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Absolutely continuous invariant measures
for expanding piecewise linear maps

Masato TSUJIT*

Dedicated to
Professor Takuo Fukuda
on his 60th birthday

Abstract

We prove the existence of absolutely continuous invariant measures for expanding
piecewise linear maps on bounded polyhedral domains of arbitrary dimensions.

1 Introduction

In this paper, we study ergodic properties of expanding piecewise linear maps defined on
bounded polyhedral domains in Euclidean space R?. Especially, we prove the existence of
absolutely continuous invariant measures for arbitrary expanding piecewise linear maps.
Formerly, it was known that almost all expanding piecewise linear maps admit absolutely
continuous invariant measures[3]. In the case of dimension d=2, it was also known that
all expanding piecewise linear maps (or all expanding piecewise real analytic maps, more
generally) admit absolutely continuous invariant measures(2, 11]. We extend these results
and complete the argument on the existence of absolutely continuous invariant measures
for expanding piecewise linear maps. See [1,2, 3,4, 7, 8, 9, 10, 11, 12] for more information
about ergodic properties of expanding piecewise smooth maps.

Each connected component of complements of hyperplanes in R is called a half-space.
A closed subset A C R? is said to be a polyhedron if it is obtained from closures of half-
spaces by taking intersection and union for finite times. Notice that we do not assume
polyhedra to be bounded nor connected in this paper.

*Department of Mathematics, Hokkaido University, Sapporo, 060-0810, JAPAN,
e-mail: tsujii@math.sci.hokudai.ac.jp



Definition Let U be a bounded polyhedron in R? with non-empty interior. An expanding
piecewise linear map on U is a combination (7,U) of a map 7 : U — U and a family
U ={Ug}_, of polyhedra Uy C U, k= 1,2,...,#, satisfying the conditions

(i) the interiors of polyhedra Uy are mutually disjoint,
(i) U{_,Ux=U, and

(ili) the restriction of the map 7 to the interior of each Uy is an affine map.

The map 7 itself in the above definition will be called a piecewise linear map if the
associated partition is clear. Let us denote U° = Uf;:lintUk. A piecewise linear map
(T,U) is expanding if there exists a constant p > 1 such that

| DZz(v)|| > pllv|| for all z € U° and all v € TRR?. (1)

We denote, by p(7), the maximum of numbers p satisfying (1).
The main result of this paper is

Theorem 1 An arbitrary expanding piecewise linear map adimits an absolutely continu-
ous invariant probability measure.

We prove theorem 1 by showing a version of Lasota-Yorke type inequality for the so-called
generalized variations[8]. It is known that many other ergodic properties of follows from
that kind of inequality. (See [8].) For example, we have

Theorem 2 Let (T,U) be an expanding piecewise linear maps on U C R, Then

(i) there exist finitely many absolutely continuous ergodic probability measures p;, 1 <
1< p, for T, and all absolutely continuous invariant probability measures for T are
convex combinations of them, and

(ii) the basin of each measure w;, that is,

n—1

) 1
Basin(u;) =z €U " Z; O7i(z) = i weakly.
J=

is an open set modulo sets with Lebesgue measure 0, and the union UY_,Basin(u;)
has full Lebesgue measure in U.

Though theorem 2 is essentially contained in [7], [10] and [3], we will give a proof of
theorem? in the last section. For more detailed properties such as exponential decay of

correlation, weak Bernoulli property and central limit theorems, we refer the argument in
[5, 7, 10].



In this paper, we proceed as follows. In section 2, we define a quantity M(7') for each
piecewise linear map 7, which measures the local complexity of the partition P from the
view point of dynamics. We call M(7') weighted multiplicity. In section 3, we will prove
the existence of an absolutely continuous invariant measure for 7 under an additional
condition

C(AM(T) +p(T)7! <1, (2)

where C(d) is a constant that depends only on the dimension d. This part heavily depends
on a recent work of B. Saussol[10]. In section 4, we will give a proof of the theorem of
Saussol that we used in section 3.

A piecewise linear map admits an absolutely continuous invariant measure if and only
if one of its iterations does. So our main task is confirming that one of iterations of an
arbitrary expanding piecewise linear map 7 satisfies the condition (2). This is the part
where this paper mainly concerns. Since p(T™)™! — 0 as n — oo obviously, it is enough
to check

lim inf M(7") = 0.

n—od

This will be proved in section 8 after preparations in sections 5, 6 and 7. In section 9, we
prove theorem 2.

