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ABSTRACT. We study the spectral problem associated to a Ruijsenaars-type
(g-)difference version of the one-dimensional Schrodinger operator with Péschl-
Teller potential. The eigenfunctions are constructed explicitly with the aid of
the inverse scattering theory of reflectionless Jacobi operators. As a result,
we arrive at combinatorial formulas for basic hypergeometric deformations of
zonal spherical functions on odd-dimensional hyperboloids and spheres.
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1. INTRODUCTION

This paper investigates the explicit structure of the eigenfunctions of a one-
dimensional Ruijsenaars-type difference operator of the form [Rul, Ru2]

(1.1a) D = vy*(z) % 1% (z) + v/ *(x) e P v}/ 2(z), zeR,

where (€283 ¢)(z) = Y(z £ B) for ¢ : R~ Cand
cosh a(z + Bg)
cosh{az)
14 g**Ps —2a
qwg/z(_izT), g=e2,
This difference operator may be looked upon as a finite-difference version of the
one-dimensional Schrédinger operator with Péschl-Teller potential [Flu, Ti]. More

concretely, the relevant Schrédinger operator is recovered via a formal expansion in
the step size parameter 3:

(1.22) D =2+ (Do + o(8°),
with

(1.1b) ve(z) =

& glg-1o?
dz? cosh®(az)

Hence, one has that (formally) Dy = limg_,o(D—2)/32. In the above formulas o and
B are scaling parameters (positive say) and g represents a (nonnegative) coupling
parameter. One may actually absorb the step size parameter 3 into o by means of
the rescaling * — Bz. From now on we shall therefore set the step size 3 equal to
1 without loss of generality. In addition, we shall also assume that g is a positive
integer: g = N + 1, N € N. The latter assumption guarantees, roughly speaking,
that our Ruijsenaars-type difference Péschl-Teller operator is reflectionless.

Restriction of the difference Poschl-Teller operator to functions with support in
the integer lattice Z gives rise to a Jacobi operator of the form [SZ]

(1.3a) D=a,T+apn1T™', neZ,
where (T ¢)(n) =¢(n+1) for ¢ : Z — Cand

cosha(n + N + 1) cosha(n — N) 1/2
< cosha(n + 1) cosh(an) )
(1 + qn+N+1)1/2 (1 + qn—N)1/2

1+ g t)I2 (1 + gn)i/z
That is to say, formally the Jacobi operator D (1.3a), (1.3b) is obtained from
the difference operator D (1.1a), (1.1b) (with 3 = 1 and g = N + 1) by setting
z = n and commuting all coefficients to the left. The diagonal of the Jacobi
operator under consideration is zero; as a consequence, we are dealing with the
special situation of a Jacobi operator with a bidiagonal rather than a tridiagonal
structure (as usual). Our Jacobi operator should be thought of as a self-adjoint
discrete difference operator in the Hilbert space #(Z).

The main goal of this paper is to provide an explicit combinatorial formula for
the eigenfunctions of the difference Péschl-Teller operator D (1.1a), (1.1b) with
integer-valued coupling parameter. For this purpose, we present a finite-difference

(1.2b) Do =

(1.3b) an =

g=e
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version of a well-known formula due to Sato for the eigenfunctions of the reflec-
tionless Schrédinger operators on the line [Sa, SS, DKJM, SW, OSTT, DK]. Our
difference generalization of the Sato formula is derived with the aid of the inverse
scattering theory of reflectionless Jacobi operators [CC, Ca2, Fla, To, Tel]. In
short, the idea is to first employ inverse scattering theory to explicitly parametrize
the reflectionless Jacobi operators and their corresponding Jost eigenfunctions in
terms of the spectral data. By a suitable interpolation the eigenfunction formula
is then extended to that of a reflectionless finite-difference operator living on the
whole real line. (In general such interpolation from eigenfunctions and difference
operators over Z to R is clearly not at all unique: one may for instance multiply
the eigenfunctions with an arbitrary periodic function with a period equal to the
step size without destroying the eigenfunction property. In our case, however, we
are dealing with difference operators and eigenfunctions that (up to a similarity
transformation involving an analytic function) are in essence rational in the vari-
able. There exists therefore a natural interpolation preserving this rationality (as
well as the plane-wave asymptotics of the wave functions).) Finally, to arrive at the
combinatorial formula for the difference Poschl-Teller eigenfunctions, we specialize
the parameters of our difference Sato formula to the spectral data corresponding to
the Jacobi operator D (1.3a), (1.3b). It turns out that the expansion coefficients
in the formula for the difference Pdschl-Teller eigenfunctions thus obtained may
be identified as principal specializations of Schur functions. This gives rise to an
interpretation of these expansion coeflicients in terms of characters of irreducible
representations of SL(N;Q, upon restriction to the principal three-dimensional
subgroup SL(2;Q [Ko).

Quite distinct expressions for the eigenfunctions of the difference Poschl-Teller
operator were previously found by Ruijsenaars [Rul, Ru2]. To compare the combi-
natorial formula of the present paper with Ruijsenaars’ formulas, we observe that
it is possible to recast our eigenfunction in terms of a basic hypergeometric series.
More precisely, one has to do with a g-version of the associated Legendre functions
of integer degree. In a nutshell: our combinatorial formula yields the eigenfunc-
tion in the form of a product of a plane wave and a quotient of two g-polynomials
(tau functions to be precise). By dividing out a common factor in the numerator
and denominator one reduces the combinatorial formula to a basic hypergeometric
series representation for the eigenfunction (therewith destroying the combinatorial
structure in the process). That such division by a common factor is possible is not
at all apparent from the explicit expressions involved: it hinges on certain nontrivial
combinatorial g-identities (that stem from a factorization of the tau function based
on the principal specialization of a Cy-type Weyl denominator formula). From
the basic hypergeometric representation we arrive at Ruijsenaars’ formulas via an
expansion of the coefficients appearing in the basic hypergeometric series. In a
sense this provides an “explanation” of the combinatorics behind the Ruijsenaars
formulas within the frame work of basic hypergeometry.

A remarkable property of the eigenfunctions of D (1.1a), (1.1b) is the symme-
try with respect to an interchange of the role of the spatial and spectral variable
[Rul, Ru2]. This symmetry, which is also referred to as self-duality, implies that
the eigenfunction satisfies in essence the same difference equation in the spectral
variable as it does in the spatial variable. In other words, the difference P6schl-
Teller problem provides an example of a difference-difference bispectral problem
in the sense of Duistermaat and Griinbaum [DG, Wi, Gr, GH]. It turns out that
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the representation of the eigenfunction in terms of a basic hypergeometric series is
quite helpful for inferring this bispectral symmetry.

Of special interest is the relation to the harmonic analysis on (quantum) homo-
geneous spaces. For ¢ — 1 the difference Poschl-Teller eigenfunctions tend to zonal
spherical functions on the hyperboloid H2N+31 = S0y(2N + 3,1;R)/S00 (2N +
2,1;R). This limit corresponds to the above-mentioned transition from the Ruijse-
naars difference operator D (1.1a), (1.1b) to the Schrédinger operator with Poschl-
Teller potential given by D (1.2b). Via analytic continuation one also obtains
g-deformations of the zonal spherical functions on the hyperboloid Hi’zN 3=
S0o(2N +3,1;R)/SO(2N +3; R) and the sphere SN +3 = SO(2N +4; R)/SO(2N +
3;R), respectively. (In the above difference and differential operators this corre-
sponds to changing the hyperbolic cosine to hyperbolic sine or ordinary sine func-
tions, respectively.) In the compact case (i.e. for the sphere), the g-deformed zonal
spherical functions thus obtained boil in essence down to g-ultraspherical polyno-
mials [GR]. In other words, for this case the results of the present paper amount
to a new type of combinatorial formula for these polynomials. It is furthermore
known that the g-ultraspherical polynomials themselves can again be seen as zonal
spherical functions on certain quantum spheres [NM, Su]. It is therefore natural
to expect that also for the noncompact cases the harmonic-analytic interpretation
of the Pdschl-Teller eigenfunctions lifts to the g-deformed level. In particular, one
expects that the eigenfunctions of the hyperbolic Ruijsenaars difference operator ad-
mit an interpretation as zonal spherical functions on certain quantum hyperboloids
[Ka, KMU, SV].

The paper is structured as follows. In Section 2 the difference Sato formula
is presented. Its proof by means of the inverse scattering theory of reflectionless
Jacobi operators is relegated to an appendix at the end of the paper. By specializa-
tion of the spectral data, the combinatorial formula for the difference Péschl-Teller -
wave functions is obtained in Section 3. Section 4 discusses basic hypergeometric
representations, the bispectrality, and the relation to Ruijsenaars’ formulas for the
wave functions under consideration. Finally, in Section 5 our results are applied
to arrive at combinatorial formulas for ¢g-deformations of zonal spherical functions
on certain hyperboloids and spheres. This leads, in particular, to a combinatorial
representation for the g-ultraspherical polynomials.

Note. i. We shall employ the following notational conventions when referring to
some standard notions from “g-analysis” (see e.g. [GR)).
g-Pochhammer symbols:

1 f =0
(1.4) (a;q)m={ (1-a)(1—ag)---(1—ag™1) f2;$=1,2,3...

and (a1,...,8r;9)m = (215 Q)m - (Gr; Q)im.
g-Binomial coefficients:

n (Q; Q)n
1.5 =\ an
(15) (m) ¢ (GDm (G Dn-m
(with n,m € Nsuch that n > m).
g-Numbers:
qz/2 — q—z/2

(1.6) [2] = Py —y z€R(or Q.
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g-Factorials:

1 form=20
(1.7) [mlo! :{ [Uo[2lg---fmly form =1,2,3...

Terminating basic hypergeometric series:

al (q—Na a, Qry; @Om
ey m
gz = E z
’ :I (q;‘bla-‘- ,br;Q)m

(with b; #¢g ™ form=0,...,Nand j=1,...,7).
4. Throughout the paper we shall choose the parameter g such that |q| # 1.

