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BIFURCATIONS OF AFFINE INVARIANTS FOR ONE
PARAMETER FAMILY OF GENERIC CONVEX PLANE CURVES

TAKASHI SANO

Department of Mathematics, Faculty of Science, Hokkaido University

AssTrACT. We study affine invariants of plance curves from the view point of the singu-
larity theory of smooth functions. We describe how affine vertices and affine inflexions are
created and destroyed.

1. INTRODUCTION.

In [8] we have studied affine invariants for generic convex planc curves as an appli-
cation of the singularity theory for affinc invariant functions. We have introduced the
notion of affine dintance cubed-functions and affine height functions on convex plane
curves and characterized affine vertices and affine inflexions by using these functions.
Affine vertices and affine inflexions have been classically known as sextactic points and
parabolic points, respectively. It has been known that the sextactic point and the par-
abolic point are cqui-affine invariants. We now have the following natural question :
How arc affine vertices and affine inflexions created and destroyed ? In this note, we
attempt to give an answer to the question. The basic tools we use here are families of
affine distance-cubed functions and affine height functions.

This paper is divided into four scctions. The main result is Theorem 2 which is
formulated in Section 2. The proof of Theorem 2 is given in Section 3. We shall give
some examples with pictures which illustrate the results of Theorem 2 in Section 4. The
basic techniques we use in this paper depend heavily on those in the paper of J. W.
Bruce [4].

All curves and maps considered here are of class C> unless otherwise stated.

2. BASIC NOTIONS.

For the basic notions and classical results in affine differential geometry, see [2,8,9].

Let R? be an affine plane which adopts the coordinate such that the area of the
parallelogram spanned by two vectors a = (aq,az), b = (b1, bs) is given by the deter-
minant of a and b, that is | @ b | = a1bo — agby. Let S be the unit circle in R?, and
7 : 8 — R? be a smooth plane curve with | (t) () | # 0, where 4(t) = 34y, 1
we reparametrize a given curve v by using s(t) = |, tf) | 4(t) #(t) |% dt, then the curve

satisfics that | 4/(s) ~"(s) | = 1, where 7/(s) = Z—}(s) We call such a parameter s an
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affine (arc-length) parameter. We call 4'(s) an affine tangent vector and v"(s) an affine
normal vector. The affine curvature is defined by rx(s) =] v"(s) ¥"(s) |.

We define the notion of affine vertices as follows. We say that the point y(sg) of
curve v is an affine verter of order k — 1 if #/(s9) = #"(sp) = -+ = £*~V(5y) = 0 and
£*)(s9) # 0. We also say that the order of the affine vertex is k — 1. In particular,
the affine vertex of order 1 is called the ordinary affine verter. If y(sg) is not an affine
vertex, we call the point y(sg) the affine vertex of order 0, or the order of the affine
‘vertex 1s 0. -

We define the notion of affine inflexions as follows. We say that the point v(sg) of
curve v is an affine inflexion of order k if r(sg) = &'(sg) = -+ = kF"D(sp) = 0 and
*)(s9) #. We also say that the order of the affine inflexion is k. In particular, the
affine inflexion of order 1 is called the ordinary affine inflevion. If y(sg) is not affine
inflexion, we call the point y(s¢) the affine inflexion of order 0, or the order of the affine
wnflexion s 0.

We assume that v has the following propertics, both of which are satisfied generically
(cf., [6]).

(A-1) There is no conic having greater than six-point contact with v(S?).

(A-2) The number of points p of yv(S!) where the unique non-singular conic touching
v(St) at p with at least five-point contact is a parabola in finite.

(A-3) There is no parabola having six-point contact with ($7).

In [8], we have shown the following Theorem.

Theorem 1. [8] Let v : §' — R? be a smooth plane curve with | v'(s) +"(s) | > 0
satisfying (A-1)—(A-3). Then we have ;
(1) Let p be a point of the affine evolute of v at sq, then locally at p, the affine cvolute
18 '
(a) diffeomorphic to a line in R? if the point v(s0) is not an affine vertex of v ;
(b) - diffeornorphic to an ordinary cusp in R? if the point v(s0) s an ordinary affine
vertex of «y.
(2) Letp be a point of the affine normal curve of v at sy. Then, locally at p, the affine
normal curve is

(a) diffeomorphic to a line in R? if the point v(s0) is not an affine inflexion of v ;
(b) diffeornorphic to an ordinary cusp in R? if the point v(s0) i an ordinary daffine
wnflexion of 4. ‘

s ordinary crren 5 e anhaobh 16 (e ; — s o 2 2 .3
The ordinary cusp is a curve which is given by C’ = {(#1,22) € R? | 2 = 23}.