Remark (1) In the argument below, we assume that each Uy in the partition is convex
and has non-empty interior. Since we can make any piecewise linear maps (7,U) satisfy
this assumption by discarding some of Uy’s and by cutting Ui’s by hyperplanes, this
assumption does not lessen generality of our argument. (2) The values of an expanding
piecewise linear map 7 on the boundaries of Uy’s has nothing to do with the results
of theorem 1 and 2 above. Hence, we will consider the map 7 to be defined only on
U® = Ugint(Uy) and not defined on the complement U \ U°, for simplicity.

2 Weighted multiplicity

Let d(-,-) be Euclidean distance on R? and let H™ be m-dimensional Hausdorff measure
on R%. We denote the open ball with the radius n > 0 and the center x € R? by

B(z,n) = {y € R? | d(z,y) <n}.
A subset A C R¢ is said to be a cone in a ball B(z,n) if any segments
Ly:={z+t{y—3)|¢> 0} B(z,a)

for y € AN B(z,a) are contained in 'A. We say that a ball B(z,a) has regular cone
property if all Uy, 1 < k < £, are cones in it. Notice that, for each z € U, we can choose
small number 5 > 0 so that B(z,n) has regular cone property.
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For vectors a 0 and b # 0 in R, let Z(a,b) be the angle between them. For z € U,
veR\ {0},0< 6 <7andd >0, we put

Cone(,8v,0) = {y €R?| 0 < |ly — z|| < § and Z(v,y — z) < 0}
and
S(z,8;v,0) = {y €R*| ly — z|| = & and L(v,y — z) < 6}

Let T, : R — R? be the affine map that coincides with 7 on the interior of Uy. For a
subset B C R%, we denote its boundary in R? by 8B. Then, for 1 <k <{fande >0, we
put

E(k,e) = {y € R*| d(Tk(y), Tk(2)) < € for some point z € OUj.}.

Forz €U, e >0, v € R%\ {0} and 0 < 8 < , let us consider the sum of ratios

i H%(E(k,£68) N Cone(z, 8;v, 0))

£ - H%(Cone(z, 6; v, 9))

k=1
This quantity depends on a positive number é > 0. But we have
Lemma 3 The quantity (3) takes a constant value for sufficiently small § > 0.

Proof. Take dp > 0 so small that B(z, (1 + 47)d) has regular cone property. Consider a
map

Lot RS RY, &(y) =+ t(y — 2). (4)
Then we have
&z,8/6,(E(k, €08) N Cone(z, do; v, 8)) = E(k, ) N Cone(z, §; v, 6) (5)

for 0 < § < do. In fact, if we take a point y € E(k,d06) N Cone(z, &; v, §), we can find
a point 2z € OUy such that d(Ty(y), T(2)) < €dof. Then d(y,z) < p(T) tedof < 4mdy
and z € B(z, (1 + 4m)d&). Obviously we have d(Tk(€s,6/5,(¥)), Tk(€z 6/, (2))) < €66 and
£2,5/5,(%) belongs to AU} from regular cone property of the ball B(zx, (1 + 47)&). This
means that &; 5/5,(y) is contained in E(k,e60). Hence the left hand side of the equality
(5) is contained in the right hand side. The reverse inclusion can be shown in similar way.
Since &; 5/5, is an affine map and maps Cone(z, 6o; v, §) onto Cone(z, §; v, ), the equality
(5) implies that (3) takes the same value for 0 < § < &y and dq. O
We denote this constant value by u(7,,&;v,0). In other words, we set

z‘: H(E(k,£60) N Cone(z, §; v, §))

g - H%Cone(z, §; v, §))

w(T,z,e5v,0) = 61_i}r_r¢() 2
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IfzeU°, u(T,x,e;v,0) =0 obviously.
Weighted multiplicity of a piecewise linear map 7 at a point € U is defined as

M(T,z)= sup sup sup u(7,z,¢;v,0).
0<e<4 yeRd\ {0} 0<O<T

Remark that the supremum with respect to € is taken over 0 < € < 4. The bound 4 comes
from very technical reason and does not have any special meaning. Finally, we put

M(T) = sup M(T, z)
zelU

and call it weighted multiplicity of a piecewise linear map 7.

3 An existence theorem for absolutely continuous
invariant probability measures

In this section we prove

Theorem 4 There exists a constant C(d) > 0, which depends only on the dimension d,
such that, if p(T) > 2 and

CAM(T) +p(T) < 1, (6)
there exists an absolutely continuous tnvariant probability measure for T.

