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Loss of convexity of compact hypersurfaces
moved by surface diffusion

Kazuo Ito
Department of Mathematics
Faculty of Science
Hokkaido University
Sapporo 060-0810, Japan

Abstract

We give a way of constructing a compact, closed, strictly convex hypersurface
- which loses convexity without developing singularities when it moves by its surface
diffusion for a short time.

AMS subject classification. 35K99, 80A22

Keywords: convexity, surface diffusion, unique local existence.

1 Introduction

We consider the following geometric evolution law of the form

{ V =—ArpH onT(t),t>0, )

I'(0) = T

Here ¢ denotes the time variable and I'(t) denotes an unknown evolving hypersurface in
R™ at time ¢ > 0 with n > 3; 'y is a given initial hypersurface in R™. For each ¢t > 0 and
z € I'(t), the quantities V' = V'(¢,z) and H = H(t,z) denote the outward normal velocity
and the outward mean curvature of I'(¢) at z, respectively. The operator Ar(s) stands for
the Laplace-Beltrami operator on I'(t). The law (1) is called the surface diffusion flow
equation. The purpose of this paper is to give a way of constructing a strictly convex,
closed, compact, initial hypersurface I'y such that the solution I'(¢) starting from Iy loses
its convexity in a finite time interval (fo,t;) with ¢, > 0. This result is an extension of
the result in the two dimensional version obtained by Y. Giga and the author [15] to the
higher dimensional version. _

Equation (1) was first proposed by Mullins [20] to explain thermal grooving in material
sciences. Also Davi and Gurtin [6] derived (1) from a view point of thermodynamics and
continuum mechanics. Recently J. W. Cahn, C. M. Elliott and A. Novick-Cohen [3]
derived (1) from the Cahn-Hilliard equation with a concentration dependent mobility as
a singular limit in a formal basis. A unique local existence result for general dimension
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was established by J. Escher, U. F. Mayer and G. Simonett [8] by using a sophisticated
semi-group theory in small Hélder spases developed by H. Amann [1]. Moreover, when
[ is close to an (n — 1)-dimensional sphere in some sense, they also obtained a global
solution I'(t) with I'(0) = I'y and proved that I'(t) converges to an (n — 1)-dimensional
sphere with the enclosed volume equal to that of I'y as t = oco. We should note that
such a work was initiated by C. M. Elliott and H. Garcke [7] for n = 2 as well as other
equations involving the volume preserving mean curvature law

1
V=H—~—— Hds 2
T@] Jece @)

and the intermediate law
1
M

‘where D and M are called the diffusion and the mobility constants. Recently Escher and
Simonett [10, 11] established the higher dimensional version of the result obtained in [7].

The equation (1) is a nonlinear fourth order parabolic equation so there are several
phenomena which are differente from those of second order model such as the mean
curvature flow equation

1
V= "Ar‘(t)(ﬁ — —Arw) ' H,

{V:H on I'(t), t > 0, (3)

In particular, several mathematical and numerical studies for (1) show remarkable char-
acteristic phenomena in fourth order model, for example, loss of embeddedness and loss of
convexity. The loss of both embeddedness and convexity reflects the fact that a fourth or-
der parabolic equation does not fulfill the maximum or comparison principle. In fact, this
principle is satisfied in (3) and it prevents the developments of self-intersections (Grayson
[16] for n = 2) and preserves convexity (Gage and Hamilton [13] for n = 2 and Huisken
[17] for n > 3) of solutions of (3). The loss of embeddedness for (1) was conjectured by
Elliott and Garcke [7], numerically established by Escher, Mayer and Simonett [8, 9], and
proved by Giga and the author [14] for n = 2, and later by Mayer and Simonett [19]
for n > 2. The paper [19] also gave the proof of loss of embeddedness for (2) in general
dimension (two dimensional case had been treated by Gage [12]). The loss of convexity
for (1) was conjectured by J. Escher in the conference “Nonlinear Evolution Equation”
held in the end of June of 1997 in Oberwolfach. This phenomenon was also suggested
by numerical studies by B. D. Coleman, R. S. Falk and M. Moakher [4, 5] and recently
proved by Giga and the author [15] for n = 2.

In this paper we extend the result of [15] to the case n > 3. Our main result is to give
a way to construct a compact, closed, strictly convex initial hypersurface I'y embedded in
R" such that the solution I'(t) starting from I’y loses its convexity in its smooth evolution,
Theorem 10. More precisely, we shall show that for any compact, closed, strictly convex
rotationally symmetric hypersurface I'y embedded in R™ with respect to the z!-axis,
there is a specific deformation from Iy to a rotational hypersurface I'y with locally weaker
convexity than that of Iy such that the solution I'(¢) of (1) with I'(0) = I'{ loses its
convexity in a finite time interval determined by I'o. We note that a hypersurface Iy which
is not rotationally symmetric with respect to the z'-axis but is close to the hypersurface Ty
obtained as above also leads to a loss of convexity because of the continuous dependence
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of the solution on initial data. Hence, in order to prove Theorem 10, it is sufficient and
essential to show that there is a closed, compact, strictly convex initial hypersurface of
rotation about the z'-axis and also symmetric with respect to the z2-axis such that the
solution of (1) starting from the above initial hypersurface loses its convexity after a finite
time. In particular, our method constructs a hypersurface S’ near a sphere S which creats
a loss of convexity in motion by surface diffusion.

