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Abstract. Let L2 = L?(D,rdrdf/7) be the Lebesgue space on the open unit disc
and L? = L? N Hol(D) be the Bergman space. Let P be the orthogonal projection of L2
onto L2 and let @ be the orthogonal projection onto f,:,o ={geL?; ge L%, 4(0) =0}.
Then I—P > Q. The big Hankel operator and the small Hankel operator on L? are defined
as the following : For ¢ in L*, H;9(f) = (I — P)(¢f) and H{™(f) = Q(4f) (f € L?).
In this paper, the finite rank intermediate Hankel operators between H gig and H, ;"“‘” are
studied. We are working on the more general space, that is, the weighted Bergman space.



§1. Introduction

Let D be the open unit disc in C and dp the finite positive Borel measure on D.
Let L? = L?*(u) = L*(D,du) and Hol(D) be the set of all holomorphic functions on D.
The weighted Bergman space L2 = L2(u) is the intersection of L? and Hol(D). In general,
L2 is not closed. In [6, Theorem 8], when (supp ) N D is a uniqueness set for Hol(D),
the first author and M.Yamada gave a necessary and sufficient condition for that L? is
closed. Throughout this paper, we assume that L? is closed. When dy = rdrdf/=, L? is
the usual Bergman space.

For p such that L2(u) is closed, when M is the closed subspace of L%(u) and
zM C M, M is called an invariant subspace. Suppose M 2 zLZ. PM denotes the
orthogonal projection from L? onto M. For ¢ in L® = L*®(u) = L*(D, dy), the inter-
mediate Hankel operator H. ;,M is defined by

HY'f = (I- PM)(6f) (f € I2).

When M = L2, H} is called a big Hankel operator H ;ig and when M = (El—}z)l, HM is
called a small Hankel operator H, ;m“”. Note that Hé‘f’ is called a little Hankel operator
when M = (L})*, '

For arbitrary symbol ¢ in L, in the case of du = rdrdf/=, both Hg'g and
H ;m“” were studied when they are compact operators or Schatten class operators (see

12]). However it seems to have not been studied when they are finite rank operators.
r ey
When ¢ is in L2, it is known (see [12, p155]) that if Hz’g is a finite rank operator then

H :fg =0 and if ¢ is a polynomial then H ;’""” is a finite rank operator. In this paper, for

arbitrary symbol ¢ in L*® we show that if H, 5,"9 is a finite rank operator then H zig =0,
and we study when H;"‘“" is a finite rank operator. In fact, we study such problems
for the intermediate Hankel operators H}! on the weighted Bergman space LZ(y). In
[2],[7],[9] and [10], intermediate Hankel operators were studied in special weights, du =
(a+1)(1 = r?)*rdrdf/x for —~1 < a < oo. In particular, E.Strose [9] studied finite rank
intermediate Hankel operators.

Let du = do(r)dd be a Borel measure on D where do(r) is a positive measure
on [0,1) with do([0,1)) = 1/27 and d is the Lebesgue measure on dD. L2(y) is closed
if do([t,1)) > 0 for any ¢t > 0 (see [6]). For this type measures, it is possible to study
more precisely the intermediate Hankel operators. In fact, L? has the following orthogonal

decomposition :
= o]

2=y @ L2

j=—o0

where £2 = L%(do) = L*([0,1),do). Set

o0
H2 = E &) [:261‘19,
j=0
then L2 c H? C (zLj)l and L? = H? @ e~ *H>. If M = H?, it is easy comparatively
to determine finite rank Hankel operators H. 3‘4 and we can do it completely in Section 5.
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We can expect that H is close to H}? in case M C H? (see Section 5) and H is close
to Hi™! in case M D H? (see Sectlon 6).

