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Abstract. Suppose Ty is a Toeplitz operator on the Bergman space of the open unit
disc. When the symbol ¢ is bounded and radial, it is known that Ty is compact if and only
. 1
if lim
z—1-1 — 2
symbol ¢.

1
/ ¢(r)dr = 0. In this paper, we study this type theorem for arbitrary bounded



§1. Introduction

Let L2(D) be the Bergman space on the open unit disk D. That is, L2(D) consists of
analytic functions f in D with

171 = [1£(2)PdA(z) < oo,

where dA is the normalized area measure on D. The Bergman projection, denoted P, is then
the orthogonal projection from L?(D, dA) onto L2(D). For ¢ in L>(D) we consider the Toeplitz
operator Ty : LZ(D) — L%(D) defined by Ty f = P(¢f), f € L%(D). Ty is clearly bounded. A
natural and fundamental question is the following : When is the Toeplitz operator T compact
on L2(D) ?7 A complete answer to the question above is still lacking. Recently, B.Korenblum
 and K.Zhu [2, Theorem] proved the following which is important in this paper.

Theorem K.Z. Suppose ¢ is bounded and radial, that is , ¢(re??) = ¢(r). Then, Ty is
compact if and only if

li

r—1-—

1
— /. é(r)dr =

We will try to generalize Theorem K.Z. in two ways. For a function ¢ in L*(D), put

¢;(r) = /thﬁ(re"e)e_"jedﬂﬂr

for j = 0,%1,£2,.--. Then each ¢;(r) belongs to L>[0,1]. We call {¢;(r)} the Fourier coeffi-
cients of ¢. If ¢ is a function in L*°(D), then

(re?) = T2 ¢i(r)ei’

in the L?(D)-norm and so for a.e.r in [0,1) in the L?(dD)-norm. If ¢ is radial, then ¢(r) = ¢o(r).
The following is the first natural question.

Question 1. Suppose ¢ is a function in L°(D) and {¢;(r)} are the Fourier coefficients
of . Then, is the following true ? Ty is compact if and only if
lim ——/ $i(r)dr=0 (j=0,£1,%2,--).

r—1-—

For any function ¢ in L'(D), if the limit exists, put

T _1_ 2:/;1g25(1~cz"‘9)dr'

3

®(ze?) =




and if the limit exists as z — 1, put

B(e') = }pin%q)(:ve"e).
If ¢ belongs to C(D), then ® = ¢ on 3D. If ¢ is radial, then ® is constant when the limit
exists. The following is the second question. Then, is the following true ?

Question 2. Suppose ¢ is a function in L=(D). Ty is compact if and only if

. 1 1 .
0y —. 13 i6 =
O(e¥’) = xh—gl- l—a:/x é(re’)dr =0 a.e.b.

It is easy to see that Question 2 is not true. We don’t know whether Question 1 is true
or not. In Section 2, we consider Question 1. In Sections 3,4 and 5, we consider Question 2 for
some special symbols. As the result, we answer positively Question 1 in some natural cases.
The first part of Theorem 1, and Theorems 2,3 are due to Professor Takahiko Nakazi, to whom
I am indebted for permission for its use in this paper. The author expresses his sincere thanks
to Professor T.Nakazi for his advice and encouragement.

' In this paper, C(X) denotes a set of all continuous functions on X and L*°(X) denotes
a set of all bounded Lebesgue measurable functions on X. For example, X = [0,1],[0,1), D, D
and 0D.

§2. Fourier coefficients of symbols

In this section we consider Conjecture 1. We show that the necessary condition is true
in general and it is also sufficient under some conditions.

Theorem 1. Let ¢ be a function in L™(D) and ¢(re?®) = 2 _ ¢;(r)e? where
{#;(r)} are the Fourier coefficients of ¢. If Ty is compact, then

1
I
:t—l-vr{l— 1—2z

/1¢j(7')d’f' =0 (.7 = 0’i17i27 ot )

Conversely if {¢;(r)} satisfy the condition above and one of the following (1) ~ (6), then T is
compact. -
(1) Uj=__°o supp ¢; C [0,1 — €] for some & > 0.

