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Ground States of a Model in Quantum Electrodynamics
Fumio Hiroshima *

September 28, 1998

Abstract

The system of yone charged non-relativistic particle with a class of external po-
tentials minimally coupled to a massless quantized radiation field without the dipole
approximation is considered. An ultraviolet cut-off is imposed on the quantized radia-
tion field, the charged particle has spin 1/2 and the class of external potentials contains
the Coulomb potential. It is shown that the ground states of the system exist provided
that a coupling constant is in a region, and an cxpression of the ground statc energy
of the system is given by a functional integral containing a vector-valued stochastic

integral.

*Institute of Applied Mathematics University of Bonn, Wegelerstr.6, D53115 Bonn, Germany



2 Ground States of QED
CONTENTS

SECTION 1 INTRODUCTION
SECTION 2 PRELIMINARIES:COMMUTATION RELATIONS AND INEQUALITIES

SECTION 3 DEFINITION OF A HAMILTONIAN
| Subsection 3.1 Quantized Fields

Subsection 3.2 Definition of a Hamiltonian (Hypothesis 1,2,3)

SECTION 4 EXISTENCE OF GROUND STATES
Subsection 4.1 Periodic Approximation (Hypothesis 4)
Subsection 4.2 Unitary Transformations
Subsection 4.3 Existence of Ground States with Artificial Mass
Subsection 4.4 Binding (Hypothesis 5)
Subsection 4.5 Overlap and Existen(:é of Ground states (Hypothesis 6)

Subsection 4.6 Convergence of Ground states

SECTION 5 GROUND STATE ENERGY
Subsection 5.1 Functional Integral Representations (Hypothesis 7)

Subsection 5.2 Ground State Energy

SECTION 6 REFERENCES

1 INTRODUCTION

In this paper we prove that the ground states of the system of one charged non-relativistic
spin 1/2 particle with a class of external potentials coupled to a massless quantized radiation
field exist. The class of external potentials includes the Coulomb potential. The quantized

radiation field is quantized in the Coulomb gauge and, on which an ultraviolet cut-off is
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imposed. With a coupling constant, the particle and the radiation field minimally interact
without the dipole approximation. Region of the coupling constant, in which the ground
states of the system exist, is given. In the case where the particle Lias no spin, we give an
expression of the infimum of the spectrum of the Hamiltonian of the system (ground state
energy) by a functional integral containing} a vector valued stochastic integral.

In the past few decades, several articles have been devoted to the study of non-relativistic
particles coupled to quantized radiation fields (non-relativistic QED coupled to quantized
‘radiation fields) and has provoked a great deal of controversy [2.3,4,5]. Non-relativistic QED
coupled to a quantized radiation field interprets the physical phenomenon “Lamb shift” [8,28].
In [7], instability of excited states and in [9,10], stability of matter of non-relativistic QED
coupled to quantized radiation fields are proposed, respectively. We are interested in stability
of its ground states (the existence of its ground states). A great deal of effect has been
made on showing the existence of ground states of related models [1,6,7,11,16,26,27], little
is known,however, about non-relativistic QED coupled to quantized radiation fields.

In the previous paper [16], we have obtained the existence of the ground states of N-non-
relativistic particle system coupled to a radiation field and confined by a class of external
potentials which have the form “quadratic potential + some potential V5", i.e. 22 4 V4.
Considering a particle system with the Coulomb potential is a very natural requirement
[10]. Hence this derives us to a question whether the ground states of the system of non-
relativistic particles coupled to quantized radiation fields with the Coulomb potential exist
or not. One of the goal of this paper is to extend results in [16] to a class of external
potential including the Coulomb potential but one particle case. Problems of instability of
excited states and stability of ground states can be regarded as a problem of perturbation of
“embedded cigenvalues in absolutely continuous spectrum”. It is not clear that perturbed
eigenvalues embedded in‘ absolutely continuous spectrum, in general, can be expanded with

respected to a coupling constant, even in the case where the coupling constant is sufficiently
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small. It is much different from perturbation of discrete spectrum [20,Kato-Rellich Theorem].
The other goal of this paper is to give an expression of the ground state energy of the system,
where the particle has no spin, from non-perturbative approach. By constructing a functional
integral representation, we shall show it.

We shall show the strategy of this paper. A good place to start is to survey [16]. Let
the Hamiltonian of the system with an ultraviolet cut-off p be H (p), which is a self-adjoint
operator acting in a Hilbert space H. One first introduces artificial mass m > 0 of photon and
define H™( p)- In addition to this, H™(p) is periodically approximated [6,7,12,16,24] with an
index V' > 0: H{(p). It is established that the spectrum of H{P(p) is purely discrete in the
neighborhood of its ground state encrgy. The ground states of H (p) has been constructed
through (1) a norm resolvent convergence from H{(p) to H™( p) as V — oo (thus one knows
that the ground states of H™() exist); (2) a non zero weak limit of a ground state of H ™(p)
as m — 0 (the limit is just a ground state of H{( p)). In [16] it plays an important role to
show (1) that particles are confined an external potential with the form z2+ Vo. Then in our
case it seems, however, to be difficult to show (1). In order to avoid such sufferings, we shall
find a family of unitary transformations Uy with the index V. That goes to the very heart
of solving our problem. We shall show that, instead of H{7(p), the operator Uy H*(p)Uy; !
converges in a norm resolvent sense to an operator which is unitarily equivalent to H ™(p)!
- Then we conclude that H™ () has discrete spectrum in the neighborhood of its ground state
energy. The question we must consider next is to specify a region of the coupling constant,
in which the ground states of H(p) exist. The particle decoupled to quantized radiation

ﬁelds is £0 VerllCd by
(fl 2 b

where A is the Laplacian in L2(R?3) and V' an external potential. We take an interest in two

standard examples: (1) the essential spectrum of H,; is [E,n0) and its ground state energy
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(1]

is isolated; (2) the spectrum of H, is purely discrete. More conditions on the coupling
constant for (1) than that for (2) is technically needed. Unfortunately we can not remove
such additional conditions from (1) [27]. In order to give an expression of the ground state
energy of Hamiltonian with no spin, Ho(p), we shall show that (¥,0(0))y # 0, where (, )y
denotes the scalar product in H, ¥ is a ground state of a decoupled Hamiltonian and 2(0)

a ground state of Hy(p). Hence we get
i 1 . :
inf o(Hy(p)) = ﬁlim —Elog(\Il,e_ﬂH"(p)\Il)H. (1. 1)

We shall present the right hand side of (1.1) by a functional integral containing a vector
valued stochastic integral. This paper is organized as follows: In Section 2, we show fun-
damental inequalities for later use. In Section 3, we define non-relativistic QED coupled
to a quantized radiation field and we give Hypothesis 1,2 and 3. Subsection 4.1 is devoted
to define periddically approximate Hamiltonians. We give Hypothesis 4 and consider the
spectrum in the neighborhood of their ground state energy. In Subsection 4.2 we introduce
a family of unitary transformations. Subsection 4.3 offers the key to proving the existence
of ground states. We shall show convergence of operators in a norm resolvent sense. In Sub-
section 4.4 we give Hypothesis 5 and some binding. In Subsection 4.5 we give Hypothesis 6
and state main theorem (Theorem 4.16). In Subsection 4.6 we show a weak convergence of
ground states. In subsection 5.1 we construct a functional integral representation of e~*H(p),
In Subsection 5.2, we give an expression of the ground state cnergy of the system by a

functional integral. Section 6 is devoted to references.

2 PRELIMINARIES:COMMUTATION RELATIONS
AND INEQUALITIES

Let us start with mathematical definitions of notations which we shall most use. For a

complex Hilbert space K, the associated norm and the scalar product is denoted by || f|ic
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and (f,9)x.f,g € K,respectively, where the scalar product is linear in ¢ and antilinear in
f. The domain of an operator T in K is denoted by D(T'). The spectrum (resp.the discrete
spectrum) of an operator T is denoted by o(T) (resp. a4(T')) and the ground state energy
of T by G[T] = inf o(T).

We say that nonnegative self-adjoint operators A and B in a Hilbert space K are “strongly

commutative” if and only if
e"emB = 9Bt 5 ¢ > 0. (2. 1)

By the definition (2.1) and the Stone theorem [19], we sec that if ¢ € D(A) then e~*By €

D(A),s > 0 with
Ae*Bip = ¢=9B 4y, | (2. 2)
In addition to this, by (2.2) and again the Stone theorem, we see that if ¢ € D(A) N D(B)
and By € D(A), then Ay € D(B) with |
ABvy = BA. (2. 3)
Lemma 2.1 Let A and B be strongly commutative nonnegative self-adjoint operators in K.
Then (A+ €)™ and (B + n)~° commute. where 0 < o, 3 and 0 < ¢, n.