In Section 2, we will describe an invariant subspace in L? whose cod1mens1on is
of finite. Moreover we will show that there does not exist an invariant subspace which
contains L2 properly and in which L2 is of finite codimension. We will also give a lot
of examples of invariant subspaces which contain L2 and in which Hankel operators will
studied in this paper. In Section 3, we will describe finite rank intermediate Hankel
operators for arbitrary measure p such that LZ(u) is closed. Moreover we will show
that there does not exist any nonzero finite rank Hankel operators H d,'g and there exists
a nonzero finite rank Hankel operator Hj small  In fact, we will give two necessary and
sufficient conditions for that if Hy M is of finite rank < ¢ then H = 0. In Sections
3,4 and 5 we will use the Fourier coeﬁicxents {M;}2_ o of M and so we will assume
du = do(r)df. Using the Fourier coefficients of ¢ a.nd M, we will give a necessary and
sufficient condition for that H}! is of finite rank < £. Assuming that ¢ is a harmonic
function, we can get a better necessary and sufficient condition. When M C H2, using
the Fourier coefficients {M }22 oo We will give a necessary condition and a sufficient
condition for that if Hy M is of finite rank < £ then Hy M = 0. Two conditions are very
similar but are a little dlfferent Applications will be given to examples in Section 2.

§2. Invariant subspaces

In this section, we assume that du = do(r)df and do([t,1)) > 0 for any t > 0,
except Propositions 1 and 2. For our purpose, the invariant subspace M must contain zL?2
but ker H}* is an invariant subspace in L2. If H}" is of finite rank, then the codlmensmn
of ker Hy M in L? is finite. In order to study ﬁmte rank 1ntermed1ate Hankel operators,
we need the generahzatlon of a result of S.Axler and P.Bourdon [1] which determins
finite codimensional invariant subspaces in L? when du = rdrdf/x. In the following
Propositions 1 and 2, the measure p is an arbitrary finite positive Borel measure such
that L2 is closed and (supppu) N D is a uniqueness set for Hol(D). Since H?* N L™ is an
extended weak-*Dirichlet algebra in L*°, Proposition 4 is a corollary of [4, Theorem 1].
We will give several examples of invariant subspaces which contain zL2.

Proposition 1. Suppose M is an invariant subspace in L2 and £ is a positive
integer. The codimension of M in L? is £ if and only if M = qL? where ¢ = H§=1(Z —aj)
anda; €D (1<j5<4).

Proof. The proof is almost parallel to that in [1, Theorem 1]. We will give a
sketch of it. Suppose M* = L2 © M and dim M* = £. Put

S.f = P(zf) (f € M)



‘where P is an orthogonal projection. Since £ < oo, there exists an analytic polynomial b
such that b(S,) = Sy(;) = 0 and the degree of b is less than equal to £. Hence ML C M
and so bL2 C M. We will show that the zeros of b are only in D and the degree of b = £.
Then M = bL2. It is clear that the degree of b = £. In this direction, we needed not the
condition such that (suppu) N D is a uniqueness set.

Ifa ¢ D, (z—a)L? is dense in L2. For, assuming a > 1 and so @ = 1 without a
loss of generahty, if € > 0 then (z — 1)L2 = (z — 1){z — (1 + €)}~'L2. For any f € L2, it
is easy to see that

s~ P =0 (-0,
This implies that (z — 1)LZ is dense in L2. Thus all zeros of b must be in D. The ‘if’ part
is clear because any point a € D gives a bounded evaluation functional. Here we used
the condition such that (suppu) N D is a uniqueness set (see [6, (1) of Theorem 8]).

Proposition 2. Suppose that (z — a)™! does not belong to L? for each a € D.
If M is an invariant subspace which contains L2 properly, then the codimension of L? in
M is infinite.

Proof. If dimM © L2 = £ < oo, by the proof of Proposition 1, there exists a
polynomial b = HJ=1(Z — a;) such that bM C L2 and a; € D (1 < j < £). Hence there
exists a function ¢ in M such that ¢ ¢ L2 and g = b¢ € L2. If g(ax) # 0 for some &,
then g/(z — ax) = ¢11;2(z — a;) can not belong to L? because (z — a;)~* ¢ L?. Hence
g(a;) = 0 for any j. By [6, the proof in (1) of Theorem 8], g € bL? and so ¢ = g/b belongs
to L2. This contradiction implies that dim M © L? = co.

