non-degenerate quadratic forms in the variables y.

The relations between contact regular 7-cubic configurations and their generating families
are given in the following theorem.

Theorem 5.6 (1) For any contact regular r-cubic configuration { Ly }scy, in (J*(R™,R), 0),
there erists a function germ F € m(r;k +n + 1) which is a generating family of {L Yoct, -
(2) For any C-non-degenerate function F' € m(r;k +n + 1), there ezists a contact reqular
r-cubic configuration in (PT*R™, (0,[25(0)])) (or in (J*(R™, R),0)) of which F is a gen-
erating family.

(3) Two contact regular r-cubic configurations are Legendrian equivalent if and only if their
generating families are stably reticular K-equivalent.

Proof. (1) Let a contact regular r-cubic conﬁguratlon (L, }Ucb in (J1Y(R",R),0) be given.
Set {Lo}Yocs, = Ts({Ls}ocs,) and let F' € m?(r; k + n) be a generating family of {L,}scy..
Then —z + F € m(r; k +n + 1) is a generating family of {L,},c;. by Proposition 5.5 (3).
(2) Let a C-non-degenerate function F' € m(r; k +n+ 1) be given. By Lemma 2.1 and (3)a,
we may assume that F" has the form F(z,y,q,2) = —z+ F(z,y,q)(F € m?(r; k +n)). Then
F is a generating family of a symplectic regular r-cubic configuration {L,}scr, in (T*R™,0)
by Proposition 5.5 (2) and Theorem 4.2 (2). Hence F' is a generating family of Tc({Ls }ocy.)
by Proposition 5.5 (3).

(3) We suppose the assertions (3)a, (3)b, (3)c, (3)d and prove (3). Let {L1},cz. and {L2},c;,
be contact regular r-cubic configurations in (PT*R™*, (0, [m])) and (PT*R"™, (0, [n2])) re-
spectively and F' € m(r;k; +n + 1) and G € m(r;ky + n + 1) be generating families of
{L1},cs, and {L2},c;. respectively.

(<) Let F and G are stably reticular K-equivalent. By (3)b, we may assume that k; = ko.
Hence by (3)a, {L1}scs, and {L2},c;. are Legendrian equivalent. ,

(=) Let {Ll}(,d and {L2},cs, be Legendrian equivalent. By (3)c, we may assume that F
and G are generating families of the same contact regular r-cubic configuration. By Lemma
2.1, we may assume that F and G are written in the form: F = —2 4+ F,G = —z + G,
where F € m?*(r;k; +n),G € m%(r;ky + n). Hence by (3)d, F and G are stably reticular
K-equivalent.

a. Let F € m(r;k +n+ 1) be a generating family of a contact regular r-cubic configuration
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{L:}ocr. of (PT*R™1,(0,[25(0)])) and suppose that F and G € m(r;k + n + 1) are retic-
ular K-equivalent. Then G 1is a generating family of a contact reqular r-cubic configuration
{L?},c;, to which {L}},c;. is Legendrian equivalent.

We write the reticular K-equivalence between £ and G by

G’(l‘ Y, )’— oz(m,y, )‘)F(xlal(zvya /\),--~,:vrar(x,y,/\.)-, h(.’L‘,y, /\)’g()‘))

Since ZG(O) = a(O)(aF + %5 9(0) =0, %%(0) = a(O)(%—gg—Z)(O) =0 and
t
L L Rla B o
G G a or or
oy 2N : 1 oy 2 3h  Bh
092G 9%G = a(0)| 0 . 0 o*F  9°F oy  ar
8zdy  Ozd\ - T 8zdy  OzOA 0 99 ?
8%:G 8%2G a 8 F &2F oA 0
dydy  ydA 0 oh T oh dydy  OydA 0
0 bz oy /o

G is C-non-degenerate. Set :
(.’13,, yl7 )‘/) = H(l', Y, )‘) = ('Tla'l(w) Y, A)) T x?‘a'r‘(xa Y, A)7 h,(.’l?, Y, A)? g()‘)) Then

0G O oF k OF ah,j oF
oz, %FOH+&X;5$¢ 215_ Oz, 510H @)
(1:11 7T),
oG Oa - T OF k BF 8h~
=—FoH+a« H. i3 -2
ayl ayl (zzl axz ° x Z ayy ayl )
(l:]., 7k)7
8G  da - I OF da;, . OF Ohy, O OF dy; i
— =——FoH H. -z, — g A
ox = an cH el g H e gy L5, ﬂ?;l o )
(izl,--~,n). Therefore for o C I, we have
8G. oG  8G
{()\’[E\_])I%_EE_@_G_O}
" OF Jg
— )\ / ! K3
oF OF _
P 28 Y = VY — f ool Y —
xa"amT($7y7 ) ay(xay7)‘) F(x,y,)\) 0}
_ " OF 0gi, _
— 1)\/ !/ !/ ! ‘__1 1 !
{000 g3, @95 52 ) |
OF OF _
ro_ Foad MY — 22 (o o0 Y — fad Y —
xa"‘axT(x7 ) ) ay(xay>/\) F(L’L‘,’y,)\) 0}
= §(IY)
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(r = I, — o). 1t follows that G is a generating family of {g*(L})}ocr, .

b. Let F(z,y,A) € m(r;k +n+1) be a generating family of a contact regular r-cubic con-
figuration {Ls}ocr. in (PT*R™1, (0, [gf( N). If F and G are stably equivalent, then G is
also a generating family of {L,}scr, - :

c. Let {LL}ocr, and {L2},cr, be contact regular r-cubic configurations in (PT*R™, [n])
and (PT*R™!,[n,]) respectively and let F € m(r;k +n + 1) be a generating family of
{LY,c r,- If these configurations are Legendrian equivalent, then there exists a generating
family G of {L2},c1, to which F is reticular K-equivalent.