Proof: By the spectral theorem of self-adjoint operators, we see that

1 o0
A —a _ / ta—l /--AA ._adt,
(A+e¢) (o) Jo e e

(B+n)" = f(%j /oo thi=temtBemt gy,
3) Jo

where I' denotes the Gamma function:I'(z) = f§° e~'"~'dt and the integral is defined in the

sense of Bochner integral. Then we see that
P —a - 1 R e a-1_8--1_—se —tn/ —s - ]
(@, (.4 + 6) (B + I}) ﬁ'l,i/))ﬁ = W ‘/0 /O pa—1lgh—1,=se, t;(e A¢’ e th),Cdsdt

1 00 20 ] .
— ta—l‘:[}—l —sc _,—in _3—(3 ',e—.«,'i,i, ~dsdt
I"(a')I‘(,B)/o /0 e e Y )eds

= (¢,(B+n0)"(A+ )™ ¢)x.
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Then the proof is complete. . O

Lemma 2.2 Let A and B be strongly commutative nonnegative self-adjoint operators in K,

and y € D(A). Then (B +n)%y € D(A) with
AB+n) "y = (B +n) "4y, (2. 4)
Proof: Noting (2.2), we see that, for ¢ € D(A),
(A6, (B+n) ) = zn/ T A, 0B cdsdt
- r_@ /0 e g, e™P Aup)cdsdt
= (¢, (B +n)""A)y,
which implies that (B + )=y € D(A) and (2.4) hold. 0
Proposition 2.3 Let A and B be strongly commutative nonnegative self-adjoint operators
in K and HA%U}H,; < ]|le1/fr||,c for ¥ € D(B%). Moreover we suppose that v € D(A) N
D(B), Ay € D(B). Then
Al < 1Bk (2. 5)
Proof: Note that By € D(A) and ABy» = BAy. Since (A + €)y € D(B), Lemma 2.2 yields

that (A+€)"2(A+e)y € D(B). Then ('B+e)‘%(B+e)(_4+e)‘5(A+6)1/J (B+e)r(A+e€)iy

is well defined. On the other hand,

(B+€)75(B+e)(A+ ) H (A +e)y

(A+€)73(B+ ) (4 + )y (by (2.4))

=

=(B+e¢€)”

-‘)I——

=(A+¢e) (B + e)"'(B +e)(A+ €e) (by Lemma2.1)
=(A+¢7 (B + 6)_5(.4 +€)(B+e)y (by (2.3))
=(A+e) I A+e) N(B + €)% (B + )i (by (2.4))

= (A+€)5(B + )ty
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Hence we have

(.4+6)%(B+6)%'¢r=(B+e)%(A+e)%z,/). (2. 6)
Then
I(A+eule = l(A+3A+ eyl
< (B+€F(A+ )yl = |(A+€)3(B +)by|lx
< 1B+l | 2.7
Taking € — 0 on the both sides of (2.7), we get (2.5). O

Generally we get the following proposition:

Proposition 2.4 Let operators A and B satisfy the same assumption as that of Proposition
2.3. Let Dy be such that Dy C D(AZ)N D('B%) and, both (A + €)* and (B + €)%, where ¢
runs from 0 to some 0 < ¢, leave D% wnvariant and let Dy be such that D; C D(A)N D(B)

and, both A and B leave Dy invariant. Then we have

m

(1) 1A%k < B¥¢lx,¢ €Dy,m >2, (2. 8)

() Al < 1B, € Dym 2 1. (2.9)

Proof: By an induction with respect to m, we shall prove them. (1) In the case where m = 2,
(2.8) is verified by Proposition 2.3. Assume that (2.8) holds in the cases where m = 2,3,..,k.

Since (A + e)%z/r €D;,0<e<e,
A+ e <NB+F(A+e)3lle.0 < e < eo.
By (2.6), (A +¢)? and (B + €)? commute on D,. Then we have

l(A+e)F gk <A+ B +05 gl < B+ uc0<e < (2 10)
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Taking € — 0 on the both sides of (2.10), we get the desired results. (2) In the case where
m = 1, it is just assertion of Proposition 2.3. Assume that (2.9) holds in the cases where

m=1,2,..,k. Then
|4+ ]l < [|B* 4.
By (2.3) A and B commute on D;. Then we have
145 Yl < Il AB* ik < [[BF k.
Thus (2.9) follows. O

The role of Proposition 2.3 is to establish (4.26).

3 DEFINITION OF A HAMILTONIAN

In this section we give a quick sketch of definition of nonrelativistic QED coupled to a

radiation field with an ultraviolet cut-off and carefully show some inequalities.

3.1 Quantized Fields

Let A symmetric Fock space Frys over W is defined by
Fru = D[} W].
N=0

Here @YW, N > 1, denotes the N-fold symmetric tensor product of W and ®W = C. the
set of complex numbers. We denote by £ar the finite particle subspace which is defined by
the set of vectors {®,}2, € Frar with at most finitely mauy non zero elements. The bare

vacuum Qpyr € Fay is defined by
QE‘M = {1,0,0, ..... }

We denote the smeared creation operator and the smeared annihilation operator in Fgpr by

a'(F),F € W, and a(G),G € W, respectively. In particular, for notational convenience, we
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introduce the notations a'" and a”, r = 1,2, by a"(f) = a'(f & 0),a™(f) = a'(0 & f), f €
L*(R3), and a!(f) = a(f ® 0),a%(f) = a(0 & f),f € L*(R3), respectively. They satisfy

canonical commutation relations on Fg,:

[ar(f)’ats(g)] = 6r8(f»g)L'-’(R3)a

[@(£),a*(9)] = 0,f,g€ L*R),rs=1,2

where the symbol § stands for the dagger t or its omission.i.e., a*" is either a!” or a’,r=1,2,

and f is the complex conjugate of f. We formally write

a'(£) = [ (k) f(R)d.

For a contraction operator T on W, the second quantization of T is denoted by I'(T') [13,22].
In particular, for a nonnegative self-adjoint operator & in W, (e %), > 0, is a one paran-
cter strongly continuous symmetric semi-group on Fgjs. Hence we can define a nonnegative
self-adjoint operator dI'(h) in Fgy by T'(e™™) = e=T") Note that dT'(h)Qga = 0. The
free Hamiltonian in Fgys is defined by dl'(w & w), where w is the multiplication operator by
w(k) = |k| (|k| is the three dimensional Euclidean norm of k). We formally write

2

Hey =Y [w(k)al(k)a’ (k)db.

r=1"Y

Besides the number operator Ngy, is defined by
2
New=3 / o' (k)ar (k) dk.
r=]
We set
M= {1l = (V@) Fllr2crs) < o0}
The following relativistic bounds are well known:

”aTr(f)‘II”-ﬁm < llfll—ll’Hng\I,llehl + ”f”OH‘II“frwf eM_N MO, (3' 1)
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”a'r(f)\l}”falw < ”f”—llng‘M\IJ”fEAnf EM_ N Mo, (3 2)
o™ (D@ lrrs < UM (Near + DH8lry,, £ € Mo, 3. 3

lo"(£)@llFer < I £llo

E’\f@”}-EM’ f € MO (3 4)

where ¥ € D(H g ) and @ € D(NE% ar)- With an ultraviolet cut-off j, we define a quantized

radiation field A,(p,z) and a quantized magnetic field B (0, 2), e =1,2,3, by

p,w) Z /
B.(p.z)
= Z/ \/Qw— =ik x (k)€™ al" (k) + p(—k)((=i)(~k) x e’(k))ueik””a’(k)}~

{p (ke ( (k)e~*al" (k) + p(— k)ey, k)e’kwa{’(k)},

Here ¢" = (ef, €5, €}), 7 = 1,2, are polarization vectors which satisfy

| e"(k)e'(k) = bp5, ke"(k) =0, a.e.k € R3.
For instance and avoiding some confusion, we assume that e, € C*(R*\P),u=1,23,r=
1,2, where P = {k = (0,0,k3) € R3|k3 € R}. The operators Ap,z),p € M_y, and
B,(p.x), p € My, are well defined aud closable on F&ir- We denote their closed extensions

by the same symbols.

3.2 Definition of a Hamiltonian

The Hilbert space H of the system considered in this paper is given by

" =Ha @ Feu = [L*(R?) @ LA(R)| @) Feu.

The Hamiltonian of the system H(p) with the ultraviolet cut-off p is defined by

H(p)= [0 (P& Iy — eA(p,2)> +V @ Ipas + Iy @ Hpay.

. 2[
Here ‘A(ﬁal) = (‘41([’\)’51‘.)1—42(/3»1')3-43(ﬁ73:))7 P = (PII)’Z’P;}) (_ bg—»_l")‘z—z —laia)7 Vis

an external potential and o = (07, 0, 03), where the three Pauli matrices are defined by

(01 (0 —i (10
Y2 V10 )25 0 )90 -1 )"
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We denote the identity operators on H,; and Fgy by I and Iy, respectively. We work
in units which is ¢ = & = 1 and put the mass of the particle one for simplification. We

immediately see that

H(p) = Hua + eRr + e®Ryy + eRypp,

‘where

1 .