For an invariant subspace M, set

o0

Mi={f;ieL?; feM, f(z)= 3 fi(r)e”}.

j==—o0

Then M; is a subspace in £?, rM; C M, and hence dim M,;, > dim M;. We call
{M;}2_,, the Fourier coefficients of M. M;e*® may not belong to M. If M;e* belongs
to M for any j, then M has the following decomposition :

M= 3 @& M.

j=—o0

This decomposition is called the Fourier decomposition of M. In general, M does not
have the Fourier decomposition but we can get an extension M of M which has the
Fourier decomposition :

~ w ..
M= > @ (closure of M;)e’.

j=—oo



Proposition 3. If M is an invariant subspace which contains L? and e M C
M, then M = xggH? @ xg-L* where xg is a characteristic function in L* and q is a
o0

unimodular function in H2. Hence M D H2. If (e M = {0} then M = gH?.
j=0

Proof. Suppose So = M © €M, then M = (X520 ®Soe'?) & M_,, where
M_o = ﬂeijaM, and rSp C Sp because rM; C M;,,. It is well known that M_, =

i=0
xcL? for a characteristic function xr of some measurable subset in D. Put E = G° then
there exists a function f in Sy such that

|f|]|>0on E and f=0 on F.

Since f is orthogonal to fe'? for all j > 0. |f|? belongs to £* = L(do) = L*([0,1),do)
and so |f| belongs to £2. Hence xg belongs to £2. Set

; re¥ re’ i
F(re’9)={ f( € )/]!f( )l lf ; i g

, then F' is a unimodular function in L2. Since rSy C Sy, we can show that xel" belongs
to Sp and so So = xeFL?. Hence M © My, = xgFH?. Since 1 € M, xgF € H? and
q = F belongs to H?.

Example

(I) For 0 < < 1, put
Ts = span{z"z™ ; fn > m > 0}.

Then Tj is an invariant subspace and T 2 L2. Put Ty = L2 for 8 = 0 and T = H?
for 8 = 1. In general, L2 C Ts C H? and T5(0 < B < 1) has the following Fourier
decomposition :
To=). © (Tp);e”’
j=0

where (T3); = span{rip;(r?) ; p; is a polynomial of degree at most 8j/1 — 3}. S.Janson
and R.Rochberg [2] studied H3* when M = (T's)*. Then (Ts)* = ¢’H? & ¥, & {L?©S
(Tp)iye™°.

(II) For k > 0, put
EF = span{z™z" ; m = 0,1,---,k; n = m,m + 1,---}. E* is an invariant
subspace and L2 C E* C H?. E* has the following Fourier decomposition :

EF =Y @ (B

j=0



where (E*); = span{ri,---,ri*%*}. E.Strose [9] studied H}' when M = (E¥)L. Then
(Ek)L — 610H2 @ z]_o D {£2 o (Ek) }6—1_70

(III) Fix a polynomial p of degree k, that is, p = Zf=0 a;z’. Put
Y(p) = span{z",z"p; n 2 0, m > 0}

and : .
Y*=3span{'z ; £>0,0<j <k}

Both Y'(p) and Y* are invariant subspaces and L2 C Y(p) C Y*, and Y* has the following
Fourier decompositon :

Ve 6 (e
j=—k
where Y{ = span{1,7%,---,r%*} and (Y*); = ri(Y{) for j > 0, and (Y*)_; =
span{r¥*-3; j <L <k} forl1 <j<k (Y(p))] C (Y*); for any j but Y(p) does not
have a Fouriel decomposition. If a; # 0 for 1 < j <k, (Y(p)); = (Y*); for any j and so
Y(p) = Y*. L. Peng, R.Rochberg and Z.Wu [7] and J. L -M.Wang and Z.Wu [10] studied

Hy M when M = (Y )t. In general, we can define Y(g) for any function g in L?. Usually,
Y(g) does not have the Fourier decomposition.

(IV) For a unimodular function ¢ in H?, put M = gHZ?. Then M is an invariant
subspace which contains H?. In general, gH?> may not have the Fourier decomposition
but for ¢ = €** for some ¢ > 0.

