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Contents. 1.Introduction. 2.Preliminaries. 3.Operations on func-
tors. 4.The Dress condition and KS-categories. 5.Exponentials of cat-
egories. 6.A characterization of KS-categories. 7.Substitution. 8.Ap-
plications.

Abstract. This paper is a sequel to the author’s paper [Yos 98]. We
construct some operations on categories and functors, for example,
summation, multiplication, derivation, partial derivation, exponentia-
tion, substitution. These operations are correspond to those of species.
The main results of this paper are two theorems (Theorem 5.8, 6.5)
which characterizing strict Krull-Schmidt categories(KS-categories).
Especially, Theorem 6.5 states that for a skeletally small and locally
finite category £ with finite coproducts and its full subcategory C,
if the exponential formula £(t) = exp(C(t)) implies, under a techni-
cal assumption, that £ is a strict Krull-Schmidt category. Further-
more, we define the substitution T'(S) of functors § : £ —— S and
T : F —— Set;, where S has finite coproducts. These operations
satisfy formulas similar to such operations on the usual power series.
There are some applications.
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1 Introduction

‘In Part I ([Yos 98]) of this series of papers, we introduced the generating func-

tions of categories and functors, and then we show that it covers the theory
of Joyal’s species ([Joy 81], [BerLL 98]) as a special case (faithful functors
from groupoids to the category of finite sets). The generating function of a
(skeletally small and locally finite) category & is defined by

Z |Aut (1.0.a)

Furthermore, the generating function of a faithful functor (with locally finite
fibers) F : £ — S is

S P —t ) (1.0.b)
e |Aut X))

See Section 4 of Part 1.

Both of power series and species are accompanied by some operations (e.g.
addition, multiplication, derivation, composition). In this paper (Section 3),
we extend several operations related with species or power series to those
related to categories and functors. For example, the derivation S* of a functor
S : & — Sety is defined to be a functor

S* ¢ Elts(S) —— Sety; (X, s) — S(X),

where Elts(S) is the category of elements and its object is a pair of object
X of £ and an element s of S(X) (see Part I of this series or [Bor 94, I,
Definition 1.6.4]). Taking the generating function of S, we know that

N d
§°(1) = 1 = 5(0),
where we identify a power series with exponents in Set; as a usual power -
series in one variable ¢ by the identification ¢t = ¢/Nl. Furthermore, if Ag is
the species associated to S, then the x-derivation of Ag is the species Ag-
associated to the functor S*. If S is a set-like category, then the product law
and the composition law:

(S Ty =S8 -T+5-T (T(S) - S =8 -T*S).

See (3.9) and
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Another important operation on categories and functors is the exponen-
tiations EXP(C), EXP(S) (Section 5). They satisfy the expected relations as
follows:

(EXP(C))(2) = exp(C(t)), (EXP(S))(t) = exp(S(1)).

It is interesting that EXP(C) satisfies the Dress condition, that is, in the
following commutative diagram in which the bottom row is a coproduct di-
agram:

A - C B

X X+Y

Z,

the top row is a coproduct diagram if and only if the two squares are both
pullback squares. The following theorem characterizes the exponentiation of
a category:

Theorem 5.8. Let & be a category with finite coproducts and C a full subcat--
egory of E. Then & is equivalent to EXP(C) via the functor [T : EXP(C) — &
(see 5.3.b) if and only if the following two conditions hold/:

(a) Any object of € 1is isomorphic to a coproduct of some finitely many objects
of C.
(b) For each I € C, the hom-functor

Hom(I,—): & — Set; X — Hom(I, X)

preserves finite coproducts.

The condition (c) can be replaced by the existence of pullbacks and the
Dress condition. As is shown in Part I, the exponential formula holds for the
generating function of a KS-category &:

E(t) = exp(Con(&)(1)).

Here a KS-category is a category with finite coproducts satisfying the condi-
tion that each object has a unique decomposition into a finite coproduct of
connected (indecomposable) objects in the strict sense (Part I, Section 5.5).
Using the above theorem, we can prove its inverse holds as follows:

Theorem 6.5. Let £ be a skeletally small and locally finite category with
finite coproducts and C a full subcategory of £. Then £ is a KS-category
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with Con(&) equivalent to C over £ if and only if the following two conditions
hold/:

(a) £(t) = exp(C(t)).
(b) If ioo = i for any canonical injection i : I — I + A with I € C and
A € £ and for an automorphism o of I, then o = 1.

In this paper, we could not sufficiently study the composition of two
power series in our sense. Let S : & —— S and T : ¥ —— 7 be functors
where § and 7 are categories with finite coproducts. We want to define
the composition T'(S) satisfying T'(S)(t) = T(S(¢)). In this paper, we define
it only in the case where 7 is Set; (or Sets"), so that T'(¢) is viewed as a
usual power series in one variable (resp. multivariables. This functor T'(.S)
is constructed by the pullback of T' : F' —— Set; and the rank functor
Rank : EXP(€) — Set;. This construction is essentially same as in species
case. Of course, our construction has broader scope of application.

In Section 8, we give some applications. For example, we answer Stanley’s
question which asked the generating functions of the numbers M(n, h, m) of
solutions @™*" = o/ in the symmetric monoid End([n]) ([Sta 78, Example
6.9]). We furthermore study some Cayley type formulas for labeled rooted
trees. . ’

It still remains to study some important subjects about generating func-
tions of categories and functors. The first one is the construction of “plethysm
composition”of categories and functors. It is difficult to define a kind of
plethysm composition for functors (or power series with exponents in cate-
gories) at the present stage except for some very special cases. For example,
the (3" X € Ecx t*)N (N € &) is meanningless in general, but it has a mean-
ing for the category of surjections between finite sets by the plethysm com-
position ([Nav 87]). To define the plethysm ccomposition for wider classes
of categories, we need to take a locally finite toposes as an underlying cat-
egory and to extend the concept of polynomials and power series to those
with coefficients in a Tambara functor (especially the Burnside ring functor)
[Tam93]. We will study such generalizations in Part 3 of this series. Other
remaining subjects are the categorical versions of weighted species, virtual
species, the Lagrange inversion formula ([BerLL 98, Capter 2, 3]), which we
will study in other papers.

2 Preliminaries

(2.1) Operations on species. As in the first paper, we denote by Bij;
(resp. Sety) the category of finite sets and bijections (resp. mappings). Then
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a species is a functor from Bijs to Set; and a morphism between two species is

a natural transformation. The category [Bijy, Sety] of species is equivalent to

the product category of the categories of finite S,-sets, n = 0,1,2,.... Thus

the category [Bij, Sets] is a Cartesian closed category, that is, it possesses .
all finite colimits, finite limits and internal hom-objects Y¥ called exponen-

tiations. (Note that [Bij, Set/] is not a topos (4.5) because of the lack of a

subobject classifier; and note that it is also not locally finite.) The Cartesian

closeness as well as finite colimits and finite limits gives many unary and

binary operations on the category of species.

(a) The sum(coproduct) A + B of two species A and B is defined by
(A + B)[E] = A[E] + B[E] (2.1.a)

where the sum is a disjoint union.
(b) The (tensor or convolutional) product A - B of two species A and B is
defined by

(A-B)E|= Y AlB]x BB, (2.1.)
Ey+E;=E
where the summation is taken over all pairs (Ey, Ey) of subsets of E such
that EyUE, = E and E;NEy = (. This product makes [Bij, Set;] a monoidal
category, but it is not a categorical product in the categories of species.

(¢) The substitution (or composition) A(B) of two species A and B with
B[@] = 0 is defined by .

AB)E = ]] <A[7r]xHB[B]), (2.1.c)
TeM(E) Ber

where 7 = { B, By, ...} runs over all partition of the set E.
(d) The derivation A’ of a species A is defined by

A'[E] = A[E U {E}]. (2.1.d)

(e) The Cartesian product and the exponential of two species A and B are
defined by

(A x B)[E] = A[E]x B|E], (2.1.¢)
(BA)E] = Map(A[E], B[E]), (2.1.9)

where Map denotes the set of mappings of sets. Then we have an adjoint
pair A X (=) - (=)~.
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(f) Assume that a species A is finite, that is, A[n] = § for sufficiently
large n. Then the product functor B —— A B has a right adjoint functor
B+— B 1 A:

(B 1 A)[E] := [[ Map(A[F], B[E + F)), (2.1.8)

where the product is taken over complete representatives of isomorphism
classes of finite sets. Note that the right hand side is a finite product.

(2.2) Remark. The constructions of some operations on species are not
categorical. For example, in the definition of products A - B, the above
summation was taken over the pair (Ei, Es) of subsets E;,Ey C E with
Fy + E; = E. However, the category Bijs is lacking in coproducts and
proper subobjects, and so the above definition of products is not categorical;
it depends on the embedding of Bij; into Set;. Similarly, the definitions of
substitutions and derivations are not categorical, too.

Contrarily, the definitions given in this paper are completely categorical
as we see in the next section; so they can be extended to more general faithful
functors.

(2.3) Generating functions and operations on species. The generat-
ing functions of these operations on species have the desired properties.
- (a) (A+ B)(z) = A(z) + B(z).
(b) (A-B)(z)= A(z) B(z).
(c) A(B)(z) -—:4(A(B($)))-
(@) (z)=
(e) The generating function of the Cartesian product of species is given by
the so-called Hadamard product:

‘)

n=0
(BY@) = §:;ﬂ3mw“wx
n=0
(0 (BT A iillB[ernnlA[men.

(2.4) Species and faithful functors. As is stated in the first paper, the
concept of a species is equivalent to the one of a faithful functor with finite
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fibers from a groupoid to Sets (Partl, Theorem 3.6). In fact, the faithful
functor associated to a species A is given by

A(A) : Elts(A) — Sety;(N,a) — N, (2.4.2)

where the groupoid Elts(A) is the category of elements of A (Part I, Section
2.3). Remember that an element of A is a pair (N,a) of N € Bij; and
a € A[N].

Let S : & — S be a (usually faithful) functor. The functor S has finite
fibers if

ISTHNV)/ 2| =#{X € £/ S(X) = N}, (N €38).

An &-structure on N € S (along S) is a pair (X,0) of an object X of &
and an isomorphism ¢ : S(X) —Z+ N; two E-structures (X,7) and (X', 0")
on N are isomorphic if there is an isomorphism f : X —— X’ such that
o .S(f)=o0.

Now, the species associated to a functor S : £ — Set; with finite fibers
is given by ’

(S) : N — Str(E/N)/ =, (2.4.b)

where Str(€/N)/= denotes the isomorphism classes of E-structures over N.
Remember that a &-structure is the pair (X, o) of an object X € £ and an
isomorphism o : S(X) — N called a labeling and that such £-structures
(X,0) and (Y, 7) are isomorphic if and only if there exists an isomorphism
f: X —= .Y in & such that 705(f) = 0. A and T give the required
equivalence.

A morphism (F,7) from S : £ — S to T : F —— § is defined to be
a morphism in the 2-comma category of skeletally small categories over S.
Thus F': & — F is a functorand 6 : § —— T'o F is a natural transforma-
tion. When 7 is identity natural transformation, we denote such a morphism
(F,7) by simply F. In particular, S and T as above are isomorphic if and
only if there are an equivalence F : £ —=+ F and a natural isomorphism
6:5—T-F.

(2.5) Generating functions. When & is skeletally small and S : £ — S
has finite fibers, the generating functions of £ and S can be defined as follows:

E(t) = ;’mt& | (2.5.2)

S(t) = ZXj lXRI-(-X—)I £, (2.5.b)
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where the both summations are taken over the isomorphism classes of objects
of £. Furthemore, if S is faithful, then

Str(E/N) /=
Z /| |Au/t |tN, (2.5.¢)

where N runs over all isomorphism classes of S. Equivalent categories (or
isomorphic functors) give a same generating functions. If the functor S is
corresponding to a species A, then S(¢) = A(¢).

The ordinary generating functions of £ and S are the formal series in the
following form:

Et) = Y "¢, (2.5.d)
St) = 50, (2.5.€)

We often write £7t) for £(¢). The formal power series S (t) is equal to the
label generating function Zl(t) of the corresponding species A. However, the
label generating function of a category can be presented by the generating
function of exponential type (Part I, Corollary 4.7).