(2) £ 14slleo < oo



(3) 8i(r) = Tty ajefe(r) for j = 0,£1,42,--- and m < oo, where 352 _, a e’ is in
C(0D) and f, is in L*[0, 1]. '

(4) ¢i(r) = Tty ajefe(r) for j = 0,£1,4£2,- - and m < oo, where 352 _  a;,e"’ is in
L>(0D) and f; is in C|[0, 1].

(5) For each j,¢;(r) is in C[0,1) and |¢;(r)| is increasing.

(6) ¢ is real, rlir{l_%(r) = Tl_i_g1_¢6(r) = 0 and ¢y(r) is bounded.

Proof. Suppose ¢ is in L*°(D) and Ty is compact. Let {e,} be a natural orthonormal
basis for LZ(D), that is, e, = v/n + 1 r"e™ (n=0,1,2,--.). For each j, put

®;(re?) = rlile=13% g(reif).

| Then T, = T j1-iieTy for j > 0 and Ty, = TyT,1jie-ise for § < 0. Hence Ty, is compact for any
j. For each 7, if n > 0, then

[(Ta;ensen)| < | Ta;enllzllenllz = [|Te,enll2.

Since T, is compact for each j and e, — 0 (n — o) weakly, || Tg,eqllz — 0 (n — o0) and
50 (Tg,€n,€n) — 0 (n — 0). For each j,

(T‘bjenaen) = (¢r!jle_ijoemen>
1 ' 27
= [iH2n+1 0y _—ijf
(n+ 1)/0 2r dr/o é(re”)e™"do/2n

= 2(n+ 1)/01¢j(r)r|jl+2n+1dr

2(n+1)
7]+ 2n + 2

_ 'I'L+1 |]| 1 ) n+.LL|.
I (2 +n+1)/0¢’(\/;)r Har

1 _ '
(3] +2n + 2)/ ¢j(7‘)7‘|]|+2”+1dr
0

* Thus for each j, :
. 1 1 4+1
lim (§+(e+1))/0 (v )rttEdr =0

£—»00

or
1
Jim(e+1) [ ¢(vF )rdr = o.
Hence )
lim (n + 1)/ ¢;(\/r )r*dr =0
n—o0 0
because ¢; is bounded (see[2, p357]). By Theorem 4 in [2], for each j

: 1
. lim '1—:-:1—:/9: ¢j(r)dr = 0. |

rz—1-



We will show the converse. (1) By hypothesis on {¢;(r)}, supp ¢ C [0,1 —¢] x @D
for some € > 0 and hence it is easy to see that Ty is compact. (2) If Z]__oo |#;llc < o0, then

/¢j r)dr = 0 for each j,

ess sup |p(re?) — T, #i(r)e’] — 0 as n — oo. Since lim
reifeD

by Theorem K.Z. Ty, is compact where ¢, (re®) = S7__, ¢J(r)e”9 and so Ty is compact. (5)
By the continuity of ¢;, for each j

lim —/ ¢;(r)dr = ¢;(1) =

z—1-=

Since |¢;(r)| is increasing, ¢;(r) = 0 and so ¢(re??) =0 a.e. on D. '

(3) Let go(e”®) = ©2 _, a;ee’’, then g, is in C(8D) and ¢(ré’ ) Sy fe(r)ge(e®?).
- Let ag = (-++,a-1s,a00,a1¢,++-) for 1 < £ < m. If the rank of {ay,---,an} is m, then by
hypothesis on {¢;(r)},for £ =1,---,m