We derive this theorem from a recent result of B. Saussol in [10]. For ¢ > 0 and n > 0,
we define

4

G e,z) =)

k=1

H%E(k,€) N B(z,n))
H%(B(z,n))

and

G(n,€) = sup G(n, ¢, z).
zeR4

Remark that the supremum is taken over z € R? and not only over z € U. For the
simplicity of the notation, we denote s = p(7)~!. The following theorem is a special case
of a theorem due to B.Saussol[10, Proposition 6.2].

Theorem 5 If we have

n
Ti=s+ sup (E LG((1 - s)n,e)) <1 (7)

for some n > 0, there exists an absolutely continuous invariant probability measure for T .
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We will give a proof of this theorem in section 4 for completeness. From theorem 5, we
have only to prove

Proposition 6 There ezists a constant C(d), which depend only on the dimension d,
such that we have

sup (2-6((1=s)n.e)) < CM(T) ®)

O<eln
if p(T) > 2 and if n > 0 is sufficiently small.
For the proof of proposition 6, we prepare one elementary lemma.

Lemma 7 If we take r > 0 sufficiently small, we can choose a point p(z) € R? for each
x € R? such that B(p(z), lx — p(2)|| + ) has regular cone property.

Proof. For 0 < j < d-1, let F; be the union of j-dimensional faces of the polyhedra Uy,
1 < k < 4. For z € U, let us denote, by n(z), the maximum of number 7 such that B(z,n)
has regular cone property. Then it is not difficult to see that n(z) is a positive-valued
lower semicontinuous function over Fj \Fj__l, 1<j<d-1.

First, take rg > 0 so small that the balls B(z,2rg) for z € Fp satisfy regular cone
property. Then put Do = | J,¢ m B (z,79). Inductively, we define r; > 0 and open sets D;
for 1 < j < d -1 so that Uj<;D; is an open neighborhood of F;. Assume that we have
chosen r; and D; for 0 < i < j — 1. Then since the function n(-) is positive-valued and
lower semicontinuous on Fj \ Ug;& D;, we can choose a number 0 < r; < rj-1 such that
B(z,2r;) for z € F; \UZ;& D; has regular cone property. Put

D; = {y € R¢ \ d(y, z) < r; for some z € F; \u{;&Di-} .

Obviously, Ug:oDi is an open neighborhood of Fj.
From the above definition, U;.l;(l)Dj contains a neighborhood of Fy_; = Ui=18Uk.
Choose 0 < r < r4—1 so small that the r-neighborhood of Fy_; is contained in U?;(%Dj.

If z € D; for some 0 < j < d, there exists a point p(z) € Fj\ 25 Di such that
z € B(p(x),r;). From the choice of r;, the ball

B(p(z), |z — p(z)|| + ) C B(p(z),2r;)

has regular cone property. Otherwise, put p(z) = z, then B(p(z), ||z — p(z)|| +r) =
B(p(z),r) does not intersect Fy_; and has regular cone property in trivial sense. O
Proof of proposition 6 Let r > 0 and p(-) be those in the last lemma. We show that the
conclusion of proposition 6 holds for 0 < n < r/3. Let us consider a point z € R¢ and
numbers 0 < £ < 5. Put / = (1 — s)n for simplicity of the notation. Notice that 7' > /2
from the assumption p(7") > 2. For the map &) :(y) = t(y — p(z)) + p(z), we can show
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Lemma 8 If a point w € R is contained in E(k,e)NB(p(z), ||z —p(z)||+27'), the image
Ep(a) t(w) belongs to E(k,te) for 0 <t <1

Proof. For any point w € E(k,e) N B(p(z), ||z —p(x)|| +27'), there exists a point z € Uy
such that d(T(w), Tx(z)) < €. Then we have d(w,z) < p(T) e < &/2<n/2 <7 and

d(z,p(z)) < d(z,w) + d(w,p(@)) < llz = p()ll + 30" < ||lz — p()|| + -

From regular cone property of the ball B(p(z), ||z —p(z)||+7), the point &(2) is contained
in &Uy. Since d(Ty(&x(w)), Tk(£(2))) < te, the point & (w) belongs to E(k, te). O

