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L*-ESTIMATE OF FIRST-ORDER SPACE
DERIVATIVES OF STOKES FLOW IN A HALF SPACE

YASUYUKI SHIMIZU

Department of Mathematics, Hokkaido University, Sapporo 060, Japan

§1 Introduction

We consider the Stokes equation

(1.1) s — Au+ Vp = 0,divu = 0 in  x (0, c0),
U =1ug at t =0, |
u = 0 on 99 x (0, c0)

in a domain Q in R*(n > 2) with smooth boundary. Here v = (u!,...,u"™)
is unknown velocity field and p is unknown pressure field. Initial data
ug is assumed to satisfy a compatibility condition : divug = 0 in © and
the normal component of ug equals zero on 9. This system is a typi-
cal parabolic equation and it has several properties resembling the heat
equation.

Regularity-decay estimates like LP — L9 estimates are extensively stud-
ied especially for 1 < p,q < co as explained in Giga-Matsui-Shimizu [8].
We reproduce its explanation for reader’s convenience. If Q = R", v is
reduced to a solution of the heat equation with initial data ug because
there is no boundary condition. In this case regularity-decay estimate

(1.2) IVu()l, < Ct72|ugl, for t >0

The author is grateful to the referees for numerous expository suggestions on this
paper. He is also grateful to Professor Shin’ya Matsui for several valuable comments.
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2 YASUYUKI SHIMIZU

holds for all 1 < p < co with C independent of ¢ and ug, where

I = ([ 1o |de)1/p

and V denotes the gradient in space variables. If p = 2, the estimate (1.2)
is still valid for any domain. Indeed, since the Stokes operator A is self-
adjoint and nonnegative, the operator A generates an analytic semigroup
e~ *4. This yields

|42 A ug||s < Ct2 jug o

Since u = e *uy and ||AY2u|ls = ||Vullz, (1.2) follows for p = 2.(See
Borchers and Miyakawa [3] for applications.) For 1 < p < oo, (0.2) is
valid for bounded domains (Giga [7]) and for a half space (Ukai [14]). The
estimate (1.2) is also valid for exterior domain with n > 3, with extra
restriction 1 < p < n.(See Borchers and Miyakawa [2], Giga and Sohr [9],
Iwashita [11].)

However, few results are avaﬂable for p = 1 or p = oo in the case
where the boundary 002 of Q is nonempty. The main difficulty lies in the
fact that the projection associated with the Helmholtz decomposition
is not bounded in L' and L type spaces, because it involves singular
integral operators such as Riesz operators. In the case p = 1, Giga-
Matsui-Shimizu [8] showed (1.2) when  is a half-space by estimating
Ukai’s representation of solutions in Hardy space H! of Fefferman and
Stein ([6,13]).

In this paper, we prove (1.2) for p = oo where  is a half space
R} ={z = (21, -+ ,zn); 2, > 0}.

Theorem 1.1. Let u be the solution of the Stokes equation (1.1) in
0 =R} with initial data ug € L°°(R"), which satisfies divug = 0. Then
there is a constant C independent of ug such that

(1.3) IVu®)lleo < Ct2luollos

for all t > 07

Since the Helmholtz projection is not bounded in L! and L™, it seems
impossible to derive (1.3) from L'-estimate ||Vu(t)||y < Ct=1/2||uo||1 of
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[8] by duality arguement. Also, the method described in [8] does not
directly apply to get (1.3) since many terms in Ukai’s formula [14] have
singularities on the hyperplane {z,, = 0} when we estimate its derivatives
in L*° spaces.

A key idea of this paper is to rearrange Ukai’s formula for Vu by
modifying way of extension so that the terms involving the square root
of minus tangential Laplacian A have no singularities on {z,, = 0}. This
enables us to estimate all terms in L* following idea of [8]. Of course, we
should estimate terms involving singularities. However, since there are
no square root of the minus tangential Laplacian, we are able to estimate
these terms by estimating its integral kernels directly in L.