Theorem 1 means that the affine vertex of a convex curve is characterized by the
singularity of the affine evolute of convex curve and the affine inflexion of a convex curve
is characterized by the singularity of the affine normal curve of convex curve.

Here, we introduce some notations to describe the main theorem.

Let U be an open interval (—1,2). We consider the following sct ;

di d?i
—(S) ;{:;—2'(15) > 0 }{

Immt (S, R?) = { i:8' — R? | i is immersion, -
T , | ds



We also consider the f(ill()wirlg set ;
C={I:8"'xU—R?|T, € Imm* (5!, R?), for anquU}

In particular, 'y and T'; satisfy the above conditions (A-1), (A-2) and (A-3), and T',(s)

satisfy ' %(s) u’;g (9) ‘ =1.

For any I' € C, we define ANT and AEr as follows :

ANT = { (’l.L,—a—;z—(s,u)) eEUxR*|seS },

1 6°T

AEr = { (4, T(s,u) + 532 ——(s,u)) € U x R? | x(s,u) 750,3 €Sty

(s,u)

Let F; : R xR",0 — R, 0 be smooth function germs and (X5, 0) be set germs in
(R x R", O) where 4 = 1,2. We say that (Fy, X7) and (Fy, X3) are R-cquivalent if there
exist a diffeomorphism germ @ : R x R",0 — R x R", 0 such that ®(X;) = X, and
FlIXl = Fy Oq)lxl

Let 7y : U x R? — U be the canonical projection. The following rc%ulf is the main
result in this paper.

Theorem 2. There exists a dence subset O C C such that for any T € O, we have the
following :
(1) Suppose that Ty, (so) s the affine inflexion of order k, then k < 2.
(a) If k=0, then the pair of germs (ry, ANT) at (uo,nr,, (80)) i R-equivalent to
the pair of germs (71, P) at (0,0) ;
(b) If k =1, then the pair of germs (wy, ANT) at (wo,mr,, (80)) 15 R-equivalent to
the pair of germs (71, C) at (0,0) ;
(¢) If k =2, then the pair of germs (ry, ANT) at (ug, nr,, (s0)) is R-equivalent to
the pair of germs (mq, T) at (0,0).
(2) Suppose that Ty, (so) 1s the affine vertex of order k, then k < 2.
(a) If k =0, then the pair of germs (7y, Afr) at (uo,er, (so0)) is R-cquivalent to
the pair of germs (m1,P) at (0,0) ;
(b) If k = 1, then the pair of germs (wy, AEr) at (uo, er, (s0)) is R-equivalent to
the pair of germs (m,C) at (0,0) ;
(¢) If k = 2, then the pair of germs (my. AEr) at (uo, er,, (%0)) is R-equivalent to
the pair of germs (w1, T) at (0,0),
where P = { (t,x1,22) |22 =0}, C = { (4, 11,12) |22 =23}, T={(t,z1,22) | x1 =
3ut + v,z = 4u + 2uv,t = v }, nr,, (s0) = as_ (50, ug) corresponding to Ty, at sq,

er,, (s0) = T'(so) + ;(—1;0—)371;(50 ug) corresponding to Ty, at so, and 71 : (R x R?, 0) 

R is the canonical projection given by mp(t, x1,x2) = t.

We have the following result, as a Corollary of Theorem 2.



Corollary 3. Under the aboue hypotheses, two affine inflevions of order 1 (resp. affine
vertices of order 1) (i.c. ordinary affine inflexions (resp. ordinary affine vertices)) meet
and change to one affine inflexion of order 2 (vesp. affine vertex of order 2 ), after that
vanishes. (See [Figure 1] and [Figure 2] in Section 4.) The converse of these bifurcations
can also be occured.

3. PROOF OF THEOREM 2.

At first we introduce some basic notions of singularity theory. For more details on
the results, see [1,3,4,5,7].