Take a diffeomorphism g on the base of 7 such that L2 = g*(L}) for all o C I,. Define
G(z,y,)\) = F(z,y,9()\)). Then we can prove that G is a generating family of {L2},c;. by
‘the same method of (3)a.

d. Let F‘(x,yl,q,z) —z+ F(z,y%,q) and G(z,y%,q,2) = -z + G(z,¥? q) (FEm (s ky +

n),G € m*(r; ky +n)) are two generating families of the same contact regular r-cubic con-
- figuration. Then F and G are stably reticular K-equivalent.

By Proposition 5.5, F' and G are generating families of the same symplectic regular r-
cubic configuration. Therefore F' and G are stably reticular R-equivalent by the remark
after Theorem 4.2. Hence F' and G are stably reticular K-equivalent. a

6 Stability of function germs

In order to investigate the stabilities of smooth contact regular r-cubic configurations, we
shall prepare the results of the singularity theory of function germs with respect to reticular
K-equivalence. Basic techniques for the characterization of the stabilities we use in this paper
depend heavily on the results in this section, however the all arguments are almost parallel
along the ordinary theory of the right-equivalence (cf., [13]), so that we omit the detail.

We denote J'(r + k,1) the set of l-jets at O of germs in m(r; k) and let 7ré cm(r; k) —
JHr + k, 1) be the natural projection. We denote j!f(0) the I-jet of f € m(r; k).

We say f,g € m(r;l) are reticular K-equivalent if there exists ¢ € B(k;l) such that
g=folf.

Lemma 6.1 Let f € m(r;k) and O%(5'£(0)) be the submanifold of J'(r + k,1) consist of
the image by m, of the orbit of reticular K-equivalence of f. Put z = j'f(0). Then

0 0 b o
T,(0x(2)) =7Tz((f,ma—£,---,xrai) o+l ‘“><a@£ ...,5_5;»_

We say that a function germ f € m(r; k) is reticular K-lI-determined if all function germ
which has same [-jet of f is reticular K-equivalent to f.

Lemma 6.2 Let f € m(r; k) and let

of of

) B 8 9
B ) Cmls (il ) +mlr R, 2

Y7\ EPAVEE,
SL3) + m(rs )4,

then f is reticular K-lI-determined. Conversely let f € m(r;k) be reticular K-l-determined,

then of of a_f of

m(r; k) C (f,z Tr or IR A

) 1871,.”’ >5(T;k)+m(r;k)<
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Let F' € m(r;k + n1), G € m(r;k + ng) be unfoldings of f € m(r; k). We say that F
is reticular K-f-induced from G if there exist smooth map germs ¢ : (H™ x R¥"2 () —
(H" x R*,0), ¢ : (R™,0) - (R™,0) and a € £(0;n,) satisfying the following conditions:
(1) ¢((H" N {z, = 0}) x RF*"2) C (H" N {z, = 0}) x R* for o C I,.

(2) G(z,y,v) = a(v) - F(¢(z,y,v),¥(v)) for z € H", y € R*¥ and v € R™.

Definition 6.3 Here we give several definitions of the stabilities of unfoldings. Let f €
m(r; k) and F € m(r; k£ +n) be an unfolding of f.
We define a smooth map germ

JiF : (RTHE™0) — (JHr + k,1), 5 £(0))

as follow: Let 7' : U — R be a representative of F. For each (z,y,u) € U, We define F, ., €

m(r; k) by Fzyu)(x y)=F(z+z',y+y,u)— F(z,y,u). Now define jiF(z,y,u) =the [-jet
- of Flyyw- jiF depends only on the germ at 0 of F. We say that F is reticular K-l-transversal
if 71 F|,=0 is transversal to O% (5! f(0)). It is easy to check that F is reticular K-I-transversal
if and only if

= (fp L 0F Of  Of i
S(Tak) - <faa:la$1a axrazra ayl, \ aayk>5('r;k) +WF —I—m(r, k) )

where Wp = <3u1 |u=0, - "au El=o)r-

We say that F is reticular K-stable if the following condition holds For any neighborhood
U of 0 in R™**" and any representative £ € C°(U, R) of F, there exists a neighborhood
Nj of F such that for any element G € Nj the germ G|gryge+n at (0,70, u) is reticular
K- equlvalent to F' for some (0, yo, up) € U.

We say that F is reticular K-versal if F is reticular K- f-induced from all unfolding of f.

We say that F' is reticular K-infinitesimal versal if

)= (p o 2L OF Of 3f
£(T7k)_<f)xlaxla 7‘7;7'81;7‘:5';;, >8(rk +WF

We say that F' is reticular K-infinitesimal stable if

E(ryk+n)
oF OF OF oF oF oF

- (F, e g o Dy e e
< 3:181 ‘”’”axr A Byk>£(r’k+n)+<8u1 Bun>£(")

We say that F' is reticular K-homotopically stable if for any smooth path-germ (R, 0) —
E(r;k +mn),t = Fy with Fy = F, there exists a smooth path-germ (R,0) — B(r;k + n) x
E(n),t = (P¢, az) with (o, ap) = (id, 1) such that each (®;, o) is a reticular K-isomorphism
and Fy = oy - F; 0 &,.

Theorem 6.4 (Transversality lemma) Let U be a neighborhood of 0 in 0 € R¥ HF+n yyth
the coordinates (zy, -+, Tr, Y1, , Yk, U1, - * ", Un) and A be a submanifold of J'(r+k,1). Then
the set '

Ta={F € C®(U,R) | jiF|s=q is transversal to A}

is dense in C*°(U, R) with respect to C*-topology, where j:F(z,y,u) is the [-jet of the map
(' y) = Flx+2z,y+y,u) at 0.
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The transversality we used is a slightly different for the ordinary one [13], however we can
also prove this theorem by the method along the ordinary method. - :

Theorem 6.5 Let F' € m(r; k +n) be an unfolding of f € m(r; k). Then the following are
equivalent.

(1) F is reticular K-stable.

(2) F is reticular K-versal.

(3) F is reticular K-infinitesimal versal.

(4) F is reticular K-infinitesimal stable.

(8) F is reticular K-homotopically stable.