M= @ L%
j=—t

There are a lot of invariant subspaces between H? and e~**H? even if £ = 1.

(V) For arbitrary closed subspaces S in £%, put M = H? @ Se™*. Then M is

an invariant subspace between H? and e~*H?.

§3. Kronecker’s Theorem

In this section, the measure p is an arbitrary finite positive Borel measure such
that L? is closed. We will write
MP =MnL™



and for each positive integer ¢

¢
M2t = {p € L™ ; ¢(z) = g(2) H(z - aj)'1 a.e.uon D,
Jj=1
g € M*® and ay,---,a0 € D}.

Then M® C M®* C M2 C ...,

Kronecker (cf. [11, p210]) described finite rank Hankel operators on the Hardy
space. Theorem 4 describes finite rank intermediate Hankel operators on the (weighted)
Bergman space. However the situation is very different from that of Kronecker because
M = M** may happen for some £ > 0. See Corollarys 1 and 2.

Theorem 4. Suppose M is an invariant subspace which contains zL?, and ¢ is

a function in L. Hi‘" is of finite rank < £ if and only if ¢ belongs to M>*.
Proof. Note that ker H)' = {f € L? ; ¢f € M}. Since M is an invariant
subspace, ker H;;V' is also an invariant subspace. Proposition 1 implies the theorem.

Theorem 5. Suppose M is an invariant subspace which contains L2, and ¢ is a
function in L*=. Then the following (1) ~ (4) are equivalent.

(1) Iqu’f,M is of finite rank then Hj;" =0.

(2) M® = M>* for any £ >0

(3) If g € M™,a € D and (¢(z) - g(a))/(2—a) € L™, then (9(2) — g(a))/(z — a)
belongs to M™.

(4) If M' is an invariant subspace and (M')°°2M°°, then there does not ezxist a

nonzero polynomial b such that bf(M')® C M™.

Proof. By Theorem 4, (1) & (2) is clear. (1) = (3). If there exists g € M™
such that (g — g(a))/(z — a) € L™ does not belong to M, put ¢ = (g — g(a))/(z — a),
then H}' is of rank 1 and H} # 0. (3) = (4). If (4) is not true, there exists v such
that ¢ ¢ M*, ¢ € (M')® and byp € M for some polynomial : b = §=1(z — a;)
and a; € D (1 £ j < { < 00). We may assume that ¢ = z/)l'ﬁ;i(z —a;) ¢ M* and
g=(z—ay)p € M. Then

g_g(al) =¢EL°° but ¢¢M°°

Z— Qy
(4) = (1). By Theorem 4, if H}! is of finite rank < ¢, then ¢ € M™% If ¢ ¢ M,
suppose M’ is an invariant subspace generated by ¢ and M, then (./\/i')°"3./\/loo but there

does not exist a nonzero polynomial b such that 5(M')*® C M*. Since ¢ € M’, this
contradicts that ¢ € M,

Corollary 1. Suppose (supppu) N D is a uniqueness set for Hol(D). IfH;ig is of
finite rank then Hzig = 0.



Proof. (3) of Theorem 5 implies the corollay. In fact, if ¢ € L2 N L™ then
9(z) — g(a) € (2 — a) L2 by [6, the proof in (1) of Theorem 8]. Thus (g(z) — g(a))/(z — a)
belongs to L2 N L*.

Corollary 2. Suppose du = rdrdf/x. Let Dy be an open subset of D and
M ={f € L*; f is analytic on Dy}. Then M is an invariant subspace and if H}' is of
finite rank then Hj” =0.

Proof. It is easy to see that M* satisfies (3) of Theorem 5.

Corollary 3. Suppose that if Hé,” is of finite rank then Hé"‘ =0. If M is
an invariant subspace which contains M properly, then the codimension of M in M’ is
infinite or (M')® = M™,

Proof. If dim M’/M < oo, as in the proof of Proposition 2, then there exists a
nonzero polynomial b such that bM’ C M. Hence b(M')® C M™. If (M’) # M™, by
Theorem 5, this contradicts that if Hj,"' is of finite rank then H;” =0.