Hel = —:-A+V’
2

Ry = —(P® Ipn)A(p,x),
1 R

Ry = 5(14(,0,-1'))2’
1 o

Ry = —2—0'~B(p,:17)-

We introduce Hypothesis 1 and 2:

Hypothesis 1 The ultraviolet cut-off p satisfies that p ) —k),and pe M_oNM_iN
Mo 0 M;.

Hypothesis 2 The external potential V' is such that —;;—A + V7 is essentially self-adjoint on

C5°(R?3) and constants a and b so that

<a

|5+
L2(R3)

[(-42+7)7

H b ey f € CRRY) (8.5)
L2(R3)

exist. Moreover there exists a constant ¥ so that
(—00.Z]No(Hy) C og(Hy).
Here we subsume ¥ = oc.
Note that (3.5) implies that, with the same « as in (3.5),.

(1389 sy 2 (7. (=384 V) 1) +¥ f € C(RY),
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where ¥ is a positive constant. We fix the constants a, b, b" and T throughout iu this paper.
We have two standard examples in mind. One choice is (1) V' e L*R3) + L*(R?3) with

isolated ground state energy, e.g.,

2
e
The other is (2) V(z) — o0 as |2] - 0, e.g.,
V(z) = |z|

For the first case (1), the essential spectrum of H,; has continuum edge, i.e., © < co. For the
latter case (2), Hy has purely discrete spectrum,i.e., one can take ¥ = oco. The case where
one can take ¥ = oo is studied more easily than the case where & < co. Thus, throughout

this paper, we assume that £ < oo. (See Remark 5.7.) We have, by (3.1) and (3.2)

1Br %)l < Allla ® Hem ¥l + Bl|Hy © Iem @y + C| ||, (3. 6)
[ Rir@)l3 < D)l ® Hpar¥|ly + E|| Ty, (3.7)
NRirr 3 < Fl|l Ly ® Hear ¥y + G|, (3. 8)

where

A =6]pll-2. B = 6a(2|lpll-2 + l7l-1), C = 62| pll 2 + || pll-1) + 315 -1,

D = E = 6(|pll-2 + | pl|-1)? + 3k(||p]| - + Hf“ H ollo +112111),
6 . 3 ... 1 1
F= _\/_5”[)”0’(; = E”plllk '2_” (]/\ (3. 9)

We assume that 0 < ey holds
egD +eg(A+B+F)=1.
Hypothesis 3 is as follows:

Hypothesis 3 The coupling constant e is such that 0 <e<e.
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Proposition 3.1 ([18]) We assume that Hypothesis 1,2 and 3 hold. Then H(p) is self-
adjoint on D(He ® Ipa )N D(14 ® Hpy), bounded from below and éssentially self-adjoint on

any core for H(0) = Hy ® Igy + Ii @ Hgyy.
Proof: Note that

1 et ® Heng @l < | H(0) ¥ lpe + |GIH)||| @],

[Het ® Ignr¥llr < [|H(0) |l + 2| GHe]| [ T]| -
‘Then, by (3.6),(3.7) and (3.8), we see that

1Rr®ll < (A+ B)H(0)¥|ls + Cli @l + (A+ 2B)|GHa)|¥]ln, (3. 10)

IR ¥l < DIIH(0)|l + E[ ¥l + DIG[Ha]||| ¥, (3. 11)
IRrrr @l < FIH(0)ly + G| Tl + FIGIH |l (3. 12)
Hence Kato-Rellich Theorem [19] yields the desired results. O

We shall estimate the ground state energy of H( p). We have

(9, Ry W)y < A(9.1,® Hpy9)y + B(V, H, ® Ipn @)+ C'|0)7,  (3.13a)

< (A + BT, H(0)V)y — B'G[H)||¥|12 + C'||®) )2, (3.13b)

(O, Ri¥)y| < D9, 14® Hepn®)y + E'|) 9|, (3.14a)
< DT, H(0)¥)y — D'G[H| T3 + E'||¥|2, (3.14b)

(O, RV < F(U,1,® Hen )y + G| T2, (3.15a)
< FI(W,H(0)®)y — F'GIH|| 2|3, + G913, (3.15b)

where

A= C%Hﬁlt_Q, B’ = 6av2||jl| 2. C' = 6bv/2|3] -,
| .
5757l
(3. 16)

D" = 3(||pll -2 + llall-1)ll A Pl F' =G =

3 . . i
22, B = S0l + 1)
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Hence we see that

(1~eA' —eB ~ D' - eF')(¥, H0)V)y + (eA' + 2D’ + eF')G[H, ||| T2,

~(eC’ + €2E' + eG)|U|3, < (¥, H(p) T} (3.17)
Moreover we have

(U, H(p) W) < (U, H(0) W)y + (€A’ + eB' + 2D’ + cF')(W, H(0)T)y,

+(eC' + e*E' + G| |12, — (ed’ + 2D’ + eF")G[H.]|| P13 (3. 18)

Since H(p) is essentially sclf-adjoint on any core for Hy (Proposition 3.1) for coupling con-

stant 0 < e < e, in view of (3.17) and (3.18), for 0 < e < ¢,, we get the following:
IGLH(p)] - GIH.]| < A(p). (3. 19)
where

A(p) = e(B'G[Hy)+C')+ ®E' + G

R 2320l =2 + Al - 3 .
OV l-a(aGlHa] + 1) + XAz LA Pl +e sl

Note that aG[H] 4+ > 0. For e > e, it is not known whether core for Hy is core for H(p)
or not. Hence it is not necessarily that G[H(p)] = infgep (¥, HyU )1, where D is core for

Hy. Then (3.19) is valid only for 0 < e < e.

4 EXISTENCE OF GROUND STATES
General propositions applying in this section are as follows:

Proposition 4.1 I. [24,Lemma 4.6] Let T, and T be self-adjoint operators on a Hilbert
space and bounded from below, respectively. Suppose that (1) T,, » T asn — oo in the
norm resolvent sense, (2) T, has purely discrete spectrum in [G [T,], G [T},] + C) with
avconstant C > 0. Then, T has purely discrete spectrum in [G [T],G[T]+C).
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IL. [6,Lemma 4.9] Let T,, and T be self-adjoint operators on a Hilbert space, respectively. Let
Toyn = 1,2,.., and T have a common core D such that, for all € D, T, — T¢
asn — 0o. Let ¢, be a normalized ground state of T,, with ground state energy E, so
that (1) E =lim,_.o E, and (2) w —lim,_ o ¢, = # 0. Then ¢ is a ground state of

T with ground state energy E.

Before we come on to a closer analysis of the existence ,Of the ground states of H(p), let
‘us pause here to look briefly at our strategy. We shall introduce three parameters m,V, L,
and define self-adjoint operators Hi(pr), H™(pr) and H™(p) with indexes V,m and L,
respectively. In addition to this we construct unitary operators U and Uy in H, and define

Hm(pp) = UH™(pr)U~" and HP (pr) = UvH{?(p1)Uy !, respectively.

Hp(pr) Voo ,ﬁ(ﬁL)
Uy U

Hi?(p1) H™(pr) L2 gy 20 H(p)
ground states exist

fig.4.1

First we shall show that H{(p;) has purely discrete spectrum in the neighborhood of
G[H{(j1)]. Secondly, we shall show the norm resolvent convergence of HF (pz) to H™(pr)
as V' — o0o. Then by Proposition 4.1 and unitary equivalences between Hy(pr) and ff{i‘( oL,
and between H™(p) and Hm( pr), we can see that H™( ;) has also purely discrete spectrum
in the neighborhood of G{H™ ()] (See fig.4.1. Here convergences V — oo and L — oo are
in the sense of norm resolvent, respectively, and m — 0 in the sense of strong resolvent.)
Finally the similar arguments on L — oo and m — 0 as those in [16] lead us to the final
goal: we show the existence of the ground states of H(p). Remark that it is difficult to show

the norm resolvent convergence of H?(pr) — H™(pr) as V — o0 directly with potentials V'
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in Hypothesis 2.

4.1 Periodic Approximation

Periodic approximation is essentially contained in [16]; we include a version of the proof here
for the convenience of the reader and to make this paper as self-contained as possible. We

reproduce here a variant which suffices for our theorem. Define the set of lattice points by

2mrn
k, = ﬂ,n# €Z,pu= 1,2,3}.

Ty = {k = (b, ko, o) o = 2

Let I5(T'y) be the set of I, sequences over I'y. We define Fy as

Fo = @ o [(Ty) & b(Ty)].

n=0
We identify [5(T'y) with a subspace in L?(R3) by
V s
L) 3 {ahery — 5= 3 aiXran() € (RY),

“ leTy

where X v)(+),1 € T'y, is the characteristic function of the standard cube

o 2 2 9
DL V) = [11 + {,5) x [12,1.2+ {—r> X [13,13+ {—r) C R®.