Assume that the category S has any finite coproducts, especially an initial
object () and a coproduct M+N of two objects. Then the R-module R[S°P/ =
| of polynomials

&)= ""ent", cveR (2.5.9)
NeS

with exponents in S/ = becomes a commutative R-algebra( the polynomial
ring with exponents in ). Here multiplication on the basis is defined by

tM N = g MAEN 40— (2.5.8)
In general, this product can not be extend to power series. To do so, we
need the following condition:

Condition A: The category S has any finite coproducts and for any object N

there exists only finitely many pairs (A, B) of isomorphism classes of objects
of S such that N = A + B.

Under this condition, the R-module R[[S°P/ ]| of power series with expo-
nents in S becomes a commutative R-algebra.
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In particular, polynomials (resp. power series) with exponents in Set; are
identified with usual polynomials (resp. power series) in one variable by the
identification:

Z/CN tN = Z’CN tINl, : (251’1)
N

N

where N runs over all isomorphism classes of finite sets, and so we can write
the series as follows: '

> eyt = ic[n]t”, (2.5.4)
N n=0

where [n] = {1,2,...,n} and [0] = 0.

3 Operations on functors

(3.1) Operations on categories and functors. In our situation, we can
rewrite the operations on species by using the language of faithful functors
with finite fibers from groupoids. We can furthermore define operations on
functors; especially taking the identity functors on categories, such operations
are viewed as those on categories.

Throughout this section, we take categories £, F,S and functors
S:&E—S, T:F—S

and we study operations on these categories and functors.
In order to simplify the statements, we further assume that the following
conditions hold:

(a) S has any finite coproducts.

(b) S and T are both faithful and has finite fibers.

(c) & and F are skeletally small and locally finite.

(d) &, F, S satisfy Condition A in (2.5) if they have finte coproducts.

The assumption (b) and (c) is not necessary if we do not consider generating
functions. Similarly, (d) is not necessary if we do not consider the product
of generating functions. The condition (b) is necessary only for using Part

I, Theorem 4.6. All operations on categories and functors can be defined
without (b), (¢), (d).
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(3.2) Summation. The summation £ + F of two categories £ and F is
defined as the disjoint union of categories. Clearly,

(E+F)t)=ER) + F1), (£+FJ(t) =E@1) +F(t) (3.2.2)
Next, the summation of the functors S and T is defined by
(S:&E— 8+ (T:F—8)=(S+T:E+F —8), (3.2.b)

where £ + F denotes the disjoint union of the categories £, F, and where
S + T coincides with S on £ and with T on F. For the generating function
of S+ T, we have

(S+T)(t) = SE)+T(t), (S+TTE) =5(t)+T(). (3.2.c)

Morphisms (F, @) : S; —— Sy and (G, v) : T} — T3 induces a morphism
(F,0) +(G,9): S1+Th — S2 + 1.

(8.3) Product. The product £ - F of £ and F is defined as the Cartesian
product £ x F of categories. Clearly, if £ and F have well-defined generating
functions, then

~

(- F)t)=E) - F(t), (£ -FJ(t)=E@)- F(t), (3.3.2)

where the multiplication T -t¥ for M € £, N € F is defined to be (MM,
Next, the product of the functors S and T is defined by '

(S:€E—8) (T:F—8):=(8T:ExF—S) (3.3.b)
where (S - T)(X,Y) = S(X)+ T(Y). By an easy calculation, we have |
| (S-T)(t) = S(t)-T(t). (3.3.c)

Of course, we have to assume the condition (a), (c), (d) of (3.1) so that the
generating functions are well-defined.

Let S; : & —— S and T; : F — Set; (¢ = 1,2) be functors, and let
(F,p) : S} —— S5 and (G,9) : Ty —— T, so that F : & —— & and
G : F; — F, are functors, and ¢ : S —— Syo F and ¢ : T —— T50 G
are natural transformations. Then these morphism (F, ¢), (G,v) induces a
morphism: '

(F7@)<Ga¢> = (F'G,(P‘lp):SI‘Tl_’SZ‘TQa

where

F Gi& x Fy — & x Fo(X,Y) — (F(X),G(Y)),
¢ Y(X,Y) = o(X) +9(Y)
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(3.4) Shift operators t - S,t-.- 8. Let S : & — Set; be a functor.
Then the shift (t- S) of S is defined by the addition of a base (or a root):

t-8:E&—Sety; X — S(X)U {*} (3.4.a)

The generating function is clearly given by ¢ - S(¢).
Next let S : £ — S be a functor into a category S with finite coproduct
and let I € S. The the shift of S at I is defined by the coproduct with I:

th.§:6—8;X — (X)+1. (3.4.b)
The generating function is given by
(' S)(t) =t S(¢). (3.4.c)

#!-S is also obtained by the product of S : £ — S and the trivial sucategory
{I} with embedding into S.

(8.5) £"/n! and S™/n!. For a category € and n > 1, the category £"/n!
is defined by the following data:

(i)- An object has the form {Xj,...,X,}, where X; € £. We simply write
(ii) A morphism from {Xi,...,X,} to {Y¥1,...,Y,} has the form

[flv"-’fn;ﬂ-]a Wesnafi:Xi__’Yr(i)-

We often write it as {f;;7}.
(iii) The composition of { f;; 7} : {X;} — {Y;} and {g;; p} : {V;} — {2k}
is defined by

{g55 0} o {fis 7} := {gn(iy o fis p}.

Next, for a functor S : £ —— § into a category S with finite coproducts,
the functor S™/n!: £€"/n! —— S is defined by the following data:

i) S*/nl({X:}) =S(X1) + -+ S(X,).
(ii) S™/nl({fi; 7} : {Xi} — {Y}}) is defined by

J=1

[T s =28 T s(v) = [ 50
=1 =1

By the embedding (X;) —— {X;}, the category £" is viewed as a sub-
category of £"/nl. Clearly, £'/1! = € and S1/1! = S. Furthermre, £°/0! is
viewed as a trivial category 1 with one object and one morphism, and then
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S9/0! is the functor which assigns the initial object § of S to the unique
object * of 1.
A functor F : & —— &, induces a functor

Ft[nl: & ol — & nl { X} — {F(X))}. (3.5.a)
Furthermore, a morphism (F, ¢) : S5 — S5 induces a morphism
(F,@)"[nl: 57 [nt — S5 /nl,

where the associated natural transformation is given by

(" /nh)({X:}) : Hso
S (X)) 4 sl(xn) s Sy(F(X1)) + - - Sa(F (X))

Remark. Another definition of a morphism ({f; 7}) from {X;} to {¥;} is to
use the assumption that 7 is an endo-function on [n] instead of a permutation
on [n]. The category defined by this way is a full subcategory of EXP(C)
(Section 5). The functor S™/n! can be extended to a functor from this new
category, but it has the same generating function as the old one.

(8.6) Lemma. (S™/nl)(t) = S(t)"/n!.
PROOF. It is easily proved that {X;} & {V;} if and only if there exist

a permutation 7 € S, and isomorphisms f; : X; —— Yy(;); thus £"/n! is
bijectively corresponding with multisets on £/ 2 of cardinality n. Take an
object {X;} of £”/n!, and for each Y € & let n(Y) be the number of X;
isomorphic to Y. Then we have that

Aut({X:}) = [ Aut(Y) wr Sa,
Ye&

where wr stands for the wreath product. Hence -

n(Y)S(Y)
(S"/al)(t) = Z H |Autt Fn(Y)!

E n(Y)=n

) (Z At Y)l)

= sy
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(3.7) Derivations S’, S™ Assume that S = Set; and that S(f) is a
monomorphism for each morphism f of £. For example, £ is a groupoid
(species case), then this assumption holds. Then we define the derivation by

(§:& —> Sety) := (5" : Elts(S) — Set;), (3.7.a)

where Elts(S) is the category of elements of S and S'(4,s) := S(4) — {s}.
Note that each f: (A,s) — (B,t) induces S'(f) : S(A) — {8} — S(B) -
{t} because S(f) is assumed to be a monomorphism.

As above, we assume that S is a functor from £ to Set; and that S(f) is
a monomorphism for each morphism f in €. The n-th category of elements
of §: & —— Set; consists of objects of the form

(A;81,82,- .. ,8n), A€, s;€8(A), si #s;(1 # 7). (3.7.b)
A morphism f from (4;s1,...,8,) to (B;ti,...,t,) is a morphism f :

A —— B in & such that S(f)(s;) =t; (i =1,...,n). Now the n-th deriva-
tion of S is defined by

S Efs™ — Sety; (A;81,... ,8n) —— A—{s1,...,80} (3.7.¢)
Any morphism f : (A;s1,...,8,) — (B;t1,... ,t,) induces a functor
SM(f): S(A) = {s1,... ,s8} — S(B) — {t1,... ,ta}

because S(f) is a monomorphism.

Let S; : & — Sety (¢ = 1,2) be functors which maps all morphisms
to monomorphisms of finite sets. Let (F,¢) : S; —— S5 be a morphism
in Cat/Sety, the bi-category of (skeletally small) category over Set;, so that
F:& —— & is a functor and ¢ : S; = Sy0 F is a natural transformation.
Then (F,¢) induces a morphism

(F7 9‘9), = (Flvtlol) : Si - Séa
where F' : Elts(£;) — Elts(&;) is a functor defined by

F,(Xa's) = (F(X), e(X1)(s),
FI((X,5) =L+ (Y,8)) == (F(X), o(X)(s) = o(¥)(#)),

where X,Y € &,s5 € S1(X),t € S1(Y). Similarly, we can define the n-th
derivation (F, )™,
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(3.8) Lemma. Let S : £ — Set; and T : F — Set; be two functors
and assume that for each morphism f in € (resp. F) the mapping S(f) (resp.
T(f)) a monomorphism. Then the following hold:

(1) S© =550 =g
(2) Stmtn) = (§m)() for m,m > 0.

(3) §'(t) = %S(t) and S™(t) = %S(t). Here, d"S(t)/dt" is the n-the

derivation of S(t) € Q[[Sets°?/ =] = Q[[t]] viewed as a usual power series
in a variable t.

(4) S™(0) = [tr(& /[n])/ = | Z

(5) Letbniz’s rule holds:

(-1 =] (Z) §0) )
r=0

In particular, (S-T) =2 S"-T+S-T'. These isomorphisms are natural over
Setf.

(6) There is a natural isomorphism over Set;:

R (n=20
(5" /nl) ={ (S™1(n=1)1)- & (n>0§.

(7) Let Ag be the species of the structures of the faithful functor S. Then
(Ag)', the derivation of the species, is the species associated to S':

(As)/ = .ASI.

PROOF. (1) is trivial; (2) is easily proved.
(3) We have

) — _ 1 s
S = (ZA:) |Aut(A ST

v Sl |5(4 t|s Al
|Aut

Ae&

= Z50).
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Here, of course, we identified t° as t!S! for any finite set S. Applying this
formula n times, we have S(™(t) = d"S(t)/dt", as required.

(4) Since S is faithful and has finite fibers by the condition (b) of (3.1),
Theorem 4.6 of Part I implies

fS( ) ‘ > ! n‘ n
SO = 2 mm Z ( 2 |Aut(A)|)t

At [S(A)|=n

(5) It will suffice to prove the case n = 1. We first construct an isomorphism
of functors:

Q |

Hep: S -T+S8-T — (- T). (3.8.2)
Since the functor S - T : &€ x F — Sety is defined by
S-T:(X,)Y)— S(X)+T(Y),

an element of S - T has the form (X,Y,u), where X € £Y € F and u €
S(X)+T(Y). Thus

(S-T) :Elts(S-T) — Sets; (X, Y, u) — (S(X) +T(Y)) — {u}.
On the other hand, §'-T and S - T" are defined by

S x T': Elts(S) x F — Set;; (X, 3),Y) — (S(X) — {u}) + T(Y),
S'x T : & x Elts(T) — Set; (X, (Y, 1)) — S(X) + (T(Y) — {t}.

Thus the required isomorphism Hgr in (3.8.a) is now obtained by the sum-
mation of

S"-T: Elts(S) x F — Elts(S - T); ((X, ), Y) — (X, Y} s),
ST : & x Elts(T) — Elts(S - T); (X, (Y, 1)) — (X, Y, 1).

Clearly, S’ T (resp. S-T") maps canonically and functorially any morphism
of Elts(S) x F (resp. & x Elts(T")) to a morphism of Elts(S - T). We can
identify (S"- T+ S -T")o Her = (S - T), and so Hgp gives an isomorphism.