Now let us consider two cases: i’ > ||z — p(z)||/2 or otherwise. First we consider the
case where i’ > ||z —p(x)||/2. Let us put 7 = ||z —p(z)||+7 < 3n'. Since the ball B(z,7’)
is contained in B(p(z), ), we have

~ HY(B(k,€) 0 B(p(z), )
Gl e < ) B ©)

From lemma, 8, it holds

. HY(B(k,e) N Bp@), ) _ .. < HYE(k te) N B(p(=), 7))
Z H%(B(z,7)) S%I—I%Z Hd(B(x,tﬁ))

- (55) # (7ot o7,

Since (1/2)n < 1’ <7 < 37/, this implies

k=1

n / n € d € d
BN <L, . . . .
- GUrhe,z) < 2 m (T,p(m),wﬁ,v, 7r> < 3¢M(T)

Next, let us consider the case where 17/ < ||z — p(x)||/2. We put
0 = arcsin(n'/||z — p(z)|) < 7/6, v==z—p(z), and R=|z—p(@)| -7
Then 2R > ||z — p(z)|| and 2RE > ||z — p(z)||6 > 7. Since B(z,n’) is contained in
Cone(p(z), R +2n';v,6) N {y € R*| R < ||y — p(z)[| < R+ 2},

we have,

R+-27/
HY(E(k,) N B(z,n)) < /R H*Y(E(k,¢) S(p(z),;0,8))da.  (10)



From lemma 8, we have, for R<a< R+27 and 0<t < 1,

t* " HY N (B(k, €) N S(p(2), 05v,60)) < H (E(k, te) N S(p(x), ta; v, 0))
< H*(B(k,€) N S(p(x), ta; v, 0)) (11)

Applying (11) to (10) with ¢ = R/a, we obtain

, R+2y/ 5 a\d-1
HY(E(k,¢) N B(z,1')) S/R HYY(E(k,) N S(p(z), R; v, 6)) ('ﬁ) da

<20 - 3% HTN(B(k,e) N S(p(c), R; v, 6)). (12)
Again applying (11) with e = R and ¢ = b/R, we have, for 0 <t < 1,
HY(E(k, te)NCone(p(x), tR; v, 0))
tR
_ / HYY(E(k, t¢) 1 S(p(z), bjv, 0))db
0
tR
> [ 0/Ry L B ) NS (o), B v, 0)db
0

= t4(R/d)H* 1 (E(k,e) N S(p(z), R;v,0)). (13)

Remember that €(R8)™! - u(7,p(zx),e(RI)™;v,8) coincides with

EZ: HY(E(k,te) N Cone(p(z), tR; v, 6)) i HYE(k, te) N Cone(p(x), tR; v, 6))
H%(Cone(p(z), tR;v,0)) thd(Cone( (z), R;v, 8))

k=1 k=1

for sufficiently small ¢ > 0. Therefore, from (12) and (13), we obtain
H%Cone(z, R; v, ))
H*B(z,1))

d ne . nd
< (e/mM(T) (4d g¢, H(Co (n,(iffl)}f’”’e)) Hd(g(lm,))) .1

Here we used the fact that R6 > 7//2 > n/4 and £(R0)~! < 4¢/n. Obviously the term in
the last bracket in (14) is bounded by a constant C (d) that depends only on the dimension
d. Therefore we have

G(7',e,2) < (3%') - (d/R) - e(9R) " u(T , p(2),£(6R) ™45 0, 6)

La(r,¢,2) < C@M(T)

for any x € R? and 0 < & < 7. This is nothing but the claim of the proposition. |



4 A proof of theorem 5

In this section, we remember the argument in the work of B.Saussol[10] in our special case
and prove theorem 5. Let us consider Perron-Frobenius operator

P:LYU) - LNU),  fePfl@)= ). f@a),

T(y)=2

where L£1(U) is the Banach space of integrable functions with L'-norm || - || ;2 and

_ 1
9 = Ta DT

Let n and 0 < T’ < 1 be the real number in the statement of theorem 5. From now on,
we regard each element f € £1(U) as a function on R? by setting f = 0 on R¢\ U. For a
function f € £}(U) and a Borel subset S C R?, we define

osc(f,S) = Esup f — Einf f.
S S

We put osc(f, @) = 0 for convenience. Remark that the function z — osc(f, B(z,€)) is
lower semi-continuous and, hence, measurable with respect to x. For n > 0, let us put

Osc(f,n) = sup 6_1/ osc(f, B(x,€))dH%(z) € RU {oo}
0<e<n R

and consider a space of functions
BY(U,n) = {f € L'(U,R) | Osc(f,n) < co}.

