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Abstract

We present a method to locate the essential spectrum of a self-adjoint operator
on the tensor product of a Hilbert space and the abstract boson Fock space, and
discuss its application to Hamiltonians of quantum field models.

1 Introduction

The standard method to locate (partly) the spectrum of the Hamiltonian H of a quantum
field model mainly consists of two parts: (i) proving the existence of a ground state of H
and (ii) constructing asymptotic fields or wave operators ([22, 27], [17, Chapter 13] and
references therein). In this paper, we concentrate our attention on the essential spectra
of quantum field Hamiltonians and present a new method to locate them. The method
is based on commutation properties of the Hamiltonian under consideration with the
creation operator of the relevant Fock space. These properties enable one to apply Weyl’s
criterion on essential spectrum.

We first establish in Section 2 fundamental results on the essential spectrum of a self-
adjoint operator acting on the tensor product of a Hilbert space and the abstract boson
Fock space. This self-adjoint operator is an abstract version of the Hamiltonians of the
P(¢); model (e.g., [16, 17, 34]) and models of quantum particles coupled to a Bose field.
Recently mathematical studies of the latter models have made important progress in some
respects, e.g., existence of ground states and of resonances, including the case where the
Bose field is massless, and asymptotic completeness (e.g., [9, 10, 11, 13, 15, 18, 19, 20,
21, 23, 24, 25, 26, 29, 35, 36]). In Section 3 we discuss the application of the main results
of Section 2 to three types of quantum field models: the generalized spin-boson model[9],
a model of quantum particles coupled to a Bose field in a translation-invariant way (an
abstract version of Nelson’s model [28] with particles in an external scalar potential) and
the Pauli-Fierz model [30].



2 Results in an Abstract Framework
Let K be a Hilbert space and
Fo(K) 1= @72, (®7K) (2.1)

be the boson Fock space over K, where @K is the n-fold symmetric tensor product of K
with convention ®°K := C [31, §II.4, Example 2]. Let H be a Hilbert space. Then one
can make a Hilbert space

F :=H® FK(K). (2.2)

Let S be a nonnegative self-adjoint operator on K with ker § = {0} and A be a self-
adjoint operator on H bounded below. We denote by dI'(S) the second quantization of S
[31, §VIIL10, Example 2]. Then

Hy:= A®I+1®dI(S5) (2.3)

is self-adjoint on its natural domain D(Hp) := D(AQI)ND(I®dI'(S)) and bounded below,
where I denotes identity operator and D(-) operator domain. Let H; be a symmetric
operator on F such that D(Hp) N D(Hj) is dense in F. Then we are concerned with the

symmetric operator
H .= H0+H[ (24)

on F [D(H) := D(Ho) N D(Hj)].

We denote by a(f) the annihilation operator on JF,(K) with “test vector” f € K [32,
§X.7]. By definition, a(f) is densely defined, closed and antilinear in f.

We denote the inner product and the norm of a Hilbert space X by (-,-)x (complex
linear in the second variable) and || - || ¥ respectively, but, if there is no danger of confusion,

then we write them simply as (+,-) and || - ||.
The following fact is well known [6, Lemma 2.1): For all f € D(S§~Y/?), D(dT(S)/?)
D(a(f)*) N D(a(f)) and, for all ¥ € D(dI'(S)*/?),

() < ST AINAT(S) 2, (2.5)
la(F) ¥ < [ST2FIAD(S) 2| + £ )1 (2.6)

For convenience, we introduce a notion of weak commutator of two operators [7].

Definition 2.1 Let X be a Hilbert space. Let B and C be densely defined linear opera-
tors on X with the following property: there exist a dense subspace W of X and a linear
operator L such that W C D(L)N D(B) N D(B*)N D(C)N D(C*) and

(B*$,C4) — (C*4, Bg) = (v, L9) (2.7)

for all ¥, ¢ € W. Then we say that the couple (B, C) has the weak commutator on W,
defined by
(B, Clw,w = LW,

where, for a linear operator T and a subspace D C D(T'), T|D denotes the restriction of
T to D.