For f € m(r; k) we define the reticular K-codimension of f by the R-dimension of the
vector space

f of of of
( )/(-f xl )xTaxT)a:lh’ 7ay > E(rik)-
By the above theorem if a1, -+, a, € 5 (r; k) is a representative of a basis of the vector space,

then f + aivy + - apv, € m(r k +n) is a reticular K-stable unfolding of f.

7 Reticular Legendrian maps

Our purpose in this section is to investigate the stabilities of smooth contact regular -
cubic configurations. At first, we define the reticular Legendrian maps and their equivalence
relation.

Let L0 = {(¢,z,p) € 'R R)lgip1 = - = qpr = g1 = - = o = 2 = 0 a1, > 0} be
a representative of the union of L° for all o C I.. We call the map germ

(L9,0) - (JX(R™,R),0) -5 (R" x R, 0)

a reticular Legendrian map if there exists a contact diffeomorphism C on (J* (R” R), 0)
such that ¢ = C|p,. C is called an estension of i. We call {i(L2)},cs, the contact regular
r-cubic configuration associated with 7 o4. We call F' a generating family of T o1 if F is a
generating family of {7(L3)},c;,. A homeomorphism germ ¢ : (L?,0) — (L0,0) is called
a reticular diffeomorphism if there exists a diffeomorphism @ on (J}*(R", R),0) such that
¢ = ®|; and $(LO) = LY for all o C I,. Two reticular Legendrian maps 7 o 41,7 0 1y :
(L°,0) — (J*(R*R),0) — (R™ x R, 0) are called Legendrian equivalent if there exists a
reticular diffeomorphism ¢ and a Legendrian equivalence © on # such that the followmg
diagram is commutative:

(L°,0) % (JYR",R),0) - (R"xR,0)
A ol gl
Lr°,0 % (JYR™R),0) — (R*xR,0)

where ¢ is the diffeomorphism of the base of # induced from ©.
Under this equivalence relation, we have the following theorem as a corollary of Theorem
5.6.
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Theorem 7.1 (1) For any reticular Legendrian map. 7 o i, there exists a function germ
F em(r;k+n+1) which is a generating family of # o4. . :
(2) For any C-non-degenerate function germ F € m(r;k +n + 1), there ezists a reticular
Legendrian map of which F' is a generating family. » '
(3) Two reticular Legendrian maps are Legendrian equivalent if and only if their generating
families are stably reticular K-equivalent.

Here we give several definitions of the stabilities of reticular Légendrian maps.

Stability: Let 7o : (L~0, 0) —» (J}(R™, R),0) — (R™ xR, 0) be a reticular Legendrian map.
7ot is called stable if the following condition holds: For any extension Cy € C(J*(R™ R),0)
~of i and any representative Co € C(U, J'(R", R)), there exists a neighborhood N, of Co in
C*-topology such that for all Ce Ng, To C |Lo 4t 2, and 7 o4 are Legendrian equivalent for
some zo = (0;0;0,---,0,P%,,---, POy e U.

Let 7 o4 is a reticular Legendrian map. By Lemma 5.3, we may assume that there exists
an extension C € C*(J*(R™, R),0) of iy. Therefore we may consider the following other
definitions of stabilities of reticular Legendrian maps: (1) The definition given by replacing
C(JY(R™ R),0) and C(U, J'(R™ R)) to C*(J'(R™, R), 0) and C*(U, J*(R™, R)) of the orig-
inal definition respectively. (2) The definition given by replacing to Cz(J*(R", R),0) and
Cz(V, J*(R", R)) respectively. (3) The definition given by replacing to C%(J*(R"®,R),0)
and C%(V, J'(R™, R)) respectively.

Lemma 7.2 The original definition and these definitions of stabilities of retzcular Legen-
drian maps are all equivalent.

Proof. (original)=-(1). Let Cy € C*(J*(R" R),0) be an extension of i and C; € C*(U,
JYR™ R)) be a representative of Cy. Take a neighborhood Ng, of Cy in c(U, J'(R",R))
for which the hypothesis of the original definition holds. Set NG, 5 = Ng N Ce(U, JH(R™ R)).
Then the hypothesis of the definition of (1) holds for N .
(1)=>(3). Let Cy € C4(J}(R™ R),0) be an extension of iy and Cy € CZ(V, JLH(R™ R)) be
a representative of Cy. We construct the continuous map CZ(V, JH(R™ R)) — C*(V x
R,J}(R™,R)) (C — C') by the following: Let C' = (24, ¢5,p5) € C3(V, Jl(R” R)). Then
C' is defined by C'(Q,Z, P) = (¢a(@, P), Z + 25(Q, P),ps(Q, P)). Then C'*(dz — pdg) =
dzZ + C’*(dz — pdq) = dZ — PdQ. Hence this map is well defined. Take a neighborhood
Ng, of Gy in C(V x R,J L(R",R)) for which the hypothesis of the definition of (1 } holds.
Let Ng ) be the inverse image of N, o' by the preceding map. Then the hypothesis of the
definition of (3) holds for Ng,.
(3)=(2). Let Cy € Cz(J*(R™, R),0) be an extension of iy and Cy € Cz(V, J{(R™, R)) be a
representative of Cy. Define

Cz(V, J'(R™,R)) = C2(V, J'R" R) N{Z = 0}) (C > ¢ : (@, P) = (@, feF)),

where fc~ € 0>V, R) is defined by C*(dz — pdg) =—f CPdQ Then thls map is continuous
because [P, = (f°(PdQ)) (%) = ~(d= ~ pdg) (C.53y) = 28 +ps2& (i = 1,---,m). We
may assume ¢g, is embeddlng by shrinking V' if necessary. By Lemma 4.3 there ex1sts a
neighborhood N, of Cy and a neighborhood V; of 0 in V and a neighborhood W of 0 in
JHR™ R) N {Z = 0} such that ;

Ng, = Emb(W,V) (C = (¢slw) w )
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is well defined and continuous. Therefore we may define the following continuous map: .
Ng, = C3(W, JH(R™,R)) (C = C o (daln)w ).