The proof of this theorem is divided in three sections. In section 2, we
rearrange the solution formula obtained by ukai [14]. We eliminate some
of these singularities in Ukai’s formula by modifying a way of extending
solutions v to {z, < 0}, so that the terms involving the square root
of minus tangential Laplacian A = (—A’)~1/2 have no singularities on
zn, = 0. In section 3, we estimate the terms which do not include A.
These terms involve singularities on {z, = 0}, but they can be estimated
in L by estimating the corresponding integral kernels directly in the
space L!. Finally, in section 4 we estimate the terms involving A. Since
these terms do not have singularities on {z, = 0}, one can estimate
the corresponding integral kernels in the Hardy space as in [8]. These
estimates then provide L!-estimates for integral kernels which are needed,
as in section 3, in estimating the terms in L*°.

§2 Solution formula

In this section, we deduce a new solution formula of (0.1). First, we fix
some notation. For an n-dimensional vector a, we denote the tangential
component (a1,...,a,—1) by o/ € R*71 50 that a = (a’,a,). We set
0; =90/0z; and let V' = (81, -+ ,0,—1). Hereafter, C denotes a positive
constant which may differ from one occasion to another.

Let F be the Fourier transform in R™: '

1O = [ sy,

and let f be the Fourier tranform of f with respect to the tangential
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variables z’:

fiehan = [ e @ m)is'

The Riesz operators R; (j =1,...,n), and the operator A are defined
by

F(R;1)(E) = %’Ff(é),

F(AF)E) = 1E'1F£(€)

amd we set R’ = (Ry,.. .,Rn;l).
We also define the operator FE(t) and F'(t) by

E@) fl(z) = | {Gilz—vy)— Gz’ =y 20 +ya)} fy)dy,

Ry
[F®)fl(z) = | {Gilz—y)+Gi(z' — ', 20 +yn)} f(y)dy,

Ry

where G is the Gauss kernel Gy(z) = (47t)~"/2¢~1eI*/4t Fyrthermore,
we define the operator F, (t) by

[E(t) fl(x) for z, > 0,

B+ () fl(z) = { [E(t)fl(¢',—z,) for z, < 0.

Note that z = E(t)f (resp. F(t)f) solves the heat equation in R”} with
zero-Dirichlet (resp. zero-Neumann) boundary condition;

ze — Az =01in R} x (0,T),
zlt:O = fa

2|z, =0 = 0. (resp. Op 2|z, —0 = 0.)

Now we are ready to show the new formula.
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Theorem 2.1. Assume that uo is in LP(R}), 1 < p < oo and satisfies
divug = 0. Then the function

(2.1a)
u™(t) = — A(=A)"IV' - BE(t)up + 0n(—A) IV - By (t)uf
+ (=A)TTA'EL (t)ug — 0n(—A) TTAE()ug,
(2.1b)
u'(t) =E(t)ug + ATV E(t)ud
+ V' (=AY HV' - Ef()ug} — On (=AY TATIV{V' - E(t)up}
— V' (=A)"HAE@)ud} + 0n(=A) V' EL (t)ud
satisfies (1.1) in Q =R},
Proof. From (1.1) we get Ap'= 0 so that

(82 - [€'1*)p = 0.

Solving this under the additional condition that p — 0 as z, — oo, we
have p(z,) = C(£")e~ €12~ So p satisfies

(2.2) (0 +1€/)p = 0.
We next introduce the function v™ by
(2.3) 5 = (9 + €/

Then we have

(2.4a) vy — Av™ =0 1in (0,00) x R™,
(2.4b) V" |t=0 = (On + A)u™

= -V’ gy + Aug,
(2.4c.) Vg, =0 =0

Solving this gives

(2.5) V" == V' E@t)uy + AE(t)ud
=V + Vs.
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Inserting this in the left-hand side of (2.3) and solving the resulting
equation gives

(2.6) a" =/0 e~ IE @ —v)gm (¢! gV dyn

=/ n 6——|€’|((l}p_yn)‘}1(§l’yn)dyn
0

+/ eI =v) Y, (¢ yn)dyn
0 .