“Noay,...,ar
(1.8) r41Pr [ 1 bll,... b,

m=0

2. A GENERALIZED SATO FORMULA FOR FINITE-DIFFERENCE OPERATORS

It is known that the eigenfunctions of a one-dimensional Schrédinger operator
with Bargmann potential can be written explicitly with the aid of the Sato formula
[Sa, SS, DKJM, SW, OSTT, DK]. In this section we present a Sato-type formula
for the eigenfunctions of reflectionless finite-difference operators.

The difference operators under consideration are of the form

(2.1) D=a(z)T +a(z - 1)T7",
with (TY)(z) = ¥(z + 1) for ¥ : R - Cand

e+ 2)r(z - 1)
(22) a(e) = \/ e+ 1) 7(z) ’

where

w9 o= 3 Mt 115 e e (-2 % ).

2
Jec{lo. NYiET sinh®(k; +n T

Here 0 < x; < --- < kn and v1,...,vNy > 0 are parameters encoding the spectral
data of our difference operator.

Proposition 2.1 (Difference Sato formula). The wave function

exp(z z,
b(o,y) = p(zy) x(z,y) ,
Vr(z+ )7z —1)
with
x(z,y) =
sinh(y + &;) H sinh®(k; — kz)
> I 'S e
y 12 3T )
Jectn. N} e smh(2nj sinh(y — &;) sy sinh”(k; + ki) ( = )

solves the difference equation
a(@)P(z+Ly) +alz—-1)¢(z—1,y) = (¢! +e¥)Y(z,y), <€R

(for y# K mod mi, j=1,...,N). (Here a(z) and 7(z) are given by (2.2) and
(2.3).)
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Proof. For z € Z, a proof of the difference Sato formula can be found in the
appendix at the end of the paper (cf. Corollary A.2 with n = 2, 2 = ¢ and
zj = e~*#). More concretely, we have that for the stated wave function %(z,y)
our difference equation holds as an identity in the parameters y; and k; when
z € Z. The extension to general z € R then follows from the observation that
the translation z — 2 + A is equivalent to a reparametrization of the form y =
Vje"ZHjA,j=1,...,N. O

Remark 2.1. The eigenfunction of Proposition 2.1 has the following reflectionless
plane-wave asymptotics for |z| — oo

04 exp(zy) for z = 400
(2-4) ¥(z,9) — exp(zy) H;\;l ———L::ng;g for z — —oo0.

For y = —k;, j = 1,..., N, the wave function decays exponentially as |z| — oo.
Hence, it becomes square integrable at these spectral values. The corresponding
normalization constants are governed by the parameters y;:

(2.5) / .¢2(w,—nj)dx=z/j—l, j=1,...,N.

This integration formula follows from the summation formula (cf. Remark A.2 of
the appendix below)

(2.6) Y Y n+z,—k;)=vi',  j=1,...,N,
nez

upon integrating in z from 0 to 1 (or indeed over any interval with unit length) and
interchanging the sum and integral on the 1.h.s. As a matter of fact, it turns out
possible to generalize the integration formula of Eq. (2.5) somewhat:

-1

)
2 ) p2mime - v; form=0
(2.7) /_001/) (2, —k;) "™ dz { ¢ fmmeZ\ {0}’

Jj=1,...,N. (To arrive at the latter identity, one multiplies both sides of the
sum in Eq. (2.6) by €™"™% m ¢ 7Z before integrating in £.) The summation and
integration formulas of Eqs. (2.6) and (2.7) are actually equivalent. Indeed, both
identities are related by the Poisson summation formula.

Remark 2.2. By means of the substitution £ — 87!z, y — By, s; — Bk, and
v; = Bv;, one rescales the step size of the difference equation of Proposition 2.1 to
f. Division by 3? and sending 3 to zero then leads to the Schrodinger equation

d? - -
(2.8 (357 +®) ¥los) =47 9o,
with a potential of the form

(2.9) : v(z) = 2:% log(7(z))

and a wave function of the form

(2.10) P(z,y) = exp(zy)

(z,9)
7(z) ’
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where

(z,y) = Z H (yi'zj)H (%i_g_f)zexp(—2zﬁjw),

Jec{l,. N}JEJ b ieJ

- Vi — Kg,

F(z) = Z H et H(n +nk) exp(—2Z/¢jw).
Jec{,.. N}]EJ J ke jeJ

We thus reproduce the Sato wave function for the one-dimensional Schrédinger
equation with Bargmann potential, parametrized in terms of the spectral data
[Sa, SS, DKJM, SW, OSTT, DK].

Remark 2.8. Of particular interest is the situation with normalization parameters
of the form

. sinh(x; + kg)
2.11 ; = sinh(2k,; — = .
(2.11) v; = sinh(2k;) H sinh(r; — ) |’ L...,N
1<k<N
]
The difference Sato formula then simplifies to
exp(wy)x(w, Y)
2.12
with
sinh(y + nj sinh(k; +

x@y) = Y, == I 552 23 kjz

sect Nyics sinh(y — &;) icTvar sinh(k; — ( ey )

sinh(k; + k)
T(z) = Z H —smh exp ( ZZK;] )
Jec{l,...,N}jeJ kgJ jeJ

For these spectral data the corresponding difference operator D (2.1)—(2.3) be-
comes parity invariant, i.e., it becomes symmetric with respect to the reflection
z — —z, T — T~'. Indeed, we now have that 7(—z) = 7(z)e2*(s1T+5~) whence
the coeflicient a(z) (2.2) enjoys the symmetry relation a{—z — 1) = a(z).

Remark 2.4. Via the transformation

(¢ +1)

(2.13) P(z,y) = A@)¥(,y), Al@) =[] alz-m)= @=1)

the wave function and difference equation of Proposition 2.1 pass over into

(2.14) ¥(z,1) = explo) 220

and

T(z+2)7(z—-1)
7(z + 1) 7(x)

The difference equation (2.15) with wave function (2.14) holds as a meromorphic

identity in z, y, ; and v;. More specifically, one has that the equality of Eq. (2.15)

is rational in exp(z), exp(—2«;z) and exp(y) as a function of z and y, and rational
in exp(k;), exp(—2k;z) and v; as a function of x; and v;.

(2.15)

(z+1,9)+ ¥z - Ly) = (¢! +e77) U(,y).
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3. COMBINATORICS OF THE DIFFERENCE POSCHL-TELLER PROBLEM

The finite-difference Sato formula of the previous section is used to arrive at a
combinatorial formula for the wave function of the difference Péschl-Teller problem.
The expansion coefficients turn out to be given by principal specializations of Schur
characters.

We consider the following eigenvalue equation for the difference Péschl-Teller
operator D (1.1a),(1.1b) with 3 =1and g= N + 1:

(31) a(w) ’l,b(:l) + 1’y) + a(w - 1) 1/’("” - 1’y) = (qy/2 + q—y/Z) ¢($ay), TE Ra
with

(1 + q:c+N+1)1/2 (1 + qm-—N)1/2

(3.2) a(z) = 1+ @)1 (11 g2)i72

By means of the transformation

o0

63) ) = A0¥es), A@) = ] aw-m) = [

Jj=1

14 g®ti\1/2
1+ q’”—J) ’

we bring this eigenvalue equation in the rational form

1+ @V (1 4+ ¢5N)
1+ ¢+) (1+¢°)

(3.4) Y(z+1,y)+T(z—1,y)

= (¢ + ¢ ¥/%) ¥ (z,y), zeR

(cf. Remark 2.4). The following proposition provides an explicit combinatorial
formula for the solution of the difference equation (3.4) with—for |q| < 1—plane-
wave asymptotics of the form ¢*¥/2 for z — +oco. (Notice that our difference
equations are invariant with respect to the inversion ¢ — ¢~'; hence, the two cases
lg| < 1 and |g| > 1 are equivalent, cf. Remark 3.3 below.)

Proposition 3.1 (Combinatorial representation). The wave function

¥ *xn(z,y)

\IIN,‘I(may) = TN($+ 1) 1

with

- & Yiesd [.7 + klq

e = 2 - H [y .7 ; Al [~ kg

Jc{1,...,N} jeJ 9 jed, kg q
and
TN(-T) = Z qujeﬂ' H L‘Z.i.’f.].q_ ,
[J - k]q

Jc{1,...,N} JjEJ k@J

solves the difference equation (3.4). (Here [z], represents the g-number (¢*/% —
a*%)/(¢"* —¢7*/*) and y # —j mod 2ri/logg, j=1,...,N.)

Proof. The substitutions y - —ay and k; = aj (j = 1,...,N) in the tau function
and wave function of Remark 2.3 lead—upon application of the transformation in
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Remark 2.4—to the stated tau function 7n(z) and wave function ¥y 4(z,y) with
g = e~2*. We thus conclude that ¥ ,(z,y) satisfies the difference equation

w(z +2)Tn(z - 1)
5 (z + 1) v ()
(cf. Eq. (2.15)). The proposition now follows via the factorization formula

TN(:E) — H (1 +q?+N+1~j~k)
1<j<k<N '

U, o(e+1,9) + Ty oz — Ly) = (V% + ¢7¥%) Ty, o(z,y).

(cf. Corollary 3.4 below), from which it is readily seen that

w(E+2)tv(z—1) 1+ (14 ¢ V)
wE@+Dn(e) —  (Q+¢t)(1+¢%)

O

We will now demonstrate that the expansion coefficients [];c ; e |[7 + Klo/[7 —
k|q| arise as principal specializations of certain Schur functions. Recall in this
connection that for a partition A = (X,...,An) (i.e. the components \; are
assumed to be ordered integers such that Ay > Ay > --- > Ay > 0), the Schur
function sy (z1,... ,2n) = sa(x) is given explicitly by [Ma, Ch. L3]

det[zp "V 1<) s

3.5 six) = y
35) 2 det[z} l1<j k<N
Y (F1)Tag A gAY
— ocESN

3o (-1)oaft ety

ocESN
with
(3.6) p; = (2N +1 - 25)/2, j=1,...,N.

For our purposes the partitions of the relevant Schur functions are easiest char-
acterized in terms of their Frobenius symbol (e,...,or{B1,...,8-) [Ma, Ch.
1.1]. Here a; and g; denote integers such that oy > a3 > -+ > a; > 0 and
N > By > 33 > ---> B, > 0. The corresponding partition has a Young diagram
with a diagonal of r boxes, such that the number of boxes in the * row to the
right of the diagonal box (4, j) is equal to @; and the number of boxes in the j**
column below the diagonal box (j,j) is equal to §; (j = 1,...,7).