Then we identify I»(T'y) @ I5(I'y) with the subspace of W and we regérd Fv as the closed

subspace of Fgp. For 0 < m and 0 < V, we define nonnegative self-adjoint operators by
d—1
Hyy = 3 [(olky)+m)at"(k)ar(k)dk,
: r=1
d—1 '
Hf\, = Z/(w(k} +m)a" (k)a" (k)dE,
r=1

where ky = (k1 y, koy, k3y) is the step function as follows:

2 n
buy = =2, ifk#e[Q—;r;’i,—Q—‘Q+%),¢z,ez.
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The operator Hgy,, has purely discrete spectrum. We define periodically approximate

quantized fields by
f)(l)e"“‘r(’r(i\

N 2 i ST (] A(—Z)C“IGT(Z)
Auvip,r) = Z/dk > Xravy(k) {——,.'—‘me(k) + &—4(17(7‘»‘)},
= J2(0)

leTy QQJ(Z)

2
Buy(pe) = 3 [db 3 Xew(k)
r=1 lel'y

J2w(l) 2(1)

‘Thus H?(p) and H™(p) are defined by

Hy(p) = Hay®I+1Q® H}}'n},v + Rry + Ripv + Ry,
H"(p) = HyQI+1IQ Hiv + R+ Ry + Ryt
Here R;y, Ry and Ryyry are defied with A,(p,z) and B, (p,x)in Ry, Rrr and Ry replaced

by A.v(p,z) and B,y (p, ), respectively. Let X be the characteristic function of

L={kecR3k <L} Weput X;pp=pp.
Lemma 4.2 We assume that Hypothesis 1,2 and 3 hold. Then (1) the operator H™(p) is
self-adjoint on D,, = D(Hy @ Ipy) N D(I, @ H war) and bounded from below. moreover it is
essentially self-adjoint on any core for

H™0)=Hua® Ipy + Ia ® Hiyy:
(2) for sufficiently large V, the operator Hy(pr) is self-adjoint on D,, and bounded from
below, moreover it is essentially self-adjoint on any core for

HT(O) = Hel ® IEM + Iel &® f{gj\{"/-
Proof: See [16, Proposition 3.3]. O

Let notations A', B',C", D', E', F' and G' be in (3.18), and 4%y, B}y, Cly, i Erv, Flv
and Gy, are defined with pin A, B',C’, D/, E', F', G’ replaced by prv = Lier, Xrav)(-)pr(l),

respectively.
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Lemma 4.3 Assume that Hypothesis 1,2 and 3 hold. Then the following inequalities hold:

(1) (1—eA ~eB' - D' — eF') (¥, H™(0)0)y + (eA' + €D’ + eF')G[H./]|| V|2,
—(eC'+ e E' + eG)|| T3, < (¥, H™(5)T)y, (4. 1)
(2) (L, H™(p)¥)y < (U, H™(0)T )y + (eA’ + eB' + D' + eF')(¥, H™(0)¥ )4
+eC' + E' + eG)|| V|3, — (eA' + 2D’ + eF"\G[H,]|| T3, (4. 2)
(3) (1-eApy —eBpy —€’Diy, — eFpy (¥, Hy (0)T)y |
HeALy + "Dy + eFpy )G[H| |3, — (eChy + €2Ely + G, Ol
< (U, Hy (pr) ), | (4. 3)
(4) (W, HY(p)¥) < (U, HY(0)T)y + (eAry + eBry + €2Dyy + eFry )(9, H7(0)W)y

+(GCLV_ -+ (.’ZELV + 6GLV)||‘I’”H (6.4” + C’QDH + CFLv)G[H(,IJ”\I’”H 4)'
In particular

IGIH™(p)] = G[Hd]| < A(p), (4. 5)

(G[Ha] = G[HY (p1)]] < Alpry). (4. 6)
Proof: Note that for sufficient large V,
(0, H(0))z < (W, HY(0)T)yy. (4. 7)

By (3.13b),(3.14b), (3.15b) and (4.7), oue sees (4.3) and (4.4). (4.1) and (4.2) can be proved

quite similarly. 0O
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We introduce Hypothesis 4:

Hypothesis 4 The coupling constant e is such that !

2A(p)
1—eB

Lemma 4.4 We assume that Hypothesis 1,2,3 and 4 hold, and V is sufficiently large and

m satisfies that

2A(p) G ™
l1—eB"  1—eB

< T - G[H,]. (4. 9)

Then Hy (p1) has purely discrete spectrum in the interval |G [H(p1)], G [HF(pL)] + m).

Remark 4.5 By (4.6) and a limiting argument, for V sufficiently large, (4.9) implies that
(1 = eBry)(X = GlHa]) + (G[Ha] ~ G[H (1)]) — A(pry) —m > 0. (4. 10)

Proof: For notational brevity, we put H{#(p;) = Hy,G[HY(pr)] = Gy and G[H,| = G,
respectively. Moreover set Hy; = H, — G. Let Er(B) be the spectral projection of an

operator T’ on a Borel set B and dimRanE7(B) the dimension of the range of Er(B). Put
H=Hqg® [.7‘—1/ ) fyl] = [Hez ® fv] @[Hcl ® .7:1/"‘] = H; @Hz.

We see that Hy is reduced by H; ([16, Lemma 3.7]). By (3.13a),(3.14a) and (3.15a), we

have

(U, Hy W)y > (7, (X3Iet ® Hepr + aHe @ Iy — Apry) + G) Uy, (4. 11)

'Concretely we have

2 {6@\/§||l3'|—2(aG[He-l] + )+ 3e2(llﬁll-z+gﬁll—1)||l3|i—1 + }:_\I/L%UQ}
- <
I~ Geavalil 2

S — G[H.i.
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where
a=1=eBy,f =1~ (eAly + ¢’ Dy + eFpy).
Note that by Hypothesis 3, @ > 0 and 8 > 0. We have, for ¥, € H; N D(Hy), by (4.11),
(Hy —m — Gy)¥,¥y),

> (Br;(10,5-G) @ [8HEwy — (m+ Gy ~ G + A(prv))] €1, 21)

+a(2=G) ~ (m+ Gy = G+ A(pwy))] (B ([S - G,00)) @ ¥4, W), (4. 12)

H

+ (B[S - G, 00)) ® BHBy U1, 1y ). (4. 13)
By virtue of (4.10), (4.12) is nonnegative, and (4.13) is also nonnegative. Theref(_)r we have

RanEg, ([Gv, Gy + m)) [,

C RanEg~([0,E — G)) ® Egm

el - EM.V

([O, m+ Gy —ﬂG + A(ﬁzv))) [, (4. 14)

Note that Gy + A(pryv) > G. (4.14) implies that

dimRanEg, ([Gy.Gy +m))[x,

m +‘GV -G + A(f)Lv)))
B
< 0. (4. 15)

< dimRanE%—([0,£ - G)) x dimRanEnzzMy ([0,

On the other hand, we see that [16, Lemma 3.7]
(W2, Hy o) > (G + m)|| a3

Thus we have

RanEg, ([Gyv,Gy +m)) = RauEg, ([Gy, Gy + m))[4,. (4. 16)
It follows from (4.15) and (4.16) that
dimRanEg, ((Gv, Gy +m)) < dimRanEg,, {[Gy, Gy + m)) [, < .

Thus proof is complete. O
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4.2 Unitary Transformations

We define unitary transformations U and Uy by

3
U = exp (z Z T, ® (ll"(k“)) ,
k=1

p=l1

3
Uy = exp (i Z z, ® dF(kM/)) V> 0.
Define

(R?),

comp

0 = L{F(z)al" (7@ ). .al™ (=W £ )0 p e Qg |F e Cce(RY), f; € L?
0;(k) € L{k,ky,0},7;=1,2,7=1,2,..,n,n € N} c H,

Dy = [,{aT“(fl)...a”"(fn)QEM,QEM‘ fj S Lzmnp(R:a),Tj =1,2,5=1,...,n,n € N} C FewMm,

where £{...} denotes the finite linear hull of the vectors in {...} and L%, _(R3) is the set of

comp

functions in L*(R3) with compact support. The set Dy is a core for both H Eamy and Hpy,,
and C§°(R3) for H,;. Thus since C*(R3)@Dy C O, the set @ is a core for both H™(0) and
Hy'(0). Then by Lemma 4.2, O is a core for both H™(j;) and Hi*pr). Operators U, Uy,
dU(ky), dU(kuy), Hgy, H¥hy and @ (e7®7 £) 0(k) € L{k, ky,0}, leave O invariant.

Lemma 4.6 The unitary operators U and Uy satisfy that, on O,

) _ 1 . . m ,
UH™(p ) U™ = 5{0(1?,0,, —eA(/)L,O))}Z+I€1®HEM+V ® Igu, (4. 17)

- 1, . : - |
YVH{/R(/)L)UVI = 5 {0’ (Ptot,v ——GA‘,'(/)L,O))}Z‘FL:I ®HEM,V +V®IEM. (4. 18)
where Py = (Ptot,h Ptot,% Ptot,3) and Ptat,v = (Ptaz,v.,laptot,V,Q, Ptot,V,3),

Plot,p = Pu & IE’.M - I(.'I & (]F(l‘u)’

Ptot,V,/A = 1)//, ® IE’M - Iy ® dr(k;t,V)a =1, 2,1 3.