Finally, it remains to prove the naturality of the isomorphism (Hgr,0s7).
Let S; : & — Sety and T; : F; — Set; (i = 1,2) be functors which maps
all morphisms to monomorphisms of finite sets. Let (F,p) : S; — Sy and
(G,%) : Ty — T be morphisms over Sets, so that F : & —— & is a
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functor and ¢ : S; = S30 F is a natural transformation. We need to show
the commutativety (in the strict sense) of the following diagram:

o .
Si -1+ 51 - Tll LT (Sl . T1>’

(Fs) (G )+ Fap)(Gop)' (F-Gyptp)!
! / Hsy,1) /
SQ'TQ""SQ'TQ (SQ‘TQ).

But it is easily checked.
(6) Since S°/0! is the functor {*} — Set; which assigns the empty set
to *, its derivation is 0. Let n > 1. Then the derivation (S™/n!)’ is given by

Elts(S"/n!) —— Set;

({Xi,...,Xp),0) +— HS(Xz-) — {a}.

On the other hand, (§"~'/(n — 1)!) - §' is given by
C*'/(n — 1) x Elts(S) ——  Sety,

(i Vash (Vo) = [1505) +(50V) - {a})

(7) By (2.4), the species A(S), Ag : Bij; — Set; of S, ' are defined by

Ag: N+ Ag[N]:=Str(E/N)/ =,
Ag : N+ Ag[N] := Str(Elts(S)/N)/ = .

Furthermore, by (2.1) the derivation A(S) of Ag is defined by
(Ag) : N —— As[N U{N}].
Thus we have the required isomorphism
Ag = (Ag) (X, a),0] «— [X, 7],
where X € £,a € S(X), 0 : S(X)—{a} — N and 7 : S(X) — NU{N}.

‘Here the isomorphism ¢ is given by the restriction of 7; the isomorphism 7
is given by the unique extension of o with 7(a) := N.
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(8.9) Derivation S*. Instead of S’, we can define a functor
S™ : Elts(S) — Sety; (A, s) — S(A), (3.9.a)

which corresponds to the pointed species ([BerLL 98, Section 2.1]). Note
that this definition does not need to assume that each induced map S(f) is
a monomorphism. This definition S* of derivation seems to be more natural
and easier to treat than the derivation S’ defined in (3.7). Its generating
function is given by

S*(t) = ;@’J\—i(tfa—')ltw (3.9.b)
_ t%S(t), (3.9.0)

where, of course, S(t) is identified with a usual power series by tV = ¢!Vl
Using the existence of finite coproducts in the category S, we have that this
operation satisfies Leibniz’s rule similarly as in the case of the derivation

(3.7):
(S-Ty =5 .T+8.-T" (3.9.d)

In some articles(e.g., [Mcl 71], [McIMo 92]), the symbol / S is used for

the category of elements of S; but this symbol is not suitable in this pa-
per because as we have seen, the category of elements corresponds to the
derivation of generating functions !

(3.10) Example. Let Tree, RTree, RForest be the categories of trees, rooted
trees, rooted forests, respectively. Here these graphs are all unlabeled, and
trees are all nonempty. Let

Ver : RTree —— Sety, Vi : Tree — Setf, Vgp : RForest —— Sets

be the functors which assigns its vertex set to a (rooted) tree or a rooted
forest. Then an “element "(7T',r) of the functor Vi consist of a tree T' and
a vertex r, and so Elts(Vr), the category of elements, is equivalent to RTree.
Thus we have '

On the other hand, the derivation

Vy @ Elts(Vp) — Sety; (T, r) — V(T) — {r}
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is isomorphic to
Vrr : RForest —— Sety; F — V(F). (3.10.b)
In fact, this isomorphism is given by
Elts(V) — RForest; (T,r) — T — {r}.

The roots of the rooted forest T'— {'r} are defined to be the vertices connected
to r. Thus we have

V,I', = VRF- (310C)
The shift of Vpp defined in (3.4) is clearly isomorphic to Vgy:
t Var = Var. (3.10.d)

See an expression of RForest as the exponentiation of RTree

(8.11) Partial derivation 97(S). We assume that S has any finite co-
products. For a functor §: & —— S and I € S, the partial derivation 95(S)
is defined by

07(8): 1|85 — S;(a, X) — S(X), (3.11.a)

where I | S is the comma category, whose objects has the form (a, X) with
X €& and a: I — S(X) and whose morphism f : (o, X) — (3,Y)is a
morphism f : X — Y of £ such that S(f).a = 8. '

If the hom-functor Hom(J, —) on S preserves coproducts (see Theorem
4.4; Lemma 4.7, Lemma 4.2 (5)), then the partial derivative satisfies Leibniz’s
rule:

07(8-T)=07(S) - T+S-0;(T). (3.11.b)
This isomorphism is give by the following equivalence natural on S and 7"
(IISXFH+EXIT|T)—>I](E&xF)

(I-258(X), X;Y) — (I-58(X) — S(X) + T(Y),(X,Y)),
(X I-5T(),Y) — (I-5T(Y) — S(X) +T(Y), (X, Y)).

For I,J € £, there are isomorphisms:

8;00; = 85005 = 05, ;. | (3.11.c)
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The generating function of 95(.S) is given by

5(S)H) =3 'Holiii ’(i ()’I“)” $54), (3.11.d)

A&

When S = Sety and I = 1, this derivation of S : £ — S satisfies
97(5) =57, (3.11.¢)

where S™ is the *-derivation defined in (3.9). However, because we can not
subtract a number 1 from an object, it is impossible to define a partial
derivation corresponding to S’ in (c) except for the case where S = Set;.

Let K be an object of £. Then the partial derivation 0% (&) of the category
£ is defined by the forgetful functor

0p (&) K | & — &(a, X)) — X, (3.11.1)

where o : K — X is a morphism in £. This derivation is same as the partial

derivation 0;(Id) of the identity functor on £ and its generating function is

given by

|Hom(K, X)|

—_ " 3.11.
Aui(X] N

B(E)t) =

Xe&

Assume that £ has finite coproducts and Homg (K, —) preserves finite co-
products; let J] : £ —— & be the funtor which maps (Xi,...,X,) to
X1+ -+ X,. Then using (3.11.b) repeatedly, we have

ox(e” X &) = nox(€) - I[.

(3.12) Comma category. Further generalizations of *-derivations are ob-

tained by using comma categories. Let A .S and B2+ S be func-
tors. Let S | T be the comma category, so that an object has the form
(A,\,B) with A € A, B € Band X\ : S(4) — T(B); and a morphism
(fig) : (AN, B) — (A", N,B') is the pair of f : A — B of A and
g : B — B' of B such that X' oS(f) = T(g)oA. Then we have a func-

tor

U:S|T— 8 xS8;(A\B) — (S(A), T(B)). (3.12.2)

Note that (4, ), B) = (A, X, B) if and only if A and X belongs to a same
(Aut(A), Aut(B))-orbit. Thus if the generating functions are defined (that
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is, A, B are skeletally small and locally finite; S, T are faithful and has finite
fibers), then U is also a faithful functor with finite fibers, and so

' 1 U(ANB)
t = ——e e ¥
ue) Z |Aut(A, A\, B)|
(AN,B)

_ Z Z » [Hom(S A) T(B))| +14,B]

22 e PR A) - (B

_ [Hom(S5(A),T(B))| A,B
=2 Z Aut(A |Aut(B)|t[ |

M,N€S A:S(A)XM B:T(B)=N

_ o [Str(A/M)/= |- IStr(B/N)/
- 2 |Aut(M)] - [Aut(B))]

= |Hom(M, N)| MM,
M,NeS§

In particular, when S = Set; and S (resp. T') is a functor corresponding
to a species A (resp. B), the generating function of the species A | B
corresponding to U in two variables is given by

(A | B)(s,1) ZZIA Bl " e (3.12.b)

m!n!

m=0 n=0

The author does not know what the species A | B means combinatorically.

Furthermore, we consider the case where S = Set;, A = 1 = {*} and
F =1:1— Sets;x — {*}. In this case, (S | T) is equivalent to the
category Elts(T") of elements, and so

U=T, U(t)y=T(t) =tdT(t)/dt.
Thus we can view U as a kind of higher order derivations of T

(3.13) Hadamard product. Let S: A — Sand T : B — S be functors
with finite fibers. Make the pullback diagram of S and T in the bi-category
Cat of categories:

S,

that is, P consists of objects of the form (A, A, B), where A € A, B € B and
o is an isomorphism ¢ : S(4) — T(B); an morphism (f,g) : (4,\, B) —
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(A, X, B') is the pair of morphisms f: A — A’ and g : B — B’ such that
T(g)oA = X oS(f); thus P is a subcategory of the comma category S | T
There is a projection functor U : P — A; (A, A, B) — A. Similarly to the
case of comma categories, we have

tA

Ut) = ZA Str(B/S(AN/* |-
/ = |- |Str = -——————tN .
(SeU)(t) = ;S [Str(A/N)/ % |- [Str(B/N)/ = |- Tt

Thus (S o U)(t) means the Hadamard product:

(i %tm) « <Z %t") = <i “’;Z!’”t“) (3.13.a)

n=0 n=0

4 The Dress condition and KS-categories.
(4.1) The Dress condition. We consider the following condition on a
category £ with finite coproducts:

The Dress condition: In the following commutative diagram in which the
bottom row is a coproduct diagram:

A C = B

X

X+Y

Z,

the top row is a coproduct diagram if and only if the two squares are both
pullbacks.

The Dress condition above appeared in the definition of the “based cat-
egory ”on which A.Dress [Dre 73] developed an abstract theory of Burnside
rings and Mackey functors. His “based category” B is defined to be a locally
finite category satisfying the following conditions:

(BC1) B has any finite limits and finite coproducts.

(BC2) B is a KS-category (4.3).

(BC3) The Dress condition holds.

(BC4) An initial object @ is strict, that is, any morphism into () is an
isomorphism. :
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Note that (BC4) follows from other conditions (Lemma 4.2 (3)). An
important example of based categories is a locally finite topos (4.5). Thus
our theory of polynomials and power series can be partially developed on a
basic category.

(4.2) Lemma. Let £ be a category with finite coproducts satisfying the
Dress condition: Then the following hold/:

(1) The canonical injection X — X +Y is a monomorphism.
(2) Coproducts are disjoint, that is, the following diagram is a pullback:

0 X

P.B.

Y X+Y.

(3) The initial object O is strict, that is, any X — @ is an isomorphism.
(4) Assume that € has products. Then the distributive law holds:

(X+Y)xC=2XXxC+Y XxC, 0xC=0. (4.2.a)

In particular, the isomorphism classes of objects of £ form a semi-ring.

(5) Assume that £ has pullbacks. Let I € C be a connected object of £, that
18, I is not initial and I = A+ B implies that either A or B 1s an initial
object. Then the hom-functor Hom(I, —) preserves finite coproducts.

(6) Assume that € has any pullback diagrams. Then the pullback functors

i*,5* of canonical injections X —— X +Y ~—Y induce an equivalence:
(@) E(X+Y)=EIX X E)Y. (4.2.b)

(7) Assume further that & is a finite complete category with a terminal object
1, then there is a bijection:

Sub_-(X) = Hom(X,1 + 1),

where Sub_-(X) is the set of complementary elements of the poset Sub(X)
of subobjects of X .

(8) The comma category £/Z over any object Z satisfies the Dress condition.

PROOF. (1) (2) Apply the Dress condition to the following commutative



Categorical aspects of generating functions. IT 23

diagram whose top row is a coproduct diagram:

X —r . x 0

X X+Y Y.

(3) Assume that there exists a morphism X —— . Since in the following
diagram

) 0 0,

the bottom row is a coproduct diagram and the two squares are pullback
diagrams, the Dress condition implies that the top row is also a coproduct
diagram. By the disjointness (2), we have

) X
P.B. 1
X —' X

is a pullback square, and so we conclude that X is isomorphic to the initial
object (.
(4) In the following diagram, the two squares are pullback diagram:

ix1 ix1

XxC

(X+Y)xC Y xC

X i X+Y ] Y.

Thus the Dress condition implies the required isomorphism. The remainder
isomorphism @) x C' = @ follows from the fact that @ is strictly initial.
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(5) Consider the following diagram with two pullback squares:
A I B

P.B. P.B.

X X+Y Y

Then the Dress condition, the top row is a coproduct diagram. Since I is
connected, either A or B is an initial object. Thus any morphism I — X +
Y go through either X or Y, and so

Hom(I,X +Y) = Hom(/, X) + Hom(I,Y).

Since an initial object § is strictly initial, Hom(I,®) = 0. Hence Hom(/, )
preserves all finite coproducts.

(6) This easily follows from the Dress condition. An inverse of (i*,j*) is
given by

(A— X,B——Y)— (A+B —~ X +Y).