Take a neighborhood N of Cyo (é6,Iv) " Hw for which the hypothesis of the definition of (3)
holds. Let Nj; ! be the inverse image of N by the preceding map. Then the hypothe51s of the

definition of (2 ( ) holds for N;
(2)=>(original). Let Cy € C’(Jl(R”,R),O) be an extension of iy and Cy € C(U, J'(R™, R))
be a representative of Cy. Let V =UN{Z = 0} and C’OI = Cp|z=0- Take a neighborhood Ndo’

of Cy in Cz(V, JH(R"™ R)) for which the hypothesis of the definition of (2) holds. Because
C(U, JHR™ R)) = Cz(V, JHR™ R)) (C = C|z=0) is continuous, if we set Ny the inverse
image of Ng, by the preceding map then the hypothes1s of the original deﬁn1t1on holds for

Ng, O

Homotopical Stability: Let 7 o : (L°,0) — (JY(R™ R),0) — (R™ x R, 0) be a reticular
Legendrian map. A map germ i : (L x R,0) = (JY(R™,R),0)((Q, P,t) = #+(Q, P)) (o = 1)
is called a reticular Legendrian deformation of ¢ if there exists a one-parameter family of con-
tact diffeomorphisms C: (J'(R™R) x R,0) = (J*R",R),0)((Q, Z, P,t) = Ci(Q, Z,P))
such that 7; = C’t|LO for t near 0. We call C an extension of i. Let ¢ : (L°,0) —
(L°,0) be a reticular diffeomorphism. A map germ ¢ : (L x R,0) — (L9,0)((Q, P,t) —
6:(Q, P))(dy = @) is called a one-parameter deformation of reticular diffeomorphisms of
¢ if there exists a one-parameter family of diffeomorphisms ® : (JH{R™R) x R,0) —

(J*R™R),0((Q, Z, P,t) = &(Q,Z, P)) such that ¢, = Py, for ¢t near 0 and each ¢
is a reticular diffeomorphism. We call ® an eztension of ¢. A reticular Legendrian map
#oi: (L0,0) = (JIR" R),0) = (R” x R, 0) is called homotopically stable if for any reticu-
lar Legendrian deformation 7 = {i;} of i there exist a one-parameter deformation of reticular
diffeomorphisms ¢ = {¢;} of idgo gy and a one-parameter family of Legendrian equivalences

O = {©,;} with ©g = id(j1(r~ r) ) such that 7, = ©; 010 ¢, for ¢ near 0.

Infinitesimal Stability: A vector field v on (J'(R™,R),0) is called tangent to (L°,0) if
vl is tangent to L0 for all ¢ C I,. A function germ H on (J*(R" R),0) is called fiber
preserving if there exists function germs hy, - -+, A, on the base of 7 such that H(q,z,p) =
S hi(g, 2)pitho(g, 2). A reticular Legendrian map 7oz : (L9,0) — (J}(R™, R),0) — (R"x
R, 0) is called infinitesimal stable if for any function germ f on (J!(R™ R),0) there exists
a fiber preserving function germ H on (J}(R™ R),0) and a vector field v on (J*(R", R),0)
such that v is tangent to (L%, 0) and Xfo¢ = Xpyoi+i,.v, where X; and Xg are the contact
hamiltonian vector field of f and H respectively and i,v is defined by 7,v = (C,v) o1 for an
extension C € C(J}Y(R™, R),0) of 5.

Lemma 7.3 For any one-parameter family of Legendrian equivalences O : (J*(R™ R) x
R,0) — (J}(R™ R),0) with (:)0 = id, there ezists a fiber preserving function germ H on
(J*(R™ R),0) such that Xz = dt ©|,—o. Conversely for any fiber preserving function germ H
on (J*(R™,R),0), the flow © of Xy with the initial condition ©y = id is a one-parameter
family of Legendrian equivalences.

Theorem 7.4 Let 7 o4 : (L°,0) — (JY(R™, R),0) — (R™ x R, 0) be a reticular Legendrian
map with the generating family F(z,y,q,2) € m(r;k+n+1). Let f = F|{g=z=0}. Then the
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following are equivalent.

(1) F is a reticular K-stable unfolding off

(2) 7 o1 is homotopically stable.

(3) 7 o1 is infinitesimal stable.

(4) For any function germ f on (J*(R™ R),0), there ezists a fiber preserving function germ
H on (J'(R™R),0) such that foi=Hoi.

(5) 7 o1 is stable.

Proof. We shall prove (1)<>(5), (1)=(2)=>(3)=(4)=(1). )

(1)=(5). Let Co € CZ(J*(R™, R),0) be an extension of i and Co = (gg,, 2¢,,Pg,) € C3(U,
J' (R, R)) be a representative of Cy. We shall construct the map (1) which maps a contact
" embedding near Cj to a function near a representative of F.

For each C € C(U, J{(R™ R)) we define

={(Q, P;g,2,p) € U x J'(R", R) |(2,4,p) = C(Q, P)}
s :U— R*™ ((Q,P) —~ (Q,ps(Q, P)) ).