Moreover Uy leaves H; invariant.
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Proof: 1t is easily seen that, on O,

U(P @ Ipy)U™" = Py, Uy(P ® Ipy)Us! = Py,
Ua (e AU = Iy @ a"(f), Udl(e™™ flU = I, ® a™(f),
Uya"(e™* YUy = Ia @ a’(f), Uyal™(e"™* YUy = I, @ o' (),

Ula @ Hp ) U™ = Lo ® Hpap Up(Ig @ Hevy)Uy' =1, ® HEyy

Thus (4.17) and (4.18) follow. Let ¥ = F @ a'™(f))....a!™(f,)Qen, F € C&(R3), f; €
L(I'y)® L(Ty),r; = 1,2,j = 1,...,n. The finite linear hull of the form of the vectors ¥ is

dense in H;. Since e=*v* f; € Iy(Ty) ® Io(T'y ), 7 = 1, ..., n, for each = € R3, we have

UF ® a™ (f1)...a”™(£.)Qpa = Fal™ (™™= f1)...at™ (e™*V7 £,)0prr € M.

Thus U leaves H; invariant. O

We write the right hand sides of (4.17) and (4.18) by ffv’;’( pr) and I-’I\{,;( pL), respectively.

Lemma 4.7 The operators Ff’"( p1,) and 1:{7’( pr) arc esscntially self-adjoint on ©. The
unitary operator U maps D(I:F"( pr)) onto D(H™(pr)) with (4.17). The unitary operators
Uy map D(ﬁ{j’(ﬁL)) onito D(Hy'(pr)) with (4.18).

Proof: Since O is a core for H ‘""(f)L) and U maps O onto itself, UH™ (1)U~ [ is essentially

self-adjoint, which implies that ff;"( Ar)[o is essentially self-adjoint. Thus we obtain that

—

U maps D(}F’(/’)L onto D(H™{(jy,)) with (4.17). The case of H*(jp;), H(pz) and Uy is
_ , 1 1

similarly proved. a

We define

Htot = Pt%t + "/' ® IEI\'T + Icl & Hg;u,

Hu(V) = PLy+V®Ipy+1.0© Hguy-
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Then

Hp(pr) = Hi(V)+ Ry,

ﬁn(ﬁL) = Htot + Rv
where

. 21 SPRPO R
RV = —e(Pi.ot,V)AV(p’ 0) + (3‘5‘4V(pa O)H + 850 ' BV(/)’ O)a
R 1 1 )
R = —e(Py)A(p,0) + e2§A(p, 0)2 + e50 - B(5,0).

Lemma 4.8 Assume that Hypothesis 1, 2 und 3 hold. Then, for sufficiently large V', there

exist positive constant y which is independent of sufficiently large V' so that, for ¥ € O,

[Hiot®lln < YU H™(5) %l + [T 150), (4. 19)
IHo V) E e < (| HF (L)@l + [T in). (4. 20)

Proof: One sees that there exist constants o < 1 and 8 > 0 which are independent of large

V" so that
”((:’R[(‘/) + (321?[1(1"’) + CR”[(V))\I/”H < (1”[{{? (0)\11“7{ + .ﬁ”\II”'Ha ¥e.
Since Uy leaves O invariant,
IRyl < afl Huo V) Bl + B, ¥ € O.
Thus it follows that
| H i V)l < —— T ()W + —— [ (4. 21)
tot{ V| H_l._(x VAPL H I —a [H- S

(4.21) implies (4.19). (4.20) is proved similarly. a
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4.3 Existence of Ground States with Artificial Mass

The purpose of this subsection is to obtain the following lemma:

Lemma 4.9 We assume that Hypothesz's. 1,2 and 3 hold. Then, for - € C\ R,
Jim (HP(pn) = 27" = (H™(pr) = 2)! (4. 22)
in the uniform norm.
Before proving Lemma 4.9, we prepare some lemmas. We have
0<k,—k,y < 2‘—?,# =1,2,3. | (4. 23)

Then

o7
0 < (@, (dl(k,) = d(k,y )W)y < —— (¥, mNgar¥)y

mV
2 ™ ‘
< Tﬂ_(q’» Ear O)n (4. 24)

where ¥ € Dy. Since the set Dy is a core for HE,,, (4.24) extends to
. 1 2r moNL o m AL =
(AD(ky) = AT (k) Ol < o (H ) Wl ® € DAEZD. (4. 2)

On the other hand we sce that dl'(k,) — dU'(k,yv) and Hp, strongly commute. Since Dy is
invariant under both HY,, and dU(k,) — dT(k,y ), (4.25) and Proposition 2.3 lead us to the
following lemma:

Lemma 4.10 Assume that ¥ € D(HE,,). Then

27r m Y I
AT (k) = AT (k) Wl < | W, o = 1,2,3. (4. 26)

Lemma 4.11 Let U € O. Then there exists a positive constant o so that

1Pty ¥l < a(|Hio( VY|l + || ¥]|5), (4. 27)



26 Ground States of QED

et ® HEpr ¥ lln

IA

a(|| Hio Pz + || ¥]n),

1
”Iel ® HE’M\I’”H

IA

a(l| Hiot (V) ¥l + [ f20),

Il ® HEp ¥ |ln

IA

a(“Htot\I’”H + ”\I’”'H)v

TAN

[ 1et @ Hgpr |3 a(”sz(V)‘I’HHf 1 ||+),

p=1,23
Proof: One sees easily that
I(Ps ® D)2 < ol HyF (0)T |30 + [|]l30).

Since Uy leaves O invariant, (4.27) holds. The other inequalities are handled similarly. 0O

Proof of Lemma 4.9
We have

(H™(pr) — 2)™ = (HP(pr) — 2)™ = I(V) + eI I(V) + EITI(V) + eIV(V)+ R(V),
where

3 ] . —
I(‘r) = Z(H{/"</3L) - z)_l ((Ptot,V,u)2 - (Plol,,u)z) (_Hm(/)L_) - ‘Z)_11

p=1

3 —— N o ~ N _— ~ —_
Iv) = Z(H{}l(f)L) - 3)~1 (Ptot,V-;l-A;hV(f)La 0) - ProtuAulpr,0)) (H™(pr) - z) 1,
u=1

3 —— v ) " - ~ —_
HI(V) = 3 (Hp(pe) = )" (Auy (51,00 = Au(pr. 0)2) (H™ () — )7,
n=1
3. __ ‘ —
I‘/(‘I) = Z(H{}l(ﬁﬁ) - ’:)_1 (UMB,L,V(/A)L,O) - UpB;J(f)LaO)) (_HT"'(:E)L) - Z)~l7

p=1
RV) = (HP(pr) == (Hgwy = Hiar) (H™ (1) — 2)71.
We shall check that 1(V), II(V), III(V),IV(V) and R(V) gotozero as V — oo, respectively.

We denote the uniform norm of operators in H by || - ||. For f € M, we define R,(f) by

Ro(f)=\f— > f)Xruw

lely

n
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Note that, if f has a compact support, then R, (f) goes to zero as V' — oco. We put

- - pre,
S, = u:lgfg,i{:m R, (—,—-—2w> )
~ k ‘1"
max R, <————pL(‘ akd )”> .
p=1,23r=1,2 V 2w

In addition to these, for notational simplification, we set

Y, =

pay T
PLe,

V2w

Ay, = max
p=1,23,r=1,2

n

Define
l(Ia® HEy)(Hia(V) = Z)7HL (e ® Hgar ) (Hior —
a=maxq |[(I; ® H;M)(Hwt ‘V) -2, Ny ® HEM) Hiy —
“PtotVu Htot 1”
and

4 = max (| Hua( V) (1) = )7 L | B B () — =7)

)7
)7

i}

where z* = Z or z. The existence of « and A is ensured by Lemmas 4.8 and 4.11.

[R(V')] Note that, for ¥ € D(HE,,),

261

”(HgM - HEJMV \II”}'F M= 1 ”H} :V\I}“]:EM’

where Cy = V3 (—’r—) (L + 1) (6, Lemlxlas 3.1 and 3.6]. Thus we have

V

2m

which deduces that R(V) — 0 as V — 0.