Proposition 3.2 (Character formulas). Let J = {1 < §; < j2 < -+ < j» < N}
and let A be the partition with a Frobenius symbol of the form (jr,jr—1,-++ 11| Jr—
1,501 —1,...,51 — 1). Then we have that

Sxs (qp) = H

Jjed, kgJ

11

jeJ, kgJ

[5 + kg
[j — klq
1—gitk
¢ —g¢*

?

where g° = (g°*,... , @) with p1,... ,pN given by (3.6).



10 J.F. VAN DIEJEN AND A.N. KIRILLOV

Proof. The proof is based on the hook formula (cf. [Ma, p. 44])
[NV + (i, 5)]g
sx(gf) = H TN
(i,]‘)EA [h(Z,J)]q
where c(i,5) = j — i, h(4,7) = A + A; —i—j+1, and the product is over all boxes

(¢,7) in the Young diagram of X. (Here X' refers to the transpose of A.) From the
hook formula one deduces that

sx,(¢?) [N A+c(L,1)] [V + (3, 1), [N +c(1,5)]q
s/\J\{j,.} (qp) B {h’(l’ 1)]q 1<1i_£]'r [h(za 1)](1 1<j1<—‘][ +1 [h’(l’j)]q
[jrlq [N+.7r]q 1 H [3r _Js]q
[27r]a [N = grla! (GelD? | 25t Ui + 52 +Js]2
[r + klq [F+3drlg|™
5=l I |5=5,

(with the notation [m]y! = [m],[m—1], - - - [1], for m a positive integer and [0],! = 1).
The proposition now follows by induction on r starting from the trivial case r =0
(for which sy, (¢?) = s,(g”) = sa(g?) = 1). O

As a corollary of Proposition 3.1 and Proposition 3.2, a representation of the
difference Poschl-Teller wave function ¥y 4(z,y) in terms of Schur functions is
obtained.

Corollary 3.3 (Schur function representation). The wave function of the differ-
ence Pischl-Teller problem (3.4) given by Proposition 8.1, may be written as

:z:y/2 Z)\ ex(y) sx (qp+a:/2)

UN,q(z,y) = Z qPir2 s)‘(qp_,_m/g)
where the sums are over all partitions X = (Aq,... ,An) with a Frobenius symbol of
the form (o1,...,ar|a1 —1,... ,a, — 1) withao; < N,
ex(y) = ly - al]q . [y — ar]g

b+, W+ald,

and ¢°+e/2 = (grrte/2, | [ gPNF2/2) with py,... ,pn given by (3.6).

Proof. One has s,(g?t®/2) = ¢®N/25,(g?) = g#lartter)g, (¢#) in view of the
homogeneousness of the Schur functions (here |A\| = A\; + -+ + Ay represents the

number of boxes in the Young diagram of A). Hence, the stated formula reduces to
that of Proposition 3.1 after application of Proposition 3.2. D

Another consequence of the evaluation formula for Schur functions given by
Proposition 3.2, is the following factorized representation for the tau function of
the difference P6schl-Teller problem.

Corollary 3.4 (Factorization of the difference Péschl-Teller tau function). One has

that _
™(z) = Z q® Tiesd H

Jci{i,..,N} JEJ kT

[j+k]q —

-y = AL ara,

1<j<k<N

with p1,...,pn given by (3.6).
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Proof. This factorization formula boils down to the principal specialization of the
Cn-type Weyl denominator formula [Ma, p. 79]

Z sy, (x) = H (1 + zjzx).

Jc{i,...,N} 1<j<k<N

Indeed, substitution of z; = gPit®/2 § = 1,...,N and evaluation of the Schur
functions by means of Proposition 3.2 (using also the homogeneousness of the Schur
functions) produces the desired factorization formula. |

Remark 3.1. The identification of the expansion coefficients [, ; yq7 Il +&lo/[7 —
k]q| as principal specializations of Schur functions provided by Proposition 3.2,
implies that we are in fact dealing with monic symmetric unimodular Laurent
polynomials in g with positive integral coeflicients [Ma]. Specifically, one has that

(3.7)

11

JeJ kg J

[ +klq| _
(7 — Kl

whered = 7. ; ., min(j, k) and with the numbers a; constituting a monotonously
nonincreasing integer sequence of the form ay > a1 > --- > a4 = 1.

1 - qj+k
¢ —qF

11

= =ao+a(g+q )+ +aalg® +q7%,
jed, kgJ

Remark 3.2. It is well-known that the Schur function sy (x) arises as the character of
the irreducible representation of the Lie group SL(NV; Q with highest weight deter-
mined by A. Furthermore, the principal specialization of the Schur function s, (g”)
corresponds from this viewpoint to the character of the restriction of the irreducible
SL(N;Q-representation under consideration to the principal three-dimensional
subgroup SL(2;Q C SL(N;Q [Ko]. Hence, from a representation-theoretic per-
spective, Proposition 3.2 states that our expansion coefficient [] ;¢ ; g |[7+klo/[i—
k]q| may be interpreted as the character of the irreducible representation of SL(N; Q
associated to the partition Ay, upon restriction to the principal three-dimensional
subgroup SL(2; Q.

Remark 3.3. The wave function ¥y, 4(z,y) has the following plane-wave asymp-
totics for z — *oo (cf. Remark 2.1)

is N qu/2 _ for z — +o0
(3.8) N,qo(z,y) — gey/? H;\;l(—‘l—ri:qz—;) for z — ~o0
in case |g] < 1 and

@2 IV, (A2222) for z — +o00

=1\T=gv 73
(3.9) Un,q(z,y) — { cy/2 = for z — —o0
in case |g] > 1. The two cases are related by the ¢ — ¢~! transformation formula
1~ —(y )

(3.10) Uy, o-1(2,y) = U, q(z, —y) H 1= g+

Remark 3.4. If the spatial variable z in the difference equation (3.4) is being re-
stricted to the integer lattice Z, then one arrives at the discrete version of the
Poschl-Teller problem associated to the Jacobi operator D (1.3a), (1.3b). The cor-
responding discrete spectral problem was studied in [SZ, Sec. 5] by means of Dar-
boux transformations [MS]. This approach produces a shift operator that maps the
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wave functions for coupling parameter N to those for coupling parameter N +1. In
principle the eigenfunctions for any value of N € Ncan then be obtained by acting
repeatedly with the shift operator starting from the trivial case N = 0. In practice,
however, such constructive procedure soon starts to be quite cumbersome, as the
expressions for the wave functions thus obtained tend to become rather complicated
already after a few iterations with the shift operator. Proposition 3.1 provides a
closed formula for the result of the N-fold iteration of the action of shift operator
on a plane wave ¢®¥/2, z € Z.

4. BASIC HYPERGEOMETRY

First the difference Poschl-Teller eigenfunction ¥, 4(z,y) given in the previous
section will be recasted in terms of a basic hypergeometric series. Next we will dis-
cuss certain bispectrality properties and the relation to Ruijsenaars’ wave function
for the difference Pdschl-Teller model under consideration.

4.1. A basic hypergeometric representation. It turns out possible to recast
the wave function of Proposition 3.1 in terms of a basic hypergeometric series. The
point is that the numerator of the combinatorial formula for the wave function
admits the following factorization:

41)  xw@y) = I @Q+&tVih
, 1<j<k<N-1

m oy qy_(N+1—j))

N : N

j=1
Comparison with the factorization of the tau function in Corollary 3.4, leads one
to conclude that the numerator and denominator of ¥y ,(x,y) possess a large
common factor of the form 7v_1(2) = [, <;cp<n_1 (1 +¢°TV77F). (One has that
™w(z + 1) = 7n_1(z) H;-vzl(l + ¢**7).) Dividing out this common factor entails a
basic hypergeometric formula. This at the price of losing sight of the underlying
combinatorial structure.

Proposition 4.1 (Basic hypergeometric representation). The wave function of the
difference Péschl-Teller problem (3.4) given by Proposition 3.1 can be written as

N m :
N (1 — gv—(N+1-3)
2 +1)/2 x
g2 Y g (m) q¢" II(T&@P-J'—)
m=0 q j=1
H§V=1(1+qz+j)

Proof. Substitution of a wave function of the form

lIlN,q(wiy) =

V2 p(z,y)
H?f:l (14 ¢=t9)

in the eigenvalue equation (3.4) produces the following difference equation for the
numerator function ¢(z,y)

\I’N,q(wiy) =

P11+ Mo+ 1Ly + 1+ oz —1,y) = (L +¢*)(1 + ¢°) o(=, y).
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With the Ansatz -
N
<p(:1:,y) = Z Cm qm:01 Co = 1,
m=0

the difference equation for ¢(z,y) is converted into a recurrence relation for the
coeflicients ¢,

Cm (1 _ qN+1—m) (1 _ qy+m—N—1) _
i (—qm)  A-gmm o o=t
Iteration of this recurrence entails
en = (1) @ia Nm @V g)m

(@59 )m (1Y q)m

m N .

_ qm(m+1)/2 (N) qmw H(l—qy (N+1 .7))

— qv+i :

m q j=1 1 qy ’

It thus follows that the stated function solves the difference Pdschl-Teller equation
(3.4). Moreover, for |g| # 1 our present function manifestly has the same asymp-
totics for |z| — oo as the solution of Proposition 3.1 (cf. Remark 3.3), whence we
conclude that both functions coincide as rational expressions in g, ¢ and ¢¥ times
the plane wave ¢%¥/2, O

Notice that Proposition 4.1 and the factorization formula (4.1) follow from each
other, given the product representation of the tau function v (z) given by Corollary
3.4. Indeed, it is immediate from the said product representation that 7v(z +
1) = 7n-1(z) Hj.v:l(l + ¢®*7). As indicated above, one obtains the wave function
of Proposition 4.1 from that of Proposition 3.1 by plugging in the factorizations
for xn(z,y) and Tn(z + 1) and dividing out the common factor 7y_;(z) in the
numerator and denominator. Reversely, equating the wave functions of Propositions
3.1 and 4.1 and multiplication of both sides by v (z+1) = 71 () H;V=1 (1+¢%H9)
leads us to the factorization formula (4.1).