Basic strategy to prove Theorem 10 may be almost the same as in [15]. However,
because of high dimensionality, the work can not be straightforward and the computation
becomes tedious and complicated. To simplify computation, we first establish an intrinsic
description of the parametrized equation for (1), which is given in (6). The equation (6)
is especially useful when we want to obtain detailed qualitative aspects of solutions of
(1). We also establish a new unique local existence result in Holder continuity framework,
which is differente from those of [15] (L?-framework) and [8] (little Holder continuity
framework). Now together with several lemmas which we need to overcome the difficulties
arising from high dimensionality the above analytical foundations enable us to carry out
the strategy in [15].

This papar is organized as follows. In Section 2 we state a unique local existence
theorem for (1) in the framework of the Holder space. Our parametrization of (1) uses
a tubular neighborhood near a fixed convex, compact, closed hypersurface ¥ and does
not need to restrict the magnitude of the distance between I'y and X to be small. This
situation is useful to prove Theorem 10 as is seen later. In Section 3 we show that if
initial hypersurface is rotationally symmetric with respect to the zl-axis, then so is the
solution of (1). Of course this result is expected but we give its proof because it is not
explicitly written in literatures. In Section 4, we introduce a deformation from a given,
compact, closed, strictly convex, rotational hypersurface Iy to another such a I'j whose
local convexity is sufficiently weak compared with the fourth order derivative of the mean
curvature. We also present a fact that the solution I'(¢) starting from I'} exists in a finite
time interval [0,7) depending on the original hypersurface I'y and this interval does not
shrink by the above deformation. In Section 5, using the results in the previous sections
we give the proof our main theorem (Theorem 10). We show that I'(t) loses its convexity
in some time interval which depends on I'y and is contained in (0,7). In the last section
and Appendix we sketch a proof of the unique local existence theorem in Section 2 for
reader’s convenience.

2 Local solutions for motion by surface diffusion near
a convex hypersurface

Following (8], we introduce a parametrization for (1). Let £ be a smooth compact convex
closed embedded oriented hypersurface in R" and let {Up, wﬁ}gzl be an atlas on ¥. For

s €Up C T, Yp(s) = (uh,---,uf ") € Uj := 93(Us) C R* is called the local coordinate
of s. Let z be the induced metric on X from the Euclidean metric in R” and let h be the
second fundamental quantity of X. The sign convention adopted here is that

h[¢,€] <0 for any tangent vector field ¢ on .



In local coordinates they are written as

n—1 X n-1 . .,
2= ) zpidug®duh, h= Y hgyduf @ duf
ij=1 =1

at s € Us. Hereafter, if any confusion may not be caused, then using Einstein’s convention
and omitting the index 8 we often simply write them as

z = zidu' ® du?, h = hydu' ® du’.

Throughout this paper we regard ¥ as a Riemannian manifold with the metric z. We call
¥ the reference hypersurface.

Let p: [0,T) x ¥ — Ry := {r € R;r > 0} be a smooth scalar field and we assume
that I'(t), t € [0, T), is written in terms of p(t, s) with p(0, s) = po(s) as

[(t) = {s + p(t, s)v(s) € R*;s € T},

where v(s) is the outward normal of £ at s € £. We define two geometric quantities of
X

w(r) = wi;(r)du’ ® dw? := (25 — 2hyr + 2Mhyhyr?)du’ @ du?  for r > 0,
o(p,dp) := w(p) + dp ® dp,
where (2%) = (2;;)7" and dp = 2&du’.

Lemma 1 . Let ¥ be a smooth compact convez closed embedded oriented hypersurface in
R"™. Then,

(i) w(r) is a metric on T forr > 0,

(i) o(f,df) is a metric on T for nonnegative (at least) C'-scalar field f = f(s) on X.

Proof. (i): It is sufficient to show the positivity of w(r). Let & = ¢* 5‘3—7,— be any tangent

vector field on ¥. Then A[¢,£]r < 0 on T since ¥ is convex and r > 0. On the other hand,
at any s € X there is an orthogonal matrix T' = (T}) such that

2M = 20 TFTE ki1=1,2,---,n—1
with A* >0 fora=1,2,---,n — 1. Then
M hihi €80 = XNTET hhy; €67 = X*(TFhi6%)? > 0.
Thus we arrive at

w(r)[€,€] = 2§, €] — 2h[¢,Elr + 2MhyshyE¢7r?
> z[£,€]>0.

(ii) immediately follows from (i) and the fact that df ® df > 0. O



By Lemma 1 we can consider the geometric operators acting on scalar fields ¥ on
X such as grad,s), Hessy(s), Aw(y), and Ag(sar) with a nonnegative scalar field f on .
They are given in local coordinates by

RN
grad, ;¥ = w’ (f)— 507 5t
Hessy ¥ = (<2 — (fdf) )d @ du,
= = oo ’ v e
R

Aui® = v(f) (5o i W--(f,df)ﬂ),

Aa(f,df)\]:lza (f,df)( ,a 3 ’Ysj(f’dfanf)a k)

where (w”(f)) := (wi;(£))™", (6%(f,df)) = (04;(F,df))"; WE(S, df) and +5(f, df, Vdf)
with 4,5,k =1,2,---,n— 1 are the Christoffel symbols of w(f) and o(f, df), respectively.
We also define

L = L(p, dp) := (1 +w(p)[grad,,n, grad,,e))*/?, (4)
w'(r) = wi;(r)dv' ® du’ := (—2hy; + 2P hyshyjr)du’ ® du?,
w'(r)w*(r) == wi;(r)w’(r) (5)

for r > 0.

Then, as computed in [8] we can have the partial differential equation of p(t,s) de-
scribed by local coordinates which parametrizes (1). But this equation can be rewritten
in more intrinsic way by making further computations. We present here the equation of
p(t, s) in the intrinsic manner in the following:

Pt = —LAa(p,dp) [L‘3{L2Aw(p)p - Hessw(p)p[gra'dw(p)p’ gradw(p)p]

—3u'(p)[grad, (), radu(pp] — LW (P)u(p)}], t>0,s€X, (6)
p(0,s) = po(s), s€Z.