(7) This follows from the Dress condition and the injectivity of injections.
(8) This follows from the fact that the localization functor

$2:8/Z — &;(C Z)— C,

which is a left adjoint functor to the pullback functor Z* : C ——— C x Z,
preserves and reflects not only coproducts but also pullbacks.

(4.3) KS-categories. We here write again the definition and some prop-
erties of KS-categories given in the first paper. Let £ be a category with any
finite coproducts. An connected object J is a non-initial object satisfying the
condition that J = A 4 B implies that A or B is an initial object. The full
subcategory of connected objects of £ is denoted by Con(&). The category &
with finite coproducts is a KS-category if the following strict Krull-Schmidt
type property:

(KS) Any object X is isomorphic to a coproduct of some finite number
of connected objects, and a coproduct decomposition of X is unique in the
following sense: if X = L1 +---+ L, = J1 +---+ J, are two coproduct
decompositions into connected objects with canonical injections o : I, — X
and jg : Jg — X, then m = n and there exist a permutation m# € S, and

isomorphisms fo : I, =, () Such that jra) fo = ta for alla=1,... ,n.
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For example, the category of finite sets is a KS-category. But the category
of finite dimensional vector spaces is not a KS-category; the category does
not satisfy the it strict Krull-Schmidt property.

A skeletally small and locally finite KS-category &£ satisfies the following
exponential formula (the main theorem of the first paper of this series):

E(t) = exp(Con(E)(t)). (4.3.2)
(4.4) Theorem. Assume that a skeletally small category £ with finite

coproducts.and its full subcategory C satisfy the following conditions:

(a) Any object of £ is isomorphic to a coproduct of some finitely many objects
of C.
(b) For each I € C, the hom-functor

Hom(I,—) : &€ — Set; X +— Hom(I, X) (4.4.a)

preserves finite coproducts. In particular, Hom(I,0) = 0.

Then & is a KS-category with Con(&) equivalent to C satisfying the Dress
condition.

PrOOF. We divide the proof into three parts.
STEP 1. Let ® be the product of the hom-functors Hom(I,—) on & with
I eC:

® = [[Hom(1,—) : & — J] Set (4.4.b)
IeC
; X — (Hom(I, X))y,

where I runs over all complete representatives of isomorphism classes of ob-
jects of C, We first show the following three facts:

(A1) The functor @ reflects isomorphisms.

(A2) The functor ® preserves and reflects all existing finite limits.

(A3) The functor ® preserves and reflects all finite coproducts.

To prove the statement (Al), let f : X — Y be a morphism of £ such that

Fr: Hom(I, X) — Hom(I,Y); A — fo)

is a bijection for any I € C. Let A be any object of £ and A = [[_ I, a
decomposition of A into a finite coproduct of objects I, of C. Then we have
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a commutative diagram of sets and maps:

7 Hom(A4, X)

Hom(A,Y)

H ]?1& :H Hom(1,, X) = H Hom(I,,Y).

Thus f is mapped to an isomorphism fof the functor category [£°P, Set] by
the Yoneda embedding, and so f is an isomorphism.

We next prove the statement (A2). As is well-known, a representable
functor preserves any finite limits, so is ®. Conversely, in order to prove
that @ reflects finite limits, let (p; : L —— Xj)x be a cone in £ on a finite
diagram X : K — & such that

(Hom(I, L) B, Hom(I, Xi) : A — prp))y (4.4.c)

~ is a universal cone for any I € C. We have to show that the original cone
(pr © L —— Xi)i is also a universal cone. Let (fi : A — X3)i be any
family of morphisms of £ such that X(A)o fr = f; forany A : ¥ — [ in K,
By the universality of (4.4.c), we have that when A is an object of C, there
exists a unique g : A — L satisfying the condition f, = pog for all k.

A iL X, k
: fi ok
g: X(\) A
L X, I
y4i

We need to show the existence of such a g for any object A of &; so let

A=]]L, Lec

be a decomposition of A into a finite coproduct of some objects of C and
tg i Iy — A
a canonical injection. Then for each I, since

(I, == A — Xp)i
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1s a cone with vertex I, and the diagram X, we have that there exists a unique
morphism g, from I, to L which makes the following diagram commutative

for all k:
[,—= A =[] %

3goz fr

L X,

Take a unique morphism g : A —— L such that g, = g1, for each o. Then
this morphism satisfies p o g = fi for each k € K by using the universality of
coproducts. The uniqueness of such a morphism g : A —— L easily follows
from the universality of limits. Hence (A2) is proved.

Finally, we prove (A3). Since Hom(I, —) (I € C) preserves finite coprod-
ucts by the assumption (b), ® also preserves coproducts. The initial object
of £ is strictly initial in £ by the special case Hom(I,®) = @ for I € C of the
assumption (b). We have to prove that @ reflects finite coproducts. By the
assumption (a), if Hom(Z, X) = for any I € C, then X is an initial object.
Thus ® reflect initial objects. Next, take a pair of morphisms

x .59 v
such that
(7,9) : Hom(I, X) 4+ Hom(I,Y) — Hom(I, S)

is isomorphic for any I € C. Then since Hom(/, X +Y) & Hom(I,X) +
Hom(I,Y") by (b), the functor ® maps the morphism (f,g) : X +Y — 5
to an isomorphism, and so (f, g) is an isomorphism by (A.1).

STEP 2. In order to prove the Dress condition, take a commutative diagram
in which the bottom row is a coproduct diagram:

A C < B

X

X+Y Z.

We have to show that the top row is a coproduct diagram if and only if the
two squares are both pullbacks. Applying the functor ® to this diagram, we
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have the following commutative diagram:

o(4) ®(C) o(B)

B(X) — (X +Y) — &(2).

Since the Dress condition holds in the product category of Set and Phi
preserves coproducts by (A3), the top row of this diagram is a coproduct
diagram if and only if the two squares are pullback diagrams. Thus the
Dress condition for & follows from the fact that ® preserves and reflects
pullbacks and finite coproducts (Step 1).

STEP 3. It remains to prove that £ is a KS-category. Suppose X has two
finite coproduct decompositions as follows:

X2[L=2]]J4 L.Jsec,
OfEM BeEN

with canonical injections
o lo — X, Jgp:Jpg— X.

Since by (b) there is a bijection

] Hom(l., J5) — Hom(I,,X)
BEN
(fila—Jg) +— Jaof

for each o € M, we have that i, = ju o f, for a unique o/ € N and a unique
fo i Io — Jy. Similarly, for each § € N, there exist a unique 8’ € M and
a unique gg : Jg — I such that jg = ig o gs:

fa 9

I, —— T Jp —2 . I,

Iiﬂl . jﬂ .
Jo! tg

X | X,
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If &” # a, then by Lemma 4.2 (2) the following diagram is a pullback:

@ Ian
PB. i
I, —2 . X

However there is the morphism gy o fo : I, — Iy over X, and so I, = ()
by Lemma 4.2 (3). This contradicts the assumption (c) of this lemma. Thus

o'=a, ['=p, foralla € M and €N,

that is, M and N are bijectively correspondent each other via o < o'. We
now have a commutative diagram as follows:

and 80 go o fo = 1 by the Dress condition and Lemma 4.2 (1); similarly we
have fgogs = 1, proving the uniqueness of the coproduct decomposition of
X. This also implies that objects of C is connected in £. Hence we complete
the proof of the theorem.

(4.5) Toposes. Topos theory is an important source of the Krull-Schmidt
property and the Dress condition. A complete and cocomplete category £ is -

a topos if it is Cartesian closed and has a subobject classifier 1 L. 1. Thus
for any Y, Z € &, there is an exponentiation Z¥ € £ with natural bijection:

Hom(X x Y,Z) = Hom(X, Z"), (4.5.a)
and there is a natural bijection ‘
Sub(X) = Hom(X, Q). (4.5.b)

Pulling back the truth morphism ¢t : 1 —— Q by x gives the subobject of X
corresponding to a morphism x : X — Q. Thus the class of subobjects of
X is really a set. For topos theory, see the books [Joh 77], [McIMo 92].

When £ is a topos, Sub--(X) appeared in Lemma 4.2(7) is the Boolean
subalgebra of the distributive lattice Sub(X) consisting of —=-closed subob-
Jects of X with respect to the topology == : 0 — Q [Joh 77, Theorem 5.17].
The category Set of all sets and maps is a topos; in fact, an exponentiation
Y¥ is the set of maps from X to Y a subobject classifier {2 is a two-point sets
{0,1} with injection ¢ : {1} — {0,1} as the truth value; (4.5.b) is given
by the bijective correspondence between subset A C X and its characteristic
map. A topos can be viewed as the category of sets under intuitional logic,
and so we can treat toposes like the category of sets.
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(4.6) Locally finite toposes. Toposes we will mainly concern in this
series are locally finite (and skeletally small) toposes, that is, toposes with
geometric morphism into Set; ([MclMo 92, Chapter VI]). By the existence of
_ subobject classifier, each object of a locally finite topos has a finite number
of subobjects:

ISub(X)| = |Hom(X, 0)| < co. (4.6.2)

The finite poset Sub(X) of subobjects of X € & has the structure of a
Heyting algebra ([Joh 77, Definiton 5.12], [MclMo 92, Section 1.8, Theorem
1 of Section IV.8]). Note that a finite Heyting algebra H is nothing but a
distributive lattice with negation operator —; here for an element z € H the
negation -z is an element satisfying

zAy=0 <= y<-z

We list some examples of locally finite toposes which will play some im-
portant parts in this serial papers. They are all KS-categories satisfying the
Dress condition.

1) Sets, the category of finite sets and mappings.
f 8 8

(2) SetC, the category of finite G-sets and G-maps on a (finite or infinite)
group G. In this topos, Y is the set of all maps from X to Y with diagonal
G-action; and the subobject classifier @ = {0,1} is the two elements set.
This topos is Boolean, that is, any subobject is complementary ([Joh 77,
Proposition 5.14}).

(3) Set;, the category of finite S-sets and S-maps on a finite monoid S.
This category is not Boolean unless S is a group.

(4) RForest<y,, the category of (finite unlabeled) rooted forests of height at
most h for a fixed h. Unfortunately, the category of all rooted forests of
unlimited height is not a topos because of the lack of subobject classifier.

(5) DGraph, the category of (finite) digraphs.

(6) Graph, the category of (finite undirected) graphs possibly with loops and
multi-edges.

(7) BiPGraph, the category of (finite) bi-partite graphs possibly with multi-
edges.

(8) [T, Set;], the functor category on a finite category I. This example con-
tains all of the above examples (1)~(7) except for Set;® for an infinite group
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G. In this category, an exponentiation Y* and the subobject classifier Q are
easily defined on objects by using Yoneda’s lemma as follows:

Y*(i) = Hom(H'Y*)=Hom(H'x X,Y), (4.6.b)
Q@) = Hom(H', Q)= Sub(H"), (4.6.c)

where H' := Hom(i, —) € [T, Set] is the hom-functor.

(9) Surj, the category of surjections between finite sets. A morphism between
two surjections (X —2» X’) and (¢ : Y —%» Y") is a pair (f, f') of maps
f: X —Yand f': X’ — Y’ such that f'op = ¢qo f. The exponentiation
g? is defined by

¢’ := (Hom(p, ) — Map(X',Y")). (4.6.d)
the subobject classifier ) is defined by
({0,1/2,1} —{0,1}: 0~ 0,1/2+ 1,1 — 1).

Note that we used the axiom of choice for finite sets in order to prove the
exponentiation ¢” is an object of Surj; thus for example, surjective G-maps
of finite G-sets does not form a topos if G is non-trivial.

This category Surj is equivalent to the category Set fE of finite F-sets and
E-maps, where E = {1,e} (¢? = e) is a monoid with an idempotent e; in
fact, for any surjection X —»» X', we have a E-set X U X’ with E-action
defined by ez := p(z),e -z’ :=2' for x € X and z' € X'.

(4.7) Lemma. Any topos satisfies the Dress condition, and so the conclu-
sions of Lemma 4.2 hold.