Remark 4.1. Tt is instructive to expand the denominator of the wave function of
Proposition 4.1 by means of the ¢-binomial theorem:

N m :
N 1 — gv—(N+1-3)
ql'y/2 E qm(m+1)/2( ) e I I ( lq— pE )
q

m=0 j=1

N
Z qm(m+1)/2 <N) qm:c
m=0 m q

This way the manifest resemblance between the expressions in the numerator and
denominator—which was also apparent in the combinatorial formula of Proposi-
tion 3.1—gets restored.

(4.2) TN, q(z,y) =

Remark 4.2. To see that the formula of Proposition 4.1 indeed amounts to a basic
hypergeometric series as advertised, we write JT7-, (1 — g~ (N+1=9) /(1 — g#+i) =

(@5 9)m/(g*+Y;@)m and gmmHI/2(T) = (—1)mgm N+ (gN; ) /(g)m to
end up with the following 5¢; representation

zy/2 ~N. ,—N+y
49 o) = l[q ;4

e — c_g=tNHL|
q1+m;q)N ql-i—y lqa q ]
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The function (4.3) constitutes a basic hypergeometric deformation of the associated
Legendre function of the first kind. Substituting 2 — —2z/log(q) and y — —~y in
(4.3) and letting g tend to 1 yields

- exp(x —2g
(4.4) ¥n(z,y) = a‘_._—e‘(:%ﬁF(—N,—N—y;l—y; —e~%%)

= I(1-y)P}(tanh(s),

where P¥#(—) denotes the associated Legendre function of the first kind of order
p# and degree v (and F(a,b;c; —) is the Gauss hypergeometric function). This
transition corresponds to the limit from the difference Pschl-Teller problem (3.4)
to the ordinary Poschl-Teller problem [Ti, Flu, DK]

& NN+1) e, o
(@ M—y)q’(x,y)—-O,

of which ¥ (z,y) (4.4) is a solution. In [DK] we presented a combinatorial formula
for the associated Legendre function (4.4). That formula is a ¢ — 1 degeneration
of the formula of Proposition 3.1.

(4.5)

Remark 4.3. The summation and integration formulas of Remark 2.1 give rise to
corresponding identities for the difference P6schl-Teller wave function ¥y, 4(z,y).
Specifically, we have for 0 < g < 1 that

(4.62) > % (n+2,5) An + 1) vit,
nez

o -1
5 . 2rima — v; form =0
(4.6b) / U (z,5) Az) ™™ da { 0 formeZ\ {0}’

— 00

j=1,...,N, with

N .
' 1+ ¢t (=" 9w
@ =J[(AL) = CLd
it/ (e )N
and
1 . . 1— qJ'-Hc
vi = 3l —q7 H j k’
2 I A T
|g"/2 — q'/2| [N + 4!
2[5lg! 5 — 1] [NV — 4l
(Recall in this connection that ¥n ,(z,y) is obtained from the wave function of
Remark 2.3 via the transformation of Remark 2.4 and setting y — —ay, & = aj
and ¢ = e~2*, cf. Proposition 3.1.) In the light of the previous remark, Egs. (4.6a)
and (4.6b) amount to bilinear summation and integration formulas for the basic

hypergeometric function on the r.h.s. of Eq. (4.3) (cf. also Eq. (4.8) below for a
3¢, representation of this wave function).

4.2. Bispectrality. From the 5¢; representation of the wave function given by
Eq. (4.3), we may pass to a 3¢ representation via a basic hypergeometric trans-
formation formula due to Jackson [GR, Ex. 1.15 (iii) and Eq. (IIL.7)]

-N —1.. —N —1,—N
g™, b 1 (b~'cg)n gV, b be gV |
) 291 [ c ‘q’ Z] = T@oy 2| belgN, o0 1‘1"1 '
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This entails

(48)  ¥nqlw,y) =
. zy/2 -N __—N+z ,,—N+y
(q7 q)2N q 3¢2 |: q [} q y 4 ‘q; q:l

(Ga)n (—¢'*2, ¢ ;9N g 2N, 0

The 3¢5 representation tells us that our wave function is invariant with respect to
the interchange —g¢* <> ¢¥. But then, since the wave function solves the difference
Poschl-Teller equation (3.4), we conclude that it must also satisfy the following dual
difference equation in the spectral variable:

(1— gtV (1 - gv~N)

(49) (1-—gt)(1-g¥)

\I’N,Q(m’y + 1) - \I’N,q(z7y - 1)

= (¢*/% — ¢7%/?) U, 4(z, ).

In other words, we are dealing with a difference-difference bispectral problem in the
sense of Duistermaat and Griinbaum [DG, Wi, Gr, GH].

We can reach a perfect z. < y symmetry in the spatial and spectral variables if
we substitute ¢© — —q®. This gives rise to the following modified wave function

X (@;9)2n qu/2 [ q—N q—N+m q—N+y }
4.10) ¥y, (z,9) = » 4 | :
( ) N,(I( y) (q, q)N (q1+m,q1+y;q)N 3¢2 q 2N, 0 4,9

il g N, ¢ Nty |
= __—(ql'i'x;q)N 2¢1 q1+y 9,9

N m i
N 1 — gv—(N+1-3)
zy/2 2 : _1ym, m(m+1)/2 maz II q

m=0 j=1
15 (1 - ¢+9)
The modified wave function ¥ N, q(z,y) (4.10) solves the difference equation

(1 - qm+N+1) (1 — qw—N)
1-¢t)(1-g%)

m+N+1]

(4.11a) U, gz +1,9) + ¥n o(z - 1,7)

= (¢V2 + ¢ V) ¥y, 4(2,9)

and its dual counterpart with the role of x and y interchanged

(1— gtV (1 —gv~ )
(1—gqvt1)(1—¢¥)

(411b) \i’N,q($ay+1)+‘iJN,q(w1y_ 1)

= ("2 + ¢7*/*) ¥y, o (2, 7).

Remark 4.4. We know from Remark 4.2 that after substituting z — —2z/log(q)
and y — —y in the wave function ¥n .(z,y), we recover the associated Legendre
function ¥y (z,y) (4.4) in the limit ¢ — 1. The difference equation in the spectral
variable given by Eq. (4.9) then degenerates to

N+y)(N+1-y)-
y(l—y) \I'N(zay_l)

= (e* —e™*) In(z,y).

(4.12) Uy(z,y+1) ~
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The same ¢ — 1 transition applied to the modified wave function ¥y, ,(z,y) (4.10)
produces

z exp(zy e
(4.13) Un(z,y) = (I——_e(—Z‘”)TﬁF(_N’ -N —y;1 - y;e72).

The corresponding degeneration of the bispectral pair (4.11a), (4.11b) becomes

2 ~
(4.14a) (% - —]Z-l(;f;;—u) - y2)\I’N($, y) =0,
(4.14b) Inay 1)+ TENEEI=9E

y(1-9) )
= (e® + e7®) Un(z,y).

Remark 4.5. Ttle combinatorial and Schur function representations for the modified
wave function ¥y ,{(z,y) (4.10) read

(4.15) |
> (=1)Tses ige Tiesd 11 F;%}_g_ [th:}q
@N,q(w, y) = qu/z Jc{i;...,N} jeJ q jEJ’k?J q
+ ST
Jcq{i,...,N} jel kel 7
and
(4.16) ‘i’N,q(-’L‘, y) = N EA(—I)D‘V%)\(y) sx(g°te/?)

Ta(=@)/2 55 (gererz) 7
where the notation is in correspondence with Proposition 3.1 and Corollary 3.3,
respectively.

Remark 4.6. It is not so difficult to deduce the bispectral symmetry of the wave
functions Uy, 4(z,y) and ¥y 4(x,y) in the spatial and spectral variables more di-
rectly, without having to rely on the Jackson transformation formula (4.7). To see
this, let us substitute the Ansatz

@AYl Cn(y)a™
H;'Vzl(l — g*t7)

in the dual difference equation (4.11b). We obtain the following difference-difference
relation involving the coefficients G, (q):

(1= gtNtH(1 — gv—N)
(1—gv)(1 - gvt)

for m =0,... ,N + 1 with the boundary conventions C_;(y) = Cn+1(y) = 0. One
readily checks that

(4.19) Cnly) =

(4.17) \ilN,q(:z:,y) =

(4.18)

Crn-1(y+ 1)+ Crnly—1) = Cri (y) + Crm(y)

(@50 )m (@)
(@ha Dm (@Y% )m

m —(N+1=j
= g (V) TR,

— qytJ
m q j=1 1 q R

m = 0,...,N, constitutes a solution of relation (4.18). (We have normalized our
solution such that Cy(y) = 1.) This verifies in a direct manner (without invoking
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of hypergeometric transformations or a priori use of the bispectral symmetry) that
the modified wave function ¥ ,(2,y) on the second/third line of (4.10) satisfies
the dual difference equation (4.11b). In other words, we are dealing with a wave
function ¥y, 4(z,y) which: (i) has the structure of a plane wave ¢*¥/2? times a
rational expression in ¢*, ¢¥ and g, (ii) satisfies two difference equations (4.11a)
and (4.11b) in the spatial and spectral variable, respectively, that are related by an
interchange of the role of z and v, (iii) has plane-wave asymptotics of the form ¢¥/2
for either ¢® or ¢¥ going to zero. But then & N, ¢(Z,y) must actually be symmetric in
z and y (roughly speaking because it satisfies the “same” difference equations plus
asymptotic boundary conditions in z and y) and, equivalently, ¥n, 4(z, y) must be
invariant with respect to the interchange —¢* < ¢¥.

4.3. Relation to Ruijsenaars’ wave functions. Quite distinct looking represen-
tations for the eigenfunctions of the difference P6schl-Teller system were found pre-
viously by Ruijsenaars [Rul, Ru2]. The following proposition establishes a relation

between our modified wave function ¥, 4(z,y) (4.10) and the formulas presented
by Ruijsenaars. .