This kind of function spaces are introduced in the paper of Gerhard Keller [8]. The
following properties are proved in [8, Theorem 1.13].

Proposition 9 The space of functions BV(U,n) endowed with the norm

I fliBvw.n = Osc(f,n) + || £l

is @ Banach space, which is dense in LY(U). For any ¢ > 0, the set of functions

E.={f € BY{U,n) | I fllavwm < c}

is compact in L1(U). Moreover, there is a constant K such that, for f € BV(U,n),

E;gp Il < K| fllsvwm-



Theorem 5 is a consequence of the following Lasota-Yorke type inequality.

Lemma 10 Under the assumptions of theorem 5, we have

Osc(Pf,n) <T'- Osc(f,n) + (T/n)|| fllzx (15)
for any non-negative valued functions f € BV(U,n).

In fact, the set of functions
X ={feBV(U,n) | Ifle =1,f20and Osc(f,n) <Tn~*(1-I)"1}

is a compact convex subset of £!(U) and P-invariant, that is, P(X) C X. Hence we can
get a fixed point g € X of P as a limit point of the sequence n~! Z;':ol Pi(f) for f € X.
The measure that has density g with respect to the Lebesgue measure is an absolutely
continuous invariant probability measure for 7.

Proof of lemma 10 Let us denote s = p(f)~! for simplicity. Let Tk : R — R? be the
affine map that coincides with 7 on the interior of Uy and let g, = | det(DTy)|~!. Taking
into account that Ty(E(k,¢)) is the e-neighborhood of the boundary 8(T%(Us)), we can
see

osc(Pf,B(z,e)) < ) g -osc((foT;?) * X1 (Uy), B(®,€))

>
LS &
=

< gx, - osc(f OTIc_l’B(m’ £)) - XTk(Uk)\Tk(E(kve))(x)

x>
I
—

¢
+> ok ( Esup f) XT3 (E(k,e)) (Z)
k=1 UkﬂT,:l(B(:c,e))

<

M~

gk - osc(f, B(Ty, *(2), 5¢))) - xv, (T3 (x))

X
Il

1

¢
+ ng ( Esup ) f) - XB(ke) (T ()

k=1 \UenT; (B(
forz € R¢ and 0 < £ < 7. We are going to estimate the integrals of the functions
R (@) = gi - ose(f, B(Z; (z), 5¢)) - X0, (T5 (¢))  and

R (z) = gy ( Esup f) XE(ke) Ty (@)
UpNT} ! (B(z,€))

10



By changing the variable z to y = Ti(z), we have
/R ) R;1>(x)dﬂ Yz) < /R ,ose(f, B(y, 52)) - xu, (y)dH(y).
Hence we obtain |
/def;R,(cl)(m)de(x) < /Rd osc(f, B(y, se))dH%(y) < se - Osc(f,n).

Let us see the second term R,(f) (z). For any point z € B(T}; Y(z), (1 — s)n), we have

( Esup f) < f(2) + osc(f, B(z,m)).

UpNTy  (B(zse))

because T}, *(B(x,€)) C B(T; (), s¢) is contained in B(z,7). Hence

- 2) d :
/Rngk (z)dH (m)gg/E

de(y) / f(z) + Osc(f7 B(za U))de(z)

) Bly,(1-syn) HY(B(y, (1 — s)n))
4
_ XE(k,g) (y) (f(z) + Osc(f’ B(z, 77))) 2d 2
// i<t H B O—sm) @)

<G - 9me) [ [F(2) +oself, Blam)] 4H(2)

< G((1— ), )ifllex + G((L = s)n,e) - - Oself, ).
Therefore we obtain
| ose(P1, Ba, DB o) < s+ (n/e)G((1 = shn, )] eOsef,m) + G(1 = shm, )
and |

Osc(Pf,n) < (s+4)0sc(f,n) + (v/m flizx

where 7 = supg.<,{G((1 — 8)n,€)(n/e)}. This obviously implies (15). O

5 Iterations of expanding piecewise linear maps

Let (7, Z/{)' be an expanding piecewise linear map under our consideration and let Uy,
1 < k < d, be the polyhedra in the associated partition . As we mentioned before,