[1(V)] We see that, by Lemma 4.10,

(2, I(V)‘I))”HI

< Z{‘ Plat‘u HV(/)[)_Z) IIII (Plot$/l_ Ptotu) Hm /)I)_ ) (I)) |

p=1
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+|((Pmtv = Puot,)(HP (pr) = )7, Proy u(H™ (1) — 2)7 @)y}
<3 B PorgHiaV) = 37 (i) = B ) = 2
P
X||(Ta ® Hia)(Hior = 2) ™ (Hiot — 2)(H™ (1) — 2)~' @)
+|(Zar ® Hgpr)(Hio(V) = 2) ™ (Hiot(V) = 2)(HP (1) — 2) 70|
XN Protyu( Hiot = )™ (Huor — 2)(H™ (i) — 2)7' |y}

3:2-27-2
< S A | Tl

Thus we have I{(V) — 0 as V — oco. [II(V)] We sce that, by Lemma 4.10,

(2, II(V)®))|

p=1
H(Piotvu = Proty ) HPF (p1) = 2) 0|l A, pr, 0)(H™ (o) — 3)_1@”71}
3
<2y (1
pn=1
{25211 © By ) Huot = 2)™ (Hiaw = 2 1) = 217 Bl

+Soll(H™(pr) — 2)7" 0|l }

I Protvyu(Hiot(V) = 2) " (Hyot(V) = 2)(HP (p1) — 2)7 0|

2r — .
+ (=5 ) 120 © HEw ) (Hu V) = 7 HunV) = (1) — 27 ¥l
X {2a—1“(lel ® Hfmw)(Htot —2) "N (Hyor — 5)(@"'(/31«) - Z)_lq’”"ft

+aoll(H™ (pr) — )7 |l }]
So 27
<3:2¢aA {2045 | + — 52 +m A | 2040 + — l(x | 1@ ]| @]l .

Thus we see that II(V) — 0 as V — oo.

[III(V)] We have

3
1 = - )
III(‘/) = Zi(H‘T(pL)_‘:) 1‘4/L.V(/)L10)
p=1

X [Auv(pr,0) = Au(pr, 0] (H™(pp) — 2)™"

3 - . ~ . Py ~ N —_—
< 3 {1y B (1) = 2 Clsall(Auy (51, 0) = Au(pr, O))(EH™(pr) — 2) '®|x
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{/" (Pr) — 2)™' [Auv(pr,0) — Au(pr, 0)]

l\DIi—'

3
t 25l
X Au(pr, O)(H™(pr) — 2)7".

Thus the second terms in IT1(V') can be estimated as follows: for nw=1,2,3,

(A (72,0) = Aulon. O (HP (1) = )71, Ay, O) (B (1) — 2)7'@)_|
< 2{25 (1 © Hip)(Hea V) = 27 (Huol V) = D) EG () ~ 2y
+Soll (B (1) — )"0l }

x {20101 ® Hdy ) Huo — 2)7 (it = 2)(E(p1) = 2718

taoll (H™(p1) — =) 81}

So
<2205+ 2 2 (220 4 22 o) el

The first terms in I11(V) arc similarly treated. Then ITI(V) — 0 as V — 0.
[IV(V)] We see that |

3 e
(O, IV(V)®)| < 23 |[(HY (pr) — 2)7' ¥|lx

p=1
X {23”—1”([@: ® Hpp)(Hior = 2)™ (Hyp — 2)(H™(pr) — 2) 7' 0|
+Yoll(H™(pr) = 2)" Bl

. !
o (20404 32 ) Pelelh

Then IV(V) — 00 as V — 0. Thus, the terms R(V), [(V), II(V),III(V) and IV(V) go to

<

zero, as V' — oo, respectively. (4.22) follows.

Lemma 4.12 We assume that Hypothesis 1, 2, 3 and 4 hold and m satisfies (4.9). Then

H™(p) has purely discrete spectrum in the interval
(G [H™(5)], G [H™(5)] +m). (4. 28)

In particular, the ground states of H™(p) ewist.
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Proof: By Lemma 4.4 and (4.18), Hi( pr) has purely discrete spectrum in the interval
[G\ [j‘—f{il(ﬁL)] G [fﬁ’ (ﬁL)] + m) :

By Proposition 4.1 (I) and Lemma 4.9, we see that I?V"'( pr.) has purely discrete spectrum in

the interval
(G [E7(p1)] G [H™ (5r)] +m),
- which implies that, by (4.17), H™(p) has purely discrete spectrum in the interval

[G[H™(pL)], GH™(pr)] +m).

Since ||pr — plla — 0 as L — oo for n = =2, —1, we can easily see that, for z € C \R,
Jim (H™(51) = )™ = (H™(p) - 2)") (4. 29)

in the uniform norm. Then again by Propom‘rwu 4.1 (I), we see that H™(p) has purely

discrete spectrum in the interval (4.28). g

4.4 Binding

Let a ground state of H™(p) be (. Define T = K ® Eg,,,({0}), where K is a projection
1
operator on L*(R3). In this subsection, we estimate hoth INZyQulln and [(TQ,, (eR; +

¢?Rir + eRrrr)Qm)n|. Notations A, B,C, D, E, F, G in this subsection are in (3.9). Define

1 1 1 1
511 " " — 2D =_F F" — "— _F=>@.
2, D E 2D E.F G 5 2G

1
AIIZ__A,BII: A_,‘_//__
SA.B" = 6l 5, C .

Let

P=eA+B+F)+¢’D,Q =e(C+G) +E,Qy = e(A+ 2B + F) + ¢D,
P” — C)(A” + B” + F”) + (32D", ,], — C(C” + G”) + (32E”,

2 — P(A” +2Bu F/r) + 62D”.
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We define

B = max {|G[Ha] — A(p)|, |G[Hd) + A(p)

}.
By (4.5)

|GIH™(p)]] < B.
We shall estimate || P2 ® TgarQp |- We have

P2 & Ient Q|

S IPE @ Lew(H(0) = ) IIICH(0) = )(H™(5) = i) I (H™(5) = )mllne

<NPE® Iea(H(0) = i) |I(H(0) — )} H™() — i)™ (B + 1)]| ]l
Since

182 ® Ienr ¥l < 2al|Hy ® Ipa ¥l + 20|03

IA

2a||H(0)¥ I3 + (4a|G[He]| + 2b)|| T},
we have
172 © Iea(H(0) — i)7'|| < 2a + 2b + 4a|G[H./]|.

Since

H Ol < N H™ ()%l + el Ri®lls + || Rir®llsg + e|| Rerr® s + 2|G[H]||1®]14,(4. 31)

we have
IOl < = (1H™(2) ¥l + (Q1 + (@2 + DIGIHADI e}

From (4.32) it follows that

I(H(0) = )(H™(p) - i)Y < 1_1P+ Q1+(Qii?,G[Hd“ b
2= P+ Qi +(Q:+2)|G[H|

1-P

31

(4. 30)

(4. 32)

(4. 33)
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We define

A= (2 ~ P+ Qi +(Q2 + 2)|G[H.]|

=P ) (20 + 2b + 4¢|G[H.])).

Thus? by (4.30) and (4.33) we have
||Pj ® IemQm|ln < A(B+ D)||Qn||x. |
| In particular,
NPy ® Igpm|ln < VAB + 1)[|1Qm % (4. 34)
We introduce Hypothesis 5:

Hypothesis 5 The ultraviolet cut-off holds |All-3 < oo and the coupling constant e satisfies
that

1= Z]|pll-

6e ( /A(82+1> n 3«||€u_1>

Remark 4.13 Physically it should be that

lAll-s < (4. 35)

A0) = /113 plx)de = e # 0.

However Hypothesis 5 breaks above condition, i.c., Hypothesis § implies that H(0) = 0. See

[27].
Lemma 4.14 We assume that Hypothesis 1,2,3,4 and 5 hold. Then
1
[ Ve Qmlln < 6(e) < 1, (4. 36)

where §(e) is a positive constant.
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Proof: By (3.3), (3.4) and (4.34), we have {16, Lemma 3.11]

1 3-2e
I NZuQmllz, < \/—”/)“—3HNFMQ mllmy AB + 1)1 Qm ||

1
Vsl (I VE e @l + W(Npar + 1362

3 2e
N Qm Qm
2\/— | Al =111V 2 ar Qe 22| [} 31

Hence from Hypothesis 5 it follows that

~ A e|| pll- e || A
O G S kL
[l S T 67Tl
6(e) < 1.

Thus (4.36) follows. 0

Next we shall estimate [(TQ,,, (eR; + 2Ry + eRrrr)Q )x|. Note that «"(f)Q¥ =0, f €

L%(R3). We have

(T, R, ,
( 7o I”H il < (A" 4+ B H(0)m Iy + C' | Qi + (A" + 2B") GHo) ||| Qun |,
TQm, Ry,
I )l o B 0) e + BVl + D"|GIH|| 4,
[T l2¢
TQT"’ R in ’ .
|( ”TQHﬁH )HI = F””H(O)QMHH + G””Q"’HH + F !G[HfflJIHQm”H-

From (4.32) it follows that

[(TQn. (eR; + €*Ryp + eRyp ) ]
[|Q2m |2
2l

< T—p {B+ Qi+ (Q2+2)|G[H} + Q] + Q4G[H.]. (4. 37)

We put the right hand side of (4.37) by C.

4.5 Overlap and Existence of Ground States

Without loss of generality, we can assume that ||l = 1. Then we can find a subsequence

{m;}72, so that Qo = w — limj_», O exists.
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Lemma 4.15 We assume that Hypothesis 1, 2 and 3 hold. Then

lim G [H™(5)] = G [H(p)].

m—0
Proof: See [16, Lemma 3.13). : O
We introduce Hypothesis 6:

Hypothesis 6 The coupling constant e is such that?