Remark 2 . The equation (6) is still valid on any smooth compact closed oriented hy-
persurface T (not necessarily convez) as long as w(p) and o(p,dp) are metrics on X.

Next we state the local existence theorem of (6) for positive initial data. The differences
between the local existence theorem in [8] and ours is that our theorem uses the convex
reference hypersurface X, which enable us to treat large magnitude of positive initial data
po(s). This property is needed in the proof of our main theorem (Theorem 10). Another
difference is that our local existence theorem is established in a different category from
that of [8], that is, the local existence theorem in [8] is established in the framework
of t-continuous and s-little Holder continuous regularity whereas our theorem is in the
framework of the type Clm/4H+em+da(53) for an integer m > 4 and 0 < a < 1/4, where the
symbol [g] denotes the largest integer less than or equal to g. Our theorem also explicitly
gives the information how the existence time depends on initial data, which is also useful
in the proof of Theorem 10.



Theorem 3 . Let m > 4 be an integer and 0 < a < 1/4. Let py € C™*() with
po(8) >0 for s€ . Set ‘
my = ‘,,‘2% po(s) > 0. (7)

Then there are positive constants T(||po|lcm+sa(z), mo) and G(||po||cm+ia(s)) such that (6)
has a unique solution p(t, s) satisfying

pE C[m/4]+a,m+4a([0,To] x 2)’

“p|IC["‘/41+°'"'+4°'([0,T0]x)'_‘.) < G(||Po||c"-+4a(z)),

i >
(1) T e PB 8) 2 M0/2> 0,
where Ty := T (|| po||cm+4a(x), Mo).

Remark 4 . Here T(My,mo) is nonincreasing in My and nondecreasing in mq; G(Mp)
15 nondecreasing in M.

For the reader’s convenience we state a sketch of the proof of Theorem 3 in Section 6 and
Appendix.

3 Local existence of rotationally axisymmetric hy-
persurfaces for motion by surface diffusion

In this section we consider solutions of (1) which are rotationally axisymmetric hyper-
surfaces. First of all we specify the reference hypersurface ¥ embedded in R"® with the
orthogonal cordinate (z',z?,---,z"™) as a surface of rotation. For this purpose we prepare
a fixed smooth convex closed curve M embedded in R2: o= {(z',2?,---,2") e R"; 2 =
-+- = g" = 0}. We assume that M is symmetric with respect to both the z! and z2-axes
and also assume that M contains two straight line segments which are parallel to the

r'-axis and intersect the z2-axis. To be precise we put
M = {u = (p(u'),q(u')) € RZ: ,2;u' € T},

where T := R/2IZ and 2[ is the total length of M; u' denotes the arclength parameter
of M and is assumed to move clock-wise. We assume that functions p and g are smooth
and satisfy

p(u’) = —p(-u!), q(u') =g(-u') foru!eT,

(o), () (ul,d) for |u!| < a,
u'),q(ul)) =

P q (I—ul,=b) for jul ~I| < q,
k(u') <0 fora<ul<l—aandl+a<ul<2-a

for some a,b € (0,1/2), where x(u') is the outward curvature of M.
We define a reference hypersurface ¥ as the surface of rotation of M about the z!-axis.
This is given by

Z ={s=(p(u'), q(u")w) € R™u! € [-1/2,1/2],w € 5"?},
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where S™~2 is the unit sphere in R _1_,,3,._1 centered at (z2,---,z"1) = (0,---,0). We

introduce a specified atlas of ¥ as follows. Let {V,, 0.,};’=1 be an atlas of S*~2. Here we
assume that the coordinate functions 6,

gives polar coordinates for V, fory =1,---,7. Set U := (~1/2,1/2) xV  fory = 1,---,7.
Define the mappings ¢, (y =1,---,%) by
Dy U, - X
(u1,u'z;’ T auz’;—l) > (p(ul)a Q(ul)e—;l(u?y’ T u:_l))'

Let U, := ¢,(U,) and define the mappings ¢, : U, = U}, by ¢, := ;! for y =1,.--,%.
‘Moreover set

Us = {s = (p(u'),q(v")w) € Tja < u! <1/2,w € S"2},

U = {s = (p(u}),q(u')w) € Z; -1/2 < u! < —a,w € S"%}.

Define the mappings ¥+ by

Yy Us - R ..
(xlax ,__,,xn) = (Ui,-'-,’u,l_l) = (xza"',xn)'

Then {Up, ¥g}p=+1,-5 gives an atlas of X.
Next we show the explicit way to give the initial hypersurface of rotation I'y. For an
integer m >4 and 0 < a < 1/4, let E™*(M) be

E™e(M) = {Ag € C™HME(M); Mo(—ut) = Ao(u?) = Xo(I —u?) >0 for u! € T}.

Here we regard A\o(u') as Ao(p(u!), g(ul)). Hereafter, if any confusion may not be caused,
we will always identify a scalar field f on a manifold M as a function of the (local)
coordinates of M. For Ay € E™*®(M) we associate a curve

Yol == {p+ Xo(M)N(u) € R* € M},

where N(u) is the outward normal of M at u € M. By symmetry of M and )y €
E™He(M), v[Xo] is simple and closed. Let C™**(M) be the set of all y[\g] with Xy €
E™+4e( M) such that the outward curvature &g of 7[)\o] is negative everywhere. Of course,
for each vy € C™*4*(M) there is a unique Ay € E™**(M) such that 7, = y[Ae]. For
Yo = 7[Xo] € C™H**(M) let I'[Ag] be the hypersurface of rotation of v N {(z*, z%); 22 > 0} -
which can be written as '

LX) = {s + po(s)v(s) e R*; s € L}.
Here po(s) := Ao({(s)) and ¢(s) is a mapping from ¥ to M defined by

¢: T - M @®
(p(ul), q(u')w) — (p(u'),q(u'))

7



and v(s) is the outward normal of I'[\¢] given by
v(s) = (—¢'(u"), p'(u')w).