Remark 2.1 (i) A linear operator L satisfying (2.7) is uniquely determined on W, since
W is dense.

(ii) If (B, C) has the weak commutator on W, then B and C are closable, since D(B*)
and D(C*) are dense.

(iii) For linear operators X and Y on a Hilbert space X, their commutator [X,Y] is
defined by

D([X,Y]) = D(XY)ND(YX), [X,Y]=XY _vx. (2.8)

If X and Y are bounded with D(X) = D(Y) = X, then, for every dense subspace
W, the couple {X,Y) has the weak commutator on W and [X,Y]ww = [X,Y}W.

The case where B and C has the weak commutator on W as in Definition 2.1 is
equivalent to the case where the commutator [B, C] in the sense of sesquilinear form
on W x W defines a linear operator.

We now state our hypothesis.
Hypothesis (H)
(H.1) H is essentially self-adjoint.

(H.2) The operator H has an eigenvalue £ € R with an eigenvector ¥z € D(H): HV¥g =
EVg, |Vg| = 1.

(H.3) For each f € D(S)ND(S~/2), the couple (H;, I®a(f)*) has the weak commutator
on D(H) and, for all sequences {f,}22; C D(S)ND(S~1/%) such that || fu] =1, n >

n=1

1 and w-lim,_co fr = 0 (w-lim denotes weak limit) and all ¥ € D(H),

Am [Hy, I'® a(fa) lw,p@¥ = 0.

For a self-adjoint operator T', we denote by o(7T") and by &CSS(T) the spectrum and the
essential spectrum of T respectively. If T' is bounded below, then we define

Eo(T) :=info(T). (2.9)

A nonzero vector in ker(T — Eo(T)) is called a ground state of T'. _
For a closable operator T' (resp. a set F' of R), we denote its closure by T' (resp. F).

Theorem 2.2 Assume (H). Then |
E 4 0es(S) \ {0} C 0uss(H). (2.10)
As a corollary to this theorem, we have the following. |

Corollary 2.3 Let 0e(S) = [0,00). Suppose that H is bounded below and assume (H)
with E = Eo(H). Then . .
Oess(H) = [Eo(H), ). (2.11)
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Proof. By the present assumption, oe(S) \ {0} = [0,00). Hence, by Theorem 2.2,
we have [Eo(H),0) C 0ess(H). The converse inclusion relation is obvious. Thus (2.11)
follows. n

Remark 2.2 The condition (H.2) with E = Eo(H) corresponds to the existence of a
ground state of H belonging to the domain D(H). In concrete models, the assumption
Tess(S) = [0, 00) is satisfied in the case where S is a one-particle Hamiltonian of a massless
boson.

Before going into the proof of Theorem 2.2, we first recall some basic facts. The
operator

Eo = H() - E()(A) (212)

is nonnegative and self-adjoint. It is easy to see that D(I ® dT'(S)"/2) D D(H,'*) and, for
all U € D(H'),
11 & dr(S)} P < | B ). (213)

Combining these facts with (2.5) and (2.6), we obtain the following lemma.
Lemma 2.4 For all f € D(S~'/2), D(Hy*) ¢ D(I ® a(f)*) N D(I ® a(f)) and, for all
¥ € D(H,"), |
T ®a(f)e| < IS FIIH 2], (2.14)
IT@a(f) @l < |STV2FIIH | + A1 . (2.15)
Let Qo := {1,0,0,---} € F,(K) be the Fock vacuum in F,(K). For a subspace M C K,

we denote by Foan(M) the subspace algebraically spanned by y and all vectors of the

form
a(fl)*...a(fn)*ﬂo, n > 1, fj EM, ]:1,’n

If M is dense in K, then Fo,(M) is dense in Fy,(K).
Lemma 2.5 Let f € D(S™Y?) N D(S). Then the couple (Hy,I ® a(f)*) has the weak

commutator on D(Hy) and
[Ho, 1 ® a(f)"hw.oiaty = 1 ® a(SF)*| D(Hy). (2.16)