§4. General case

In this section, we assume that dy = do(r)d6 and do([t,1)) > 0 for any ¢ > 0.
Hence we can define the Fourier coefficients { M j}?‘;_oo of M. We assume M = M, that
is, M has the Fourier deomposition.

Theorem 6. Suppose M is an invariant subspace which contains zL? and ¢ =
% oo $;(r)e is a function in L. Then HM is of finite rank < £ if and only if there

j=—co0
ezist complex numbers b, - -, b, such that b, = 1 and for any integer n

£
Y bir7 énj(r)

j=0
belongs to M. If £ is the minimum number of complex numbers by,---,b, such that
Yt =0 0iTi du—j(r) belongs to M, for all n, then H}" is of rank . :

Proof. If H, ;"' is of rank < ¢, by Theorem 4 there exists a polynomial b = Ef=0 b;z
such that b¢ € M. Then

0 £ 00 4
(X 6 br'e®) = 3 (3 dums(r)tir))e™

and so Z§=0 bjr? ¢n—;(r) belongs to M., for any n. The converse and the second statement
are clear by Theorem 4.



Corollary 4. Let ¢ = ¢y(r)e™ for some integer t in Theorem 6. Then H} is of
finite rank < £ if and only if there exist compler numbers by, - -, b, such that b, =1 and
fort <n <L+t,b,_;r""t¢(r) belongs to M,.

Proof. Since ¢j(r) =0for j #¢,if n <torn>L+1tthen Xl objrig,_j(r) =0.
Fort <n <{€+t,35 o biridnj(r) = buyr™ ¢:(r) and so the corollary follows.

Corollary 5. Let ¢ = 352, ;2 +Z]_0 a_,z’ in Theorem 6. Then HM is of rank
< £ if and only if there exist complex numbers by, - - -, by such that b, = 1 and for any non-
positive integer n E‘_Ob @727 belongs to M, and for0<n<{( El bjan_;r¥ "
belongs to M.

Proof. If n > £ and n # 0, then

t ¢ ¢
> it boj(r) = 3 bjan- it = (3 bjan_j)r"
3=0 3=0 7=0
and hence Z§=0 b;ri¢,—;(r) belongs to M,, because zL2 C M. Now Theorem 6 implies
the corollary.

Theorem 6 does not give an exact relation between the rank of H f’ and the
number £ of complex numbers by,---,b; such that b, = 1. However we can show the
following : If H}' is of rank ¢, then there exist complex numbers by, - - -,b; such that
b, =1, Z;—-o b;r an_J(r) € M,, for any n and b = ZJ_Ob ;27 has just £ zeros in D. That
is,if £ =1 then [bo| < 1.

By Theorem 6, HM = 0 if and only if ¢, € M,, for any n (that is, ¢ € M).
Moreover, H}" is of rank < 1 if and only if there exist complex numbers (b, bl) # (0,0)
such that b; = 1 and bo¢y, + bird,_1 € M, for any n.

§5. Big Hankel operator and M C H?

In this section, we assume that du ='do(r)df and do([t,1)) > 0 for any ¢ > 0.
Hence we can define the Fourier coefficients {M;}32_; of M and we assume M = M.

In this case, H}* is close to H, b'g Recall examples in Section 2, that is, Tj, EF ,Y(p) and
Yk,

Corollary 6. Suppose M is an invariant subspace between zL? and H?, and
¢ = L2102 + 3 520a-;2°. Then Hé” is of finite rank < £ if and only if a_, = 0 for
n > £ and there exists complex numbers by, -+, b, such that by = 1 and E§=n bian_;r2 ™

¢
belongs to M,, for 0 < n <{ and ijan_jr2j'" =0 for —£<n<0.
Jj=0

10



Proof. Since M C H?, by Corollary 5 HM is of finite rank < / if and only if
there exists complex numbers bo, -+, b, such that b, = 1 and E?:o bjan_;r% " = 0 for
n<0and ¥4, bja,_ ;72 "€ M, for0<n<L K Z§=0 bjan—;r% " =0 for n < 0, then
bjan-; = 0 for 0 < j < £ and n < 0. Hence for each j(0 < j < ¥), bja_, =0if t > j.
Thus a_; =0if t > £.