Proposition 4.2 (Ruijsenaars-type representation). The modified wave function
UN, o(z,y) (4.10) can be written as

qmy/2 Z (_ 1)m+n qmm+ny Cm (Q) Sm,n (Q)

By, q(e,y) = — :
[Licjen(l—g=+9)(1 — gvt9)
with
N X )
cm(g) = g™mtD/2 (m> = Y glirtetie)
7 1<i1<<im <N
and
Smyn (@) = >, gl tin),
i1y sim €{~N oo ;= N=14m,m+1,..,N}
1< <
Proof. It is clear that
m ' N . N
(4.20) [Ta-g=®=9) T @ -¢*") =) (-1)"smala) ¢,
j=1 j=m+1 n=0

with s,,(q) as stated in the proposition. Indeed, the expansion coefficient sy, ,(q)
on the r.h.s. of (4.20) boils down to the sum of the n** order principal minors of
the N-dimensional diagonal matrix diag (¢V,... ,g~ V1™ g™+l ... ¢V). From
a comparison between the g-binomial theorem

N . N ' N
[[a-¢%)= Z(—l)“qm(m“”z( ) il
j=1 n=0 q

and the expansion in (4.20) for m = 0, we learn that

N , )
(421) qm(m+1)/2< ) — sO,m(Q) _ Z q(7'1+"'+7'm).
™/ q 1<i < <im <N
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The proposition now readily follows upon multiplication of both the numerator and
denominator of ¥y, ,(z,y) (4.10) by a factor (1—g¥*1).-- (1—q¥+V) and expansion
of all products and g-binomials arising in the resulting numerator with the aid of
Egs. (4.20) and (4.21). i

The formula for the wave function ¥ N,q(%,y) in Proposition 4.2 compares with
Ruijsenaars’ expressions for the eigenfunctions of the difference P8schl-Teller prob-
lem. From these formulas Ruijsenaars first established the wave functions’ bispec-
tral > y symmetry by investigating corresponding symmetry properties of the
expansion coefficients ¢, (q) and sm,(g) [Rul, Ru2). .

5. g-SPHERICAL FUNCTIONS

In this section we use our expressions for the difference Poschi-Teller wave func-
tions to arrive at combinatorial formulas for basic hypergeometric deformations of
zonal spherical functions on certain odd-dimensional hyperboloids and spheres.

5.1. Combinatorial formulas. Multiplication of ¥, ,(z,y) (4.10) by the factor
gty W+)/2y H;.V:O(I —¢®77)(1 — ¢¥~7) entails a wave function of the form

(5.1)  @w,q(ey) = @Y/ FEFIERD/2

N
N : ,
Z (_1)mqm(M+1)/2 (m) D H;’;l(l - qy—(N+1—J)) H;’Y—-_m—i—l(l — gvt)
m=0 q

IIZ w1 - =+)(1 ~ gvt)
The difference equations (4.11a) and (4.11b) induce the following bispectral pair
for this wave function:

-
(5.2a) 1:—1/2(__11 qwt

1— zt—l
By, (@+1,y) + 72 (L Vay (z-1,y)
1-g¢®

= (qy/2 + q—-y/2) (I)N,q(wv y)1

_ 1— g%t 1 —g¥t1
) (a7 ooy
= (qz/2 + q—z/2) q)N,q(w: y)a

where ¢t = ¢V+1,

From Remark 4.5 we can extract a combinatorial representation and a formula
in terms of Schur functions for ®n, 4(z,y) (5.1). The combinatorial representation
at issue reads

N
(5.3) @, q(,y) = g@/PH WD/ T (1 - ¢7H) 71 (1 - g+) 1 x
j=—N

. . i+ k .

Z (_1)Z,~euq(:c+1) Yierd H {J__k%q H(l ) H(1 — g¥tk)

Jc{1,... ,N} JEJ kgJ J 2 jeg kgt

Z (——1)>::'erq"’>:jer H [‘7:+k]q
JC{lim N—1} jerkes U~ Kla

If preferred, one may also absorb (parts of) the prefactor on the first line of Eq.
(5.3) into the main part of the formula given by the second line. For instance,
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absorbtion of a factor of the form Hflzl (1—¢®*7)~! is taken into account by means
of the substitutions N -+ N + 1 and z — = + 1 in the denominator of the second
line (so, in particular, the summation in the denominator becomes over all subsets
J C{1,...,N}). Similarly, absorbtion of the whole factor H;Y___ N(1—¢*t9) "L into
the second line gives rise to the substitution V — N + 2 in the denominator (so
the summation in the denominator becomes over all subsets J C {1,... ,N + 1}).
Absorbtion properties of this type are readily inferred by means of the product
formula for the denominator stemming from Corollary 3.4. Specifically, one reads-
off from Corollary 3.4 that

N

Tv(z+1) _ oti vi(z) ots
(5.4) TNT(x)”H(HqJF) and m_j:]:[]v(uqﬂ.

j=1
These identities give rise to the above-metioned absorbtion properties upon chang-
ing ¢° to —q¢®. Factors of the form Hﬁ__l(l ~q¥*t9)~! and H;.\;_N(l —g¥*)~! are
‘moreover conveniently absorbed into the product [T, ;(1 — ¢*~7) [T, 0, (1 — ¢#*%),
appearing in the numerator of the second line. An advantage of the stated represen-
tation given by Eq. (5.3) is, however, that it is well-suited to reflect the symmetry
in z and y. Indeed, the expression on the second line of Eq. (5.3) represents a
symmetric polynomial in ¢* and ¢¥, which coincides with the numerator on the
second line of Eq. (5.1). (This equality—which at this point simply amounts to the
observation that Egs. (5.1) and (5.3) represent the same wave function—goes in
fact back to the factorization formula of Eq. (4.1) upon division by Hj.\,:o(l —~g¥—)
and substitution of ¢* — —¢*.)

When casted in terms of Schur functions we obtain the formula (cf. Remark 4.5)

N
(5:52) Bw,q(e,y) = ¢W/HEHVEIV2 TT (1 go+) (1 - grti)t
j=—N
S A(=9)M/%b; (y) sx (g7 M) +2/2)
> (— 1) 5, (qrN-DFe /)

Here the sums in the numerator and denominator are over all partitions A =
(Mye..yAn) and p = (p1,... ,un—1) characterized by a Frobenius symbol of
the form (oq,...,a.]a1 — 1,... ,a, — 1), with for the numerator @y < N (and
r=0,...,N) and for the denominator &y < N -1 (and r =0,... ,N — 1). The
coeficient by (y) is given by

(655 ba) = (L= (L= @)1= @) (L ),

where the integers (,...,8n—r complement the integers ay,...,a, such that
{a1,...,0r,B1,...,88v=r} ={1,... , N}. (We have also used the notation p(N) =
(N-1,N-3,... ,N+1-2j,...,-N+3,-N+1)and p(N-1)=(N—-2,N -
4,...,N—24,...,—N+4,—N +2) to distinguish the N- and (N — 1)-dimensional
rho vectors used in numerator and denominator, respectively.)

5.2. Regularity. The wave function @y, (2, y) becomes singular for z (or y) equal
to —N,~N +1,...,N—1,N mod 2ni/log(g). This means in particular that we
have singularities on the real line. Restriction to the even component produces a
solution of the bispectral pair (5.2a), (5.2b) that is regular for z,y on the real line.
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Proposition 5.1 (Regular wave function). The even combination of wave func-
tions ®n, o(z,y) + v, o(—,y) constitutes a solution of the bispectral pair (5.2a),

(5.2b) that is regular for m,y € R and symmetric with respect to the interchange
Ty, - ~

Proof. One has that &y, o(—2,~y) = ®n,4(z,y). To see this let us substitute
z — —z and y — —y into the representation of Eq. (5.1). Multiplication of the
resulting numerator and denominator by ¢=+¥)@N+1) (= ¢(a+¥)(N+1)o(=+v)N) apd
changing of the summation variable in theé numerator from m to N m, readily
reproduces the expression on the r.h.s. of Eq. (5.1). (One pulls a factor ¢@+t¥)N
into the sum in the numerator and a factor ¢(®+¥)(2N+1) jnto the products of the
denominator.) From this (z,y) — (—z,—y) symmetry it follows that the even
combination ®y,4(z,y) + ®nN,¢(—2,y) inherits the bispectral < y invariance
from @y 4(z,y). It is furthermore clear that ®y,4(z,y) + ®N,4(—2,y) solves Eq.
(5.2b) since @n,4(z,y) does so. (Notice in this connection that the eigenvalue on
the r.hs. of Eq. (5.2b) is even in £.) But then the even combination must in
fact also satisfy Eq. (5.2a) in view of the mentioned z <+ y symmetry of the wave
function.

It remains to show that the solution ®N,q(2,y) + &N, o(—2,y) is regular for z,y
on the real line. In view of the evenness and the z ++ y symmetry it suffices to
check that the numerator of

(56) QN,q(IL',y) + QN,q(_-'U,y) = q(2N+1)”/2+(N+1)y/2 X
N
N
Z (_l)mqm(m+1)/2 (m) (q:v(y+2m—N)/2 . q—-a:(y+2m—N)/2) bm(y)
q

m=0

)

Iy (1 = go+)(1 — gv+)

where
m N
= -g ™=y I[ a-q¢*),
j=1 j=m-+1
vanishes at y = 0,1,...,N. By means of some straightforward manipulations it is

seen that for y = k, with k € {0,... , N}, the numerator on the second line of Eq.
(5.6) reduces to

N—k

(5.7) Z dm (q——a:(N——lc—Zm)/2 _ qz(N——k—2m)/2)’
m=0

with

d = g™k (g: ) v (5 @) vk (@5 @) Nk

(@ D (G DN-k-m (G ON-m (& Db+m

The terms of the sum in Eq. (5.7) cancel pairwise due to the dy_g_mm = d,, symme-
try property of the coefficients. We thus have that the poles at z,y € {-N,—N +

s N~1, N}, caused by the denominators of ®y, 4(z,y) and &y, ,(—z,y), cancel
each other in the even combination ®x, 4(z,y) + ®n,4(—2,y) due to zeros arising
from the numerator. v . - ‘g