PROOF. Consider the following commutative diagram

A C B
h
X X+Y Z,

where the lower row is a coproduct diagram. If both squares are pullback
diagrams, then the top row is a coproduct diagram; in fact, this follows, for
example, from the fact that the pullback functor h* has a right adjoint functor
IT,. See [Joh 77, Corollary 1.43] or [MclMo 92, Section IV.7, Theorem 2].
Conversely, assume that the top row in the above diagram is a coproduct
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diagram, and so C = A + B. Taking the pullback, we have the following
commutative diagram:

A A+B B
1
A A+ B B’
P.B. h P.B.
X X+Y z

The middle row is a coproduct diagram as is already proved. Thus in the
Heyting algebra Sub(A+B), we have

A+B =A+B,ANB=0,ANB =0, ACA, BCBH,

and so A = A’ and B = B/ as subobjects. This implies that the both squares
in the above diagram is pullback diagrams.

(4.8) Lemma. A locally finite topos is a KS-category satisfying the Dress
condition.

PROOF. Since a topos has finite coproducts (by the definition of a topos
or by the existence theorem), it will suffice to show that a locally topos &
satisfies the two conditions (a), (b) of Theorem 4.4. Let X be any object
of £. Then Sub__(X), the finite poset of complementary subobjects of X,
is a Boolean algebra, and so its largest element X is a disjoint union of
minimal elements of Sub__(X), which prove X is a finite coproduct of some
connected objects, and so (a) holds. The second condition (b) follows from
Lemma 4.2 and Lemma 4.7. (b) follows also from the fact that a pullback
functor preserves a coproducts ([Joh 77, Theorem 1.42, Corollary 1.37]).

5 Exponentials of categories.

(5.1) Exponentials. For an arbitrary category C, its ezponential EXP(C)
is the category whose object has the form (/V,Y"), where N is a finite set and
Y : N — C is a functor from N viewed as a discrete category (and so Y
is an N-indexed objects (Y, )aen of C), and whose morphism has the form
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(f,7) : (N,Y) — (N',Y'), where f : N — N'isamapand 7:Y —
Y'o f is a natural transformation; thus 7 is a family of maps

Te :Ya—>Y}(a), (a - N)
The composition is defined by
(f,7T,)°(faT) = (fIOf,(T,*f)oT), (51&)
that is,

Te T)I"(a)
((T, * f) ° T)a = T}(a) oTq - Ya Yf,'(a) f{{f(a) (51b)

For the sake of convenience, we often denote an object (N,Y) by the
following symbol:
D

aEN

if there is no confusion between this notation and the notation of biproducts
inside C.
Each functor F : C —— D induces a functor

P F : EXP(C) — EXP(D)

D P Yar— P FYa),(f,7) — (f,F x7),
a€eN aEN
where F'x7 = (F(1,) : F(Yo) — F(Y},))aen is the horizontal composition
of functors. Furthermore, if F,G : C —— D are functors and § : F = G
a natural transformation, then a natural transformation €8 from @ F to
D G is defined by (P 0)(w,y) := (In,0 *Y)yy. Here we used the symbol
@ F instead of EXP(F) in order to avoid the confusion with that of the
exponentials of functors into a category with finite coproducts. See (5.3).

(5.2) The embedding functor and the rank functor. There is an
embedding functor:

Emb:C — EXP(C); A — ([1],1 — A). (5.2.2)

This functor gives a full embedding of C into EXP(C) and we usually identify
C as a subcategory of EXP(C).
There is a rank functor

Rank : EXP(C) — Sety; @Ya — N. (5.2.b)
aeN

Thus in the viewpoint of the following lemma, N = Rank(@P .y Ya) is the
set of connected components of .y Y.
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(5.3) Exponentials of functors. Let S be a category with finite coprod-
ucts and $': C — § a functor. Then the exzponential EXP(S) of S is defined
to be a functor

EXP(S) : EXP(C) — 8; @ Yo — [ S(¥a). (5.3.a)

Here, for a morphism (f,0) : @,epr Xo — Poepy Yo in EXP(C), the mor-
phism EXP(S)(f,0) in S is defined by the following commutative diagram:

S(Xa) —2+ T S(xa)

aeM

S(0a) EXP(8)(fyo)

S¥ye) —— 11 5.
BeEN

The functor EXP(S) : EXP(C) — S is an extension of § unique up to
isomorphisms of functors:

c 22, EXP(C)

EXP(S)

S.

This functor EXP(.S) preservés any finite coproducts (see Lemma 5.4 below).
In particular, for the inclusion functor Incl: C —— S into a category S with
finite coproducts, we denote EXP(Incl) simply by []:

I = EXP(Incl) : EXP(C) — S; P Yo — ][] Ya (5.3.b)
aEN aEN

(5.4) Lemma. (1) The category EXP(C) is a KS-category satisfying the
Dress condition. In particular, the category EXP(C) has finite coproducts.
Furthermore, the embedding functor Emb induces the following equivalence:

Con(EXP(C)) 2 C. (5.4.2)

(2) The functor @ F : EXP(C) —— EXP(D) induced from a functor F :
C —— D preserves finite coproducts.
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(3) The category C has finite coproducts if and only if the embedding Emb
has a left adjoint functor. If C has finite coproducts, then such an adjoint
functor [ is defined by

I1:ExPc) —¢; P Yo — ] Yo (5.4.b)

aeN aeN

PROOF. (1) The coproduct is given by

. Y; ifae N
r_ " " o__ i
ee?\fya ’ ee%f fa = e?\?—m Yoo Yo = { Y, ifaelN. (54)

An initial object of EXP(C) has the form (@,0), that is, the bair of the
emptyset and the empty functor ) —— C from the empty category. By
Theorem 4.4, it will suffice to prove that for each A € C the hom-functor

Hom(Emb(A), =) : EXP(C) — Set
preserves finite coproducts. In fact, any morphism in EXP(C)
(f,7) : Emb(A) = ([1], A) — (N,Y)

decides a unique a; = f(1) and a morphism 73 : A —— X, ; conversely, any
ar € N and 71 : A — X,,, decides a morphism of EXP(C) as above. This
implies directly that the above hom-functor preserves finite coproducts, as
required.

(2) This follows easily from (5.4.c).

(3) It is easily proved that if C has any finite coproducts, then the functor ] :
EXP(C) — C is a left adjoint functor to Emb : ¢ —— EXP(C). Conversely,
assume that there exists a left adjoint functor F to Emb. Let Y := Docy Yo
be any object of EXP(C) and put B := F(Y,). Note that for any object
A of C, a morphism (f,7): Y — Emb(A) is bijectively corresponding to a
family of morphisms 7, : Y, — A (o € N). In particular, applying this to
the unit of the adjunction, we have a family of morphisms 7, : Yo, — B.

Then it is easily follows from the properties of adoint functors that B = F(Y")
together with injections 7, : Y, —— B is a coproduct of Y, (a € N).

(5.5) Remark. (1) The embedding functor Emb does not preserves finite
coproducts, and Emb({) is not an initial object even if C has an initial object
0. The object @,y 0, where § is an initial object of C, is not an initial
object of EXP(C) when N is not empty..

(2) Let CAT (resp. CAT, ) be the bicategory of all skeletally small categories
(resp. all skeletally small categories with any finite coproducts and functors
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preserving finite coproducts). Let & be a category with finite coproducts.
Then we have a 2-adjunction between 2-comma categories:

EXP
CAT/S 1 CAT,/S.
forgetful

The universality of EXP(.S) follows from this adjunction.

(3) Even if £ is a KS-category, EXP(Con(&)) is not always equivalent to &;
KS-categories of the form EXP(C) are characterized by the following theorem.

(5.6) An expansion of EXP(C). Let S : ¢ —— S be a functor into a
KS-category S. Then the category C"/n! defined in (3.5) is a subcategory of
EXP(C) and so we have an embedding of categories:

E:)» C"/nl— EXP(C); {Xi} — éx (5.6.a)
n>0 i=1

This functor is surjective on objects and maps each automorphism groups
isomorphically, and so E gives an equivalence of categories of isomorphisms:

E 3 (o) /0! 2 (EXP(C))s - (5.6.b)

n>0
Furthermore, the following diagram is commutative:
3" cr/nl 2 EXP(C)
n2>0

287 fnt EXP(S)

S.

This means that if S(A) # 0, then the generating functions of EXP(C) is
well-defined and

> (8™ /nl)(t) = EXP(S)(t). (5.6.c)

n>0

By Lemma 3.6, we have that

EXP(S)(t) = > S(t)"/n! = exp(S(t)). (5.6.d)

n>0

Another proof of this formula will be found in the proof of Lemma 6.2.
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(5.7) Example. (1) If 1 is the trivial category with only one object % and
only one morphism, then EXP(1) is equivalent to Set; by the identification
@Doen * With N. Note that the generating function of 1 (resp. Set;) is ¢
(resp. exp(t)).

(2) Let E a set viewed as a discrete category. Then an object of EXP(E)
is a map from a finite set M to E, and so it can be written as (z;)icn-
A morphism f : (2;)iem — (Yj)jen 18 a map f : M —— N such that
z; = Yyi) for each ¢ € M. The isomorphism class of an object (z;)ien is
identified with the multiset {z; | ¢ € N}.

(3) Let Gp be the category of finite groups. Then EXP(Gp) is equivalent
to the category of finite groupoids, where two groupoids are viewed to be
isomorphic if they are equivalent as categories:

EXP(Gp) = Gpd.

(4) Let RTree (resp. RForest) be the category of finite rooted trees (resp.
forests); and let VR : RTree —— Set; and VRpp : RForest —— Set; be
the forgetful functors which assigns the underlying vertex sets. Then the
vategory EXP(RTree) is equivalent to RForests and the functor EXP(Vgr) is
isomorphic to Vyp:

EXP(RTree) 2 RForest, EXP(Vir) & Var.

(5) Let Sub(G) be the subgroup category of a (finite or infinite) group G,
that is, its object is a subgroup of G, a morphism zH : H — K is a coset
tH € G/H such that zHz~! C K, and the composition is defined by

(H 22 k25 )= 22 D,

Then EXP(Sub(G)) is equivalent to Set;“, the category of finite G-sets.

(6) Let G be a group (or semi-group) viewed as a category. Then EXP(G)
is equivalent to the groupoid that is equivalent to the disjoint union of the
direct product groups G (n =0,1,2,...).

(5.8) Theorem. Let & be a category with finite coproducts and C a subcat-
egory of £. Then & is equivalent to EXP(C) via the functor

[T = EXP(Incl) : EXP(C) — & @ Ia — [] L.

(see 5.3) if and only if the following two conditions hold:
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(a) Any object of £ is isomorphic to a coproduct of some finitely many objects
of C.
(b) For each I € C, the hom-functor

Hom(I,—): & — Set; X — Hom(I, X) (5.8.a)

preserves finite coproducts.

PROOF. When ]] gives an equivalence between £ and EXP(C), (a) and (b)
easily follows from the definition of EXP(C). See also Lemma 5.4(1), (2)
and (5.4.c). Conversely, assume that the conditions (a) and (b) hold. We

have to prove that [] is an equivalence. Note that by Theorem 4.4, £ is a
KS-category with Con(EXP(C)) 2 C.

STEP 1. Any object of £ is isomorphic to the image of an object by the
functor J]. This directly follows from the condition (a).

STEP 2. We prove that the functor ] reflects the isomorphism of objects.
To prove it, assume that [[(D,cpr Lo) = [1(Dgen Js), so that

IT = I 7

aEM BeEN

Since £ is a KS-category with Con(EXP(C)) = C (Theorem 4.4), there is a
bijection f : M — N and isomorphisms o : I, — Jy) for each o € M;
this means that (f,0) : @,cpr Lo — Dpey Js gives an isomorphism in
EXP(C). Hence the functor ]| reflects the isomorphism of objects.

STEP 3. We prove the faithfulness of the functor [[. Assume that [[(f,o) =
11(f', ¢") for
(f,O'),(f’,O’I) : @ Ia I @ Jﬂ.
aEM BEN

Then the following diagram is commutative:

Oa

Iy

I f(e)

! « .
g, inj

Jfl(a) ? H Jﬂ

Since I, is not an initial object, it follows from Lemma 4.2 (2) and Theorem
4.4 that f(a) = f'(a) for any a € M, and so f = f'. Furthermore, since the
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injections inj : Jyy — [ Jg is a monomorphism by Lemma 4.2(1), we
have that o, = o), proving the faithfulness of the functor [].
STEP 4. Finally, we prove that ] is full. Let

(@) (g

aEM BEN

be a morphism of £, that is,

h:HIa—>HJﬂ,

aEM BEN

and let

T + I, — X = HIO,
: aEM

s - Jg———»Y::HJﬂ
BEN

be canonical injections. By the assumption (b), we have that for each « € M
there exists a unique f(a) € N which makes the following diagram commu-
tative:

I, X
Oo h
P(e)

Jf(a) Y,

and so h = [[(f,0), that is, the functor ] is full.
Now, the theorem follows from Step 1 — 4,

(5.9) Corollary. In the above theorem, ‘the condition (¢) can be replaced
- by the condition that € has pullbacks and satisfies the Dress condition.