Here, we consider the following two kinds of extensions of the functions
Uk (k= 1,2) from R} to R™:

g _ Uk(xn) (z, > 0),
Un(en) = { Un(=2z2) (22 < 0),

T { (jk(xn) (xn > 0),
_[jk("wn) (zn <0),

and set

?I_—'_\_n =U1_|_ + UQ.__,

’Lf_\_l_n =U1_ + U2+.
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Since [Ff](¢) = [T e~%non f(¢ 2,)dTy, we have

e Uy (€, n)dn

“+ oo
—00
+
400 ' Tn ; ~
/ e_zénmn / e_|§ |(mn—yn)vk<£,’yn)d’yndxn
0 0 '

+o0o , R ~+o0 o
el€lun Vk(ﬁ',yn)/ e(—1€ [+n)zn dZndyn

n

FUrt(§) =

/ eif”“’"/ eI I (¢ ) dyadas
0 0 _

+

J

too . +oo S
N / IV, (e ) / (1€ 1= i)en g g0
0 : Yn

|1+ it
€2

LS ||§—I;£n /0 e~ HnIn Vi (&, yn ) dyn
zfn |

+m . ~
/ eénvn Vi (ﬁla yn)dyn
0

_gl

T —FVi_(§),

and, similary,

FU,_(€) = 'fgl'fv (&) - Zé’ffm(f)

where

Vie(z,) for z,, > 0,
Vi(=z,) for z, <0,
Vie(zr) for z, > 0,
~Vi(—2z,) for z, <O0.

Vit (@n) = {
Vi—(zn) = {



8 : YASUYUKI SHIMIZU

We note that E(¢)f is odd in z,. Direct calculation gives
(2.7a)
uy_ == A=AV B (Hug + 0 (=A) TV - B()ug
T (—A) A B(b)ug — 0y(~A) AL (Hul,
(2.7b)
uw” L == A=AV E(t)ug + 0 (—A) IV - By (H)ug
+ (=A)TTA'EL (H)ud — 0, (=A)TLAE(H)ud.
The formula (2.7b) proves (2.1a). We shall use u, _ later on. To get the

desired formula (2.1b) for u', we set o' = 4’ + T%f,h’l?l“. Then

A Al Z‘él ~
’U; =Uy + —l /| ’U;;L

—(_|¢12 82A/

(J€'| 4+ On)p
=(—|¢']> + 82)%",

hence vy — Av' = 0 in R™. We also have the initial condition v'|;—¢ =
ug + V'A7'u? and the boundary condition v'|, —¢ = 0. Solving these
gives v' = E(t)ug + V'A~'ug, and

(2.8) u' = E(t)uy + V' A7 ul — V' A7 Tu™,

Putting 4™ = «%_ in (2.7a) and computing operators, we obtain the
desired formula. O

Remark. Ukai[14] used the zero-extension operator e, that is, ef = f for
Zn > 0 and ef = 0 for z, < 0 when extending the function g in (2.6)
from R? over R™. Using this extension, we have the following formula:

(2.9a)
u"(t) = = A(=A)TIV - eE(t)uy + 0, (=A) IV - e E(t)ul
+ (=A)TAeE(t)ud — 0, (=A) "t AeE(t)ul,
(2.9b)
u'(t) =E(t)ug + A"V E(t)ud
+ V(=AY V" eE(t)up} — On(—A)TATIV{V - eE(t)uh}
— V' (=A)"HAeE[)ud} + 0n(—A) IV eE(t)ul
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In this formula, the terms involving A contain singularities on the bound-
ary which will cause difficulties in estimating the solutions in L. See
section 4 for more details.

We now deduce our desired formula for the function Vu. Noting that
divug = 0 and R; = 9,;(—A)~!, we have the following theorem:

Theorem 2.2. Let u is the function in Theorem 2.1. Then

(2.10a)
dju™ =— R;R - AE(t)ug + R; R, V' - E (t)ug
+ R;R -V'E, (t)uy — R; R, AE(t)uy,
(2.10b)
dju' =8; E(t)ug + w;
+ R;R'{V' - E;(t)ug} — RjR, ATV {V' - E(t)uy}
— R;R{AE(t)uy} + R; R, V'E, (t)uy, |

where

A=10,' B(t)u <n,
(2.10¢) wj = { j (t)ug forj <mn

ATV E(t)uh}  for j =n.

Note that the terms containing A do not contain E, (which has sin-
gularities at x, = 0).

§3 Estimates of solutions

In this section, we estimate the term without A. Note that 0; E(t)uj =
0;Gy) * Uy, where f is the odd extension of f with respect to z,, that
J

is,
F f(xlaxn) for Zn >0,
Fay={ 1
—f(2',—z,) for z, <O.
So the estimate of this term is easily obtained by Young’s theorem:
(3.1) .
HajE(t)vu{)“Lw(R’_’;_) <05 Gellprrny 190" || Lo ) < Ct™2||ug|| oo ().