Proposition 7. Suppose M is an invariant subspace between zL2 and e~***H?
where k > 0, and ¢ = T2 ¢_;(r)e™® is a function in L. Then H} is of finite rank
< ¢ if and only if

Tk Yi(r)e’

¢(Z) = EJ_Ob 7"13‘]0

where Y, = Ybq birign-; belongs to M, for —k < n < £. and (bo,---,b;) € C".
Proof. Note that M C e™*H? and ¢;(r) = 0 for j > 0. If H} is of finite rank
< ¢, then by Theorem 6

Zb ir? ”9)(2 g-i(r)e™") E Pu(r)e™

7=0 n=-—k

and ¥, = Z§=0 b b j € My for —k < n < £. The converse is aiso a result of Theorem
4.

Corollary 7. Suppose M is an invariant sub.épace in Proposition 7. If ¢ =
by + - = 132 a;z8 + Yino a-;z and ¢_ € L™, then Hé” is of finte rank < £ if and

only if
6(2) = by + Zf=_k ‘/’j(r)eije
S §=o birieii

where ¥, = E§=0 bjan_jrj"'ln‘jl belongs to M,, for —k < n < £ and (bg,---,bs) € C. If
(boy-++,be) =(0,--+,0), then ¢, =0 and so ¢ = ..

Theorem 8. Suppose M is an invariant subspace between zL? and e~ H?
where k > 0, and ¢ = 332, é-;(r)e"? is a function in L®. Then,

(1) If M; Nri+1L2 = {0} for any j > 0, then there does not exist any finite rank
Hé” except HM =0.

(2) If there does not exist any finite rank H)' ezcept HM =0, then M_i-j N
rit1L%® = {0} for any j > 0.

Proof. (1) If Hy M is of finite rank £, by Proposition 7

£
d’n = Z bjr]¢n—j € Mn

j=n
for 0 < n < £ because ¢,—j(r) = 0 for 0 < j < n—1. We may assume b, = 1. As
n=_~-1, r'¢_1(r) € M. Since Moy N7r¢L2 = {0}, ¢_1(r) =0. Asn =£—2,

b[-lre'1¢_1(r) + T'£¢._2(7') € Me_g.

11



Since Mgz N7*71L? = {0} and ¢_1(r) = 0, ¢_3(r) = 0. we can get ¢_;(r) = 0 for j < £.
In Proposition T,Yp,=0for0<n<landso¢=0.
(2) ¥ rtlg € M_(4—jy N r¥t1L®, then put ¢ = ge~ -+ If g £ 0 then ¢ ¢ M
and
A = pitlg milk=i)8 ¢ M _(gjy =600,
Since M has the Fourier decomposition, M;e'”® C M and so z/*'¢ € M. Theorem 4
gives a contradiction.

We will apply results in this section to Example in Section 2.
Example.

(I) Suppose M =T; (0< B < 1).

( 1) When ¢ = %2, ¢_;(r)e~"? is a function in L*, there does not exist any finite
rank H}" except HM = 0 if and only if §=0.

(2) When qb Y Roajz. + Y32, a_;z is a function in L™, there does not exist
any finite rank HM s except HY M = 0 if and only if § = 0.

Proof. Recall that Tp = Y2, ®(Tp);e® and (Tp); = span{rip;(r?) ; p; is a
polynomial of degree at most 8j/1 — 8}. (1) If 8 = 0 then (Tj); N ri+1L? = {0} for any
j > 0 and if 8 # 0 then (Tg); N ri+1L™ # {0} for enough large j. Theorem 8 implies
(1). (2) If B # 0, then there exists n such that 1 — 8 < B(n —1). Hence (Tp)n_; > r™*1.
Suppose ¢ = Z then 2"¢ = r"+1ei"=1)8 and so 2"¢ € (Tp)p_1’ >V Tp. By Theorem 4

H}" is of rank < n and HM # 0.