We call 7 the generator of I'[\o]. Note that the followings hold

min po(s) = min Ao(x) > 0, (9)
”pO”C"’""‘“‘(E) S KOHAOHC"'**"(M) (10)

with some constant Ko > 0. Let S™**2(X) be the set of all ['[\g] with 7y, = v[A\g] €
C™*4e(M). Then every element belonging to S™*+4*(X) is strictly convex closed compact
hypersurface of rotation about the z'-axis with a generator symmetric with respect to the
z?-axis. It is clear that for each I'g € S™**(X) there is a unique generator o = y[A] €
C™+4e(M) such that T'y = I'[Ag]. Then for I'y € S™42(X) as the initial hypersurface we
‘have the following local existence result for (1), which assures that the solution is also
rotationally axisymmetric about the z'-axis with a generator symmetric with respect to
the z2-axis.

Theorem 5 . Let m > 4 be an integer and 0 < a < 1/4. Let Ty = T'[Xg] € S™H*(X)
with po(s) = Xo(¢(s)) and vo = y[Xo] € C™*(M). Then:
(i) There is a positive constant T := T(|| Ao||cm+ax(ar), mingenr Ao (1)) such that (1) has a
unique solution

T'(t) = {s+ p(t,s)v(s);s €L} forte [0,T1]

with p(t,s) established in Theorem 3.
(it) There is a unique A € C™/4+am+ia([o 1] x M) such that p(t,s) = A(t,{(s)) with
A(0,¢(s)) = Mo (C(s))-

(iii) p(t,s) is even in the u'-coordinate.

Proof. The first assertion follows from Theorem 3.

In order to prove the second assertion, it is sufficient to prove that p(t,s) does not
depend on the (u2,---,u}~!)-coordinate for s € U, with y € {1,---,3}. Let T be any
smooth mapping from S$"~? to itself such that 7" maps V, into itself for y € {1,---,7}.
Then for w = 6 (u2,---,ul™!) € V,, T(w) can be written as ‘

T(w) =0 (u2 +a2,--,ul + a1

with some a2,---,a?"!. Define the mapping R from ¥ to itself by

R: by >
(p(u'), q(u)w) = (p(u'), g(u!)T(w)).

Set p(t,s) := p(t,R(s)) for t € [0,T}], s € Z.
Claim: p(t,s) is also a solution of (6) with p(0,s) = py(s).

Once Claim is verified, then the uniqueness of solutions to (6) implies

p(t,s) = p(t,s) for (¢,s) € [0,T1] x =.



This means

py(t,ul,ul +al, - w7+ 0l = gy (8 Ut Ul ul Y

v

for (u',ul, -, ul™) e U] w1th v €1,---,%, which shows that p7(t ut,u? ul~1) does
not depend on the (u2,---,u?"1)-coordinate in Uyforyel,.--, 5. Thus (11) is proved.

It remains to prove Clazm Since ((R(s)) = ((s), we see Ag(C(R(3))) = Ao(¢(s)).
Then it follows from the definition of py that

p(0,R(5)) = po(R(s)) = Xo({(R(5))) = M({(5)) = po(s),
which shows p(0, 5) = po(s).
Next we check that p(t, s) also satisfies the equation (6). Set
Py (t, ul, ui, e ,u:‘l) = p(t, '(,b;l(ul,u,zy, vee, u:‘l))
in U for v € {1,--+,%}. Then
Oipy — F.,(ul,u,zy, cee L "‘l,ﬁ.,, o, D*p )
= [atp7 - F7(°’P‘/’ ) D p7)]|(t,u1 u+a2,-

where in the first equality we have used the fact that z and A do not depend on the

(u?,, -, ul)- coordlnate Thus we see that 5(t, s) satisfies (6) in at least UI_; U,. Chang-

ing the variable (u',u2, -, ul7t) to (ul,ud, .- -, ut?t), we see that p(t, s) also satlsﬁes

+al,‘"1) = O’

" 1“7

atﬁi = Fe(uy, -, ul ™ e, oo, D5y
in {(uk, -, uZ) € Ui (6, -+, ul) # (0,++,0)}, where
Paltyud, -+, uT) = At w3k, - ul ).
Letting s — s, we get
Oipx = Fi(0,-++,0,ps,- -+, D*py)

at (ul,---,ul™!) = (0,---,0), which shows that 5(t,s) also solves (6) in Us.. Thus we
conclude that p(t, s) solves (6) in whole X, which proves Claim. _
Similarly we can prove (iii) and we omit the details of its proof. O

Remark 6 . Let p(t, s) be the unigue solution of (6) obtained in Theorem 5 with the initial
data po(s) = Ao(C(s)). Since p(t,s) depends only on t and the ul-coordinate in T\{s+},
we simply write it as p(t, u') instead of p(t, Yy (u',u2, -, u"")) fory € {1,---,7}. Set
T = {(u}, bw) € T; |ul| < a,w € S™1}. Then, when s is in Ec, (6) is simply written as

0*H n—2 _y 07 dp OH
{pt=_L—1[ ( _L2 P ) P ]

1
Suldul + b+p Auldul’ ul dul )’ te [O,Tl], |u l.< a,

11
p(O,’u,l) = /\O(ul)’ Iu1| <a, ( )

where L = (1+ (£5%)*)Y/? and H is the mean curvature which is given by

' 8p o _ 8%p n—2
H=(+ G ™" 5y - et 6u1) )}

This fact will be used in Section 5.