Next we estimate the term R; Rix8; E (t)ug. By the definition of E_ (t),
we have E (t)ug(z) = x+(z)[E(t)uo](z) — x—(z)[E(t) f](z), where x4 is
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defined as
1 forz, >0,
3.2 ) =
(3:2) , X+ (@n) {O for z,, <0,
X—(mn) =1- X+<33n)~
So we have
(3.3)

R; R0, E, (t)uo(z) =/ Uo(Y) Re; Ry O, (X4 (24)Ge (2, y))dy

kel

— /n o (Y) Re; Ray, 0, (X—(20)Ge(z, y))dy,

where Gi(z,y) = Gi(z — y).
To estimate (3.3) in L°°, we have only to estimate the integral kernel
Ry, Ry, Op, (X£(24)Ge(,y)) in the space L' of function of y.

Lemma 3.1. Assume that 1 <i<n—1,1< 74,k <n, and the function
f is in L (R). Then

(34)  |[Bo; Ro, 0, (f(2a)Gi(z, Nlzr@ny < CLV2||fl| 1o (m)

with C independent of x.

Proof. 1t suffices to show (3.4) for ¢ = 1. Indeed, setting z = t/2X and
y = t/2Y | we then obtain

(3.5)

Rﬂ?j kaamz (f(iUn)Gt(.CC, y)) - t_(n+1)/2RXj RXk 8Xi (f(tl/QXn)Gl (X) Y))

and ||f(t*/2))||z~ = ||f|lz. Moreover we may assume j # n, because
if j = k = n, then we can reduce the problem to the j; # n, using
ZZ:]. Rgz = —1I.

Note that R; Ry = 0;0r(—A)~"! and the integral kernel of 9 (—A)~"
is cpzr|z|™™. So we have
(3.6)

Ry; Ry Oy, (f(z2)G1 (m, y)) = Cna:viamj /

ZE T p(2n)Galz,y)de.

n Ix_ZIn
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Let 1)1 be a smooth function in R®~! such that 0 < 9; < 1, supp ¥ C
{lz] <1}, and 1]jzj<1/2 = 1. Set ¥ =1 —¢)1. Then

(3-7) _lng Ry, 0z, (f(mn)Gl(m v))
0., [ PEEIEZE 06y

R Y [CRIHERILE
:Il<may)+12($7y)'

The estimate of I;: Recalling that 7,7 # n, we have

A = [ {2 fn - )

{(fﬁz — Y - wi)i“j — Y5 — W) — %]—} Gi(z — w,y)dw,

where 6;; is Kronecker’s delta.

Recalling [z —y —w|<|z—y|+1land |z -y —w|? > |z —y|?/2 -1
hold for |w| < 1, we get
(3.9)

L(z,9)| < C / |~ £ (2, — wa)| {(J& — y] + 1)% + 1)

lw|<1

2
C(lz — y)* + 1)e” =93 f|| oo my
and obtain ||Il(.’17, ')”Ll(Rn) < CHf“Loo(R)
The estimate of I5: We have

(3.10) Z o — 2) f(2,)G1(z,y)dz

= Z Ja(x7y))
a=0
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where
(3.11a)
Ko(z) :xk(ailijl?)(m),
(3.11b)
K@) = (2 =070 ) 0u)@) + (2 =0 22 ) (0,00)(0)
(3.11c)
K(z) =n {(n n 2)T;T:f4k ik +|ik|:ﬁz+ bijTh } bo(x).

Noting that suppV¢s C 1/2 < |z| < 1, we can estimate J,(a = 0,1) as
in the case of I, to obtain

(3.12)
Talaw)l <C [ & = 2|7 £ () |G (2 0)
1/2<o2]<1
:C’/ : |w|_“_°‘+1|f(xn — wy)|G1(z — w, y)dw
1/2<]w|<1

<C(jx — y[? + 1)e~ 1248 £l poo (my.