Proof. By Lemma 2.4, D(Ho) C D(I ® a(f)) N D(I ® a(f)*). Let ¥ € D(A) Qalg
Fosn(D(S)), where ®,, means algebraic tensor product. Then ¥ € D(Hol ® a(f)*) N
D(I®a(f)*Ho) and [Ho, I @ a(f)*]¥ =1 ® a(Sf)*¥. Hence, for all & € D(Ho), we have

(Ho®,1® a(f)"T) — (I ® a(f)®, Ho¥) = (8,1 ® a(Sf)*T). (2.17)

Since D(A) ®aig Fo,n(D(S)) is a core of Hy and we have Lemma 2.4, (2.17) extends, via
a simple limiting argument, to all ¥ € D(Hp). Thus the desired result follows. . [ |

The following criterion on essential spectrum (Weyl’s criterion) is well known (e.g., [1,
. Lemma 5.19]).



Lemma 2.6 Let T be a self-adjoint operator on a Hilbert space. Then A € 0es(T) if and
only if there exists a sequence {Yn}52, C D(T) such that ||| = 1, w-limpeo ¥ = 0
and imy,—.oo(T — A)tpn, = 0.

We use also the following fact, a strengthened version of the necessary condition for
A € 0os(T) in Lemma 2.6.

Lemma 2.7 Let T be a nonnegative self-adjoint operator on a Hilbert space with ker T =
{0} and 0 < a < 1. Let A € 0es(T) \ {0}. Then there exists a sequence {n}oz; C
- D(T)N D(T™%) such that ||s]| =1, n 2 1, W-liMpco ¥ = 0, limp—oo(T = A)thn = 0
and lim, .. T~*(T — A)p, = 0.

Proof. There exists a sequence {¥,}32, C D(T) with the properties described in
Lemma 2.6. Since A > 0, we can choose {%,}22 | such that the support of the measure
NEz()%al® (Er(-) is the spectral measure of T) is included in an interval [6, c0) with
6 > 0 a constant independent of n. Hence :

1
—2a . 2 — —2a 2 < 2 .
oA E il = [ Erupl € gl < o0
Hence %, € D(T%). A similar calculation shows that ||T7*(T — A)¥a| < 67¢||(T -
MNn|| = 0 (n = 00). » n
Proof of Theorem 2.2

Let U € D(H) and f € D(S)ND(S~Y/2). Then we have by Lemma 2.5 and Hypothesis
(H)

(H-E)¥,I®a(f)¥s) = (HY,I®a(f)"Vg) - (I®a(f)¥, HYp)
= (v,{I®a(Sf) +[H1® a(f) w0 } ¥E) -

Since H is essentially self-adjoint, it follows that I ® a(f)*Vg € D(H) and
(H—-E)®a(f) Vg = {I Qa(Sf) +[HLI® a(f)*]w,D(H)} V. (2.18)

Now let A € 0ess(S) \ {0}. Then, by Lemma 2.7, there exists a sequence {fn}s2; C
D(S) N D(S~%/?) such that ||fa]] = 1, w-liMnooo fn = 0, limpoo(S — A)fn = 0 and
limy, o S™Y/?(S = X) f, = 0. In general, we can show by using the canonical commutation
relations of a(f) and a(f)* (f € K) and a limiting argument that every ¥ € D(I ® a(f))
is in D(I ® a(f)*) and ‘

I ® a(F)T|* = IFI*N)* + 1] ® ()T (2.19)

Hence

11 @ a(£)"2|* > || FI*]1¥]2. (2.20)
Using this inequality, we see that the vector I ® a(f,)*¥g is not zero with

I ® a(fa) Vel > 1. (2.21)
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Hence we can define a unit vector

"I @ a(fa) Vel

Then, by (2.18), we have

- I®a((S=Nfu)Te  [Hp,I®a(fn) v Vs
H—-FE-\, = )
( ) T®af) Vsl T~ T®alfn) Vsl

- Hence

I(H —E=NT|| < ST = NfllllI @ dT(S)/*¥s)|
(S = N fall + IHp I ® a(f2)"]w,pn Vel
= 0 (n — o).