4 Deformation of strictly convex compact rotation-
ally axisymmetric hypersurfaces

For a given strictly convex compact smooth rotationally axisymmetric hypersurface, us-
ing the results of [15], we shall give an explicit way of its deformation which weaken
the local convexity of the original surface. First we summarize the results [15] for a de-
formation operator for concave functions and for strictly convex closed curve. Next we
give a deformation of strictly convex compact hypersurface of rotation by deforming its
generator.

Deformation of concave functions. Let f be smooth concave functions defined on the
interval (—1,1). For parameter § € (0,1/8), let x5 be a smooth cut-off function such as

» 1 for |y| <6,
9= o for 26 < |y| <1

and 0 < x5(y) < 1for y € (—1,1). Then, for parameters ¢ € (0,1] and § € (0,1/8) we
define a deformation of f by

M) = f5)+ [0 fory e (-1,0)

where

vi(y) = [ 0O dexn®) + £ )1 = x0/40)),

w(y) = (—e - Z_?)Xa(y) + My —VXJ(?/))

for y € (-1,1).
Next we deform smooth concave functions f defined on the interval (—ap, ) with
ag > 0. For ¢ > 0 set

(Lef)(y) = fley) for |y| < ag/c.

This L, gives the dilation operator for f and L.f becomes smooth concave functions from
(—ao/c,a0/c) to R. Then we define the deformation of f by

(ME3 ) () = (L1/agM*Lay) F)(y)  for y € (—ao, o).

Deformation of strictly conver closed curve. We shall deform v = [A\] € C™**(M)
with an integer m > 4 and a € (0,1/4). Let 7.\ be the restriction of Ay on the interval
(—a,a). Set

oty | QPR for <
Ao(ul) for a < |ul| < 1/2,
and
£ (ul), for |ul] <1/2,

X4 () = { (12)

We define a deformation of v by v¢* := v[ &),
We state several properties for the deformed curve 73’6.

£l —ut), forl/2<ul< 31/2.
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Lemma 7 . Let v = v[Ao] € C™*(M) with an integer m > 4 and o € (0,1/4). let
e €(0,1] and & € (0,1/8) and let Ay’ be given in (12).

(i) 7§° = 7[N5°] becomes a closed curve and is symmetric with respect to the both z* and
z%-azes.

(i) \y® € EmH(M) and there is a constant A’ > 0 (which is also depends on Ay, m, o
and a but independent of €) such that

16 llgm+aaary < AS for all e € (0,1] (13)

and A° is unbounded when § — 0.
(iii) Outside the set {(z*,z?);|z"| < ba,2? > 0}, the set y[AS’] agrees with y[Aq)].

. d \oye d \4ye d \6yc
(i0) (X)) = —¢/a®, (Z2)H6)(0) = 0, ()W) 0) = ~1/ac.
(v) There exists a &y > 0 depending on Xy such that

d \2ye
sup (=) A) (') <0,

ul|<a

inf As?(ul) > Ag(a) > 0

lul|<a

fbr alle € (0,1], 6 € (0,80). In particular, 4§’ = 7[,\3"’] € C"‘+4°“(M ) with

. 5,6 .
”12]{[ Ao (1) > ,}gz\fl Ao(p) >0 foralle € (0,1], 6 € (0,d). (14)

This lemma is almost directly follows from Theorem 3 in [15].

Deformation of strictly convez compact closed hypersurface of rotation. Let Ty = I'[Ag] €
S™t4e(x). For & € (0,8,) with §y established in Lemma 7 (v), we define a deformation
of 'y by I'e? := I'[X;’]. By virtue of Lemma 7, Is? is a strictly convex closed compact
hypersurface of rotation about the z*-axis with the generator 73’6 = 7[)\8’6]. We summarize
the properties of Iy’ in the next lemma which follows from Lemma 7, (9), and (10).

Lemma 8 . If § € (0,80), then T3’ belongs to S™4=(X). Moreover, the following
uniform estimates hold:
”P(E)'&”C'"Ha(z) < KoAl, (15)
. €,0 .
min p5”(s) 2 min Ao(u) > 0
for all e € (0,1] and § € (0,00), where pi°(s) := A\?(C(s)) and ((s) is in (8), and K is
in (10).

Combining Theorems 3 and 5 and Lemma 8, we have the following uniform local existence
result in £ € (0, 1], which assures that the existence time of the solution does not shrink
to 0 and the magnitude of the solution remains bounded when £ — 0.

Proposition 9 . Let m > 4 be an integer and o € (0,1/4). Let Ty = T'[Xg) € S™H(X)
with v = y[Ao] € C™**(M). Let &y be positive constant determined by Xy in Lemma 7
(v) and let 6 € (0,00). Set T® := T(KoA®,minyep Ao(p)) > 0, where KoA® is in (15).
Then the followings hold.

11



(i) For any € € (0,1] there egists a unique solution p™4(t, s) of (6) with initial data p5°(s)
(defined in Lemma 8) which satisfies

pe,J € C[m/4}+a,m+4a([0’T6] x 2)’
”pe’lsl|C[m/4]+a,m+4a([o,T5]X2) S G(KOAJ)’

1
. 8 > 2 i
aodidan? (B6) 2 5 2R da) > 0
for all e € (0,1] and & € (0,6).