To estimate the term Jo, we use the inequality |z — y|' < Ci(|z — 2| +
|z —y|") for I > 0. Assuming that 0 <! < n + 1, we have

(3.13)
a2, )| < C / 1 — 2|7 £ (20)|Ga (2, y)de

lo—z]>1/2
<cC / 2 =y (Jz = 27 + |z — 2]z — gl
le—z|>1/2
£ (z)[Ga (2, ) d2
< Clz = y|™ I fllzom)
S S RO TR
lo—z|>1/2

< Clz =y | fllzw),
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hence

C
|z —y[**t + 1

(3.14) | J2(z, y)| < £l 2o w)-

Combining the estimates for Ja(oz = 0,1,2), we obtain || Iz(z,)|| 1 (&r) <
C|| fllzeew)- Collecting the estimates of I; and I, completes the proof of
Lemma 3.1. O

Using Lemma 3.1, we obtain the estimate of (3.1):

(3.15) | Rj RiO; By (¢)uol| poo (rr)
<[l zo= @n) | Re; RayoOas (x4 (£2) G (2, )| 1.
+|%o || oo @) | Ra; Ry, Oi (X—(Tn) Gz, )| L1 ()
S||uo||'Loo(1R1)Ct_1/2 lIx+

| oo (m)
+”u0||L°°(R’_|*_)Ct_1/2”X~ | oo ()
SCt_1/2 ||U0||Loo(Rr_’L_) .

§4 Application of Hardy space theory

Finally, we estimate the term R;Ri0,0; A" E(t)ug (1 < h,i < n —1,
1 < j,k <mn). Since we have
(4.1)

RijahaiA—lE(t)UO (33) = / EO(y)ij Rmk 837h amzAgth (CC, ’y)dy,

ke

we need to show
(4.2) |Re; Ray, 02y, 02, A P Gi(, )| prmny < CEH2,

In this section we prove (4.2) with the aid of the theory of Hardy space
H!. First, we recall the definition of H!.

Definition 4.1. A function f € L!(R"™) belongs to the Hardy space
HE = HU(R) if |

(4.3 FH(@) = sup |G, = f(2)| € L'(R™),
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where the symbol * denotes the convolution with respect to the space
variable . The norm of f € H'(R") is defined by

(4.4) 1A llzr = 1 Ml ey

It is known ([6,13]) that anL!-function f is in H! if and only if all its
Riesz transforms R;f are in L' (R™) and that

(4.5) | fll# = ”f”Ll(Rn) +’Z ”ij”Ll(Rn) (equivalent norm).
j=1

We denote by ||| - |||z the operator-norm of R; in 1.
Since G:(z,y) = Gi(y,z), we have

(4.6) Ry, Ry, 0z),0a; A Gy (xv y) = Ry, Ry, 0y, 8yiA;1Gt (z,9)
and
(4.7) ||Ryj RykayhayiA';th(m? Mz

8y, 0y AT Gy(m, Y2

Yitty

< HIR;lllz 1| Bj ][0
So we have only to show that 9y, 8,, A;*Gy(z — ) is in H' as a function
of y.
Remark. Using the formula obtained by Ukai[14], we have

(4.8) R; Ridh8;A~ e E(t)uo ()

_ / o (y) R, Ra, Oy Do AZH0(0) G (2, )}y,

where 0 is the Heaviside function, that is, § = 1 for =, > 0 and 8 = 0 for
zn < 0. Since 8(z,)G¢(z — y) is not symmetric with the respect to 2 and
Yy, we cannot change the operator R, to R, and so we have to estimate
(4.8) directly.

The following is our key lemma, for estimating 9;0;, A~1G; in the space
HL.
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Lemma 4.1. [8] Assume that real parameters | and m satisfy 0 <1< n
andm > 0. Then there exists a constant C = Cy , which does not depend
on x € R™ and t > 0 such that

(4.9) 10;0,A71Gy ()| < CtHm—n=1)/213 |~ g, |~
for1 <, k<n—1 withn >3,
(4.10) AGy(z)] < CttHEmr= 2140 g, |7
with n > 2.

~ Proof. The proof is given in [8], but we will reproduce the proof for
reader’s convenience. Note that the operator A~! is equal to (—A’)~1/2

—1/2
= (— ry 8,%) , s0 the integral kernel of A=! is ¢, |z/|~"*2 for n > 3,
where c,, is some positive constant. Therefore we have

(4.11) 0;0,A™1Gy(z) = cn(’?j@k/ lz' — |72 Gy (v, 0 ) dy
Rn—1

Set z = t'/22z to get
03,00, AT Gy (z) = t7(mT/29, 9, AT1Gy(2).
So it is sufficient to show (4.9) for ¢t = 1, i.e.
(4.12) 10,0, A" G1(2)] < C|2'|7Ham|™™.
In fact, if (4.12) is valid, then we have
102,00, A7 Gy ()| = ¢~ (D219, 9, A71G1 ()]
< Ot | g,
— Ct(l+m—n—1)/2lm/|——lIxnl—m
for any t > 0.