Hence ||(H — E — \)¥,]| = 0 (n — o0). To show.that w-lim, oo ¥, = 0, it is suf-
ficient to prove that, for all ¥ € H ®agz Fosin(K), limy—oo(¥,¥,) = 0. So let ¥ =
Y®alg1) - algm) Qo (Y €H, g, € K,7=1,---,m). Then we have

m

(T, ) < D95 fa)(® ® alg1)” -+ a(gj—1)*a(gjs1) - - a(gm) Qo, Vi)

j=1
— 0 (n — o0).

These facts and Lemma 2.6 imply that AE € 0ees(H). Hence E+0ss(S)\ {0} C 0ess(H).
Since the essential spectrum of a self-adjoint operator is closed, (2.10) follows. |

3 Application to Quantum Field Models

In this section we apply Theorem 2.2 and Corollary 2.3 to the Hamiltonians of quantum
field models.
We first present an abstract fact on weak commutators.

Lemma 3.1 Let X be a Hilbert space and W be a dense subspace of X. Let B and C
be densely defined linear operators on X such that W C D(B)Nn D(B*)ND(C)N D(C*).
Suppose that there exist a densely defined closed linear operator T on X and a core D. of
T with the following properties:

(i) D. c W c D(T).
(ii) B and C are T-bounded on D,.
(iti) D. C D(BC) N D(CB) (so that [B,C) is defined on D) and
L :=[B,C]|D.
is T-bounded on D..



(iv) D(B*C*)N D(C*B*) is dense.

Then L is closable with D(T) C D(L) and the couple (B,C) has the weak commutator
on W given by
(B, Clw.w = LIW.

Proof. By property (i), L is densely defined and L* > [C*, B*|. By (iv), D([C*, B*])
is dense. Hence D(L*) is dense. Therefore L is closable. By the T-boundedness of L on
D., there exist constants a,b > 0 such that, for all € D,

L0l < el Tl + bin]l. (3.1)

Since D, is a core of T, it follows from a limiting argument that D(T) C D(L) and (3.1)
extends to all n € D(T), L being replaced by L. ‘

Let ¢ € W. Then, by (i), there exists a sequence {¢,}°2, C D. such that ¢, —
¢, Tdn = T (n — o). For all p € W, we have (B*¢,C¢,) — (C*9, Bén) = (¥, Lon).
The T-boundedness and the closability of B and C [Remark 2.1(ii)] imply that B¢, —
B¢ = Béand C, - Cp =C¢asn — co. By (3.1) with L replaced by L and n € D(T),
we have L¢, — Lé (n — oo). Hence we obtain (B*s, C¢) — (C*, Bé) = (¢, L¢). Thus
the desired result follows. ]

3.1 The generalized spin-boson model
For each f € H, the operator

8() = —=(a(f)" + a(f)), (3.2)

V2
called the Segal field operator, is essentially self-adjoint on Fo s, (H) (32, §X.7, Theorem
X.41]. We denote its closure by the same symbol. ,
The first of the quantum field models to which we apply the abstract results established
in Section 2 is the generalized spin-boson(GSB) model, which was introduced in [9] as an
abstract unification of some nonrelativistic quantum field models. The Hilbert space for

this model is taken to be
Fass = H ® Fu(L*(RY)) (3.3)

(ie., the case where K = L%(R"), v being an arbitrarily fixed natural number). The
Hamiltonian of the model is given by

J
=1
Here A is as in Section 2, B; (j = 1,:-:,J;J < oo) are symmetric operators on H,

A € L*(R) (5 =1,---,J), & is the multiplication self-adjoint operator of a nonnegative
function w on R” and a € R is a coupling parameter. We need the following conditions:

(GSB.1) Each J; is continuous on R” with A;/y/w € L*(R¥), j =1,---,J.
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(GSB.2) Let _ '
A:= A~ EyA) >0.