(ii) There is a unique A** € C™**([0,T%] x M) such that p*%(t,s) = X9, ((s)) with
20, 1) = A5 () forpe MN {z? > 0}.

(iti) p*%(t, s) is even in the u'-coordinate.

5 Loss of convexity

In this section we prove our main theorem in the following.

Theorem 10 . (Loss of convezity). Let m > 10 be an integer and let o € (0,1/4). Let
Lo = I'[X] € S™+*(T). Let &y be a positive constant established in Lemma 7 and let § be
in (0,80). Let Ay’ be the deformed function of A (defined in (12)) for € € (0,1]. Let T?
be the time (established in Proposition 9) such that there is a unique solution p**(t,s) =
X4(t,¢(s)) of (6) in [0,T%] x T with initial data pj°(s) = As*(C(s)), where ((s) is in (8).
Then there is an €3 > 0 such that for any € € (0,€8) there are positive times £ and t°
with t5° < min(T?, %) having the property that the solution Ied(t) := FLAE"’(t, )] of (1)
starting from T[\§°] € S™+(5) loses its convexity for at least t € (£ ,min(T?, £7)).
Moreover, t5° — 0 as € — 0 for any 4 € (0,4).

Proof. Recall that by Proposition 9 p**(t,s) does not depend on the (w2, -, ul™h)-
coordinate for s € U, with v € {1,---,7}. So we simply write p*°(¢,u!) instead of
o (t, 7 (ul, u2, - -, un71)). Our purpose is to show that ((8/0ul)?p*%)(¢,0) becomes
positive after a finite time in its smooth evolution by (6). We devide the proof into two
steps. :

First step. We shall prove that for any ¢ € (0,do) there is a positive constant C, s such

that
0,60

(a(ﬁ)zpe"’)(o, 0)=a®+C.5, Ccs=0(e?) ase—0 (16)
for each § € (0,d). To show (16) we recall that p*9(t, u!) satisfies (11) for ¢ € [0,T?] and
lu!] < a with p*9(0,u!) = A5°(u!) for |u!| < a. Differentiating (11) in u! twice and using
the property p**(t,u!) = p*(t, —u') for |u!| < a of Proposition 9 (iii), we get

(o (2)6)(0,0)

£ € n—2 €
= [ Dip = {45(D1r ) (~5 s + D)

12



— 2D} _ 3(n— 2)(DiptH’

_18(D2 £ 5)2((

(b+p‘5)2 b+ p=?
_68(n —2)(Dp*)* | 12(n — 2)(Dip*)?
(b+ p=)? (b + p=9)?
£ £, 2 £
+{(D}p**)* ~ 2D}p 6(b+p5" D}p*?)} -
‘. n—2 . _2D2s,6 2Un -2 D2e,¢$2
DRy - D) + SR 20D 1,

where D; := 8/0u’. We use values of derivatives of A3’ in Lemma 7 (iv) and use the
inequality in Lemma 7 (v) to get (16).
(16) guarantees that for any § € (0,dp) there is an £f > 0 such that
o, 8
(Bt Bt
We take € € (0,€?] in the following.

Second step. We shall complete the proof of Theorem 10. We note that it follows from
Proposition 9 that there is a constant B® > 0 such that

2, 15 G )6 0)] < B (18)

p°)(0,0) > 1/2a® for € € (0,¢]. (17)

By Taylor’s expansion, Lemma 7, (17) and (18), we obtain
(G )(60) = (G P™)0,0)+ (2 ()0, 01
+ /0 IR -6—1)2 p*9)(r,O)drdo
(V4 0) + (o ()65)(0, 0}t — B2

1
> —a %+ Ea'st — B2 | (19)

for 0 <t < 7. We can take € small so that the quadratic polynomlal Bot? —1a7%t+q72%
has the smallest positive zero less than T%. In fact, we can take £ > 0 small so that

o< Ea -6 (1 -12 4B"a‘2s")1/2
2B¢

Set &8 = m1n(51,a2) Then for each e € (0,¢§) the polynomial B%? — 1a=% + a2 has
two positive zeros t;° < 5 with t5° < T%. By (19),

v

< T¢.

((ﬁ)?pe”)(t, 0) > —(t — £%)(t — £2%) for t € [0, T9).

This implies
(57 )2 p%)(¢,0) > 0 for t € (t5°, min(T?, £59)).

This shows that [*?(t) = T[A%%(t, -)] loses its convexity for at least ¢ € (¢5°, min(T?, £57)).
The assertion t5° — 0 as ¢ — 0 follows from its definition. O
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6 Sketch of the proof of Theorem 3

In this section we sketch the proof of Theorem 3 only for the case m = 4. General idea
owes to the book of Lunardi [18]. The case m > 4 can be treated by a standard method
using difference quotients of the derivatives of p. This technique is found in Proposition
8.5.6 in [18].

To prove Theorem 3, we shall linearize (6) at initial data py(s) and apply the Banach
fixed point theorem to the linearized equation. First we rewrite (6) in local coordinates.
Let B € {1,---,3} be fixed and let s = V5" (ug) be in U C T, where ug = (ups - up™).
Set pg(t,ug) == p(t,v5 (ug)). We denote by Djpg any k-th order derivatives (not co-
variant derivatives) of pg with respect to the ug-coordinate. Then (6) can be written
as

805 = Fp(ug, ps, Dgpp, -+, Dpp), >0, ug € Uy = 93(Up). (20)
Here Fj has the following form:
1 4 ijkl 1 , 34/’[3
Fp(up, ps, Dgps,- -+, Dgpg) = —Af" (up,ps, Dspp) ERERER TN
. aapﬂ