(II) Suppose M = E™ (0 < m < o).

(1) When ¢ = %2, ¢_;(r)e~*, there does not exist any finite rank H. 2 except
HM—Olfandonlylfm—O

(2) When ¢ = ¥%24a;2" + £, a_;z’ is a function in L*, there does not exist
any finite rank HM o except H M =0 if and only if m = 0 or 1.

Proof. Recall that (E)™ = ¥2,®(E™);e"® and (E™ )] = span{ri,... ritim},
(1) fm = 0 then (E™);Nr*1L2 = {0} for any j > 0 and if m 5 0 then (E™),;N ri*1L% #
{0} for any j > 0. Theorem 8 implies (1). (2) If m = 0, by (1) there does not exist any
finite rank H}"! except H}M = 0. If m = 1, then (E™), = span{r™,r**?} for n > 0. When
H¢ is of ﬁmte rank £, by Corollary 6 a_, =0forn > £ andif 0 < n < /¢

Z bt ™ = er™ 4 dr™t?

for complex contants ¢,d. Hence for 0 < n < ¢
bjan,—; =0 forn+2<j<UL

Since by, = 1, an_, = O_for 0<n<{and soa_; =0 for 0 S_j <4 WheP m > 2, if
¢ =z then 2¢ = r? € (E™)o = span{l,r%,---,r*™} and 24 € E™ because (E™)o C E™.
However H}M # 0.
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(III) Suppose M Y*

(1) When ¢ = %2, ¢_;(r)e™**, there does not exist any finite rank H, 1 except
HM =0 if and only if k¥ = 0.
(2) When ¢ = ¢, + ¢ = J 20a;2 + E;_l a_;z’ and ¢, are functions in L,

there does not exist any finite rank Hd: except H4, = 0 if and only if £ = 0.

Proof. Since H} = HJ, it is sufficient to prove (1). Recall that Y* =

2k ® (YF);ei? where Y¥¢ = span{l,r?, ,1'2"} and (Y*); = ri(Y*)y for j > 0,
and (Y*)_; = span{r¥-i, j < £ < k} forl <j<k Ifk=0then Y* = L2 If
E>1, (Y")_ = span{r"} (2) of Theorem 8 implies that there exists a nonzero finite

rank Hq, .

§6. Small Hankel operator and M 2 H’

In this section, we assume that du = do(r)df and do([t,1)) > 0 for any ¢ > 0
Hence we can define the Fourier coefficients {M;}2 _, of M. In this case, H}* is close

to H;™! and far from H‘;g Note that if M’ is an invariant subspace and M' C ¢H?
then M (M')* is an invariant subspace and M D e®HZ.

Proposition 10. Suppose M is an invariant subspace which contains e’**H? for
some nonnegative integer k. If M # L2, there exists at least a nonzero finite rank HM

Proof. If z* € M for all n > 1, then 2°2" € M for all £ > 1 because zM CM
Let £ be the closed linear span of {z/z" ; n > 1, £ > 0}, then £ C M and g€ C £
for arbitrary polynomial g of z and z. It is well known that £ = L%. This conrtadiction
implies that there exists at least n such that 2 ¢ M and n > 1. If ¢ = 2" then
2"tkp € M. Then H} # 0 but Hﬁ" is of finite rank < n 4+ k by Theorem 4.

Proposition 11. Suppose M is an invariant subspace which contains e**H? for
some nonnegative integer k. The following (1) ~ (8) are valid.

(1) If ¢ = ZJ__OO ¢i(r)e?? is a function in L™, then there exists a function ¢’ in
L? such that ¢' = 520 6;(r)ei? + T2, ¢_;(r)e™" and HM = HM.

(2) If $ = Z 2k $i(r)e? is afunctzon in L, then HY' = 0.

(3) If ¢ =352 _, di(r)e % is a function in L°° then I-IM is of rank < Z—}-k < 0.
Conversely if one of (1) or (2) is valid, then M contains e"‘9H2

Proof. Both (1) and (2) are clear because M D e*?H?. (3) is a result of Theorem
4. The converse is also clear.