Then D(Al/z) C D(B;),j =1,-+-,J, and there exist constants a; >0, b, > 0,7 =
+, J, such that, for all u € D(Al/z)

|B;u|l € a;|| A 2| + b;l|ul|, j=1,---,J.

and

o
le] a; | —= ) <1
= IVelemy

(GSB.3) The function w(k) (k € R¥) is continuous on R” with

and there exist constants v > 0 and C' > 0 such that

w(k) — w(k)| < Clk = K" (1 + w(k) + w(k)), kk €R"

We write
HGSB = HGSB + HGSB (35)

with
HSSB .= AQT+1®dl(0), HFESE. —aZB ® ¢();). (3.6)

It is shown that, under conditions (GSB.1) and (GSB.2), Hgsp is self-adjoint with
D(Hgsp) = D(HSSB) [D(HESB) ¢ D(HESB)| and bounded below.
For each f € L*(R¥), we define

a J
=TZ /\],szRuB ® I (3.7)

| Let
Dasp = D(HSB) N D(HFSB) = D(HFB) = D(A® I)n D(I ® dI'(w)). (3.8)

Lemma 3.2 Assume (GSB.1) and (GSB.2). Then, for all f € D(&™Y?), the couple
(HFSB I ® a(f)*) has the weak commutator on Dgsp and

[H7%B, I ® a(f)"lw,pass = L(f)|Dass. (3.9)

In particular, for all sequences {f,}°2; C D(@) N D(&~Y?) such that ||fo]| = 1, n > 1
and w-lim, o frn =0 and all ¥ € Dgsp,

Tim [H7%P, 1 ® a(fn)*]w,pgs ¥ = 0. (3.10)



Proof. The dense subspace D, := D(A) ®ag Foan(D(@)) is a core of HFSB. It is easy
to see that

D C D(HF*®*I1® a(f)*) N DI ® a(f)"H;*®) N D(HF*®I ® a(f)) N D(I ® a(f)HFP)
and, for all ¥ € D,
[HF*®,1® a(f)]¥ = L(f)T.
The operators I ® a(f)* and Hf® are HB-bounded. We can show also that L(f)
is HSB-bounded. Hence we can apply Lemma 3.1 with B = HB C = I ® a(f)*,

T = HGSB and W = Dggp to obtain the first half of the lemma.
By (3.7), we have for all ¥ € Dgsp

lof

IL(f) ¥l < \/—ZI Ajs fu) 2 || B © 19|

Since (Aj, fa)r2y) = 0 (n — o0), we have [|L(f,)¥|| = 0 (n — oo). Hence (3.10)
follows. u

Let

m = kggu w(k) > 0. : (3.11)

Lemma 3.3 [9, Theorem 1.2]. Let m > 0. Assume (GSB.1)-(GSB.3) and that A has
compact resolvent. Then Hgsp has purely discrete spectrum in [Eo(Hgss), Fo(Hass)+m).
In particular, Hgsg has a ground state.

Theorem 3.4 Under the same assumption as in Lemma 3.3,
Oess(Hass) = [m, 00). (3.12)

Proof. By Lemmas 3.2 and 3.3, Hgsp satisfies Hypothesis (H) with H = Hgsp, Hy =
HESB and H; = H{SB. Thus we can apply Theorem 2.2 to obtain [Eq(Hgsg) + m,o0) C
Oess(Hasp). [Note that ges(w) = [m, 00).] By Lemma 3.3, the converse inclusion relation
holds. Thus (3.12) follows. n

We next consider the case m = 0.

Lemma 3.5 [9, Theorem 1.3] Let m = 0 and suppose that (GSB.1)-(GSB.3) hold with
additional conditions \;/w € L*(R*),j = 1,---,J and that A has compact resolvent.
Then there exists a constant ap > 0 such that, for all |a| < ap, Hgsp has a ground state.

Remark 3.1 An estimate for ap from below is obtained from (1.35) in [9].
Theorem 3.6 Under the same assumption as in Lemma 3.5,
Oess(Hasg) = [Fo(Hasp), o). (3.13)
Proof. In this case 0e(w) = [0, 00). We can apply Corollary 2.3 to obtain (3.13). m

Remark 3.2 Theorems 3.4 and 3.6 can be extended to a model whose Hamiltonian is of
the form

_ J
Hgsp := Hasg + »_(C; ® 8(9;))%,

7=1

where g; € L(R”) and C; is a bounded self-adjoint operator on H. See [8].