FORMULAS FOR, ¢-SPHERICAL FUNCTIONS 21

5.3. g-Ultraspherical polynomials. It is evident from Eq. (5.1) that for y =
k€ Z\{-N,-N +1,...,N — 1,N} the wave function &y, ,(z,y) becomes ra-
tional in ¢*/2 and (anti-)periodic with respect to the (complex) translation z —
z + 2mi/log(g). (One has that @y,  (x + 27i/log(q), k) = (—1)N kBN (2, k).)
We therefore conclude that the even combination ®y,4(z,y) + &n,4(—z,y) be-
comes an entire function in £ at such integer values of the spectral parameter y.
Indeed, now the residues of all poles congruent to z = —N,-N +1,... , N-1,N
mod 27/ log(g)—originating from the denominators of @y, ,(+z, k)—vanish in the
even combination because of Proposition 5.1 (which guarantees the vanishing of the
residues at the real poles) and the said (anti-)periodicity in z. As an entire ratio-
nal function in ¢*/2 it is clear that ®y,4(2,k) + ®n,4(—,k) must in fact be a
Laurent polynomial in ¢*/2. The evenness moreover implies that we are dealing
with a polynomial in ¢*/? + ¢~%/2. The polynomial in question turns out to be
a (renormalized) g-ultraspherical polynomial. Let us recall at this point that the
g-ultraspherical polynomial C¢(—;¢q) (with parameter g and degree n € N) may be
written explicitly as [GR, Ch. 7.4]

(0% Q) (6% Dn-m (e _
5.8 C8(cosh(az);q) = (m-n/2)z _——
58) (cosh(ow)i) = D (& Dm (& D 1

m=0

Alternatively, one may also represent the g-ultraspherical polynomial in terms of a
terminating 3¢, series [GR, Ex. 1.29]"

(gn "
qu’ 0 q;Q] .

with '
Here Pg(cosh(ax);q) denotes the renormalized g-ultraspherical polynomial with a
normalization such that P¢(cosh(ag);q) = 1.

29.
(5.92) O3 (cosh(az); q) = ¢/ (@Z30)n (cosh(ez);q), g=e**
N g9. g9~ ¢
(5.9b) P3(cosh(az); q) = ¢™@=9/2 34, [ " g

Proposition 5.2 (¢g-Ultraspherical polynomials). One has that
en PN+ (cosh(az); q) =
®N,q(z,n+ N +1)+ &y o(—z,n+ N+ 1), n €N,
with ey = (~1)N*1gWHIENID/2(g;9) v /(g5 @)an+1 (and g = e72*).

Proof. We know (cf. above) that p,(z) = ®n,4(z,n+ N +1) + By, ,(~z,n+ N +
1) is a polynomial in ¢#/2 4+ ¢~*/2. The degree of this polynomial follows from
the asymptotics at infinity. Specifically, from Eq. (5.1) we read-off the following
asymptotics for ¢° — 0 (so ¢~° — o)

N

By q(i:z:,y) N q:}::cy/2+(N+l)(:c:I:y)/2 H(l _ q:ty—j)—l

=0

and thus

N
(5.10) Pn(w) —_— q—na:/2—(N+1)(n+N+1)/2 H(]‘ _ q—n—N——l—j)-—l
. - §=0
. (_1)N+1q—nz/Zq(N+1)(n+2N+1)/2/(qn+N+1

SN+
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Hence, p,(z) is a polynomial of degree n in ¢°/2 4+ ¢=%/2. Specialization of the
spectral parameter to y = n+ N +1 in Eq. (5.2a) gives rise the following difference
equation for p,(z)

1— c+N+1 1~ o—N—1
~N+n/2(2 79 (N+1)/2(2 74 -
.11) (T Jon(e + 1) + gV (St - )
= 2cosh(a(n + N + 1)) p(z).

It is not difficult to infer that the g-ultraspherical polynomial CY+!(cosh(az); q)
also satisfies this difference equation. One quick way to see this is by substituting
the representation of Eq. (5.8). (In other words, Eq. (5.11) boils down to the
second-order difference equation for the g-ultraspherical polynomials.) But then
Prn(z) must be proportional to CY*!(cosh(az); ¢) (and hence to P¥+!(cosh(az); q)
(5.9a)), since both polynomials are eigenfunctions of the second-order difference
operator determined by the first line of Eq. (5.11) corresponding to the same
eigenvalue. (Here one also uses that the eigenvalues 2cosh(a(n + N + 1)), n € N
are nondegenerate if Re(a) # 0, i.e. |g| # 1.) The proportionality constant follows
from the asymptotics for ¢°. - 0. Indeed, comparing the asymptotics (cf. Eq.

(5.8))

Ca+ (cosh(az);q) — ¢/ (@ 9)n /(G @), for ¢° =0,
with that of Eq. (5.10) entails (using also Eq. (5.9a)) that p,(z) = cy PN+ (cosh(az))
with '

cN = (__1)N+1q(N+1)(2N+1)/2(q2N+2;q)n(qN+1;q);1(qn+N+1; q)—l

N+1

(—1)N T gINFDENHD/2 (g0 gV v /(a5 @) 2v41-

O

Proposition 5.2 provides us with three alternative formulas for the g-ultraspherical
polynomials of the form cy P! (cosh(azx); q) = &N, q(z,n+ N +1)+ &N, o(~2,n+
N +1). Specifically, by taking ®n, 4(z,y) (i) from Eq. (5.1), (ii) from Eq. (5.3), or
(iii) from Egs. (5.5a), (5.5b), we arrive at (i) a representation in terms of (in essence)
g-analogs of the integer-degree associated Legendre functions (cf. Remark 4.2), (ii)
a combinatorial representation, or (iii) a representation in terms of Schur functions,
respectively. These formulas are g-deformations of corresponding formulas for the
ultraspherical polynomials (g = 1) that were presented in [DK]. By expansion of
the products and ¢g-binomials in the numerator of Eq. (5.1) (cf. the proof of Propo-
sition 4.2), we can rewrite the first of our three formulas as an expression of the
type en P (cosh(az); q) = ®N,q(z,n + N + 1) + &y, ,(—2,n + N + 1) with

(5.12)
GVHNIDEHD/2 N (gymin gmatny g0 (4)spm (g)

F (117 y) 0<m,n<N
N, = : -
o I nejen(l = @) (1 — gvtd) ’
where
smn(@) = > glittin,
i1 im €E{=N,...,—N—14m,m+1,...,N}
i1 <<y

In essence this last representation boils down to an expression for the g-ultraspherical
polynomials previously obtained by Ruijsenaars {Ru2].
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Remark 5.1. Tt was used in the proof of Proposition 5.2 that for y = N +1+n
the first equation of the bispectral pair (5.2a)}, (5.2b) goes over in the second-order
difference equation for the g-ultraspherical polynomials (cf. Eq. (5.11)). From the
second equation of the bispectral pair one obtains with this substitution a recurrence
relation for the polynomials p,(z) = ®n,o(z,n+ N + 1) + &y, o(—z,n + N + 1):

(5.13) g WD/ (%)pn+l(m) + gV+1)/2 (ﬁ%ﬁ)pn_l (@)

= 2 cosh(az)pn (z).
By passing to the renormalized polynomials

(5.14) en(z) = pu(z)g "W HI/2(@NF2: 9,/ (4 0)n

this recurrence relation is brought to the form

1 - qn+1 1— q2N+1+n
(5.15) (mﬁ)cnﬁ(w) + (TZW>C”_1(IL‘) = 2COSh(OL.’L‘)cn (:l:)

The latter relation boils down to the well-known three-term recurrence relation for
the g-ultraspherical polynomials C%Y **(cosh(az); g) [GR, Ex. 7.19]. (Notice in this
connection that c,(z) = ey CN1t!(cosh(az);q) with the proportionality constant
¢y being taken from Proposition 5.2.) :

5.4. Zonal spherical functions. It is known that g-ultraspherical polynomials
appear in the harmonic analysis of compact quantized Riemannian symmetric spaces
as the zonal spherical functions on quantum spheres [NM, Su]. The integer-parameter
g-ultraspherical polynomials C2Y*!(cosh(az); ), N € Nstudied here correspond in
this connection to the zonal spherical functions on a quantization of the real 2N + 3-
dimensional sphere $?V+3 = SO(2N + 4;R)/SO(2N + 3;R) [Su]. For generic val-
ues of the spectral parameter y, the regular wave function ®y(z,y) + ®n(—z,7)
of Proposition 5.1 is expected to admit an analogous interpretation within the
context of the harmonic analysis on noncompact quantized Riemannian symmetric
spaces. More precisely, the wave function at issue should correspond to the zonal
spherical function on a quantization of the real hyperboloid Hi’2N 3 = 80,(2N +
3,1;R)/SO(2N + 3; R) [Ka, KMU, SV]. (The symmetric space is realized explicitly
as the upper sheet H}*V % = {x e ®V* | g —ad — ... a2y, =1, 2z, > 0}
of the two-sheeted hyperboloid H'2N+3 = {x € R*N+4 | g2 — g2 — ... — 22y, =
1}.) To support this conjecture, let us check that for ¢ = 1 we indeed recover
the zonal spherical functions on the hyperboloid H}_’2N +3. It is immediate from
Eq. (5.1) that after substitution of ¢ — —2z/log(q) and y — —y, the function
(@— 1N+ &y . (z,y) tends for g — 1 to

(5.16) @x(zy) =
z(y—N-1) = m [N\ —2ma pym S TN :
: S ) ()e ™ T4 N + 1= ) s 0= )
m=0 .

(1— e 2e)2NH TN\ (y +5)
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The corresponding combinatorial representation of Eq. (5.3) passes in the limit
over into

(517) q’)N(xay) =

_— m‘ . +k .
N Y B e [T = TJw+) [Jw - #)
JC{1, N} jeT kgs Y jeJ ke
JC{1,.. ,N+1} : jerkgs 9 T

(The change N —1 — N + 1 in the summation of the denominator stems from
absorbtion of a factor (1 — e=22)2N+! originating from the first line of Eq. (5.3),
cf. the above comments right after that equation.) In terms of Schur functions the
g = 1 degeneration of the wave function reads

e2(W=N-1) 3~ (_1)IM/2p, (y) s (1ye~?)