PRrROOF. This directly follows from the theorem and Lemma 4.2(5).

6 A characterization of KS—categoi'ies.

(6.1) Lemma. Let S be a category satisfying the following conditions:
(a) S has finite coproducts.
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(b) Any coproduct is disjoint, that is, the following diagram is a pullback:
) A

P.B. i

B—J1.4+B

(¢) The canonical injection A — A + B of any coproduct is a monomor-
phism.

(d) The initial object O is strict, that is, a morphism A — @ is an isomor-
phism.

(e) Each object has a finitely many complementary subobjects.

(Note that these conditions (a) — (d) follows from the Dress condition and
that (a) ~ (e) hold for any locally finite toposes.) Let F : C — S be a
faithful functor with finite fibers such that F(X) # 0 for every X € C. Then
EXP(F) : EXP(C) — S is also a faithful functor with finite fibers.

PROOF: STEP 1. In order to prove that the faithfulness of EXP(F'), let
(£, (f,7): D Xa — PYs
aEM BEN

be morphisms such that EXP(F)(f, 7) = EXP(F)(f’,7"), so that the following
diagrams are commutative:

F(X;) — [] F(X.) F(X;) —— ] F(x.
i acM aEM
F(r) EXP(F)(f,7) F(r) EXP(F)(F',")
VG ION VrI(i)
F(Yyiy) == [ F(¥), F(Yp@) —2= [ F(%),
beEN beN

where u; and v; are canonical injections into coproducts. Thus we have the
following commutative diagram:

F(X;) — 27 F(Yy)

F(Ypp) —— [T F(%).

beN
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Suppose f(i) # f'(i) for a number ¢ € M; then the disjointness of coproducts
of § implies that there is a morphism F(X;) — 0, and so F(X;) = {) by (d),
which contradicts the assumption about F. Thus f(i) = f'(i) for all : € M.
The commutativity of the above diagram and the assumption (¢) implies that
F(7;) = F(1]), and so 7; = 7/ because F is faithful. Hence (f,7) = (f',7),
as required.

STEP 2. Next, we show that EXP(F) has finite fibers. Let S be an object of
S. If

EXP(F) (@ Ya> =[[Fy) =5,

aEN 1EN

then each F(Y;) is isomorphic to a complementary and non-initial subobject
of §; by (b), (c) and (e), S has only finitely many coproduct factorizations,
and the number of components |N| is bounded by a function of |Sub-.(5)| <
00, the number of complementary subobjects of S. Furthermore, since F'
has finite fibers, for any factorization S = [, v S;, there are finitely many
Y; € C up to isomorphisms such that F(Y;) = S;. Hence for any S € S,
there are finitely many isomorphism classes of €, ¥i € EXP(C) such that
[IF(N,Y) = S. The lemma is proved.

(6.2) Lemma. LetC be a skeletally small category with finite automorphism
groups. Furthermore, let S be a functor with finite fibers from such a category
C to a KS-category S. Then the generating function EXP(S)(t) is well-defined
and

EXP(C)(t) = exp(C()), EXP(S)(t) = exp(S(2)). (6.2.2)

PROOF. Since EXP(C) is a KS-category with Con(EXP(C)) & C (see Lemma
5.4). The first formula directly follows from Lemma 5.8 of the first paper
[Yos 98]. See (5.6) for another proof. Next, by the assumption, the fiber of
EXP(S) at each N € S:

{@ X, € EXP(C)/ =

is a finite set, and so the generating function EXP(S)(¢) is well-defined.

II sx.) = N}

aeEN

(6.3) Exponential formula, another form. Since a skeletally small cat-
egory C is equivalent to the full subcategory of connected objects of the
KS-category EXP(C), the exponential formula

E(t) = exp(Con(&)) (6.3.2)
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for a KS-category £ (see Part I of this series) can be rewritten as follows:

EXP(C)(t) = exp(C —=2= EXP(C))(2)). (6.3.b)

Let S be a skeletally small category satisfying the conditions of Lemma
6.1 and F : C — & be a faithful with finite fibers such that F(X) # @ for
every X € C. Then applying the functor EXP(F) : EXP(C) — S to this
formula, we have

EXP(F)(t) = exp(F(1)), (6.3.c)
Both sides are well-defined by Lemma 6.1.

(6.4) Example. (1) EXP(Set;) is equivalent to Set; ™, the category of
maps between two finite sets. This equivalence is given by

P x. — (HXQ——»N>,

(X L+ Ny — P ().

aEN

Let Id : Sety — Set; be the identity functor. Then we have the functor

EXP(Id) : EXP(Set;) — Sets; @) Xo — ] Xe.

aEN aEN

This functor does not have finite fibers, and so the generating function

EXP(Id)(t) is not well-defined. Since Id(@)) = @), the assumption of Lemma
6.1 does not hold.

(2) Let Sety,, be the category of non-empty finite sets and maps. Then we
have an equivalence

EXP(Sety,,) = Surj (6.4.a)

defined similarly as in the first example. Here Surj is the category of surjec-
tions between finite sets (4.6(9)). Contrarily to (1), the generating function
F(t) of the inclusion functor F' : Set;,; — Set; is well-defined by Lemma
6.1. ‘ B

» (65) Theorem. Let & be a skeletally small and locally finite category with
finite coproducts and C a full subcategory of £E. Then £ is a KS-category with
Con(E) equivalent to C over £ if and only if the following two conditions hold:
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(a) E(t) = exp(C(t)) in Q[E°?/ ]|, the Ting of formal power series.
(b) If ioo = i for any canonical injection i : I — I 4+ A with I € C and
A € & and for an automorphism o of I, then o0 = 1.

PROOF. STEP 1. Assume first that £ is a KS-category with Con(&) 2 C over
£. Then (a) follows from the exponential formula given in Part I([Yos 98,
Theorem 5.8]); and (b) follows directly from the definition of a KS-category.

STEP 2. Conversely, assume that (a) and (b) hold. Expanding the right
hand side of (a), we have that for any X € &,

A
Z /| u’c(X)J1 =1, (6.5.0)
(nr):IInrIeX H IAllt(I)| Il
Iec

where the summation is taken over indexed nonnegative integers (n;) € N c/=
such that > n; < oco. Since the right hand side of (a) is well-defined, the
summation (6.5.a) is a finite sum, and so there exist only finitely many
indexed non-negative integers n = (n;) € N such that

X = H,nII (finite coproduct). (6.5.b)
IeC y

In particular, # ¢ C and
X+Y2X — Y= (6.5.¢)

Now for such an n = (ny), there is a canonical group homomorphism

on: [] Aut(I) wr S, — Aut (H'n,f> (6.5.d)
I

IeC

Thus by the equation (6.5.a), in order to prove that £ is a KS-category for
which C is equivalent to Con(&) over &, it is suffice to show that ¢, is a
monomorphism for any n. '

Let (77,(cy,;);)r be an element of Ker(yp,); put X := [[;nsI and let
175 I — X, 7 =1,...,n; be the canonical injections. Then 7; € S, and
the diagram :

arj

] ———— 1

TI,WI (.7)
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1s commutative.

STEP 3. We prove that 7; = 1 for any I € C. Suppose false; we may assume
that 7x(1) = 2 for some K € C. We first prove the following statement:

Hom(X,Y)#0 = |Hom(K,Y)| =1 (6.5.€)
for any Y € &; in particular, 741 = 72 =---. Let f: X — Y and put
Prj Z:foTI’jZI—-)Y for (I,])#(K,l),

we take as pg; ¢ K — Y an arbitrary morphism. Then there is a unique
morphism ¢ : X — Y such that p;; = g7, and so we have

PK1 = GoTK1=0goTK20QK 1 = Pr200K 1

= foTK,2°OéK,1 = foTK,h

as required. See the following diagram:

K L - X
TK2
QK1
K fl g
K2
K Y
PK1

We can now derive a contradiction from 7mx # 1. By the statement (6.5.¢),
we have that

K—X . X X

is a coproduct diagram, that is, K + X = X which contradicts (6.5.c). Thus
mr=1forall I €C.

STEP 4. We can now complete the proof. Since m; = 1 for all I, we have
Trj = TrjoOr;

for all (1, ). Thus by the assumption (b), we have that oy ; = 1 for all (I, 7),
proving the injectivity of ¢,. The theorem is proved.
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7 Subtitution.

(7.1) Substitution T'(€). Except for very special cases (e.g. plethysm
composition [BerLL 98, Section 1.4, Definition 3]), there is no satisfactory
definition of substitution (composition) T'(.S) of two functors S : & — S
and T : F —— 7. In fact, if such a substitution T(S) was defined, then its
generating function should naturally satisfy the formula T'(S)(t) = T'(S(¢));
 however, we can not compose and make a series T(S(t)) an element S(t) €
R[[S°?/ Y]] and an element T'(t) € R[[7°"/<]] in general. Our definition of
polynomials and power series is inconvenient for substitution. In order to
do more freely substitution of any functors, we need to extend the notion of
polynomials and power series of categories as is studied in another paper of
this series. o

Here we give the definition of the substitution in the case where T is a
functor to Set;. In this case, since the generating function of T is simply
viewed as a usual rational power series in one variable, there is no difficulty
in the definition of substitutions if S has finite coproducts.

Let £ be a category and T': F — & a functors. Then the substitution
T(&) is defined by the pullback diagram of categories:

(&) F
PB. |T
EXP(E) —2X, Set;,

where Rank : (N,X)+——— N is the rank functor defined in (5.2). Thus
an object of T(€) has the form (B, X), where B is an object of F and
X : T(B) — & is a functor from the discrete category T(B) to &, that is,
X is an T(B)-indexed object (X;)jerp) € ET®. A morphism from (B, X)
to (B’, X') has the form (g, 7), where g: B — B’ and 7: X — X'-T(g),
that is, 7 is a family of morphisms 7; : X; —— Xro)) ( € T(B)). The
composition of (g,7) and (¢',7') is defined by

(g, 7)o (9:7) == (g o g, (T" % T(g)) o),
where

! o . T ! Té“(a)(j) "o
(7" g)oT)i = Trgysy o T Xi — X)) —— XehT(o)i)-
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(7.2) Substitution T'(S). Next, let S : £ — S and T : F — Set; be
functors. We only assume that S has finite coproduct. The required functor
T(S) is now defined by the composition of functors:

EXP (S5)

T(8) : T(€) — EXP(&) S; (B, X)— [ s(xp). (7.2a)

JE€T(B)

The substitutions T'(€),T(S) are often called compositions and denoted
by To&,T-S. But we do not use this notation and this terminology in this
paper in order to avoid the confusion of them with those of compositions of
functors,

(7.3) Example. (1) As a special case, consider the identity functor T =
Id : F = Set; — Set;. Then the composition of Id and & (resp. S) is given
by the exponentials of £ (resp. S): :

Id(E) = EXP(E), 1d(S) = EXP(S).

Thus we can write EXP for the identity functor Id.

(2) Sometimes the substitution 7'(€) is called a wreath product of categories
with action T and is denoted by Ewr” F. See Wells [We 80], [Wel 88], Kelly
[Kel 74]. However, in these papers, the wreath products only of set-valued
(and category-valued) functors are defined.

(3) Let G and H be groups (or more generally semi-groups with identity
elements) and T be an H-set. We view a group as categories with only one
object as usual; furthermore, we view H-set T' as a functor from H to Set;.
Then the substitution 7'(G) is nothing but the wreath product Gwr' H of
groups. Next, take a G-set S which we view as a functor from G to Sety.
Then the functor T(S) is the product S x T as a Gwr! H-set. Note that
EXP(G) is equivalent to the disjoint union of the direct products G™ (n > 0)
and that its rank functor maps the subcategory G™ to [n]. See [Mel 95).
The pullback diagram in (7.1) is same as the following pullback diagram of
groups: :

GwitH ——— H
P.B.

GwrS,,

S’na

where n = |T|.
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(4) Let Chain be the category of finite chains, that is, finite totally ordered
sets, and T : Chain —— Set; the forgetful functor. Let £ be a category. Then
since any finite chain is isomorphic to some {1 < --- < m}, the composition
T(€) is, up to equivalence, the category of ordered objects (Xi,...,Xm)
(m >0, X; € ). Any morphism from (X,...,X,) to (Y1,...,Y,) has
the form (f,(r;)), where f is an order-preserving map from {1,...,m} to
{1,...,n} and 7, : X; — Yy (1 < ¢ < m) are morphisms in €.