C

L - G[Hd] > A(p) + F———_——W (4. 38)
Note that Hypothesis 6 implies that ¥ — G[H™(p)] > 0.
Lemma 4.16 We assume that Hypothesis 1,2 ,3 ,4,5 and 6 hold. Then
9 #0. (4. 39)

Proof: Put P = Eg, (G [Ha], X)) ® Eng, ({0}), Q = Ep,,([S,)) ® Ex,,, ({0}). Then we

have
(R Py 2 1= [ NErgQnllf = (2, Q)
Since
(R, Q(Het ® Ipar — GIH™ (9)))m )1t = =(Qun, Q(eRy + €2 Ryp + eRppp)n )21,
by (4.37) we have

(S - G[H"‘<ﬁ)])(ﬂm, QQM)H S C”QQ’"“'H

2Concretely we have

N 3e2(|15]]- ol - Ollpll- 3e||p C
66\/§”p”_2(aG[He[]+bl)+ € (”/)“ 2+”p“ l)”p” \+ €||p“0+ <E—G[Hd].

2 V2 /1= o(e)?
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Hence
c 2
Qs PO 21—6(62—-( . > . 4. 40
| Taking the subsequence {mj}?i], we sec that both sides of (4.40) converge with
c ? |
Qo, P)p >1—-6(e)? = [ —rod— ) . 4. 41
The right hand side of (4.41) is positive by Hypothesis 5 and 6. Thus 4.39 follows, O

We state the main theorem in this section.

Theorem 4.17 We assume that Hypothesis 1,2,3,4.5 and 6 hold. Then Qp 15 a ground state

of H(p). In addition to this, we assume that —%A + V' has a unique ground state ¢. Then
lim [l ® Qpar — Qolfx = 0.

Proof: By Lemmas 4.14 and 4.16 and Proposition 4.1( IT}, theorem follows. a

4.6 Convergence of Ground States
Define the Hamiltonian with “g-factor” as follows:
o1 . . 1 .
Hy(p) = 5(]) ® Iear + AP, 2))° +V ® Igar + Iy @ Hiar + 9503(/),-1')-

Since 0 < g < 1, under Hypothesis® 1,2,3,4,5 and 6, their ground states exist. We denote a
normalized ground state of Hy(5) by Q(g);||Qg)|l» = 1. Then there exists a subsequence

{g;}32 so that w — lim;_,, Q(g;) = Q exists.

Theorem 4.18 We assume that Hypothesis 1,2,5.4.5 and 6 hold. and the ground state (0)

is a unique ground state of Hy(p). Then

0 = 69(0), (4. 42)

where 0 < |6] < 1.

3In the case of T = oo, under Hypothesis 1,2,3 and 5, their ground states exist. In the case g > 1, taking
the coupling constant e sufficiently small, similarly we can see that their ground states exit.
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Proof: 1t is easily seen that Hgy(p) converges to Hy(p) as ¢ — 0 in the sense of the norm
resolvent. Thus G(H,(p)) — G(Ho(p)) as g — 0. We define A, B and C with F,G, F',G', F"
and G” in A, B and C replaced by zero, respectively. For P = Ey (|G [Hy],T))®Ex,,, ({0}),

from (4.41) it follows that

6ell |- (\/*‘“Z“W“@”-‘) ey
) >0

Q,PQ)y>1— . . - .
( Jn 1 — 6¢€2|p]|-3|| pll-1 (E—GU%WD

Hence € # 0. Then it follows that Q is a ground state of Hy(p). Thus (4.42) follows. a

Remark 4.19 The uniqueness of the ground state of Ho(p) is studied in [17].

5 GROUND STATE ENERGY

In this section, we shall study the ground state energy of Hy(p), inf o Hy(p)), where Hy(p) =

Hy—o(p). In order to do so, we apply functional integral representation.

5.1 Functional Integral Representation

It is too involved a subject to be treated here in detail. Only a bare general sketch is given

of functional integrations. See [15]. We take Schridinger representation [10,15,21] of Fry.

Define
e
h:{fe&mﬂﬁXAJTﬁLM<aa,
L | F(k, ko) |2
hp=<feS.(RExR 2/ —lf—(—’—(—)—.dl{:lk < .
E {f mal( ) R3x R Ik'g + Ikolz arp < OO
Here S ,(R"),n = 3,4, denote the scts of real tempered distributions on R". Put

h=heohah,

77'E =hp®hp® hg.
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which are equipped with the bilinear forms

u uk u
(f. 9 = me . f,k“ 0B g,

Bov=1
) _ pu(k)ﬁp(k, kO)éu(k7 kO) dkdk
(F,G),, = 241; /3><R |E[2 + |ko|? o

where f = fi®f20f3, 0= 1902903, fu,gu Ehand F = F @ F, & F3, G = G, ® G @ G,
FI,, G, € hg, 1t = 1,2,3, respectively, and

k.k,
#V(")_Zeu e (k) =6, — ';‘IHM’V 1,2,3.

Then we define

Here the sets K and Kg are the kernels:

K={fe€h|(f =0}
’CE =

> (F,F\),;E = 0}.

We denote the equivalence classes of f € h and F € hg by [f] and [F]E, respectively. The

completions of F and F with respect to the scalar products

(1, 1o 7 = (£ )i
([F]Fv[G]E)F = (F’ G)f-:p'

are written as the same symbols,respectively. Let {&([f])]f € h} be the Gaussian mean zero

random process indexed by F so that the characteristic function is given by

/~ei¢(m di=c VI e,
Q
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where (Cj, dji) denotes an underlying probability measure space.
Let {¢([F]g)|F € i:bp} be the Gaussian mean zero random process indexed by E so that the

characteristic function is given by
W([Flg) g~ —~1iF)2 =
/~ e Eldpg = e e, F € hg,
K

‘where (C} e, dfig) denotes an underlying probability measure space. Let F = LQ(Q, dfi) and
E = L¥(Qg, djip).

Remark 5.1 Actually, we can take Q and Qg concretely. However we do not mention about

it. See [10,13].

We sce that

F = @Fn)

n=0
Tn=L{:o([A])..o([fu]) 1 1fi €y =1,...n},n>1T=C,
E = @Tsn., |
n=0

FE,,, = ,C{: 1,['([F1]E)...L/)(V[Fn]5) E !Fj € il]«'j,} = l, ...,n},n Z laFEO = C,

where : : and : :g denote the Wick products [22,p.9] in F and E, respectively. We set Qp = 1
in Fand Qf =1in E. Put

U {Gﬁ,,-or,,}.

N=0

We definc an operator & : h — h by

with

5) = (R)F(R)P
_{feil/Ra 1] (IA,<oo}
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and wp by
wrlfl = [(G®T@D)f], f € D(G) ® D(5) & D(&).
Note that wr leaves [D(&) @ D(&) ® D(@)] N K invariant. We define an operator Hp by
Hp : (L) (1) =z S Swr ) [f])
fi € D(&)® D(&) ® D(&),j =1,...,n.

We extend Hp by linearity. Then Hr is closable and denote its closed extension by the same

symbol. We put, for p € I, and = € R3,

Pl =) = ()",
where (-,-) denotes the Buclidean scalar product and fV the inverse Fourier transform of f
in the sense of distribution. Morcover we put
ple)=p(-—7) D00,
p2Az) = 0@ p(- — ) @O0,
palz) = 0@ 0@ p(- — 2).

Set

AF(p,2) = 6 (o).

The operator _45 (P, x) is closable on F>=. We denote its closed extension by the same symbol.
We define U by

UQg = Qp,

U A (51,0)... A, (ny 0)Qar = A (5, 0)... AT (5, 0),
where p; € h,u; = 1,2,3,57 = 1,..,n, and U extends by linearity. Theu the operator U

extends to a unitary operator and denote its unitary extension by the same symbol. We

have the following lemma:
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Lemma 5.2 ([15,Theorem 3.1]) The unitary operator U satisfies that (1) U maps "W
to 'y, n > 1. (2) U maps D(A,(p,x)) to D(Aﬁ(/}, r)) with A,(p,z) = U‘IAE([),.T)U,p €
h,z € R® u=1,2,3, (3) U maps D(Hgyr) to D(Hp) with Hpy = U™V HEU.

Set
Hr = L’(R3) @ F.
An operator Hr(p) in Hr is defined by
| . 1 F/a 2
Hr(p) = 5 (P®Ir = eAl(p,2)) +V © Ir + L ® Hp,

where Ir denotes the identity operator in F and AF(p, ) = (Af'(p,x), AE(p,x), AL (p, ).

Lemma 5.2 implies the following lemma:

Lemma 5.3 We assume that Hypothesis 1,2 and 3 hold. Then H r(p) is self-adjoint on
D(Ho ® Ir) N D(Ia ® Hp), bounded from below and essentially self-adjoint on any core for
Hy®Ir+1,Q Hp.