Let G : R x R",0 — R,0 be a function germ. We call G an unfolding of g(t) =

G(t,0). We say that g(t) has an Ag-singularity at ¢ if g(?)(t) = 0 for all 1 < p < k, and
g*+1(#) # 0. The family G is a versal unfolding of the function g with an Ag-singularity
if and only if the truncated Taylor expansions of OG (f 0), 1 < < n, span the space of
polynomials in ¢ of degree at most k — 1.

We consider an unfolding G(#,u,a) of the potential function G(¢,0,0) = g(t). The
bifurcation set is defined as

B(G) ={ (u,a) e U x R™ | %—?(t,u,, a) = & G (t,u,a) =0 }.

o2
We consider the extended unfolding G(t,u, a,c) = G(t,u,a) — ¢, where ¢ € R. The
discriminant set is defined as

oG

@(é) ={ (%a,c)eUXxR" xR | G(t,u,a)=c, o

(t,u,a) =0 }.

The unfoldings G and G give rise to familics of binfurcation, (resp. discriminant sets)
obtained by fixing the parameter w. We have natural projections « : U x R® —s U
(resp. m 1 U X R* X R — U).

Theorem 4. [4] Let G(t,a,u) be as the above. If 1, gaG (t,0,0) (1 < i < n) and

oG , kY as the R-vector snace. then (3 (ree i
5o (.0,0) span R[t]/(t*) as the R-vector space, then G (resp. G) is a versal unfolding
of the function (resp. potential function) g(t). In this casc we have the following.
; 9G - k 0T et . i oo
(a) If 1, §2(,0,0) span R[t]/(t*) the projection © (resp. ) is equivalent, via a
bifurcation (resp. discriminant) preserving diffeomorphism, to the trivial projec-
tion onto one factor of a product bifurcation (resp. dicriminant) set.
(b) If G is of minimal dimension k — 1 and 1, 5o (1,0,0) span R[t]/(t") then the
projection my (resp. «) is equivalent to the projection of the standard discriminant
(resp. bifurcation) set of F (resp. F) above onto the ay-coordinate,
where F(t,a) = b+l Lot 4 ap—1t+ay and F(t,a) = HthHl gt 4. 4
ap_1t.

We now consider the Monge-Taylor map for planc curves. Throughout the reminder
of this section, we fix the canonical inner product on R? which gives Euclidean structure
on R?. We may consider that Euclidean structure is one of the cqui-affine structures on



R2%. For any v € Imm™* (S1,R?) increasing ¢, that is the anticlockwise orientation of St
at cach point p of v(S) choose the positive tangent and ontward normal as z and Y axes.
The curve near p has a unique representation as the graph y = fi(z), with fi(z) = 0.
Let Vpk be the space of polynomials in single variable of degree d with p < d' < k. We
consider a map ¢ : S' — VF which associates to cach ¢ € §? the k-jet of the function
ft at 0. We call ¢ a Monge-Taylor map of order k.

In order to give a proof of Theorem 2, we prepare the following.

3.1 Family of affine height functions..
When we study single curves in affine plane, we define the affine height function as
follows: For v : 1 — R? as the above, b : S! x 81 — R is defined by h(s,a) =
| 7'(s) a|. Similarly we now define the one parameter family of affine height functions

H:SlexSl——»]Rby
or

H(s,u,a) = ‘ 8—(3,'1.1,) a
s

We also define a function H: S! x U x 8! xR — R by

H(s,u,a,v) = H(s, u, a) — v.

Under this notation, we have
He.o(s,u) = H(s,u,a) —v.

The discriminant sct of H is given as follows ;
2

DE(H) = { ('u,,/\(s,u)—gTE(s,u),)\(s,'u,)) €eUxS'xR|se S,

where A(s,u) = + 1 and I'(s,u) = (Ty (s’, w), Ta(s,u)).

U1 (sau)2 4 202 (s.u)2
We define a map ¥ : U x (R? - {0}) — U x S' xR hy
1 I ) 1
Vil +23 o2 +al V? +J§)
It is clear that W is a diffecomorphism and U(ANT) = DH(H),
where ANT == { (u, %—g(s u)) | s € 8! } is the family of affine normal curves.

W(w, x1,22) := (u, (

We consider the following singular sct of H :
YX={(s,u,a, SExUx S xR |a=As, GQF"'
={ (s,u,0,0) € 8 xU xS xR | a= s, u)%(s, u) }

and the natural projection
P:¥—UxS!'xR.