By taking some Legendrian equivalence of 7 o4 and shrinking U if necessary, we may assume
Tg, 1s embedding. By Lemma 4.3 there exists a neighborhood N , of Cp and a neighborhood
Uy of 0 in U and a convex neighborhood V' of 0 in R?*® such that '

Ng, = Emb(V,U) ( C = (mg|u,) v )

is well defined and continuous. Let C € Ng,- Since dz — pdq = —PdQ on P, there exists
Hz € C*(V,R) (Hg(0,0) = 0) such that

OH aHC

Pelianer = (@ ~5(@.0):~252(@,0), He - (B2(@,0). ), )}
Since Hz(Q,p) = z — (¢,p) on P, the map
Ng, = C*(V,R) (C — Hp)
is continuous. Let V' =V N{Q,+1 =+ = Q, = 0}. Now we consider the continuous map

¢: Ng, = C®(V' x R™\R) (C = Fg(z,9,4,2) = =2+ Ha(2,0;0) + (v,0)), (1)

where z = (21, -, 2,),¥ = (Y1, ,Yn): ¢ = (g1,-**,¢n). This map maps a contact em-
bedding near Cj to a function near Fy = Fs,- We may assume that Fy is a representa-

tive of F'. Since F is stable by hypothesm there exists a neighborhood Npg, of Fy such
that for any G € Ng, Glurxrentt at (0,79, ¢°, 2 %) and F are reticular K-equivalent for
some (0,4°,¢% 2% € V' x RO Set N5 = ¢7'(Ng). Let C € Ni be given. Take
(0,3%¢°2°) € V' x R™* such that the preceding condition holds for Fé. If we de-

note {L }ocr, the contact regular r-cubic configuration defined by Fz = Fg|grypen+: at
(0,4°,4°, z) then for each o C I,

. OF¢
Loq = {(q0+Q7ZO+za a (xy +yq +q,z +Z))l
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OF& - O0F¢

Y an-. Oy =Fe =01
= {(90+¢ He(x,0,90 +y) + (vo+v,90 + ), % + )|
= H—%%;Hb @v+%%?>yv+whe—;%ixw0m+y%—@
— (-2 e~ w5 L0+ 1)
Qo = ai;{i(@yo +P)=Qrp1 =" =Qr=0,Qr_, > 0}

= CG(L, at (0,0, P%),

WMM@OP%—@‘@¢MMaME'_ﬂQZPMLMR“)@a Pr_g = Qi1 =
=Qn=2=0,Qr,-+ > 0}. Since Fs and Fj are reticular K-equivalent, this implies that

70 Clio (0;0,p0) @nd T o ¢ are Legendnan equivalent.

(5)=(1). Let a reticular Legendrian map 7 o4 be given and Cj be an extension of 7. Then

we may assume that Cy € CZ(J'(R™, R),0) by Lemma 7.2. By considering some Legendrian

equivalence of 7 o4, we may assume that there exists a function germ Ty € m?(2n) such that

aTo 8T0 0 TO
oQ

Define a generating family Fy(z,y, ¢,2) € m(r;n+n+1) of T o by Fo(x Y,q,2) = —z +
T(z,0;y)+(y,q). It is enough to prove that Fj is a reticular K-stable unfolding of Fy|4=;=0}-
Let Fy € C*(U,R) be a representative of Fy. By shrinking U if necessary, we may assume
that there exist neighborhood Uy, U, Us of 0 in (R™;Q), (R™;y), (R™; (g, 2)) respectively
and TO(Q, y) € C*(U; x Uy, R) such that the following conditions hold:

(a) Tp is a representative of Ty,

b)) U=(Un{Qr41= = Qn = 0}) x Uy x U3 and F’o(x,y, g,2) = —z—}—fo(x 0 y)+ (v, 9),
(C) The map U]_ X U2 X U3 — Ul X U2 X Rn+l ((Q,ZJ,CL ) (Q y7 (Q) )+ q, —2 +
T(Q,y) + (y,9))) is an embedding, ]
(d) The map Uy x U; = Uy x R ((Q,yz — (@, ——%(Q,y)) i~s an embedding.

Define Fy € C®°(Uy x Uy x Us, R) by Fy(Q,y,q,2) = —z+T(Q,y) + (y, g). Since the map

COO(U7R) - COO(UI XUZXU37R‘) (F = F(Q,:%qa Z) = FO(Q::U:q)z)+(F—FO)(Q,7y;Q7z) )

{(@ P;Co(@, P))} = {(@ —55(Q,p); — Tp (@2 To(@:p) = (52(Q:p).p). p)}

(Q = (@1, -+,Qrs1)) is continuous, the map

- oF
Coo(Uy R) - COO(UI X U2 X U3a Ul X U2 X Rn+1) ( F— QSF’(Q’y;q’ ) (Q y’ ) ) )

is also continuous. Since ¢, is embedding by (c), there exist a neighborhood N 1{;0 of F’o and
a neighborhood U’ of 0 in U; x Uz x Uz and an open ball V' around 0 in U; x Us; x R™**! such

that : : = |
N}o — Emb(V,Ur x Uy x Us) ( F = {¢plur) v )
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is well defined and continuous. Let V4 =V N.(U; x Uy x {0}). Then the map
Nj — Emb(V4,U; x Uz x Us) ( Fs (¢p)v) M)

is also continuous. We denote (¢z]v) " Hw (Q, ) by (Q, ¥, qﬁ(Q, ¥), 25(Q,v)). Then the map

Nb, - C®(V, Uy x BY) (F o 02(Q9) = (@~ 22(@,,05(@, ), 26(@,) )

Q

is also continuous. Since 9y, is embedding by (d), there exist a neighborhood Nz 2 of Fy and
a neighborhood V; of 0 in V; and an open ball W around 0 in U; x R™ such that

NE, = Bmb(W, Vi) ( F = (¥5lv) " lw )

s well defined and continuous. We denote (Walv) tw(@Q, P) by (Q,yz(Q, P)). Then the
map

N}%’O — Emb(W; Ul X U2 X US) ( F = ( (QaP) — (Qayﬁ'(Q)P))QF‘(Q)yﬁ‘)iZF‘(Q>yF‘)) )

is aiso continuous. Hence the map
2 e 1 n n ~ 6F

is well defined and continuous. This map maps a function near Fy to a contact em-

bedding near a representative Cp of Cp. Hence by hypothesis, there exists a neighbor-

hood N3 of Fy such that for any F € N3- o (C’F|LO (@, Po)) and 7 o4 are Legen-

drian equlvalent for some (Q°, P°) = (0;0,---,0,P%,,--- PO) € W. Therefore if we set

(QO,Z} 7q ) & ) = (QO’.yF(Q()?PO)7qF(QO’yF‘>)7ZF(Q yF)) then F at (O’yo’qO,ZO) and Fp are

reticular K-equivalent. O
The construction of (2) is summarized in the following diagram:

U1XU2XU3 =U1XU2XU3 [_]1)(Rn ) w
(@,9,4,2) (Qu.am2p) —(Q-55(Q ¥4 7)) = (@P)
Pp 4 : T A 4 Cr
(@9, 55, F) (@%,0,0) ¥z (97> 25 55 (Q, y7: 5, 25))
Uy x Uy x R* 2 Vp x {0} JHR™ R)

(1)=(2). Leti: (L°xR,0) — (JY(R™,R),0)((Q, P, t) = 5(Q, P)) be a reticular Legendrian
deformation of 7. Take a one-parameter family of contact diffeomorphisms C : (J*(R"*,R) x
R,0) = (J'R™ R),0)((Q, Z, P, t) — Ci(Q, Z, P)) such that 7, = C4|p, for t near 0. By using
analogous methods of the proof of Lemma 5.3, we may assume that C; € C*(J} (R™,R),0)
for ¢t near 0. Moreover we may assume that there exists a smooth function germ T (R x

R,0) —» (R,0)((@,p,t) = Tt(Q p)) such that

oT;
~50@p)-

- Define F(x,y,q,z,t) € E(T’n +n+1+ 1) by F(w,y,q,z,t) = Ft(xay;sz) = —z+
Ti(z,0;y) + (y,¢). Then F, is a generating family of i, for ¢ near 0. By hypothesis there

8Tt oT;

{(@ P;C(Q,0,P);t)} = {(@, (Qp), t(Qp) (5p (QP)) )}-
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exists a one-parameter family of reticular K-equivalences {(at, \I!t)} such that F; = a;- Fyo ¥,
for ¢ near 0. If U, is written in the form W,(z,v,q,2) = (x,*,9}(q,2), -, g~ (g, 2)) then we
can prove that 7,(L0) = g7 oig(L8) for all o C I, by the same method of the proof of theorem
5.6- (3)a, Deﬁne the one-parameter deformation of reticular diffeomorphisms ¢ = {¢t} by
¢: = Cyt 0 g; ™! o Ci|po. Then we have & = §; o1g o ¢, for t near 0. '

(2)=>(3). Let a function germ f on (J!(R", R),0) be given. Take an extension C €
C(J'(R™ R), 0) of 5. Let X; be the contact hamiltonian vector field of f on (J'(R",R),0)
and C = {C.} be the flow of X with the initial condition Cy = C. Since i = {i; = G|y}
is a reticular Legendrian deformation of 4, there exists a one-parameter family of Legen-
drian equivalences © = {(:)t} with ©g = zd (J'(R",R),0) and a one-parameter deformation of
reticular diffeomorphisms ¢ = {¢;} of id (o0 Such that 7y = ©, 0140 ¢ for t near 0. Let
% (J'R"R) x R,0) = (J'R",R), )((Q Z,P,t) = ©,(Q, Z, P)) be an extension of ¢
and set v = £t|,q. Then v is tangent to (L°,0) and by Lemma 7.3 there exists a fiber
- preserving function germ H on (J'(R", R),0) such that '-@i]t 0o =Xpg. Then

dC, . db6,
e =00t T gy le=o

d®,

Xroi=
fO’L d

o0t + (Co—|i= o)oz—XHoz+z*

This implies that 7 o7 is infinitesimal stable.

(3)=(4). Let a function germ f on (J*(R",R),0) be given. By hypothesis, there exists a
fiber preserving function germ H on (J'(R" R),0) and a vector field v on (J'(R",R),0)
such that v is tangent to LO and Xy o4 = Xy oi+4,v. Set i, = z[LO,v(, = v|L0 for each
o C I,. Then it is easy to prove that (f — H) o4, = 0 because X; 01, = Xpg 05 + (ig)sVs-
Therefore foi = H o1.

(4)=(1)Take an extension C = (¢, z,p) € CZ(J}(R",R), 0) of s. We may assume that there
exists a function germ T'(Q, p) on (R2", 0) such that

(@ PiCQ.P)) = {(@ - 55(Q )~ - @D T(@5) - (5-(Q.0)p) 8}

H aQ

Define a generating family F(z,y,q,2) € E(r;n+n+1) of # o4 by F(z, y, g,2) = —z+
T(z,0;y)+{y,q). Since (Q,p) — (¢(Q,p), p) is invertible, there exists I C {1,---,n}(|I| =)
such that ¢ : (z,y) — (qi(z,0;y),y) is also invertible. On the other hand since (Q,p) —
(Q,P(Q,p)) is invertible, ¢ : (z,y) — (z, P(z,0; y)) is also invertible. Set C' = ¢ o)L
Let f := F|g=z=0- Set g(q,2,y) = ¢'(¢,y) := f 0 ¢~ (qs,y). Since C(z,0; P)|z,p,=..mq.p.—0 =
i(z,0; P), there exists a fiber preserving function germ H(q, z,p) = 71 hi(g, 2)p; + ho(q, 2)
such that

g0 C(z,0; P)lzypi==z,p.=0 = H 0 C(z,0; P).

Therefore there exist ay,---,a, € £(r;n) such that
goC(z,0;P) = HoC(z,0; P) + Y_ z;Pja;(z, P).
=1

Hence

Y
= (fo¢™o(pov™op=g0C" 09 =g0C(z,0; P(z,0;y))
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n

= 3 hala(m, 09), 22, 0:))ws + hola(®, 059), 2(z, 059)) + 3 2Pz, 054)d (e, y)

i=1 j=1

i 8T oT oT BT
= ; hi(“a_y'yT - <8—yay>)($,'0, y)yi + ho(—“‘a—g,T - <a_a y>)($70’ y)

+Z$J (z,0;))a;(z,y)

T

n

> hi(0)y; + ho(0) mod(

i=1

orT orT oT
5‘5(53, 0) y); (T - <—5§7y>)($a 0, y),ma—x(g’" O’ y)>8('r;n)7

L oT oT
Z h'z yz + hO 0) mOd<T(~Ta 0; y)a xgx_(x, 0; y): 5—(51;7 0; y)>£(r;n);
=1 Y

- where a}(z,0;y) = a;(z,0; — (x 0;¥)) (j = 1,---,7). This implies that F is a reticular
K- 1nﬁn1tes1ma1 versal unfoldlng of f. Hence F is a reticular K-stable unfolding of f. a

8 Classification of function germs

We now start the classification of function germs with reticular K-codimension lower than
8 with respect to reticular K-equivalence. By Lemma 7.1 and Lemma 7.2 in [10], we have
only to classify residual singularities, that is function germs in m(r; k)? whose restriction to
z = 0 is an element of m(0;k)*. jye ,6f(0) = g denotes quasihomogeneous equivalence of
jets and f &~ ¢g means f is reticular K-equivalent to g and = means ‘see’ or ‘implies’.