+B9*(ug, pg, Dipg, D% pg) ——2
s (us, g Dpps, gpﬂ)aubaué o

+Cp(ug, ps; Dps, Dipg) in Up,

and Agkl, ng, Cjs are smooth in their arguments if p > 0. In particular, the coefficient
of the fourth order derivative is explicitly given by

Opp ?f’_ﬂ_)
dug Buf, '

AZ" (ug, ps, Dyps) = L5 (ps, dp)(L*wf (pg) — wi*(0s)wh (0s)

Hereafter, for simplicity of notatin we omit the index 3 and do not distinguish between
p(t, s) and ps(t,ug). In order to linearize (20) at initial data p, we set

3 o . | 9°
- ijkl 1 ijk 1 2
A AT 0 Do) i T B (o Do D) g
OF . L. &  OF . . .0
+5?{;(u7 pO’-D Po; )D pO)Bu"Buj + 9Xi (U,PO,D Po, 7D pO)aui

oF
+6_p(u’ po, D'po, -+, D*po)I,

where (p, X,Y) with p € R, X = (X*)1<i<n-1, ¥ = (Y¥)14;j <n_1 denotes the arguments
corresponding to (p, D'p, D?p) and I is the identity operator. Then it is straightforward
to check that A is a well-defined differential operator acting on scalar fields on ¥. For
positive parameters T and M and positive function py in C**4(X), we set

Rry = {reC' ([0, T] x 2); |Irllr < 2M,

. S _
B, o T(th8) 2mo/2, (0,5) = po(s) > 0 (s € )}

where my = min,cx po(s) and |7z = ”7'|lcl+a,4+4a([o’1"]x2). It is clear that Rr s is a
complete metric space endowed with the norm || - ||7. For a given r € Ry we consider
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the inhomogeneous linear equation of an unknown function p : [0,7] x ¥ — R of the
form:

{ pt = Ap + [F(u,r,D'r,--- , D*) — Ar], t€[0,T)], s€X, (21)

p(0,5) = po(s), s€Z.
Then we have the following existence result for (21).

Lemma 11 . Let T and M be positive constants and let r € Rrpy. Then for any
positive function py in C**42(X), (21) has a unique solution p in Cl+e #+42([0,T x x)
with p(0, s) = po(s) for s € ¥ satisfying

lollz < Culllpollcs+sa(m)lloollcstsas) + 1F (-, 7, - -+, D) — Arllr) (22)
with some positive constant C.(||po||ca+sa(x)).
Remark 12 . C.(M,) is nondecreasing in Mp.

For the proof of Lemma 11 it is sufficient to show that a realization of A in C(Z) is
sectorial in C(X). Once this is verified, we can derive Lemma 11 from the standard
theory for analytic semi-groups. We give the flow of the proof of Lemma 11 in Appendix.

Making use of Lemma 11, we prove Theorem 3.

Proof of Theorem 3. For r € Ry we define ®(r) = p, where p is the unique solution
of (21) establishd in Lemma 11. We shall show that ® has a unique fixed point in Ry
for suitablly chosen T and M depending on py. It is clear that every fixed point of ® in
Rr p is a solution of (6).

Claim: Ifr, 7 € RTM, then
HF("Ta o ) ATHT < ”F( 1y P05 " ,D4PO) - -APOHC‘*“(E)
+MK (M, ||pol|gs+sa(z)) T, (23)
|F(Cry- - D) = F(, 7y, D*F) — A(r — 7)|Ir
< K(M, ||pollgassa(s))T*||r — 7|z (24)

with some positive constant K (M, ||po|lcs+s=(x)) depending also on up to second derivatives
of F and K (M, My) is nondecreasing in M and M.

We show (23). Using the mean value theorem, we see
|\F(yr,---,D*) — Ar||r
oF
= ”F(, Pos" ", D4po) + a—p(, (1 - G)po + 97’, sy, (1 - 0)D4p0 + 9D4T)(T - po)

— AR (1= 8)po + 07, (1 — ) D py + 0D1r)———u9—)—

Outbui Ourou!
~(Apo + «4(7” — po))llr
< ||F( po; -+ D*py) — Apo|l ez
oF
+|[{ ( (1—8)po + 6r,---,(1 - 8)D*py + 6D*r) — —( po, -+, D%po) }(r — po)llr
+ 1 {A7¥ (., (1 — 8)po + 6r, (1 — ) D'py + 6D'r) — A”kl( *s P0y Dlpo)} .

. 84(T_p0) ”
Ouidui dukoul """
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with some 6 € [0, 1]. We assume that T is sufficiently small and we only give the estimates
of the C**®*-seminorm of the fourth order derivatives (the rest terms can be estimated
more easily):

- 84(1' — pO) ‘ N
A‘l]kl._— o« < DI_A_"Jkl . 2o
SR A g u c(0T) S r§;£M| |- M?T®,
-~ 64(7' — po) i .
Az]kl_'*____ - < DlAmkl M(M . e
o A G i Bwurguio ) < Sup | |- M(M + || pol|gorte(z) )T,

where
AR = AR (y, (1~ §)py + Or, (1 — 8) D pg + 6D'r) — A¥(y, po, D' py).
Also it is straightforward to check that

sup |D'AYM| < K(M, ||pol|ceries))

r€Rr, M

with some constant K (M, ||po||cs+4a(x)) nondecreasing in the two arguments. Thus we
have proved (23). One can show (24) in a similar way and Claim is proved.