Let 91 be a smooth function in R®~! such that 0 < ¢ < 1, supp. W C
{I2'| £ 1}, and 91]j/|<1/2 = 1. Set 9 =1 — 4)1. Then

(4.13) |

— C . 22 | Z/'— ! 1.2
3]3kA 1Gl(z) = (47r)n/26 n/4{8]8k \/Rn_1 fﬁ_}(:yl_?g_%e 1’| /4dyl

+ 8;0, Yol ~y) y’)'e—'y'lz/‘*dy'}
J Rn—1 |Z’ _ ylln—2

= Ce /{1 (2') + (2')}.
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We first estimate I;. We have

(414) Il(zl) — 8]'8]9/ ¢1(y)2 — |2 —y'|? /4d !
i< 1Y']"

= /I ————w,ll(n_)z K;r(2' =y )dy,
y | ‘

1<1 |y

where 5
23Rk e\ —|2)2
&Aﬂ=(ﬁ——%)eH“

and 6, is Kronecker’s delta. since |2/ —y'| < |2/| +1 and |2/ — ¢'|? >

|2'12/2 — 1 if |y| < 1, we get

. ZI +1 2 1 e
IKJak(zI_y,)l S {lel_)+§}e (l I 2)/8

1/4
=————{ (2’| + 1) +2}e”|z’/8
< clZ|

Hence we have
1 _
l[l(z’)l < C/ly/l<1 le/| ldyl
S C|zll——l

We next estimate Io. We have

(4.15)

’1—2(2,/) — ‘/Rn—l (a 8k¢2)( I _ I)e_'y,|2/4dy,

2! —y' |2 -
—(m — _ —1y'1?/
n z>{/Rn_<Jw2><z y)i ety
_| ,
G R e
+ w2(z/ _ y/)Lj,k(Zl . y/)e—ly’lz/éldy/

= J1(2') — (n — 1) J2(2") + J3(2"),
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where

=i )

Since the support of the derivatives of ¢, are included in 1/2 < |z] < 1,
we can estimate J; and J; as in the case of Iy:

(4.16)
g . ! , )12
|‘]1(ZI)| = / (8381‘;,(&2_)2(3/ )e_lz —'] /4dy"
Jiegyice 1Y |
<19l | L (s gy
1/2<ly 1< 191" |
< Cl|7,
(4.17) |
' ' 1 "2
|J2(2")] < [|[Vbalpee / e e~ (17 P=2)/8 41
1/2<ly 1<t 1V

<cClZ|.

To estimate the term J3, we use the inequality |2'|' < Ci(|2' —¥'|' +|¢'|").
Since |Ljx(2')] < r=Spr, we get

(4.18)
T <ol [

|2 —y'|>1/2

2 =) 4 '[! €_|y'12/4tdy/
|zl_ylln Izl_yl|n

< Olzll-—l/ (2l-n + 2”]y'll')e—|y'l2/4dy'
| |2’ —y’|>1/2
= C|'|7%
Combining (4.16)-(4.18) gives |I(2')] < C|7'|~" and

4.19 80, A" G4 (2)] < Ce®n/4|Z! |~
J

< Gl fzal ™.

This proves (4.12) for n > 3.



18 YASUYUKI SHIMIZU

The estimate (4.10) for n > 3 is easily obtained by applying (4.9),
since :

A= (=M = (83 +--- &% )A N

Finally, we show (4.10) for n = 2. Note that A is equal to |01] = 01.57.
So we have | |

1 1
oy bad ]_. _ - .
817T i S Gi(z1 — Y1, 22)dy1

(See Torchinsky [13], p.266.) Integrating by parts, we get

1 o)
/ —Gi(z1 — 1, 22)dyr = [log |y1|Ge(z1 — y17332)]
ly1|>e Y1 €

—€

+ [108 ly1 |G (z1 — y1,562)]

—/ log |y1|3y1Gt(331 - y1a372)dyl
|ly1|>e€

= loge(Gt(xl +€,29) — Gy(z1 — 6,.’132))

a’; —
+/ log |y | S Gi(z1 — y1,22)dys -
I,y1|>€ 2t L

Letting ¢ | 0, we get

1 ° 1 —
(421) AGt(.’B) = ;81 / log |y1| L ) 1 Gt(.’l’,'l - yl,xg)dyl.