5.18 In(z,y) = ,
(5-180) vy I n+3) S, (=172 5, (1160
with

(5.18b) by)=@W+a) - y+a)y—p51) - (y—Bn-r)

The sums in the numerator and denominator are now over all partitions A =
(A1,...,An) and g = (m1,...,un4+1) characterized by a Frobenius symbol of

the form (o1,...,0r|a; —1,... ,a, — 1), with for the numerator o; < N (and
r=0,...,N) and for the denominator &y < N+ 1 (and r =0,... ,N + 1). The
integers B3i,...,0n_r are again complementing the integers ay,... , o, such that

{a1,...,ar,B1,...,88—r} = {1,... ,N} and the vectors 1y and 1y.; denote the
N- and N +1-dimensional vectors with unit components. The bispectral pair (5.2a),
(5.2b) degenerates in the ¢ — 1 limit to the differential-difference system

2

(5.192) (dd ~ + (2N +2) coth(z )di (N +1)2 - )<I>N(a:, y) =0,
)+

+
(1— (N + Dy~ 1) N(z,y —1)
= (" +e7°) @n(z,y).

The second-order differential operator acting on the Lh.s. of Eq. (5.19a) amounts
to the radial component of the Laplace-Beltrami operator on the hyperboloid
H*M*® = S00(2N +3,1;R)/SO(2N + 3; R) [Hel, He2, HS). The (regular) even
solut1on of the form ®y(z,y) + ®n(—2,y) represents the (unnormalized) zonal
spherical function on the hyperboloid. The combinatorial and Schur-function for-
mulas for these zonal spherical functions based on Egs. (5.17) and (5.18a), (5.18b)
were first given in [DK].

(5.19b) (1+(N+1)y )<I>N:cy+1

Remark. 5.2. By substituting ¢>® — —¢7 in the wave function &y, 4(z,y) (5.1), one
arrives at a g-version of the zonal spherical functions on the noncompact pseudo-
Riemannian symmetric space H2N+3! = S0y(2N + 3,1;R)/S0 (2N + 2,1;R).
(The symmetric space in question is realized explicitely as the one-sheeted hyper-
boloid H2N+3*1 = {x eRNH |2 oo a2y~ ‘”%N+4 = 1}.) In this situation
(i.e. with ¢** —¢?®) we have that &y, ,(z,y) is regular‘for z € R, whence
the same is true for the even and odd combinations &3 {TY) = @ qg(z,y) £
®n,q(—2,y). As before, the representations of Eqs. (5. 3) and (5.5a), (5.5b) (with
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g*® — —g*®) give rise to combinatorial and Schur-function representations for the
pseudo-Riemannian g-spherical functions <I>j$ q(:c, y). The corresponding bispectral
pair satisfied by these functions now becomes (cf. Eqs. (5.2a), (5.2a))

1+4¢°t 14+¢%t71y .
1+qm 1+qz ){)N,q(z_lay)

= (¢*”? +q7¥*) &% (,y),

1—g¥t!
)@ﬁﬁq(m,y +1)—¢1/? (T—_qy—) @i},q(w,y -1)

= (" - ¢**) 8% _(z,y)

(where ¢t = ¢N*1). After the substitution z — —2z/log(g), y — —y we retrieve for
g — 1 combinatorial and Schur-function formulas for the zonal spherical functions
on the pseudo-Riemannian hyperboloid H2V+31 = §0y(2N + 3,1;R)/SOy (2N +
2,1;R). These formulas, which are of a form given by Eqs. (5.17) and (5.18a),
(5.18b) with exp(—2z) — — exp(—2z), were previously introduced in [DK]. The
corresponding degeneration of the bispectral pair (5.20a), (5.20b) satisfied by the
zonal spherical functions at issue is given explicitely by

(5:208) (T ) B, (o + 19) + 2172

1 — g%t

(5.20b) t—1/2( -

d? . d

(5.21b) (1 + (N + 1)y-1) & (z,y+1) - (1 — (N + 1)y~1) &L (z,y ~ 1)
= (e® —e7%) Qﬁ(x, y).

The second-order differential operator on the Lh.s. of the first equation boils again
down to the radial component of the Laplace-Beltrami operator (on the hyperboloid
H?N+3.1y [Hel, He2, HS].

APPENDIX A. REFLECTIONLESS BIDIAGONAL JACOBI OPERATORS AND THE
DISCRETE SATO FORMULA

In this appendix we provide an explicit parametrization of the Jost function of a
reflectionless bidiagonal Jacobi operator in terms of the spectral data. This results
in a discrete analog of a well-known formula due to Sato for the Jost function of
a one-dimensional reflectionless Schrodinger operator [Sa, SS, DKJM, SW, OSTT,
DK]. For relevant background material on the inverse scattering theory of Jacobi
operators the reader is referred to [CK, CC, Cal, Ca2, Fla, To, Tel, Te2].

A.1. Spectral data. We consider the following eigenvalue problem for the bidi-
agonal Jacobi operator D = a, T + ap_1 T 1:

(A.1) anP(n+1,2) +an19(n—1,2) = (2 + 2 ) 9¥(n,2), nez,

where z denotes a (complex) spectral parameter. Here it will be assumed that
the coefficients a, are positive and that a, — 1 rapidly (say exponentially) as
n — Foo. Consequently, the solutions of Eq. (A.l) have an asymptotics of the
form az® + Biz~™ for n = oo (where at and @i denote certain complex
constants). In other words, asymptotically the wave functions decompose in a linear
combination of the plane waves 2™ and 2z~ ™. Starting from a pair of fundamental
solutions for the discrete difference equation, one constructs—by taking a suitable
linear combination—the special solution with plane-wave asymptotics of the form
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2" for n — +o00. This special solution is referred to as the Jost function (of the
first kind). One has that

P for n — +o0,
(A2) 'wjost(naz) - { a(z)z" — IB(z"l)z_n for n - —oo.

It is clear that
(A3) ")bjost (n, '_z) = (_1)n"/}jost (na Z)'

(Indeed, the r.h.s. of Eq. (A.3) satisfies Eq.- (A.1) with 2 — —2 and has moreover
an asymptotics of the form (—z)™ for n — +00.) It thus follows that the quantities
a(z) and B(z)—which characterize the asymptotics of the Jost function at minus
infinity—must be even in the spectral parameter 2.

The zeros of a(z), which (with our assumptions on the coefficients) lie inside
the punctured open interval | — 1,1{\{0}, correspond to the discrete spectrum of
the Jacobi operator. In other words, for these values of the spectral parameter
the wave function lies in the Hilbert space #(Z) (i.e., it is square summable). Our
technical assumptions on the coefficients a,, furthermore ensure that these zeros
are simple and finite in number. Let us denote the zeros by *z,...,%zy with
1> 2 > 25> .-+ > zy > 0 (they of course occur in even pairs due to the evenness

of a(z)) and let v1,... ,un > 0 be the corresponding normalization constants
-1
(A4) vj = (Z 'w‘?ost(n’ :l:zj)) ’ Jj=1...,N.
neZ

(The value of the sum on the r.h.s. of (A.4) does not depend on the choice of the sign
in view of Eq. (A.3).) The quantities 1 > 2, > --- > 2y > 0 and »,..., vy > 0,
together with the reflection coefficient r(z) := pB(z)/a(z), are referred to as the
spectral data of the Jacobi operator. When r(z) = 3(z) = 0 the Jacobi operator is
said to be reflectionless.

A.2. The discrete Gelfand-Levitan-Marchenko equation. A remarkable re-
sult from the inverse scattering theory of Jacobi operators states that it is possi-
ble to reconstruct both the operator (i.e. the coefficients a,) and the Jost func-
tion 1;0s¢(n,2) completely from the spectral data [CC, Ca2, Fla, To] (see also
[CK, Cal] for related work pertaining to Jacobi operators on the semi-infinite lat-
tice N). Specifically, on has that

(A.5a) apn = Eﬁgz%:—:-)i—ll,
(A.5b) Yjost(n, 2) = Z K(n,m) 2™ (0< |zl <),

where K (n,m) is a kernel of the form

(A6) K(nm)={ LHFE@)+32, 0 kn,)F(n+ D)™ for m=n,
‘. , K(n,n) k(n, m) v for m > n.
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Here the kernel F(n+1) is governed by a function F(m) that encodes the dependence
on the spectral data

N
(A.7) F(m) = L fr(z)zm“ldz + Z vi(z]" + (=2;)™)

27 ¢
j=1

(where the integration is along the unit circle with positive orientation), and the
kernel k(n,m), m > n is determined from F(m) (A.7) as the (unique) solution of
the discrete Gelfand-Levitan-Marchenko equation

(A.8) k(n,m) + F(n +m) + i En,DF(l+m)=0, m>n.
l=n+1

A.3. Inverse scattering of reflectionless bidiagonal Jacobi operators. For
reflectionless Jacobi operators the reconstruction of the coefficients and Jost func-
tion can be made completely explicit [CC, Ca2, Fla, To]. The point is that the
kernel associated to F(m) (A.7) becomes in the reflectionless situation of finite
rank

N
(A.9) F(m) =1+ (=)™ vzl
: =1

We can then solve the discrete Gelfand-Levitan-Marchenko equation (A.8) by means
of the following finite-rank Ansatz for the kernel k(n,m):

(A.10) k(n,m) = (14 (-1)"*™) Zk

Indeed, with this Ansatz the reflectionless discrete Gelfand-Levitan-Marchenko
equation becomes of the form

(14 (-1)™) Z v; 2} + kj(n))z]
j=t

+Z( i 3 (aez L+ ()L + (1) =0,

3,7=1 I=n+1

Restriction of the sum over ! to the values for which n + [ is even and evaluation of
the resulting geometric series in (z2;)? gives rise to the following finite-dimensional

linear system for the kernel functions ki (n),... ,kn(n)
n+2zn+2
(A.11) n) + 2v; Zk = z2z2 = —v;z7, ji=1,...,N.