It then follows from (22) and Claim that

lellr < Culllpollorraa(my) (llpoll carea(sy + IIF (s po, - -+, D*po) — Apo||ote(sy)
+Cu(|lpoll ga+4a(z) ) MK (M, || po|| a+4e(5)) T,
llo = Bllr < Culllpollcsta(s) mo) K (M, || pol|ca+ta(zy) T*||r — 7|z

Now we set

M = 2C,(llpollcs+s=(z))(llpollcstsaisy + 1 F' (-, po, -+, D*po) — Apollcua(s))

and take T be small so that

1 m
Cu(|lpoll ca+1e(z) ) K (M, || po| gty ) T < 3 and T < ﬁ

Then there hold )
lollr <2M, o pllr < slir — 7lir.

Moreover,

pt,s) = o(s)+ [ ool s)ar

> min po(s) = T|pell L= o.11xx)
my ) 1

> mp— —2.2M > =

= M= s 2™

for t € [0,T] and s € X. These ienqualities show that & is a contraction mapping from
Ry into itself. Thus, by the Banach fixed point theorem, we conclude that there exists

16



a unique fixed point p € Ry s of ® and this p is the desired solution of (6). The proof of
Theroem 3 is complete. ’ O

Appendix

Here we show the outline of the proof of Lemma 11.

Our purpose is to show that the realization of A in C(X), A, is sectorial. Once this is
verified, the standard theory for analytic semi-groups (for instance [18]) assures that A,
generates an analytic semi-group e*4< in C(Z) for ¢ > 0 by means of the Dunford integral
and (21) can be written to the integral equation

1
p(t) = e*epy + /0 et=4[F(u,r, D'r,---, D*) — Ar](r)dr in C(X)

for ¢ € [0,T]. This expression and the knowledges in [18] enables us to obtain the desired
results in Lemma 11. The dependence of C, on initial data po can be clarified by examining
the definition of e*4< and the resolvent estimates shown in the proof of Lemma 13 stated
below.

In order to show that the realization of A in C(X) is sectorial, we set

X. = C(%),
D.:={pe [ W™(I);Apc X.} C X,

1<g<oo

and define the operator A, by

A.: D, - X,
v = Ap.

Lemma 13 . The following two statements hold.

(i) Letp > n—1 be arbitrarily fized. Then there is an w = w(||po||cs+sa(s)) > 0, which is
nondecreasing in its argument, such that for any f € X, and Re\ > w the equation

Ap—Ap=f
has a unique solution ¢ € D,.

(i) There is a Kp = K(||po||cs+rsa(s)) > 0, which is nondecreasing in its argument, such
that

3
Z |>\|1_’/4||90||w:',°°(2) + |)\|("—1)/4p ilelg ||<P||W4m(B(s,1,\|—1/4)) < KpllAp — A<P”L°°(2)
Jj=0

for Rel > w and ¢ € D,. Here B(s,|A|7'/%) is a ball on T centered at s with radius
|)‘|—1/4.

Thus the set {A € C;Re)\ > w} is in the resolvent set of A, and consequently A, is
sectorial in X,.
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Outline of the proof of Lemma 13. The proof proceeds via three steps.
First step. The purpose of this step is to prove that the realization of A in L?(X) for
any fixed p € (1,00) is sectorial.
To do this we set
X, :=LP(Z), D,:=W*(%)
and define the operator A, by
A0 Dy — p
v = Ap.
Claim 1: The following two statements hold.

(1) There is an wp = wy(||pol|cs+sa(z)) > 0, which is nondecreasing in its argument, such
that for any f € X, and Re)\ > w, the equation

Ap-Ap=f
has a unique solution ¢ € D,. |

(if) There is an M, = My(||po||ca+4=(x)) > 0, which is nondecreasing in its argument,
such that

4
> A lgllwinmy < MpllAe — Apllis(s)
j=0

for ReA > w, and ¢ € Dy.
Thus {A € C;ReA > w,} is in the resolvent set of A, and consequently A, is sectorial in
X,
The proofs of (i) and (ii) are quite long but standard so they are omitted.

Seconf step. Next purpose is to show that the realization of A in L*®(Z) is sectorial. Set

Xoo = L®(X), :
Dy :={pe [ W(Z); Ap € X0} C Xo

1<g<oo
and define the operator A, by

Axw: Dy — X
v = Ap.
Claim 2: The following two statements hold.

(i) Let p > n — 1 be arbitrarily fixed. Then there is an weo = Woo(||00]lct+4a(gy) > 0,
which is nondecreasing in its argument, such that for any f € X and Rel > wqy
the equation

Ao —Ap=f

has a unique solution ¢ € D.
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(ii) There is a K = Kp(||po||ce+4=(x)) > 0, which is nondecreasing in its argument, such
that

3

S A A pllwieomy + AU/ SUP [l@llwes(p(ep-1r4)) < KpllAp — Apllz=(s)
=0

for ReA > wy and ¢ € Dy

Thus the set {A € C;Re) > wy} is in the resolvent set of Ay, and consequently Ay is
sectorial in X .

Claim 2 can be derived from Claim I by virtue of Sobolev embedding theorem
WP(E) c C*VP forp>n—1. (25)

We refer the reader to Chapter 3 in [18].

‘Step 3.
Claim 3: The following holds:

(the resolvent set of As) C (the resolvent set of A.). (26)

Once this is verified, then (26) together with Claim 2 as w = w., shows that A, is sectorial
in X.. ;

We show (26). Take any ) in the resolvent set of As,. Then for any f € C(X) C L®(X),
Ap — Ap = f has a unique solution ¢ € Dy. From the definition of D, it follows that
@ € WP(X) for p > n—1, and (25) implies ¢ € C(T). Thus Ap = Ap — f € C(Z). This
shows that ¢ € D,, which together with Claim 2 (ii) implies that A is in the resolvent set
of A.. Thus (26) is proved. The proof of Lemma 13 is complete. O
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