9



3.2 A model of quantum particles coupled to a Bose field

In this subsection we consider a model of N quantum particles interacting with a Bose field
(N € N), where the particles move in R”. To treat such a quantum system rigorously,
we introduce some notions.

We take the Hilbert space of the system of N quantum particles to be LZ(R*VN). A
Hilbert space for the coupled system of the N particles and the Bose field whose one-
particle Hilbert space is K is given by

Fui(K) = L} (RY) @ Fp(K). (3.14)
This Hilbert space has a natural identification with
. e ‘
LR 7)) = [ F(K)ds, (3.5)

the Hilbert space of Fy,(K)-valued Lebesgue square integrable functions on R*Y [the con-
stant fibre direct integral with base space (R*Y, dz) and fibre F,(K)]. The identification
is given by the unitary correspondence given by ¥ ® ¥ — (z)¥ (v € L*R*V), ¥ ¢
Fo(K), z = (z1,+++,zn) € RN, z; € RY, j =1,---,N) [31, §11.4, Theorem IL.10(b)]. In
what follows we use this identification freely.

Let g : R*Y — K be a strongly continuous K-valued function on R*Y. Then, for all ¢ €
R, the unitary operator-valued function :z — explit$(g(z))] on R*" is strongly continuous
[32, §X.7, Theorem X.41(d)]. Hence it follows that the operator-valued funciton:z —
((g(z)) + i)~ on R*V is strongly continuous. Thus we can define a decomposable self-
adjoint operator

8l(0) = [, $lo())da (3.16)

‘ RvN
on Fp(K)[33, §XIII.16, Theorem XIIL.85(a))].
We denote by A; the v-dimensional generalized Laplacian in the variable z;. Let V be
a real-valued measurable function on R*N such that a Hamiltonian of N-particle system

H, = -i A Ly (3.17)
=1 2M]

is essentially self-adjoint on D(H,) = [N, D(A;)] N D(V) and bounded below, where
M; > 0 is a constant denoting the mass of the j-th particle. We then consider a model of
particle-field interaction whose Hamiltonian is of the form

Hpe = HE' +[8](9), (3.18)

where

HE :=H, +dT(S) , (3.19)

and S is as in Section 2.
We say that a K-valued measurable function f on R*Y is in L*®(R*Y;K) if

| flloo := ess.sup ecren||f(z)|lc < oo, (3.20)

where “ess.sup” means essential supremum.
We assume the following on the K-valued function g:
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Hypothesis (g) For all z € R*Y, g(z) € D(S~'/?) and §~1/2g,¢ € L=(R*N; K).
Lemma 3.7 (i) D(H§') C D([g](9))-
(ii) Hy is self-adjoint on D(HY') and bounded below.

Proof. (i) Using (2.5) and (2.6), we can show that, for all ¥ € D(dT'(S)"/?) C Fp(K),

16(g(2))¥(2)|]* < 457 2g(2)|[ZIT(S)* T ()|* + lg(2) || (2)]%, aea.

 Integrating the both sides with respect to dz, we see that ¥ € D([¢](g)) and

. 1[8](9) ¥ < 21.15‘”2gi|aolldr(5)1/2‘P|| + llglloo [ ]]- (3.21)
Hence D(dT'($)1/2) C D([¢](g)). Since D(HE') = D(H,) N D(dI(S)) C D(dT(S)"/?), the
assertion of part (i) follows.

(ii) Since HE' is self-adjoint on D(HE') = D(H,)ND(dL'(S)), it follows from the closed
graph theorem that there exists a constant C such that, for all ¥ € D(HE),

| [H U] + |dT(S)¥| < C||(HE' — Eo(H,) + 1)¥.
Let ¥ € D(dT'(S)). Then, using the elementary inequality
ab<ea®+ ib2
4e
holding for all a,b > 0 and ¢ > 0, we have
2]|S72g)| o lT(S) /W] < 2||S72g]|0o || W|[M/2||dT(S) ¥

1S~2g]12
€

< elldT(S)¥] + =[]l

Hence we obtain for all ¥ € D(HE')

-1/2 112
el < claree+ (B0 ) oy

(] P
£

< SOl|(HE - EolT,) + 1)7] +( ; ngnm) .