(5) Let P and @ be posets. We view a poset as a category by the standard
way. As a functor T :  — Sety, we take the hom-functor Homg(g, —): -

T(x) = { {#0} Hq<z

0 else,
T(z <y) : T(z) — T(y); *g0 > *qy -

Then the composition T'(P) is the following subposet of the product poset
Q x P:

T(P)={(y,z) | @ x P,y > q}.

(7.4) Proposition. LetS: & — S andT : F — Set; be faithful functors
with finite fibers. Assume that S satisfies the conditions (a)—(e) of Lemma
6.1 and that S(A) # O for every A € £. Then the following holds:

(1) T(S) is a faithful functor with finite fibers.

(2) T(S(t)) = (T(9))(t). (Note that since S has finite coproducts and T(t) is
viewed as a rational power series in one variable as usual, we can substitute
S(t) for T(t).)

(3) Let I be an object of S such that the hom-functor Hom(I, —) preserves
coproducts. Assume that T(g) is a monomorphism for any morphism g in
F. Then there is a natural isomorphism 95(T(S)) 2 T'(S) - 8;(9).

(4) Let I be an object of S such that the hom-functor Hom(I, —) preserves
coproducts. Then there is a natural isomorphism 97 (T(S))-S =2 T*(S)-05(S).

PROOF. (1) Since S is faithful and has finite fibers, so is the functor
S(F) — EXP(F). Furthermore, by Lemma 6.1, EXP(T) is also faithful
with finite fibers. Hence so is S(T).

(2) By the definitions of exponential generating functions and the composi-
tion T'(S), we have

T(S() = > |Aut S(t) 7B |

BeF

- ¥ (Z )

BeF
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1 / 1 .
= erAu—t(—é—)—' Z __.__—tI_L 5(X;)

BeF (X;)cET(B) H |Aut(X.,¢)|

— Z — {T(S)B.X)
55t ]Aut(B X))

=(())()

(3) We first remember the constructions of 9;(T(9)), T"(S) and 85(S) for
functors S : £ —— S and T.F —— Set; satisfying the assumption of (3).
(i) The I-th derivation 0;(T(S)): I | T(E) — & is defined as follows. An
object of I | (T'(S)) has the form

(¢,B,X), BeF,Xe& aecHoms(I, [[ 5(X)),
beT(B)

and a morphism from (a, B, X) to (¢/, B', X') has the form

(9,0): (0, B, X) — (d/,B', X),
where g: B — B',0: X — X'oT(g) with (][ S)(g,0)ccx = &,

where (] S)(g,0) is defined by the following commutative diagram:

IT stx)

beT(B)

S(av) (L1 5)(g, o)

S(Xs)

' inj
S(Xér(g)(b))”""‘_’ H S(Xy)
b eT(B')

Now, the functor 0;T(S) is defined as follows:
OH(T(S)) : I L(T(S)) — S;(e, B, X)— [ S(Xu).
beT(B)

(ii) The functor TV(S) : T'(€) — S is defined as follows. An object of T"(€)
has the form

(B,t,X), BeF,teT(B),X:T(B)-{t} — &,
and a morphism from (B,t,X) — (B’,¢, X’) has the form

(9,0): (B,t,X) — (B¢, X'),
where g : B — B0 : X — X'oT(g) with T(g)(t) =
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and so we have

T(S):T'(E€) — & (B.t,X)— [[ S(x).
beT(B)—{t}

(iii) The functor 95(S) : I | S — S is defined as follows. Remember that
an object of the comma category I | S has the form

(B,A), A€& 8 eHoms(I,S(A)),
and a morphism has the form
f:(B,A) — (8, 4)), where f: A —s A’ with S(f)e 0 = 4.
Then 057(S5) is defined by
85(8) 1 11§ — S:(B, A) —> S(A).

Now, the required isomorphism is given by the functor ® : (I | S) x
TE) — 1| (T(S)) defined by

®:((B,A),(B,t, X)) — (a,B,)Z’), where

- [ X, bt
X”'_{A b=t

a1 -2, S(A) = T(X't) — H S(jzb);
beT(B)

@ (8, 4), (8,1, X)) 224 (8, 4),(B,1. X))
- ((a B,X) Y% (q ',B',)Z")), where

_ _ ~ ~ ~ o, ifb#t
0= (Goherm) : Xo — Xr(gyays 0 = { fb if b=t

The inverse ¥ : [ | (T(S)) — (I | S) xT'(&) of ® is given by the following:
T (a,B,X)— ((8,4),(B,t,X)),
where t € T(B) and f is a morphism such that « is factorized as follows:

oI - 5(%) % I (%),

and then A := X,, and X, := X, for all b € T(B) — {t}. Note that such
t € T(B) uniquely exists because

H Hom(I, S(X,)) = Hom(1, H S(Xy))
beT(B) beT(B)
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by the assumption of this lemma. It is easily checked that ¥ is a morphism
of functors.

Furthermore, ® gives an isomorphis from 83(S) - T(S) to 93(T(S)). In
fact, for any (8,A4) € I | S and (B,t,X) € T'(£), we have

3i(S)-T'S) (B, A), (B, X)— s+ [[ S(x),
beT(B)—{t}

G(T(S))o = ((8,4),(B,t,X))— [ S(X),

beT(B)

and so 95(T(S))® = 05(S) - T'(S) on objects. We can also check that
this equation holds on morphisms. Hence ® gives the isomorphism between
OF(T(S)) =2 95(S) - T'(S). We omit the proof of the naturality of ® on S, T.
(4) This isomorphism is constructed by the similar way to (3). The functors
o(T(S) : I | T() —— S and 95(S) : I | S—— S have been given
in the proof of (3). We first remember the definiton of the functor T*(9) :
T*(€) — S. An object of the category T*(€) has the form

(B,b,X), Be€F,beT(B),X e &N®,
Then the functor T%(S) : T*(E) — Set; is defined by
T*(S): (B,b, X) — [[ S(x).
beT(B)

Next, we construct the following functors which give an isomorphism of

T*(S) - 0;(S) and 95(T(S)) - S:

d
(I18)xT"(€) T (I|lT(E))xE.

We define a functor & by
q) : ((O{,A),(B,C,X)) — ((IB,X-7B)?A/)7
where X € ETB) 3 A are given as follows:

Xk:{&lm¢c

A ifb=c

B:1—S(X) = J] S(Xy),
beT(B)

A= X,.

- Then @ give the required isomorphism. We omit the naturality of ® on S, T.
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(7.5) Corollary. LetS:& — Sety and T : F — Set; be faithful functors

with finite fibers. Assume that S(A) # 0 for every A € £. Then the following
holds:

(1) T(S) is a faithful functor with finite fibers.

(2) Z(S(;)) = (T(9))(t). (Note that S(t),T(t) are power series in one
variable t.

(3) Assume that T(g) is a monomorphism for any morphism g in F. Then
there is a natural isomorphism (T'(S))* = T'(S) - S*.

(4) Assume that S, T maps all morphism to monomorphisms between finite
sets.. Then there is a natural isomorphism (T(S)) = T'(S)- 5.

(5) There is a natural isomorphism (T'(S))*- S = T*(S) - S*.

PROOF. It remains to prove (4). The functors S',T'(S), S’ - T'(S) are con-
structed as folows:

5"+ Elts(S) — Sety,
D (Au) — S(A) —{u} (A€ ueS(A))

T'(S) : T'(E) — Sety,

(B,v,X)— [] S(x)
beT(B)—{v}
(B € F,u e T(B),X e ETB)-{2h,

S'-T(S) : Elts(S) x T'(€) — Sety,

((4,u), (B0, X)) — (S(4) = {u})+ J] S(Xb)
beT(B)—{v}
(Ac&,ueS(A),BeF,veT(B),X e 7B},

Next, the functors T(S)" are constructed as folows:

T(S) : Els(T(S)) — Sety,
(B, X, u) — J] S(X) - {u}
beT(B)

(BeF,Xe&™ ue [ S(x).
: beT(B)
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Then the isomorphism @ : S’ X T(S) — T(S) is defined as follows:

® : Elts(S) x T/(E) — Elts(T(S)),
((A7 u)’ (B’ U’ X)) I—_—’ (B’ X’ u)’
(A€ & ueS(A),BeF,veT(B),X e B~

T A ifb=w
"1 X, beT(B)-{v}.

Furthermore, any morphism

@+ (((4), (B0, X)) HE2 (4,0, (B, v, X))
— (B, X,u) L2 (B, X7, v)),
_ [ f ifb=v
o= { 7, else.

Then we have

T(S) «® = S - T'(S).

Hence ® gives a required isomorphism. We omit the proof of the naturality
of ®:5 xT(S) — T(S)Y on S and T

(7.6) Lemma. Let S : &€ —— Sety and T : F —— Set; be faithful
functors such that S(A) # 0 for any A € €. Then the substitution of functors
corresponds to that of corresponding species:

AT(AS) = AT(S)- (76&)

PROOF. Note that the species Ay is defined by Ag[N] = Str(E/N)/ = (see
Part I of the series). Let (B, X,0) be any T(&)-structure over N € Sets
along T'(S), so that B is an object of 7, X : T(B) — & is a functor from
the set T(B) viewed as a discrete category to £ and

o H S(X;) =N
JET(B)
is a bijection of sets. Put N; := o(S(X;)) for each j € T(B). By the
assumption, NN; is not empty, and so 7 := {N; | j € T(B)} is a partition.
The restriction o; of o to S(X;) gives a bijection o; : S(Xj) = N;, and so
we have an £-structure (X, 0;) on N; along S. Furthermore, since the map

7:T(B) g N;

J
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~ is a bijection, (B, ) is an F-structure over 7 along T. Thus the assignment

f (B, X,0) — (B, 7),(8(X;),0)jermy) € [] Arla] x [] AslA]
m€II(N) Aem

gives a map Arp(s)|N] —— Ar(Ag)[N]. This map f is commutative with
isomorphisms of T'(E)-structures. Conversely, given ((B,7),(Yc,0¢)cer),
where (B, ) is a F-structure over 7 € II(N) along T and (Yg,0¢) is an
E-structure over 7 along S, we have a T'(£)-structure (B, X, o) over N along
T(S), where

X :T(B) — & j Yo

o: JT S(X;) == Ni(a € S(X;) — or(a).
JET(B)

These maps give the required equivalence of species.

8 Applications.

(8.1) G-surjections. Let G be a finite group. Take the functors

S: € = Con(Set;®) =2 S = Set;%; G/H — G/H,
T:F =Surj — Setp; (X — X') — X,

Then EXP(&) is equivalent to Set;® = S. Thus an object of T(£) has the

form (X —£+ X'), where X is a finite G-set and = is a G-surjection to X’
with trivial G-action, that is, T'(£) is the category of G-surjections:

T(&) = Suri®. (8.1.a)
The substitution T'(S) : T(£) — S is then defined by
T(S) : T(E) — Set;%; (X —Eor X') — X. (8.1.b)

Furthermore, T(€) is a locallly finite topos (and so a KS-category) with
Con(T'(£)) equivalent to the category of nonempty finite G-sets, that is,

T(€) = EXP(Set,$)), (8.1.c)
where Set_,cg1 is the category of non-empty finite G-sets, and so

(T(9))(t) = exp (ex‘pk<z (G IH) tG/H) — 1) (8.1.d)

HLG
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Substituting +(%#) for t/#  we have the following formula:

f: bGn(!n) t" = exp <exp (Z G lH) t(G:H)) - 1) , (8.1.e)

n=0 H<LG

where

be(n) := 1 {(f, R)

w1 G — S, R is an equivalence relation

iRj,g€ G = 7(g)(1) Rn(g)(y) } (8'1~f)

(8.2) Arrow sets. An arrow set (X,a) is a finite set X together with an
endomorphism « : X — X; a morphism f : (X,a) — (Y, 3) of arrow sets
isamap f: X — Y such that fof = foa. The category of arrow sets
is denoted by ASet;, which is the functor category from a free monoid with
one generator.

Let (X, a) be an arrow set. An element z € X is called a root if z = o*(z)
for some ¢ > 1; we denote by R(X, a) the set of roots. The root p(z) of an
element z € X is an element o'(z) € R(X, a) with of(z) ¢ R(X,a) for all
0 < j < 1; when z is a root element, we put p(z) = z; there exist a unique
root for every element. The set R(X, ) is a cyclic set with permutation «;
and an arrow set (X, o) is connected if and only if R(X,«) is a connected
cyclic set. Thus a connected object of ASet; can be viewed as a directed
circuit on which trees grow. See [MuRot 70, p.210] for functional digraphs.