Let f € m(r; k)% be a residual singularity with the reticular K-codimension lower than

8. We set ¢(y) = f(0,y) € m(0; k)3.
The case r=1,k=0. frz" (n=2,---,7).
The case r = 1,k = 1. One of the five:

Pf0)~zy+zlorzy = fmzoytey” ("l =1,n=3,---,7),
Jpaf0)=yP+2? = fmyd+add
Jy2,22 f(0) ~ 2 = (1),
Jy3.02 f(0) = y° = (3),
]y3,x2f(0) ~0 = (5)
(1) jy2,22f(0) = z* = one of the five:
G f0) =yt +azy® £2%(0® #4) = fryt+azy? £1%(a® #4),
Gyt a2 f(0) & (y? £ z)? = fry+@*+n)?oryt £ (1 +1)?,
jxyz,zzf(()) ~ Ty? £ 22 = fayd+ oy £ 22
Jys 22 f(0) & y® + = fryd+ay’+2?
Jys 22 f(0) & 2% or 0 = (2).
(2) jys 22 f(0) is adjacent to y°® + azy® + z%(a? # +4) and hence

the codimension of f >dimé&(1; 1)/((1:—1, 55,y55)R+ (2%, 2y, 2y, ¥y Veny) > 12 -3 = 0.
(3) jy2,22f(0) = y* = one of the five:
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73f(0) = y3 +azy +22%(a # -3) = f=yd+az’y+22%(a # -3),
72f(0) = y° +zy” = fry+oy ot ory? + 2y’ £ 45,
7 f(0) = y° + 2%y = =y +aly,

Jyr e f(0) = y° 4 2 = =y} +2iy+ 2t

3,20 f(0) = ¢ = (4).

(4) f is adjacent to y® + z'y + z° and this has codimension 9.
(5) jy3.52f(0) = 0 = one of the four:

2 3

PO~z 23 = fayttaoy?£z®oryd +ay® a8,
7 £(0) = zy? = frytLay® ot

7°£(0) = zy = fryt+ay’ oy,
2f0y~z30or0 = (6).

- (6) 73f(0) = z® or 0 = f is adjacent to y* + zy® + z* and this has codimension 8.
The case r = 1,k = 2 One of the two:

PPe#0 = (7),

PBe=0 = (22).
(7). 73¢ # 0 = on of the four:

¢ € D4 = (8),

oDy = (12),

Qb € D5 = (16),

o€ kg = (19)

(8). ¢ = y2y» + y3 = one of the four:

jyfyz,yg,zyzf(o) ~ ylye £ Y3 + 2y + azye,
?+t1#0 = f%y%yziy3+xy1+a:cy2,
Jylyz,yg,zyzf(o) SERTHE ST F D) = (9),
Jpuensarf(0) & yiye £y5 +2° = (10),
Gt f0) N v = (11).

9) ]ylyz,yz,myzf(o) = y1y2 + y * :vy2 = [~ y1y2 + y2 + $y2 + $y1 or y1y2 + y2 * zy, + xyl.
10). ]ylyz,y2,a:2f( )=yl x s + 27 = [ R yly s + 2% £33,

(
(
(11) f € m3(1;2). Therefore the codimension of f > £(1;2)/((2L —f—)R-i-m (1;2)) >
1
(

; by1? By2

0—-2=28.

12). ¢ = yiys + y5 = one of the three:
jyfyz,yé,xyzf(o) ~ y%yz + y§ +zy, = (13),
jyfyz,yg,mylf(o) ~ yfyz + yé +zy, = (14),
yyaten f(0) & vive +u3 = (15).

(13). Jyrydanef(0) = Yive + 45 T 2he = f = Y14 +y5 T Tyz + Ty1 OF YTys + ¥ + Yz + 237
(14) Jy2yswt,20 £ (0) = ¥iy2 +y3 + 231 = f = yiy + y5 + 21 + 205,

15) jy2ys 8,2y f (0) = yiy2+y3. Then f is adjacent to yiys +y5 +e2? +zy3(a+0y2) (a® # 4e)
and this has codimension 9.
(16) ¢ = y?ys + y5 = one of the two:
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jy%’yz,yé,zyéf(o) ~ yfyz:t:vyg = (17),
It f(0) & Yl = (18).

(17) jy%yg,yg,wygf(o) = y%y2 + TY2 = f ~ y%y2 =+ yg + ZY2 + ZYy.

(18) Jy2ynyt.avef(0) = yive. Then f is adjacent to yfys + €yf + zyy + zyZ(a + 6y2) (a® # —¢)
and this has codimension 10

(19). ¢ = y? + y5. = one of the two:

Jpasanf(0) = =yi+ystzy = (20),
Tt (0) = =y} +y3 = (21).

(20). i3 ytay. f(O) =4} +y3 230 = fmuyf +ys £y + 2y
(21). Jpysenf(0) = 43 + 5. Then f is adjacent to y + ys & zy; + zy2 and this has
codimension 8.