This shows that [¢](g) is infinitesimally small with respect to HE'. Hence, by the Kato-
Rellich theorem, the assertion of part (ii) follows. [ |

Lemma 3.8 For each f € D(S~/?), the couple ([$](g),a(f)*) has the weak commutator
on D(Hgf) and it 1is given by

D(HE".

o 1
161000 iy = ([ 7560, et

11



Proof. Similar to the proof of Lemma 3.2. []

Theorem 3.9 Suppose that Hys has a ground state. Then
Eo(Hyt) + Tess(S) \ {0} C Oose(Hpp)- (3.22)
If 0ess(S) = [0, 00) in addition, then
e Her) = [Bo(Hy), 00). (3.23)

Proof. Let {f,}, C D(S) N D(S7Y?) be a sequence such that ||f.]| = 1 and
w-limp o0 fn = 0. Then, by Lemma 3.8, we have for all ¥ € D(HE'),

1

819, 0 iy U = 5 [, [(9(2), Fude PR (@) Pl (3:24)

We have

(g(2), f)e P12 (@)* < Nlgllz T ()1,
which is integrable, and |(g(z), fu)c|*||¥(z)||* = 0 a.e.xz (n — oo). Hence, by the
Lebesgue dominated convergence theorem, the right hand side of (3.24) converges to
0 as n — oo. Hence limn.*oo[[¢](g),a(fn)*]w'D(Hgf)\Il = 0. Thus we can apply Theorem
2.2 and Corollary 2.3 to obtain the desired assertions. ||

Example. A typical example of this kind of model is given as follows: K = L*(RY),
S = & as in the GSB model (Section 3.1), and
N .
o(@)(F) = AR, ke R,

i=1

where A; € L*(R”). This model with N = 1 is discussed in [36] and the existence of a
ground state can be shown under some additional conditions. Therefore we can apply
Theorem 3.9 to this case.

Remark 3.3 Theorem 3.9 can be extended to a model whose Hamiltonian is of the form

Epf = Hps + Z[¢](gj)2>

=1

where g; € K, and the models discussed in [10]. See [8].
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3.3 The PauliQFierz model

This is a model of nonrelativistic quantum electrodynamics first discussed by Pauli and
Fierz [30]. As for mathematical studies of this model made so far, we refer to [2, 3, 4, 5,
12, 18, 19, 20, 21, 29, 35]. In [21], the spectrum of the Pauli-Fierz Hamiltonian with N
quantum particles in an external scalar potential is determined under some hypothesises.
We give an alternative proof for this result.

The Hilbert space for the Pauli-Fierz model with NV quantum particles in R” is taken
to be N

Fu(®'L}(RY)) = L*(RN) @ Fio(9°L}(R")), (3.25)

where s is an arbitrarily fixed natural number (the physical caseis v =3,s = v -1 =2).

For £ = 1,---,vand r = 1,--+,s, let /\2” be an element of L>(R”) and set A :=
(A ezt pirmt,s, @ v X s matrix with entries being elements of L*(R*). We define a
®°L%(R")-valued function A,(:) on R” by

A(z)(k) = AP (R), -, A (k)™= 2,k € R”. (3.26)

Then the quantized radiation field A(z; ) := (Ai(z;A),---, A, (z; X)) with cutoff A is
defined by
Ad(z:3) = B((a)), (3.27)

acting in Fy(@°L*(RY)). :

We remark that, physically, /\( is of the form A T)( k) = k)/+/(27)¥|k|, where
e(k) = (eﬁ")(k), <+, el (k)) is the r-th polarization vector of the photon with momentum
k and p is a momentum-cutoff function. But, for mathematical generality, we do not
specify the form of A.