Set z = t1/2z and y = t1/2w. Then we have

1 S
(AG)(z) = =77, / (log [ws | + log /%)

21 — Wy
2t1/2

= t73/2(AG1)(2).

t71Gy (21 — w1, wz)tl/zdwi
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So it is sufficient to show (4.10) for ¢ = 1. Letting ¢t = 1 in (4.21), we
have

(4.22)
11 _,2 21 — Yl (z7—y1)?
AGH(2) = L L —23/ag / 1 (21-1)2/4
O e R A e dys
+/ log [y | 22— 6-(z1_y1)2/4dy1}
ly1[>1 2
1
= z¢ A n(=) + B(=).

 We first estimate I;. We have |

12

1
1/ 21—
1

5 )6_(z1_y1)2/4d’y1-

In the same way as in the case n > 3, we obtain

(4.23)

1 [t | zi|+1)2\ 1?1
Bl < g [ logluli(+ L) -4ty
1

< O(1+ |21 |?)e 171 /8,

To estimate I, we integrate it by parts and get

+ o0

() = o [logln e~ -]

+ [log |y1|e_(zl_y1)2/4]

—o0

_ / ie—(zl—y1>2/4dyl}
ly1|>1 Yy

= / LA gy,
ly1|>1 Y1 2

_ ()4 _ (1024 / Lo gy,
Jlyi>1 Y1

We set w1 = 21 — y1 and obtain

Iy(z) = e~(z1+1j2/4 — e~z +/ =

a2
—e wi/4 dayy .
s —w|>1 (21 — w1)
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Using |21]' < C(|z1 — w1 |' + |w1]'), we obtain

(4.24)
|IQ(Z]_)| < Ie—(zl+1)2/4| + Ie—(z1—1)2/4|
1 l
+ C/ 7 <|Z1 — w72+ lw—1|2> e 1wl /4 gy,
|21—wi|>1 |21] ' - w]?
< Ole|™

since [ < 2 and so |27 — w;|'"2 < 1. Combining (4.23) and (4.24) gives
(4.10) forn =2. forn=2. O

Now we are ready to show the key lemma for the main theorém.

Lemma 4.2. Assume that 1 < j,k <n—1. Then |

(4'25) HayhayiA;,th(x) ')”’H1 < Ct=1/2,

Proof. Note that G * (9y, 8y, Ay Gi(x,9))(y) = 8y,0y,A; Geye(z,y).
Using Lemma 4.1, we have

(4.26)
10y, 0y, Ay Gase (2,9)] SC(s + )TV 2)0! — g [Ty, — |7
Sct(l+m_n_1)/2l$/ _ yll—llxn _ ynl—.m,

where [ and m satisfy the assumption in Lemma 4.1. Therefore we obtain

(4.27)
”ayhayiijth(x: y)”’)—(;
4 .
<Y Gttt/ / 2" = 3|7 |z — yal "™ dy,
k=1 Qk

where

O = {lg’ —y/| <2, |20 — ya| < /2,
Qy = {la’ = | > "%, |z — ya| < £1/7},
Qs = {|z’ —¢'| <%, |&n — yul > ¢1/7},
Qq = {|z' —¢'| > t'/2, |Tn — Y| > tl/z}.
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We estimate the integrals on the right-hand side of (4.27), taking | =
m=0fork=1,l=n,m=0fork=2,1=0,m=2for k=3 and
l=n—1/2, m=3/2for k =4, to find that the integrals of (4.27) are all
bounded above by a constant multiple of t='/2, This proves (4.25). O

Recalling || f]lzr < ||f]l#: and using Lemma 4.2, we have

(4.28)

IR Rednd; A" E(t)uo|| Lo ()
<|ltol| Lo (rn) | Re; Rery, Oy, O, G, )| L1 (mem)
<|luol Lo mr) | Ry; Ry, Oyy, Oy, Go (2, )| 241 (mm)
<lluoll oo ®e) || R[22 [|| Bi|l |72 |0y, Oys Gi (2, )2 )
SCt_l/QHUOHLoo(Rg)-

Combining the estimate in (3.15) and (4.28), we obtain the desired

estimate:

10.

IVullpoeny < CE2|ug|| oo ()
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