We will consider Example in Section 2.
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Example.

(II) Suppose M = (E¥)* (0 < k < 00) and ¢ = T2 _, ¢;(r)e’” is a function in
L.
(1) H}* = 0 if and only if

1 .
/0 ¢_j(r)yr’t¥do =0 (j =0, 0<t<k).

(2) H}" is of rank < 1 if and only if there exist complex numbers (bo, b;) % (0,0)
such that

1 ‘ . |
bo~/0 ¢_j(r)r]+2tda' = —bIA ¢_j_1(r),r]+2t+lda_

for 20, 0<t<k.

(3) Suppose do = rdr/2x. When ¢ = Yilea;z’ I+ PO a_;z, if HM is of rank
<1, then HM =0.

Proof From the remark in the last part of Section 4, (1) and (2) follows. (3) By
(2), H}' is of rank < 1 if and only if there exist complex numbers (bo, b1) # (0,0) such

that
1 1

G ———— = —ba_; ] —————
i gitat+1 . T 9 43
for j >0, 0 <t <k. When k #0, for each j,as t =0

1 1

boa_ —j—

0012]._*_1 1“;12.7._*_3
and ,

1 ba 1
a_; —— - .

T R TN
This implies that a_; = a_;_; =0 for j > 0 and so ¢ = PRy a;z*. When k = 0,
Corollary 1 implies (3)

(IV) Supposé M = gH? for some unimodular function ¢ in H? and ¢ is a function
in L. H}" is of finite rank £ if and only if

where ¥ _g(r) # 0.

Proof. If ¢ = X2 _,4;(r)e"?, then 2‘¢ belongs to M and so by Theorem 4 HM
is of finite rank < £. Since 9_,(r) # 0, b¢ ¢ M for any polynomial b of degree < £ —1
and so H. ;,” is of finite rank £. The converse is clear.

(V) Suppose M = H? @ Se~* and S is a closed subspace in £2. Let ¢ =
% —o0 $i(r)e*? be a function in L®. By Theorems 4 and 6, H}" is of finite rank < £ if
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and only if ¢;(r) = 0 for j < —(£ + 2) and there exist complex numbers by, - - - , by such
that bg = 1,

¢
Y o birign_j(r) =0 for —(£+1)<n< -1

=0 -
and

£
E bjrj¢_.1_j(7‘) € S.

§=0

§7. Restricted shift opeator and M C L2.

In this section, we assume g = rdrdf /= for simplicity. Let M be an invariant
subspace in L2 and K = L2 © M. For ¢ in L® = L2 N L™

Syf=I-PX)(¢f) (feK)

where PX is the orthogonal projection from L? to K. SX is called a restricted shift operator.
For any ¢ in L S5 commutes with S*. We don’t know whether if the bounded linear
operator T' on K commutes with S& then T' = S¥ for some ¢ in L. If TSK = S*T and
# = TPX1 is bounded, then it is easy to see that T = Sk (. [5, p784]) In the Hardy
space instead of the Bergman space, D.Sarason [8] showed that this is true without any
condition and ||T|| = |[¢]|co-

We can define the Hankel operator H;“ as in Introduction. However H f‘ is
not an intermediate Hankel operator. It is not so difficult to see the following : When
K=L? 6 Mand ¢ in L,

L) = IS

This is known for the Hardy space. In fact, for f in L2
HY'f = (I-PM)¢f = PX¢P f

and so HMf = SKPXf for f in L2. Hence H}" is of finite rank n if and only if S"C is of
finite rank n. It is easy to see that S’C is of ﬁmte rank ¢ < n if and only if there ex1sts an
analytic polynomial p of degree £ < n such that p(¢) belongs to M*. When ¢ is in L*,
Theorems 4 and 6 are true for Hy*.

Suppose ¢ is a function in L.

(1) L2 D ker HY D M.

(2) When the common zero set Z(M) of M in D is empty, if Hy* is of finite
rank then H;" = 0. This is a result of (1) and Proposition 1.

(3) If Z(M) is not empty, there exists a nonzero finite rank H}*.
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