The self-adjoint operator A,(z;A) on F, (&°L3(R”)) extends to a decomposable self-
adjoint operator on Fp(®°L*(R")) as

4510 = [ Adas Nda, § =1, (3.28)

We introduce :
[Al;(A) := ([Ag5](A), -+ -, [Aus](A))- (3.29)

We denote by D;, the generalized partial differential operator in the £-th variable z;, of
z; = (21, ++, ;) € R” and set

Vj = (Djl,"',Dju). (330)

Let ¢; € R be a constant physically denoting the charge of the j-th particle. Then the
minimal interaction between N charged particles and the quantized radiation field is given,
by

N (o 2
100 = 3 (3 (V1AL + LT + S AG0P) . Ga)

The total Hamiltonian of the Pauli-Fierz model we consider is defined by

pr = Lo + H[(/\) (332)
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with
Ly = Hy + dT'(®°w). (3.33)

where Hj, is given by (3.17) and & is the multiplication self-adjoint operator by a nonneg-
ative continuous function w on R (cf. Section 3.1). We assume the following:

Hypothesis (PF)
(PF.1) w20 kA € L2RY), £6=1,--,v, r=1,-.-,s.
~ (PF.2) H, is self-adjoint on D(H,) = [N, D(A;)] N D(V) and bounded below.

It follows from (PF.2) and the closed graph theorem that there exists a constant
Cvm > 0 depending on V and M := (My,---, My) such that, for all ¥ € D(H,) and
j=1-,N, |

I(=25)¥|| + [V¥]| < Cvm||(Hp — Eo(Hp) + 1)¥]]. (3.34)

Let
¢= max g (3.35)

Lemma 3.10 The operator Hi()\) is Lo-bounded with

IH: (MY < (e1q + c2a®) | Lo¥ || + (drg + dog”) 9], ¥ € D(Lo),  (3.36)

where ¢; and d; (7 = 1,2) are positive constants depending on A\,w, M and Cypy, inde-
pendent of ¢;, j =1,-+-+,N.

Proof. Cf. [21]. u

Remark 3.4 Estimates for the constants ¢; and d; can be made (cf. [21]).

By Lemma 3.10 and the Kato-Rellich theorem, there exists a constant g > 0 such

that
—c + \/C% + 4c,

262

and, for all ¢ € [0, q0), Her is self-adjoint on D(Ly).
For each f € ®°L%(R”), we define a decomposable operator

go 2>

M) = 5 fon (o o0, F(R)) ek ) da. (3.37)
and |
X | ig; '

W) =3 { VM) + 8V + S AL + Aj(f)[A]J(A))} (3.38)
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Lemma 3.11 For each f € D((®°®)~Y?), the couple (H;()\),a(f)*) has the weak com-
mutator on D(Lo) and it is given by

[H1(A), a(f)Tw.p(ze) = W(F)|D(Lo). (3.39)

Proof. 1t is easy to see that A;(f) is bounded with

150 < %m,m.

Each Dj; is (—A;)/*-bounded and [A];(A) is dT'(6°w)"%-bounded. From these facts and

(3.34) it follows that W(f) is Lo-bounded and, for all ¥ € D(Ly),

N
IW({)ell < Z (& O+ 15 HDCLI Lol + Cal[¥])), (3.40)

C: > 0 and C; > 0 being constants. We can apply Lemma 3.1 with B = H;()\), C =
a(f)*, T = Lo, W = D(Lo) and D, = D(Hp) ®alg Fosin(D(H°D)) to obtain the desired
result. n

Theorem 3.12 Let g < qo. Suppose that Hpp has a ground state.
(i) If m > 0, then

{EO(HPF) +w(k)‘k S R”} C O'ess(HpF). (3.4.1)
(ii) If {w(k)|k € R} = [0, 00), then

[Eo(HpF),OO) = O'eSS(HPF)- (342)

Proof. To apply Theorem 2.2 and Corollary 2.3 to H = Hpp, we need only check
condition (H.3) in Hypothesis (H) with H; = Hj(A). This easily follows from Lemma
3.11 and (3.40). |

Remark 3.5 For the existence of a ground state of Hpp, see [20, 21].

Remark 3.6 Theorem 3.12 can be extended to the Pauli-Fierz model with spin [14].
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