Then the set of critical values of P has the structure of a bifurcation sct of H.
Without loss of generality, we may consider the germ at w = 0 and ¢ = 0. We write
T(t,0) = (¢, cot® +cat® +cat* +ept® + 0 + O(7)) where O(k) denotes a smooth function
on R vanishing at £ = 0 to order & — 1. In particular, we assume that ¢z # 0.
We have the following lemma by calculating derivatives of }~I,,,,1,.

[&14



Lemma 5. If o = (F—F—=2—,+—==2=), the condition for H, to have an Ay- singu-
Ve 2+4c1’ Ve *+4r,
larity at t = 0 is as follows ;

(1) Ha.,v has a Ay -singularity if and only if 5¢3 — 4cgeq # 0,

(2) f}a,v has a Az-singularity if and only if 5¢2 — 4cacs = 0 and 7(;% —4ctes #£0,

(3) H,. has a As-singularity if and only if 5cE — dcyeq = 0, T3 — 4ckes = 0 and
210% —~8c3ce #0,

(4) H(“, has a A>4-singularity if and only zf o(,3 —4eqey =0, 7€3 4(:%(:5 =0 and
21c¢} — 8c¢3ce = 0.

We now define the function F: §* x U x R? — R ;

or ) or
F(s,u,z) = ———l-(s w)sinxy — —2(3,u) CO$ T1 — I3,

ds Os

where = (z1,23) € R. This is considered as a local representation of H. We may usc
F instead of H.:
Differentiating F' with respect to unfolding paramecters, we obtain the following ;

OF 2¢9)”

B —(s5,0) = %( 3+ 4c3t 4+ 6c2est? + O(3)),
OF |

%('970) - =

?ﬁ : (262)_%

=+——2_{(2c3d; +czeq)t + (2¢3dy + czex)t? + O(3)},

(5,0) =
ou \/ (:(23 + 4(:‘2L

2
where ——L(t 0) = dit + dat? + O(3) and $22(¢,0) = ert + e2t? + O(3).
We consider the following two cases ;
(1) Ay and As-singularity ; Since (:2.75 0 1 .and,-gﬁ—'(s', 0) span R[t]/(t?), F is always
a versal unfolding. And the projection is the trivial one, by Theorem 4
(2) A;;-%ing_,ularity ; The condition for a versal nunfolding is that 1, aaTF (5,0), 2 Bos E (5.0,
5,0) span R[t]/(t3), that is 2c2dy — ceq 0. And the condition that the
Ou P ’ 2 3 ! »
projection is automatically satisfied that 1 and —g;]i:- span R[t]/(t?).

When we concern ourselves with one parameter family then it is clear from our above
work that we need to consider the components of 00 - (t,4(0)) in the tangent and normal
directions at I'(¢, u(0)). ‘

For each k > 2, we consider a map @ : ST — VJF x ViF x ViF. The first component of
® is the Monge-Taylor map ¢. The second and third conponents are defined as follows.
By a change of coordinate we may suppose that I'(¢,%(0)) = (¢, f()) for some smooth
f with respect to the z and y axes. The sceond and third components of ® arc the

Taylor expansions of <L 0 S, u(0) + 8)|s=0, S L2 (¢, u(0) + 5)|s=0 With respect to the above
coordinate systems, _truncdted to degree k. Thcn we obtain the following theorem.




.

Theorem 6. [4] Let X be a Whitney (A) regular stratified subset of VIF x VI x V&, If
T(t,u) is a family between the generic curves To(SY) and T1(SY) then it can be arbitrarily
small deformation of T' to a family between the same curves T'(t,0) and T'(t,1), and the
corresponding ® transverse to X.

We change the components of OF 5o (t,u(0)) to the components of 2 Yo (t %(0)) in the
above map @ : S — V¥ x Vi x Vb . By exactly the same arguments as in the proof
of Theorem 3.2 in [4], we can prove the Theorem 6.