J

This linear system is readily solved with the aid of Cramer’s rule:

det AW (n)

(A.12) kj(n) = TA("),

j=1,...,N,
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where A(n) denotes the N x N matrix

r L2nte z;n+22(-+2 z?+2zn+2 T
1+ 2”_1 1—z13 o 2u, 1—zfzf. 21, 1—zizy
z'.':*'zz’l"*'z Z3nt z'.“"'zzg"'2
(A13) A(TL) = 2Vj—bf._z?— e 14 21/]‘—1]?4_- oo 2Vj—{_—z?712v—
zn+2zn+2 z;‘v+2z'-'+2 zzn+4
WPt o T o 142U
A 1—2z% 23 1-23,25 1—2% |

and A9 (n) represents the matrix obtained from A(n) by replacing the ##* column
with (the transpose of) the vector (—1127,. .., —~vyn2})

2n+4 amH2,nt2 o

[ z
trani g T
1 1“N
) zn—'l-2'zn+2 ) zn:}-2zn+2
' = ot 1 e —p: gt e ot N
(A14) A (n) = 21/_7 _Ji:_‘?]z?f_ Vj Z] 211] t;z;)gv—
z".+2z;'+2 ) n ) z2n+4
_ZVN_{Y—_z’N_Zf_ ter —UNZN v 1+2VNIE-;;_

+
(4t column)

To recover the coefficients a,, (A.5a) it suffices to compute the diagonal of the kernel
K(n,m) (A.6). We obtain

2 Egs.(A.9), (A.10) N on N Zp 22
(A.15) K~*(n,n) = 1+ ZZujzj +4 Z ki(n)v;

i
1 — 2222
j=1 i,5=1 %i %;

N
Eq.(A:A.ll) 1-— ZZ kj(n)z;L
: =
Bo.(A12) det A(n) — 2 Z;\;l 27 det A (n)

det A(n)
det A(n — 2)/det A(n).

(In the last step one uses that the difference A(n—2)— A(n) is a rank-one matrix of
the form [2n;2]'27]1<i j<n, whence det A (n—2)—det A(n) = 2 Zf;l 27 det AU (n).)
This entails the following determinantal representation for the coefficients a, (A.5a):

| _ [detA(n +1) det A(n —2)
(A.16) n = \/ det A(n) det A(n—1) °

The above method for deriving the determinantal formula (A.16) for the co-
efficients a, is patterned after Flaschka [Fla, To]. We will now complement the
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reconstruction of the coefficients with an analogous derivation leading to a deter-
minantal formula for the corresponding Jost function 05 (n, 2) (A.Sb). We obtain

100 ¢

(A.17) Pjost(n, 2) Bq.(4-10) K(n,n (z + Zk Z (z;2)'(1 +( 1)‘"“))

I=n+1

{l

K(n, n)(z +2Zk —(ln:—)

Eqs.(A.12),(A.15) z”‘(det A(n) + 221 =1 %7 det A(J)(n)fﬁ(ﬁé?)
B /det A(n) det A(n — 2)
z" det B(n, 2)
v/det A(n) det A(n - 2)’
where B(n, z) denotes the matrix obtained from A(n) (A.13) via the substitution
vi = vi(1 = 2%2%) /(1 - 223):

Z2ntd 4 2,- n+2 2 FT 2,2 -
‘ 1 +2V1 3 ( 1—222 5 ) 2n 1 zl"’z:r2 ( l—zzzf )
(A.18) B(nz) = :
’ n+2 n+2 1_z22—2’ 1—2z22 -2
2”NJ1”72‘;2—(1—_J;‘¥;) 1+2VN-‘LT(_—zz‘,%')

To infer that the expressions on the third and fourth line of Eq. (A.17) are indeed
equal, it is convenient to employ the following pole expansion for det B(n, z)

22

(A.19) det B(n, 2) = det Bo(n) + ZdetB T

Z;
where By(n) = lim, o B(n,2) = A(n) and B;(n) is the matnx obtained from
B(n, z) via the substitution z = En ! after havmg multiplied the ** row by a factor
1-2z72” to compensate the smgulanty If one first subtracts z; 2 /2] z"+2 times the j*
column of B;(n) from its k** column (for k =1,... ,N, k # j) and next multiplies
the resulting matrix from the left by the dia,g(l - z%/zf-, ey, 1= 2% /27) and
from the right by diag(1/(1 - 2}/23),...,1 y1/(1 = 2% /23)) (where the units
are 1n the 5% slot), then one obtains a matnx that equals the matrix AY)(n) with
its j** column multiplied by 2z7. Hence, it follows that the expressions on the third
and fourth line of Eq. (A.17) coincide.

A.4. The discrete Sato formula. It is possible to evaluate the determinants
appearing in the above determinantal representations for the coefficients a, and
the Jost function ;os¢(n,2) (cf. Eqgs. (A.16) and (A.17)) in a fully closed form.
This evaluation hinges on the Cauchy determinant formula (see e.g. [Ma, p. 67])
_ l_l15j<k5N(-"7j — ) (Y5 — k)

1- zjykl 1<Hk<N ngj,ng(l — Z;Yk)

To this end we note that A(n) (A.13) has the structure of an identity matrix plus a
matrix of the form NDCD with N = diag(1, ... ,vn), D = diag(z]'*?,... ,25?)
and C = [(1 - 2727)” 1]1<],k<N Hence, the determmant of A(n) boils down to the
sum of all pr1nc1pal minors of the matrix NDCD. It is not difficult to evaluate
these minors by means of the Cauchy determinant formula in (A.20). (Notice

(A.20) det [
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that the specialization z; = y; = zJ?, j = 1,...,N in the Cauchy matrix [(1 —
ﬂ:jyk)_l]lSj,k's ~ reproduces our matrix C.) Having evaluated the determinant of
A(n), the evaluation of the determinant of the matrix B(n,z) (A.18) follows in

turn upon substituting v; = v;(1 — 2%2;?) /(1 — 2222), j = 1,... ,N. This way we
obtain
(A.21) det A(n) =7(n+1), detB(n,z2)=x(n,z2)
with
21/] 22 z - z,f 2
JE{l .,N}jed J i k<€kJ k
j

2,2} 2 — 2* 23— zp \2
(A-22b)  x(n,2) = Z H 1—-24 (l—z z2) H (1—z2.z,f) )
Je{1,... ,N}jeJ ER T4 J
. i<k _
Plugging of the evaluation formulas of Eqs (A.21), (A.22a), (A.22b) into the
determinantal expressions for a, and t;0s:(n,2) from Egs. (A.16) and (A.17),
gives rise to the following explicit parametrization of the reflectionless bidiagonal

Jacobi operators and their Jost functions in terms of the spectral data.

Proposition A.1 (Spectral parametrization). Let D = @, T + ap—1 7! be a re-
flectionless bidiagonal Jacobi operator in 12(Z) characterized by the spectral data
1> 2 >+ > 2zn > 0 (corresponding to the discrete spectrum* ) andy,... ,uny >0
(corresponding to the associated normalization constants, cf. Eq. (A.4)). Further-
more, let Yjost(m, z) (with z in the punctured wnit disc 0 < |z| < 1) be the (Jost)
solution of the eigenvalue equation Dv = (z + z~1)y characterized by an asymp-
totics of the form vYjost(n, z) — 2™ for n — +oo. Then the coefficients and the Jost

function are of the form ’
av _ \/T(n+2)'r(n—1)

T(n 4+ 1y 7(n)

and

: "z x(n, 2)
Yiost(M 2) = VTn+1)7(n— 1’

where T(n) and x(n, z) are given by Egs. (A.22a) and (A.22b), respectively.

As an immediate consequence of Proposition A.1 we are lead to a Sato-type
formula for discrete difference operators.

Cdrollary A.2 (Discrete Sato formula). Let 7(n) and x(n, z) be given by Egqs. (A.22a)
and (A22b) with0 < |2 <1,1> 2> --- > 2y > 0 and vy,... ,uy > 0. Then
the function .

z" x(n, 2)

Viost(n, z) = VT(n+1)7(n - 1)

solves the discrete difference equation .
anP(n+1,2) + an—1 1/1(n—1,z) =(z+2zYHYMn,2) (ne Z),

*That is to say, the dlscrete spectrum consists of 2V eigenvalues of the form +(z; + z )
ji=1...,N. :
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with coefficients given by

o — \/T(n + 2)‘7'(1’), -1)
" r(n+1)7(n)

Remark A.1. Throughout this appendix we have restricted the spectral parame-
ter z to the punctured unit disc 0 < |z| < 1. This guarantees that the series-
representation for the Jost function given by Eq. (A.5b) converges absolutely.
We have seen that the spectral values *z,... ,+zxy inside the the punctured in-
terval ] — 1,1[\{0} constitute the discrete spectrum of our Jacobi operator. The
values of z on the unit circle correspond to the continuous spectrum. It is clear
by analyticity that the statements of Corollary A.2 actually remain valid for all
z € C\ {0,+z7,...,£25'}. That is to say, the discrete Sato wave function
Yjost(n, z) of Corollary A.2 solves the corresponding discrete difference equation
for all values of the spectral parameter outside the singular points 2z = 0, :l:zj_l',
j=1,...,N. In a similar vein one may also extend the parameter regimes for
z; and v; in Corollary A.2. More precisely, when substituting the discrete Sato
wave function v;,s:(n, z) of the corollary in the corresponding discrete difference
equation, then we arrive at an equality that holds as an identity between analytic
functions (possibly with singularities) in the parameters 2; and v;. '

Remark A.2. By definition the parameters v; stand for the normalization constants
of the Jost function 1;,s:(n, 2) at the discrete spectral values z;, j = 1,... ,N (cf.
Eq. (A.4)). Hence, we have the following nontrivial summation identities for the
wave function of Proposition A.1/Corollary A.2

(A.23) Zd)?ost(n, z;) = 1/v;, j=1...,N.

In fact, by means of the translation n — n + ¢ (with z € R) we can slightly
generalize these sums to summation identities of the type

(A.24) Z%z'ost(" +,25) = 1/v;, ji=1,...,N.
. © nEZ .

Indeed, it is immediate from the explicit expression for the Jost function given

by Proposition A.1 that the translation n — n + z is equivalent to multiplication

of Yjost(n, z) by 2° and a reparametrization of the normalization constants y; —
2%, j=1,...,N |

v;25%, j yeee s V.

Remark A.3. From the formula of Corollary A.2 one immediately reads-off that the

reflectionless Jost function 1;0+¢(n, ) has an asymptotics of the form given by Eq.
1-22272

(A.2) with a(z) = [T}, (+==%) (and B(2) = 0).

2,2
1zzJ
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