:vl-l-*rfl— l—a:/ fl

and so by Theorem K.Z. T, is compact. For each £, there exist polynomlals gen(e?) such that
I9¢ = genlloo — 0 as n — oo. Let gn(re?) = LI, fo(r)gen(e?), then ||¢n — 4llcc — 0 and
Ty, is compact because T}, is compact for £ = 1,---,m. Hence Ty is compact. If the rank
of {a;,---,a,} 150, ¢ =0 a.e. on D and so Ty is compact. If n = the rank of {a;, --,an}
and 1 < njm, then we can rewrite ¢ as the following : ¢(re’) = S5, fi(r)gi(e) and the

rank of {a},---,a,} is n. Thus (3) follows. (4) In the proof of (3), the g; is in L*(0D) but

may not be in C(0D). Since f; is in C[0,1], by the proof of (3) fi(1) = 0. Hence there

exist fgn in C[0,1] such that supp fem € [0,1 — —] and ||fe — fenlloo — 0 as n — oo. Let

dn(re?) = T fea(r)ge(e?), then ||¢n — @llo — 0 and Ty, is compact because supp ¢, is
compact in D. Hence Ty is compact.

(6) We will show that T is in the trace class. Since T is selfadjoint, it is enough to

show that 320, [(Tse,, n)| < 0o where e, = v/n+ 1 r"e™ for n = 0,1,2,--. For each n > 0,

(Tyen,e,) = (n+ 1)/()12r2"+1¢0(r)dr
p2nt2 1 1 p2n+2
= 2(n+1) { [¢0(T) L ¢o(r)d }

2n + 2 2n+2
1
= _/o ri 240 (r)dr
1 1 2n+43 (1
= 2n+3/0 r $o(r)dr

Hence for some positive constant v

oo oo 1 1
<
Zn:l |(T¢enen>l —_ Zn—l 2n + 3 2n +4 Sup |¢ (T)I
< vy (m+1)”
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Let ¢ be a harmonic function in L*(D), then T is compact if and only if ¢ =0 a.e.
on D. In fact, if ¢ is a harmonic function in L=(D), then ¢(re?) = 52 __ a;r¥e? on D and
so ¢;(r) = a;rkl for j = 0,£1,4£2,---. {¢;(r)} satisfy the conditions in (5) of Theorem 1. Let
¢ be a function in L*®(D) with ¢(re?®) = ¢(e), then T, is compact if and only if ¢ =0 a.e.
on D. This is also a result of (5) of Theorem 1. Later we will show two more general results
which contain (3) and (4) of Theorem 1, respectively.

§3. r-continuous symbols

In this section we consider Question 2 under a condition that #(re') is r-continuous.
Theorem 2 contains the known result about symbols in C(D). By the proof of Theorem
2, Question 1 is true under the same condition on Theorem 2. If ¢(re’) is r-continuous,

®(e”) = ¢(e?) a.e.b.

Theorem 2. Suppose ¢ is a function in L°(D) and ¢(re') is r-continuous on [0,1]

with respect to ess sup |p(re?)|. Ty is compact if and only if
0<0<2r

®(e?) = ¢(”) =0 a.e.b.
Proof. For any r,t in [0,1]

85r) = 5O < [ 1g(re) = g(z")|do/ 2
< esssup|g(re”) - (te”)

and so ¢;(r) is continuous because ¢(re'’) is r-continuous with respect to ess sup|g(re')).
0

Therefore

¢;(1) = lim

z—d— 1 —x

/qb] dr (j =0,41,42,---)

By Theorem 1, if Ty is compact, then ¢;(1) = 0 for all j and so ¢(e?) = T2 _ 6;(1)e"? =
0 a.e.f. Hence by hypothesis, lirr% ess sup|¢(re’®)| = 0. Since
. r— 8

1

| #lre)r

1—zJz

< sup ess sup|¢(re )]
z<r<1

®(e’) =0 a.e.d. Conversely if ®(e”) = ¢(e*) = 0 a.e.f, by hypothesis lirr% ess sup|é(re)| =
r— P

0. Hence there exist {¢,} in L>(D) such that the support of ¢, is compact in D and ||¢, —
Allcc — 0 as n — oo.



Corbllary 1. Suppose ¢(re’) = S0, fu(r)g:(e?) and 1 < € < oo, where gy, -, g¢ are
functions in L*(0D) and fi,---, fe are functions in C[0,1]. Then T, is compact if and only if
®(e?) = ¢(e’) =0 a.e.b.