Proof: By Lemma 5.2, the inequalities (3.10),(3.11) and (3.12) with A,(p,z) and Hgy re-

placed by AE (p,2) and Hr hold. Thus lemma follows. ‘ O

Remark 5.4 In the case where particle has no spin. we can take eo tn Hypothesis 8 larger
than that of the case where particle has spin. However, avoiding confusion, we do not mention

of it explicitly.
It is straightforward to see that U maps Fgy N D(HEgar) onto F° N D(Hp) with

” -1 ~
HO(p)lC'(?(R‘*)@fz?MnD(HEM) =U HF(.P)MICgO(Rﬂ)@}'g"MmD(HEM)’

where

D
U= Udz.
R?
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Hence Lemma 5.2 yields that & maps D(Ho(p)) onto D(Hp(p)) with
Ho(p) =U"Hp(p)U. (5. 1)
We define a family of operators { Ji}izo from h to Iy as follows:
af=68f,
where 6, is the delta function with mass at t € R. Let
WAl =16 ® . ® i) fle, f € h.

It is seen that j,,# > 0, are isometries from F to E and

ifje=eltmeler ¢ s > 0. (5. 2)
Then the family of isometries {J;},>¢ from F to E is defined by

Jos ([B])-o([Fu]) =2 ¥(Qu[F1]) .- ¥ (§i Fa)) s

Jilr = Qp.
From (5.2) it follows that
JrJ, = e ollr 4o >0, (5. 3)

We shall prepare probabilistic notations. Let (M, db) be a probability space and b(b,t) =
b(t) = (b,,(t))p=12,3 the three dimensional Brownian motion on (M, db) starting at the origin.

We introduce Hypothesis 7 as follows:

Hypothesis 7 External potential V =V, — V_, where V4 denotes the positive part and V_
the nonpositive part, satisfies that V; € L} (R?) and V_ is infinitesimally small with

‘respect to the Laplacian A in L%(R3).
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By functional integral representation [23], Hypothesis 7 implies that the semigroup e~ ‘Her,
H, = —--;—A-i—VJr-'—V_, where + denotes form sum, is positivity improving [20, XIIL.12].
Hence, if H, has a ground state, then the ground state is unigue and strictly positive [20,

Theorem XIII.44]. We set, for z € R3,

2 k-1 k k-1
R~ S o9 (5520)] o (£ - (520} w20
, =1 2 2 2

The condition p € M_; N M, implies that js[pﬂ(:r +u)] = f(s,u) = f € C}(R x R3; E.E),
‘the set of hp-valued strongly continuously differentiable bounded (up to the differential
functions) functions on R x R3. Thus one can see that, for z € R? and p € M -1 N My,
JE(p,z,t) is a Cauchy sequence in L2(M, E), the hp-valued L2-space over M. We write the

strong limit of J¥(p,z,t) as n — oo in L%(M, hg) as follows:
» l . 2
5= lim J2pat) = [ ilpula + b(s)] dby(s).
Proposition 5.5 We assume that Hypothesis 1,2, 3 and 7 hold. Then

(F, e—f-HF(f))G)HF

'y iel 8 1'5 0p (0 3 hu (s
= R" A (3_ j;) V (1‘+b(S))dS (JtF(iU + b(t)), e 3 (Z;mzl fo J [/ ( "|‘b( ))]d( ( )) JoG(jL‘)) (Ll‘db(s 4)
3% M .

Proof: In addition to Hypothesis 1,2,3 and 7, we assume that p € Mjz. Then Jslpu(z +

w)] = fls,u) = f € CZ(R x R3; hg), the sct of E-valued two times strongly continuously

differentiable bounded (up to the two times differential functions) functions on R x R3.

Then, by [15, Theorem 4.10], (5.4) holds. For p & M3, we take a sequence jy, N = 1,2,..,

so that ||[px — plln = 0as N — oo, n = —=2,~1.0,1,3. Then we have

(F, e—tHF(ﬁN)G)H
-

— L . C—j;: V(z+b(s))ds ( 7[ F(;T? l (t)), (zich(E:‘“_—x ‘];) js[P,’\';L(J-+b(5))](lb“(s)) JOG(-T)) dldb(s 5)
3>< y
E
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Since
2

L3 (M;hg)

t 3 !
Js[pu(z + b(s))]dbu(s) = > f Jslpnu(a + b(s))]db,(s)
0 p=1 0

> / () s .l + b)) = Dot + DD, )

[t—l
<z -/, (f assllo— wl2,) av
< 9tllp— Al

we can take a subsequence Ny so that, for almost everywhere (z,b) € R® x M,

5 / jolpu(z + b(s))]db,(s) Z / Sulpwanla + b(s))]db,(s),

=1
as k — oo strongly in hip. Then by the Lebesgue dominated convergence theorem, the right
hand side of (5.5) with N replace by N converges to the right hand side of (5.4) as k — oo.
On the other hand, since Hp(py,) has common core, e.g., C&(R3)B[F* N D(Hp)], we see
that the left hand side of (5.5) with N replaced by N, converges to the left hand side of (5.4)
as k — co. Thus (5.4) follows. O

5.2 Ground State Energy

In this subsection we shall give an expression of inf o(Ho(p)) by the functional integral

representation given in the previous subsection. We have the following theorem:

Theorem 5.6 We assume that Hypothesis 1,2.3.4,5,6 and 7 hold. Let ® be the strictly

positive unique ground state of Hy. Then

inf o(Ho(p)) = Jim ——IOg / dxdb®(x + b(3))B(x)e™ Jo ViE+bls)ds

2
2 §ulpute+b(s))]dbu(s)||
kg

Xe o
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Proof: By (4.41), there exists a ground state of Hy(5), Q(0), so that (® ® Qgar, Q(0))x, # 0.

Hence

i 5)) = lim —2 ~3Ho(p)

inf o(Ho(p)) = lim 3 log (@ ® Qpar, e ?HoPg g QEM)H :
Owing to (5.1) and (5.4), we see that

(2 ® e, e 00 © Q)

— (@ ® Op. TP @ QF)’HF

= dxdbe= s Viz+b()dsg (g 4 b(3))®(x)

R3xM
ieW E 3 A is[pu(z+b(s)))dby(s
X ('I,HQ ,€ ( u=1 j;) J [I’ ( ( ))] ( )) ]0! !F>

E
U (s S Bttt (s))

8., -
- dzdb®(z + b(3))®(z)e o ViEb()ds /~ djig
R3x M Qr

[ Toms f eloua+bleldbats)

= dxdb@(.r + b(ﬂ))@(x)e_ foﬁ V(-’L‘+b(s))dse_ ,
R3xM '

2
h

E,

Thus theorem follows. O

We shali give a remark on the term ”E?F, J& jslpulz + by .9))](]()“(3)”: in {5.6). It follows
. 23

from (5.3) that

. . U dy (MNP o i
F . F ) - M AN ik(x y)/ -|t—s|[k| I
(1AF(p,x), JAF (p, y))QE 5 /R 3 T e d
= D

;w(."l‘ - ;_I/~7-L - 5)

By the definition of f; j,[p.(z + b(s))]db,(s), taking a subsequence n’ in the set of natural

numbers, for almost surely b € M, we see that

2"/ . k _ 1 ]\1 k B 1
g.lﬁ_,u [/)y (:L-+b< 7 t))] {1,“ <?t> ~b, ( - f)} |

— [ L0ny (o + bl (),

as n’ — oo strongly in hg. Then it follows that for almost surely b € M, taking subsequences

n' and m' in the set of natural numbers,
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we see that
2

3 et
3, Sloutz + b(s)]dbu(s)

271’ 2171 '

3
= gm0 23

k—1 -1
o (s ()
2 am .
{ -1 k E—-1
<o () o () Ho (30) - (55}

hg

=1 k=1 I=1
[ SO i o () = () o b= ),
R |&| '
[ -1 k E—1
o (5=) - (= (59 - (5]
3 l277, 2m’ _ /l‘: _ _ k _
= lim lim ) 3 3"D, (b ('l“;;lt> _b( n!1 ) J _,n,lt nll )
[ -1 k k-1
Thus we may “formally” put as follows:
3. o 2
Z/ jS[/’u(m +b(s'))]db,,,(s)
p=1 0 ilE
3 t !
=2y / ( /O D, (b(s) — b(s), s — s')dbﬂ(‘s')) db, (s). (5. 7)
, Jo

p=
Remark 5.7 (1) Double stochastic integral in the right hand side of (5.7) is pointed out

in [25] and studied in [14]. (2) In the case of & = oo. we do not need Hypothesis 4 and

6,i.e., in Lemmas 4.4 and 4.12, we assume that Hypothesis 1,2 and 3 hold, in Lemmas

4.14,4.16, Theorems 4.17 and 4.18, we assume that Hypothesis 1,2,3 and 5 hold, and in

Theorem 5.6, we assume that Hypothesis 1,2,3,5 and 7 hold.
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