(22) Since ¢ € m*(0;2), we have the codimension of ¢ > £(0; 2)/((8%%, %’;)R + m*(0;2)) >
- 10 — 2 = 8. Therefore f has codimension > 9.
The case r = 1,k > 3. We need only to prove that the codimension of f > 8 in the case
r=1k=3. Sincg the godimension of ¢ > £(0; 3)/(((%";, -g-%, %%)R+m3(0; 3)) >10-3="7.
Therefore the codimension of f > 7+1=8.
The case r = 2,k = 0. One of the five:

72F(0) = z% + az172 £ 22(a® # £4) = [ =2?+az172 = 72(a? # £4),
7 F(0) = (21 % z3)? = fr@tz)’+si(n=3--,6),
72 f(0) = 2% £ 2125 or £2132 + 3% or 7Ty = f ~ 2l & 37 £ 2D :
(n,m>2,5<n+m<8),
72f(0) ~ 2% or 23 = (23),
72f(0) ~ 0 A = (26).
(23) We investigate only the case j2f(0) = z2. But the case j2f(0) = z3 is calculated

analogously.
One of the two:
~ritad = faodtosddadoroldad
Jo2,03.f(0) ~ 23 = (24).

(24) One of the three:

Jo20sf(0) = 2} +axiwy £ 25 =  f~a?+azdz, £ 15+ 27,
Jo208f(0) =z} £ 2}y = f=a?tring+1d,
ng,zgf( ) ~ z} = (25).

(25) ja224f(0) =z} = f is adjacent to z} & 123 + 2§ and this has codimension 8.

(26) 5%£(0) = 0 = Since f € m*(2,0), the codimension of f > £(2,0)/((z a—}l 372'3‘xf2‘> +
m*(2;0)) > 10 -2 =8.

The case 7 =2,k = 1. One of the five:

72f(0) = z1y & oy & 22 or 21y + 2oy = fRy"+1y+ Ty + 22
(n>3,m>2,m+n<8),

72f(0) & z1y + 7% or zoy + 22 =

72f(0) = zy or zoy (

Je2a2ys f(0) = 2t + azzy £ 25(a® # +4) =  fay® +exdy + 2? + azyzy + 612

Y

others = (30).
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(27) We investigate only the case j2f(0) = z1y + z®. But the case j2f(0) = zpy + 2 is
calculated analogously. :
One of the four:

jy3,z1y,x§f(0)f ~ y3 + 1y + .’E% = f ~ y3 + 1Y + 1,‘2’!./2 + SL‘%,
Jytayadf(0) =yt +azey® + Ty £ 23 = f~yt +azey® £y + miy £ a3,
jy‘*,a:ly,ng(o) = xQQz + Ziy == .’II% = y5 + .’1,'2y2 + Ty + .’I;%,

Tyt aryazf(0) & £81y + z3 = (28).

(28) Jyt orya2 f(0) = £m1y+23 = f is adjacent to y°+zoy®+2,y+7% and this has codimension
8.
(29) 72f(0) = z1y = f is adjacent to y® + azdy + 223 &+ z3y® £ 7,y(a # —3) and this has
codimension 8. '
72f(0) = zpy = f is adjacent to y® + az?y + 223 £ 2%y% & zoy(a # —3) and this has
" codimension 8.
(30) 72£(0) is adjacent to fo = (21 % x2)? or 22 & z,29 or £1,75 + 22 = f is adjacent to
fo+ 93 + azly + 2z3(a # —3) and this has codimension 8.
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The classification list of singularities with reticular K-codimension lower than 8

r=1 :
k Normal form codim Conditions Notation
0 z" n n=2,-,7 B,
1 zy+ey™ n ett=1n=3,.--,7 C¢
Y3+ z? 4 ' Fy
y* + azy? £ 22 6 a? # +4 Kiy
v+ (v £ )’ 6 KT
Y8 +e(y? + oz)? 7 K’
v® £ zyd + 22 7 K35
y? + az?y + 27° 6 a# -3 Fg,
v+ zy? £ 1t 6 FE
y® + zy? £ 28 7 FE
Y3+ 2%y 6 F'ff
v} £ iy + 2t 7 F*
y* + exy? + 622 6 K3
y® + xy? £ 22 6 K3,
y® + 1y £ 2° 7 Kis
y* + exy? + ozt 7 K
vt + 2y’ + 2%y 7 Ky
2 Yy tys+ay +azy, 6 a?+1#0 Dif
Yiys +eys + 0zys + 2y} 6 D
2y + €y3 + Szys +ayd 7 D5
Yviys +€y3 + 0zyf + 32 7 Dy=°
Vi +ys o ko 6 D,
Yiys + s +ezyl + 6Ty 7 Dg;
Vi + vty ko 7 Dy*
viys + eyl + zy + Szyy 7 Dgy
Yi +ys £ Ty + Ty 7 - Eg,

where ¢ = +1,0 = +1.
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k Normal form codim Conditions Notation

0 z?+az,zo £ 72 4 a’ # +4 , B3
(z, +ex2)% + 67 n+1 n=3,---,6 B22n
I} + £31T9 + 0] n+m—-1 nm>2 5<n+m<8 B”
2?2 4 ex123 + 673 5 Bgy
T2 + £x2T9 + 073 5 §,§,
22 + 23 6 Biso
r2 + 73 6 B30
22 + az’zy + exl + 6173 7 By Z,“
T2 + az 172 + ez + 6x3zy 7 By g,“
22 + exlzy + 65 7 B2 o
72 + ex172 + 678 7 B 3,

1y} +exy -+ 6z9y + 2T n+m—-1 n>3m>2 m+n<8§ C’E‘s
Y3+ ex1y + 0z2y% + 23 5 ngg’l
Y3 + exoy + 0z1y? + 22 5 0533’2
y* + aryy? +exdy + Ty + 022 7 Coos
vt + azy? + ey + 1oy + 622 T ngg
Y® + ezoy? + 6z1y + 23 7 ;3 )
yS + ex1y? + dzoy + 22 7 cg;gg
y® +exdy + 2% + azyTy + 025 T a? # 46 Cya®

where ¢ = £1,0 = £1.
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