Proof. It is easy to see that ¢(re') is r-continuous W1th respect to ess sup |g(re”)]
0<6<2r

and so Theorem 2 implies the corollary.

§4. f-continuous symbols

In this section we consider Question2 under a condition that ¢(re') is §-continuous.
Theorem 3 also contains the known result about symbols in C(D). By the proof of Theorem
3, Question 1 is true under the same condition on Theorem 3. ®(ze'?) is z-continuous on [0,1)
and so if #(re*?) is 6-continuous, then @ is continuous on D. In this section, ® is the main tool.

®(e*) # ¢(e'’) may happen.
Theorem 3. Suppose ¢ is a function in L*(D) and d(re'?) is 0-continuous with respect
to ess sup |p(re?)|. Ty is compact if and only if ®(e?®) =0 a.e.f.
0<r<1
Proof. Let {¢;(r)} be the Fourier coeflicients of ¢. Set
sn(re?) = Ti_, ¢;(r)e?
and
&0 1 n—1 16
ra(re) = L 50 aelre®).
When ¢(re'?) is 0-continuous, it is known (cf.[1,p18]) that for each r

ess sup |p(re?) — an(re?)| — 0
0<o<2r

as n — oo. If ¢(re?) is f-continuous with respect to ess sup |@(re?)|, we can show that
o<lr

|6 — Onllcc — 0 as n — oo by the proof of [1, p18]. If T} is compact, then by Theorem 1

hm—/ @;(r)dr=0 (j=0,%£1,%2,---)

z—1-1

and so for each n

1 .
/ on(re)dr =0 a.e.f.



Hence

1 ! i6 1 ! i0
Il__x/eﬁre )dr _x/za(re )dr
< 1 — / |p(re®) — on(re?®)|dr < ||¢ — onl|oo
and so ®(e?) =0 a.e.6. Conversely suppose ®(¢*) =0 a.e.f. Put
. 1 1 .
0y i
O(ze’) = T z/z @(re’)dr,

then |®(ze®®)] < ||®|loo < ||4llc a-e. on D and zl_igl_@(a:em) =0 a.e.d. Hence by the Lebesgue

dominated convergence theorem

2T .
lim |®(ze')|db/27 = 0.

z—1-Jo

Since for j = 0,41, £2,---
27 1 1 ; i 1 1
L (=5 [ dtresar) avjan = = [ 4,ryar,

l—zJz -2z

11 ix/: ¢;(r)dr

lim —— / ¢;(r)dr = 0.

z=1-1 — 2

27
< ( 16
_/0 |B(e™®)|d/2r

and so

Then it is easy to see that for the Fourier series {o,,;(r)} of o,
1 1 .
xl-lgl—r—:—:; A O'nj(T‘)dT =0 (] = 0,i1,ﬂ:2,)

and so Ty, is compact. Thus T} is compact because ||¢ — o[l — 0 as n — 0.

Corollary 2. Let ¢ be a function in L°(D) and {¢;(r)} the Fourier coefficients of ¢.
Suppose 32 _ | 6ille < 00, then Ty is compact if and only if ®(e*’) =0 a.e.f.

Corollary 3. Suppose ¢(re’®) = S0, fi(r)g:(e®) and 1 < £ < oo, where gy,- -+, g, are
functions in C(0D) and fi,---, fi are functions in L=[0,1]. Then Ty is compact if and only if
®(e?) =0 a.e.f.

Proof. It is easy to see that ¢(re®) is 6-continuous with respect to ess sup |¢(re')|.
0<r<1

Theorem 3 implies the corollary.