The assignment (X, o) — R(X, o) is functorial, and so we have a functor
R : Aset; — Set fc. Next, cutting off all edges connecting roots, we have a
faithful functor

F : ASet; — RForest (8.2.a)

into the category of (unlabeled) rooted forests.
Consider the following diagram of categories:

ASet; Set ;¢

F PB. |s

RTree ﬂ» RForestvﬁ Sety

EXP(U)

Setf
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where Root is the functor which assigns the set of roots to a rooted forest,
and S is the forgetful functor; furthermore U : RTree — Set; denotes the
forgetful functor from the cateogry of (unlabeled) rooted trees which assigns
the underlying vertex-set to a rooted tree. We can easily check that the
square in this diagram is a pullback diagram. Since RForest 2 EXP(RTree),
we have that S(RTree) & ASet; with the substitution S(U) is given by

S(U) : ASet; L. RForest 2202 Sety, (8.2.b)

but clearly this functor coincides with the forgetful functor, and so

(SN =3 S (3.2.)

by using the bijection
Str(ASet;/[n])/= — Map([n], [n]).

By Wohlfahrt’s formula (Example 6.4 of Part I, [Woh 77]) or the fact that
|Str(Set € /[n])/ = | = n!, we have

S(t) = exp <Z %—) = —1——1_—;

On the other hand, as we already studied, we have

Un
ot (8.2.d)

u(t) =U(t) =)

where u,, is the number of labeled rooted trees on [n)].

Hence
= n" 1
= —t" = 2.
SN0 =35 = oy (8:2.)
that is,
SR S L P (8.2.1)



56 T.YOSHIDA

(8.3) Remark. (1) The equation corresponding to (8.2.f) is
End =804, (8.3.a)

where End, § and A are the species of endofunctions, permutations and

rooted trees, respectively. See [BerLL 98, Section 1.4 Example 4(a)|.

(2) the formula (8.2.f) can be proved also by using Cayley’s formulas u,, =
n—1

n™ ! and Abel’s binomial formula (e.g.[Aig 79, Proposition 5.12, Exercise
I11.3.2], [Rio 68 |):

n

rHz+y+n) = "V + k) Ly +n — k)E (8.3.b
rutnr =3 (1) o0 )

As is Well—known, z(z + k)*~! is the number of labeled rooted forests with
x + k vertices and with z roots.

(8.4) Arrowsets, again. As is stated in the preceding paragraph, the
results of 8.2 follows also from the theory of species, However, by a little
extension of the method of (8.2), we can prove a multi-varable version of
(8.2.f) and deduce many formula from it. Now, take the inclusion functor
Incl instead of U in (8.2). Then we have the following natural isomorphism
of functors by the same way as in 8.2:

F = S(Incl), (8.4.a)
where F' : ASet; —— RForest and S : Setfc — Set; were the functors
defined in (8.2). Thus

tF X,a) 1

, (
F(t) = ;) |Aut(X, )| T1- RTree(t)

(8.4.b)

Substituting suitable weight functions for (8.4.b), we have some interest-
ing formulas. First take the following weight function p:

p(tF) 1= ¢V (Pl lRoot(F)] (8.4.c)

where Root(F') denotes the set of roots of a rooted forest F. Define the set
of periodic elements for any endo-map o : X — X by

Per(a) := {i € X|a™(z) = i (for some m > 1)}.

Then for a cyclic set (X, «), an periodic element for a is a root of the rooted
forest associated to (X, a):

Per(a)) = R(F (X, o)).
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Thus (8.4.b) yields the following formula:

i Tnl8)pn 1 . (8.4.4)

nl

n=0 1—32%7'%”

where u, = n"! is the number of labeled rooted trees over [n] and

mn(s) i= Z slPer(@)l = Z Tpm Sy (8.4.e)
m=0

a:[n]—(n]

so that 7, ,, is the number of endo-maps on [n] with m periodic elements.
In particular, we have (8.2.¢). Applying the Lagrange inversion formula (for
example, see [HarPa 73, Section 1.7], [Wil 94, Chapter 3]), we have

m(n — 1)p?»™
- ( )

" (8.4.1)

Note that

exp (3 f: %t”) = zo:io g %skt”, (8.4.g)

where v, j, = (z:}

and with k roots.

)n"‘k is the number of labeled rooted forest with n vertices

As another easy application of (8.4.b), we enumerate the number A(n, h, d)
of endo-functions @ : [n] — [n] such that for fixed A > 0 and d > 2 the
condition

Mt =at a7 (z)| <d forallz e X (8.4.h)

holds for some m > 1. The condition a®*™ = o for some m > 1 is equivalent

to the condition that the associated rooted forest has the height at most h;
and since d > 2, the condition |a~!(z)| < d is equivalent to the condition
that the associated rooted forest has the degree at most d. Substituting

Vol '
W(tF) = { ¢ if ht(F') < h and deg(F) < d (8.4.)
0 else
for tf in the equation (8.4.b), we have
-1
= A(n,h,d) , vl o
s SR LA SRR 4.
Z% ! 2 Awt(TY | (8:4)
n= ht(T)

deg(T)<d
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where T' runs over isomorphism classes of rooted trees T of height < h and
of degree at most d.
In particular, we have

i A(”;—!l’d)t” = <1 —~ Z t,_+11> , (8.4.k)
i Alm1,00) (1—te!)", (8.4.1)

where A(n, 1,00) denotes the number of endo-functions « : [n] — [n] such
that al*™ = o for some m > 1.

(8.5) The number of solutions of a®+™ = a”. Let A(n) be the number
of idempotent fnctions 3 : [n] — [n], that is, (3(¢)) = B(7) for all i € [n] :=
{1,2,...,n}. Then its exponential generating function of h(n) is given by

i - xp(te'). (8.5.a)

n=0

This formula is found in [HarSc 67]. R.Stanley asked a generalization of this
formula; for example, for given 1 < 1 < j, how many functions 3 : [n] — [n]
satisfy §' = 37 ([Sta 78, Example 6.9]). In this paragraph, we determine the
exponential generating function of such numbers.

Let ASet?’m be the full subcategory of ASet; consisting arrow set (X, o)

with o™ = a". Let C,, be a cyclic group of order m and Setfc"‘ the

category of Cpy-sets. Let RForest<;, (resp. RTree<;,) be the category of rooted
forests (resp. rooted trees) of height at most h. Then RForest<y, is equivalent
to RTreecpy; as is well-known. Similarly as in the preceding example, we
have the following diagram:

R
ASety™ ———» Set Om

F P.B. S

Incl ‘ t
RTree<;, i RForest<y, ﬁo——» Set;

EXP(U)

Y

Setf
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where Root is, as before, the functor which assigns the set of roots to a rooted
forest, and S is the forgetful functor; furthermore U denotes the forgetful
functor.

Let B(n, h,m) be the number of endo-functions « : [n] — [n] such that

oM = ah*™. By Wohlfahrt’s formula (Example 6.4 of Part I, [Woh 77]), we
have

S(t) = exp Z g) . (8.5.b)

dim
Furthermore, we have
tIV(T)I

ht( T)<h

This series can be calculated by the following recursion formula:
uo(t) = t, up41(t) = texp(ua(?)). (8.5.d)
(See Part I, 6.8.) Then the above diagram gives the following formula
=\ B(n,h,m n up(t)?
(S(U)(¢) = Z ¥t = exp Z un(t)® : (8.5.¢)

n! d
n=0 : dim

In particular, when h = m = 1, this formula gives (8.5.a),

(8.6) Some chains of subsets. This example is taken form Stanley’s
paper ([Sta 78, Example 3.8]). For a finite set S with |S| = n, let M(n)
denote the number of chains

P=ScSCScC--CS =85 (k>0 (8.6.a)
such that [S;41 — Si| > 2 (0 <4 < k). Then

=~ M(n) 1 1
"= = : 6.b
z:% n! ! l1-(et=1—t) 2+4t—c¢t (8.6.5)

From the viewpoint of the theory of generating functions of categories, we
can prove this formula as follows. In this paragraph, the symbol [k] denotes
the chain (1 < 2 < .-+ < k) of length k. Let P be the category with objects
the finite sequences of finite sets as follows: v

P=SCcS CSC---CSh=38, k>0,
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such that |S;y1 — Si| > 2,0 < ¢ < k. A morphism (f,g) from (Sy C S; C
e CSp=8)to(To cTh C-CT, =T) is defined to be the pair of an
order-preserving function f : [k] — [I] and a map S — T satisfying the
condition

9(S:) S Tyips 97 (Ty)) © i (0<i<k).
There is a faithful functor
M:P—Set;;(0=S,CSi1C--CS=95)r—5.

Then the generating function of M is exactly the required series M(¢).

Let 7 = Chain be the category of finite totally ordered sets and maps
preserving orders and let T' : Chain —— Set; the forgetful functor. Let £ =
Sets,, be the full subcategory of Set; consisting of finite sets of cardinality
> 2 accompanied by the inclusion functor S : Sety,, —— Sety. Then P is
equivalent to the substitution T'(€): -

!

P Chain

N P.B. S

incl. h Rank
Setf, ——» EXP(Sets,,) ——— Set;
r EXP(T)
Setf,

where the functor S’ and R’ are defined by

S (0=ScsSc cCS=58)r— PSi-Si),
) =1

R : 0=5cScCCS=5)r—[k].
Furthermore, we have EXP(T') o F = M, and so M = T(S). Note that

(o 0]

S(t) = ﬁ T(t) = Z%t” :ef— 1—t.
Hence
M(0) = T(S)(1) = T(5() = 1= L 5 (8.6.¢)

as required.
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(8.7) r-partitions. Many convolution formulas and exponential formulas
can be extended to exponential formulas on the level of categories. As one of
such examples, we consider Stanley’s exponential formula for r-partitions (see
Stanley [Sta 78, Corollary 6.2]). For a fixed positive integer 7, an r-partition
of a finite set S is defined to be a set v

7 = {(B11, B12,... , Bir),(Ba1, By, ... , Ba), (Bik, B2, - - - , Brk)}

satisfying

(i) For each 1 < j <, the set 7; = { By, Byj, ..., Bx;} forms a partition of
S into k blocks, that is, each B;; is a non-empty subset of S, the k subsets
Bij,Baj,. .., By; are pairwise disjoint, and |J, B;; = S.

(ii) For fixed ¢, |By| = |Bi2| = -+ = |Burl.

The r partitions 7y, ... , 7, all have the same type (ay,...
type of m, where a; is the number of the B;;’s with |By} = 5.
Given series f(1), f(2),..., define a new series h(0) = 1, (1), h(2),... by

=D _F)M @) f(n) (8.72)

, Gy ) called the

where 7 runs over all r-partitions of [n], and where 7 has type (a1, as, ... ,an).
Then

n=0

ihé,r = <an,7f) ) (8.7.b)

In order to give a categorical version of this formula, let Set f[_>7:]1 be the
category of finite sets with morphisms r-tuples of maps:

Hom(X,Y) :={(f1,..., fo) | fi : X — Y}

The composition is defined by the usual composition of maps: (g;)«(f;) ==
(gjo f;). Furthermore, let Surj be the category of surJectlons between finite
sets in which a morphism from (X —2=» X') to (Y —%» Y") is defined to be
ar+ 1-tuples (fi1,..., fr; f'), where f; : X — Y and f': X' — Y, such
that f'op = qo f; for each j.

Then we have that an “exponential formula ”as follows:

EXP(Set; ) 2 Surjl" P X — (HX ——»N)

a€EN
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Furtheremore, let F': Set flgll —— Set; is a functor, and define a functor
H : Surjl — Set; by

HX = X') = ] {='} x F(p~ ('),
and

H(fy,..., s f)(&0) = (f'(2), F(f1,... , fr)(@))

for any morphism (f1,..., fm f): (X =2+ X') — (Y -4+ Y") in Setf[g
and z' € X', a € F(p~(2)).
Then we have another “exponential formula”:

EXP(F) = H. (8.7.c)

Let f(n) := |Str(Set;L}/[n])/ 2 | and h(n) := |Str(Surj"!/[n])/ 2 |. Then
f(n) and h(n) are the coefficients of t"/n! in F(t) and H(t), respectively,
and h(n) is presented by the formula (8.7.a).
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