In order to apply Theorem 6 for the proof of the assertion (1) of Theorem 2, we now
scck the stratified set X. W(‘ d,k(‘ the strata to be

(1) {c2a® + c32® + 7 2812*76} x V@ x V3 to ensure Ay, [ < 3,
(2) {cor? + 323 + % T —I— S+ cea®} x {dix 4+ — SR 2 4 dyx® 4 dgat + dgx® +

dg ’I'G} X Vo to cnsure ‘rlmt the projection at an A3 p(nnt is generic.

ocs

The strata arc clearly of codimension at least 3, and hence the @ is transverse to X
if and only if it misses X, which ensures that the family T' is generic.

This completes the proof of the assertion (1) of Theorem 2. ]
3.2. Family of affine distance-cubed functions..

For the proof of the ascertion (2) of Theorem 2, we consider the following. When
we study a single plane curve in affine planc, we define the affine distance-cubed func-
tion as follows. For v : S1 — R? as the above, d : S x R2 — R by d(s,a) =

d .. . A
ZL(s) v(s) —a l Similarly we now define the one parameter family of affine distance-
cubed functions D : S! x U x RZ2 — R by

or

D(s,u,a) = Bs

(s,u) T(s,u)—a

We also define a function, for cach a € R?,
D.(s,u) = D(s,u,a).

The bifurcation sct of D is as follows ;

1 0T
R(s,u) 5?2—(5 v))

B(D) is the family of affine evolute. We now condsider the following set ¥ and the
natural projection P ;

B(D) = { (u.T(s,u) + €U xR? | k(s,u)#0,s€ 8" }.

0°T
Y={(s,u,0) €S xU xR? | o =T(s,u) - /\W(s,u), reR},
s
that is singular set of D,

P — U xR2

Then we have B(D) = Cp, Cp is the critical value set of P.
Without loss of generality we shall work at w = 0 and ¢+ = 0. 'We write I'(¢,0) =
(t, cat? + 3t + catt + 5t% + c6t® + ¢rt” + O(8)). In particular, we assume that ¢ # 0.
By a straightforward computation, we have the following lemma.



Y 2c8 . .
Lemma 7. Ifa= (- 46221’1”_"5&, 40’0:_563) the condition for D, to have a Ag-singularty

at t =0 15 as follows ; .

(1) Dg has a Ag-singularity if and only if 3cacgeq — 2¢3 — cies # 0,

(2) D, has a Ag-singularity if and only if 3cocges — 2¢3 — cZes = 0 and 2¢3c3¢q +
2('2(,4 — 3¢t~ c3cs #0,

(3) D, has a Ay-singularity if and only if 3(,2(,3(,4 - 2(:3 —ctes =0, 2cackcs +2c3c2 -
3¢t —c3cs =0, and 10czc3cq — 103 cye? — A+ (,2(7 #0,

(4) D, has a Ass-singularity iof and only if 3(,2(,3(,4 —2(,3 (,%(,5 =0, 2(,203(,4+2(,2
3(:3 csee =0 and 10(,2(,3(, —10c2c3c2 — (,3 + cher = 0.

Differentiating D with respect to unfolding paramectres, we obtain the following ;

D
gﬂl (5,0) = (2¢5) ™% (263t + 3cst2 + degt® + O(4))
oD _1
9, —(5,0) = —(2¢y) 77
oD

5 —(s,0) = (2(:2)_%{ (eo — pop)
+ (e1 — ng — 2¢2dy ~ p1p)t
+ (eg —n1 — 3egdy + k:z(v'z'z,o — 2d1) = pgp)t?
+ (e3 — ng — deado + ez(my +mg — 2dy) — 3ezdy — pap)t® + O(4) }

where %—F‘-(f 0) = do + dit + dat? + O(3), %1:}(7‘ 0) = ¢o + e1t + e2t? + estd + O(4

)
auaf( 0) = mg +myt +mgt? +matd + O(4), 2 01101‘ S5+ (1,0) = ng +nyt +ngt? +ngtd + 0(4),
p= 4(}(1 52 and p; = cp(2¢3m; — c3n;).
We consider the following two cases ;

(1) As and Ajz-singularity ; Since ¢ # 0, 1 and OP (s,0) span R[t]/{£*), D is always
a versal unfolding if ¢3 # 0.

(2) Ag-singularity : The condition for a versal unfolding is that 1, gaD , gaD and OD
span R[t]/(t*), that is e3 — no — deady + ca(my + mg — 2dy) — 3ezdy — U3 p 75 0
and ¢z # 0. And the condition that the projection is automatically satisfied by
Theorem 4.