Corollary 4. Suppose 0 < ap < by <1, agy1 2 by, Eq={re[0,1]; 0<a, <r<
be < 1},sup||gefleo < 00 and
¢



$(re?) = £iZy 9e(€?)xz, (r)-

If Z]__oo(sgp@g(j)l) < 00, then Ty is compact.
Proof. It is a corollary of Corollary 2.

§5. Nonnegative symbols.

When ¢ is a nonnegative function in L!(D), we know a necessary and sufficient con-
dition for a compact T, (see [3, Corollary 6.2.7]). In this section, we study Question 2 for
nonnegative symbols. For nonnegative symbols, the condition of Question 1 is stronger than
that of Question 2. In fact, if ¢ is nonnegative, by the proof of Theorem 5 '

1 .
l_imw_,l_l 1 :c/ d(reYdr =0 a.e.f

if and only if
111{1_ —— / éo(r)dr = 0.

In the previous section, we used Theorem K.Z. in Introduction. Hence we had to assume that
the symbol is bounded. In this section, not assuming the boundedness we show Theorem K.Z.
when the symbol is nonnegative. It is easy to give an example of symbol ¢ such that T} is not
compact but

1
li
a;—lgl-— 1—2z

/1 d(re®)dr =0 a.e.b.

~ In fact, let F be a triangle with vertices ¢'*, e and e”, and ¢ the characteristic function of F.
Then it is easy to see that T} is not compact and

lim
z—1-1—z

/1 d(re®)dr =0 if 6+ a,B,7.

Proposition 4. Suppose ¢ is a nonnegative function in L*(D) and radial. Then, T,
is compact if and only if

lim
z—1-1—¢g

/1 é(r)dr = 0.

Proof. When ¢ is a nonnegative function, T¢ is compact if and only if lim ¢( )=0

Jz|—1-

where

#(z) = 1SI/ w)dA(w), z € D.

10



Here S, = {w € D ; |z| < |w| < 1,|argz — argw| < 27 (1 — |z)} and |S.| is the dA - measure

of S,(see [1] about this result). Since ¢ is a radial function,

A ' 1 _ arg z+2m(1—-|z|) r1 "~
z) = re’®)—drdf
) = AT Jesrrran <)

9 1
= AN TR ey e

Hence ¢(z) —> 0 as |z] — 1— if and only if

lim !
N

L " g(r)dr = 0.

- This implies the proposition.

Theorem 5. Suppose ¢ is a nonnegative function in L*(D).
(1) If T, is compact and ¢ is bounded, then lim ®(ze’) =0 a.e.d.

aasilr—1—

(2) If zl_igl_ess sgp@(:}:ew) =0, then T, is compact.
Proof. (1) Since

2r 1 y
/0 dé/2n 1__1:/; é(re'’)dr
1

1 2 , 1 1
— / dr /0 #(re)db [2m = —— / do(r)dr,
if T4 is compact, then by Theorem 1

2r
lim, _.,_ / do/2r
0

1
1—2z

/1 ¢(re?)dr = 0.

. 1 1 0 .
! > .€.
~ Since —a:/z é(re”)dr 20  a.e.,
1 .
lirn,_,l_1 — /E $(re¥)dr =0 a.e..
(2) Since
A 1 arg z+2n(1-lz]) r1 P T
o(z) = P(re®)—drdd
( ) 27T(1 - |Z|)2(1 + |Z|) arg z—2n(1—|z{) /|z] ( )7T

2 1o
2z 1 ®\dr) |
(1 + Izl)ess sgp (1 — 2| /I;l 9(re”) r)

if lim esssup ®(ze) = 0, then ¢(z) — 0 (|z] - 1-). By [1], Ty is compact.

r—1-— 9

11



§6. Remarks

We don’t know whether Question 1 is true or not. It is easy to give a counter example
for Question 2 (see §5). But we could not give an example of symbol ¢ such that T} is compact
but ®(e*) # 0. The symbol of the triangle example in §5 is not r-continuous or 6-continuous.
However we can construct such a r-continuous nonegative symbol using the triangle F in §5.
Is Question 2 true when ¢(re?) is a 6-continuous function in L®(D) with respect to each r €
[0,1] ? Unfortunately we could not answer it. Moreover if TE? o(re’?) = #(e), then ®(ze®) is
continuous on D. Hence if acl_i’r{l__tll'(:1r:e"‘9) = 0, then Ty is compact. Under some more condition,

we can show that T, is compact.

Proposition 6. Suppose ¢ is a 0 - continuous function in L°(D), lirln d(re?) = ¢(e')

and

lim ess sup / |p(ze”®) — p(re'?)|dr = 0.
z—1- 0<8<2r l1—2

Then Ty is compact if and only if ®(e*?) =0 a.e.0.
Proof. It is clear that ®(ze®) is z -continuous in [0,1). By hypothesis on ¢,

6(e%) = Jim g(ze) = lim B(ze?) = 0(e*)

because
B(we®) ~ 0(c™)] < == [ Ig(re”) — 4(e)ldr.

®(ze'?) is « - continuous at ¢ = 1. Since ¢(e'9) is 6 - continuous, ®(ze*) is 0 - continuous
and so ® belongs to C(D). Between the Fourier coefficients of ¢ and ®, we have the following
relation : for j = 0,+1,+£2,--- :
1 27 s
1 lx/ ¢;(r)dr =/ ®(ze®)e?dl/2r = ®;(z).
- T 0

If T, is compact, then by Theorem 1 ®;(1) =0 (j = 0,41,42,---) and so ®(e*¥) = 0 on 9D
because of continuity of ® and the relation above. Conversely if ®(e*) = 0 on 0D, by Corollary
3 Tp is compact because ® is in C(D). For any € > 0, there exists 0 < ¢ < 1 such that

esssup |¢(z) — B(2)| < ¢
21>t

because Iil’{l ess sup|d(ze’?) — ®(ze®)] = 0 by hypothesis on ¢. Put
z—1— 9

#z) 0< |zl <t
¢t(z)={ 0 t<|z|<1

and

_Je(z) 0Lz <t
q’*(z)‘{ 0 t<lz| <1,

12



then

¢ — ¢ — @ + ®flo

=ess sup |¢(z) — ®(2)| <e.
t<zi<1

Since the Toeplitz operator of the symbol ¢; + ® — @, is compact, T, is compact.

Example. Let E’g = [ag, be],() <ap < a1 = be < be+1 < 1,U2‘:.0 E, = [0, 1] and dg e C.

- Suppose
$(re¥’) = T2o e“dexr,(r)-
Then g ")
() — | GXE(T 720
ng(T) - { 0J ] < 0,
supp ¢.7' - [a'ja b]] for j 20, U;?:—oo supp ¢j = [07 1] and for j = 0,%1,+£2,---
. 1 1
zl_lgl_ T2 /x ¢;(r)dr = 0.

and for a, <z < by

®(ze) = . ! { 3" €9d; (b — a;) + €%dy (b — .'L')}

—T | j=t+1

Moreover ¢(re') is §-continuous with respect to each r but not r-continuous. If |d¢| = 1 for
- £=0,1,2,---, then |¢(re’)| = 1 on D and liril #(re®®) does not exist. We don’t know whether
T—1—

Ty is compact or not. If |d)] — 0 as £ — oo, then ¢(re?) is f-continuous with respect to
ess sup |#(re’?)| and so by Theorem 2 Ty is compact.
0<r<1

In Theorems 2 and 3, if lirP ®(ze?) = 0 a.e.f then lir{1 esssup |®(ze)| = 0. However
in Theorem 5, liril ®(ze®) =0 a.e.d does not imply liI{l esssup |®(ze?)| = 0. It is easy to
z—1— Laal— ) .
see that if lirln esssup |¢(re)| = 0, then T, is compact. When lir{l esssup |®(ze?)| = 0, we
r—1- 9 T 4

don’t know whether Ty is compact or not.
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