By the above calculation, we need to consider the components of aF S (t,u(0)) and

2 . . .
%(7‘ %(0)) in the tangent and normal directions at I'(¢,u(0)). Thus f()r cach &k >
2 we consider a map ®: 85 — VE X VE x VIF x Vi# x VF. The first, sccond and
third component of & arc the map ®. The fourth and fifth components of & are the

. 9°r S 9Ty, , \ T e y s

T(Lylo.r expansions of 555E(t, u(0) + )| 5=0. Sis (£, 1u(0) 4+ 8)|s=0 with respect tf) the above
coordinate systems, truncated to degree k. Let T be a one parameter family between
Iy and I'y as the above. By shrinking U, we may supposc that T'(S? x U) is contained
in some large ball neighbourhood of the orign B C R%2. Let P denote the space of
polynomial maps of degree at most d from R? to itself, and choose a sufficiently small

e



convex neighbourhood W oof the zero map in I so that for any 1, 9, 93, ¥4 in W,
id + 11 + 2 + 3 + 1p4 maps the ball 2B of twice the radius of B diffecomorphically onto
its image (where 4d is the identity). Now (()nsid(\r T:8'xUxW* — R? defined by
T(t, , th1, 2, 3, ha) = F(f w, 1,12 + 3 (Dt u, 41, 12)) + wipa (D(t, u, 91, 92)). Each
(t, w1, 2.3, 1) — I‘(t,u, 1,9, P3,%04) is an embedding of S! in R%. There is
clearly an associated mapping 3:81xUxW? — VE x V¥ x VOI" x Vi x V&,

By exactly the same argnments as in the proof of Lemma 3.1 in [4], we have the
following Lemma.

Lemma 8. The map ® is a submersion at (¢,0,0,0,0,0).
By Lemma 8, We have the following thorem.

Theorem 9. Let X be a Whitney (A) regular stratified subset of Vi x Vi x Vi x Vi x
Ve, If T(t.u) is a family between the generic curves To(SY) and T1(SY) then it can
be arbitrarily small deformation of T to a family between the same curves T'(t,0) and
I'(t,1), and the corresponding & transverse to X.

Since the proof of Theorem 9 is analogous to that of Theorem 6 (Theorem 3.2 in [4]),
we omit it.

For applying Theorem 9, we now d(l()p'r the canonical Whitney stratification of the
following algebraic set ;

9 .
(1) {c2w? +caxt — 2220} x VI x VI x V{ x V{ to ensure Ay, [ < 3,
22 .
(2) {cox? + cgz* — 70—‘:1:6 + err} x Vi x {eg + e1 + epr? + 6328 + ezt + egzd +

. 2¢2m
ez + erz’} x Vi x Vi, where é3 = (ng + deqdy — ca(mq +mg — 2dy) + —%::—“),

to cnsure that the projection at an As-point is generic.
The strata arc clearly of codimension at least 3, and hence the map @ is transverse
to X if and only if it misscs X, which ensures that the family T is generic.
This completes the proof of the assertion (2) of Theorem 2. m

4. EXAMPLES.

The situation described in Theorem 2 is depicted as follows.
The first example is the bifurcation of affine inflexions. So we draw some affine normal
curves. The original family of curves is

Y(t) = (cos 3t + acost — 10sint + cos 2¢,sin 3t + asint + 10 cost — sin 2t),

where a is the parameter. The real lines of [Figure 1] is the affine normal curves of +.
We draw affinc normal curves for the parameters are —10, —11.0, —12.0, —12.5, —12.7,
~12.9. When we draw both of the curve 4 and the affine normal curve of 7, the affine
normal curve of v is drawn very small pictures. So we draw only the affine normal
curves for cach parameter . Since an ordinary affine inflexion corresponds to cusps of
the affine normal curve from theorem 1, we can recognize the nurber of affine 1nﬂex10ns
by counting the numbers of cusps of the affine normal eurve. ' "



[Figure 1]

The second example is the bifurcation of affine vertices. The original family of curves

Y(t) = (cos 2t — cos(t + a), sin 2t + sint).
They arc drawn by the dotted curves. We draw affine evolutes of 4 for the paramecters
1.9, 2.0, 2.1, 2.2, 2.3, 2.4. Affinc cvolutes are drawn by the real curves.
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