11



we consider the map 7 to be defined only on U° = U‘,Jcl=1intU,c and not defined on the
complement U \ U°. The iterations of the map 7 are again expanding piecewise linear
maps. Let us see this fact in detail. For n > 1, the n-th iteration 77 : U — U of 7 is
defined on |

U°(n) ={x € U | T"(x) is defined and contained in U° for 0 < k < n— 1.}

and not defined on the complement U\U®(n). Let U(n,1), 1 < i < £(n), be the closures of
connected components of U°(n). Then, for each U(n, i), there exists a sequence {k() ?;&
such that

U(n,1) = N4_o(Tetm—1) © Tem-2) © * ** © Ty © Tr(0)) ™ (Ukem))-

Especially U(n, 1) is a convex d-dimensional polyhedron in U and the restriction of 7" to
U(n,1) i8 Tiom) © Th(m—1) © * + - © Ti(1) © Th(o)- Therefore the partition U(n) = {U(n, z)}fgl)
satisfies the conditions (i),(ii) and (iii) in the definition of piecewise linear maps for the

iteration 7™. Moreover we can see

p(T™) = p(T)™. (16)
Hence (7",U(n)) is an expanding piecewise linear map. Theorem 1 follows from
Theorem 11 liminf, .o M(7T™) =0.

In fact, this theorem and the inequality (16) imply that the conditions in theorem 4 hold
for one of the iterations of 7. That is, one of the iterations of 7 admits an absolutely
continuous invariant measure, and so does 7 itself.

6 Pseudo-differentials of piecewise linear maps

In order to estimate the weighted multiplicity of iterations of an expanding piecewise
linear map 7', we have to look at local properties of them. For this purpose, we introduce
a kind of pseudo-differentials of piecewise linear maps. A closed subset A in R is said to
be a cone in R% if v € A implies tv € A for all ¢ > 0. A closed subset A C R? is said to
be a polyhedral cone in R? if it is a cone in R% and a polyhedron at the same time.
Definition A local piecewise linear map is a combination (T, P) of a map T : A — R¢
on a polyhedral cone A ¢ R% and a family P of polyhedral cones Ay C 4, 1 < k < p,
such that

(i) the interiors of polyhedra A’s are mutually disjoint,
(i) U1 Ax = A, and

(iii) the restriction of the map T to the interior of each Ay is a linear map.

12



We will call T itself a local piecewise linear map if the associated partition P is clear.
The pseudo-differential of a piecewise linear map 7 at x € U is a map DT : A, — R9
that is defined on the set

Ay ={y € R?| 2+ ey € U for sufficiently small € > 0}
by

DT, (1) = lilfrlo T(x+ 28’0)8— T(z +ev) . (17)
£—

Remark that the term (7 (z + 2ev) — T (x + €v))/e on the right hand side of (17) takes
constant value for sufficiently small £ > 0.

The partition {Uk}f;=1 associated to the piecewise linear map 7 induces a partition of
Az into polyhedral cones

Py(T,k) = {veR?| z + ev is contained in Uy, for sufficiently small & > 0.}
for 1 < k < . We denote this partition by
Po(T) = {Pe(T,k);1 < k < £}

Remark (1) Some of the elements in the partition P,(7) may be empty or have empty
interior. But we count them as an element of the partition for the consistency of the
index k. In the argument below, we will ignore such elements. (2) We consider that D7,
is defined only on the union of the interiors of P,(7,k), 1 < k < £, and not defined on
the complement.

The combination (D7, P.(T)) is a local piecewise linear map on A;. Notice that there
is only finitely many distinct maps among the pseudo-differentials D7, for z € U. This
fact is important for our argument below.

If £ € U°® = Uint(Uy), the pseudo-differential D7y is a linear map and that is nothing
but the ordinary differential of 7 at z. If z € U \ U°, the map D7, is not a linear map,
but a local piecewise linear map. Especially, if z is on the boundary of U, the domain
A, is a proper subset of R%. For a local piecewise linear map S : A — RP, we define its
pseudo-differential DS, at a point x € A in the exactly same manner.

Now we are going to define second order pseudo-differentials of the map 7 as a pseudo-
differential of D7;. They are quite different from the ordinary second order differentials.
For a point z € U and v € A, the second order pseudo-differential of a piecewise linear
map T at (z,v) is a map D7, : Ay, — R that is defined on the set

Azy = {y € R* |y € Agiey for sufficiently small & > 0.}
={y € R*| z + ev + 2y € U for sufficiently small £ > 0.}

13



DT, o(w) = lim D(DTg)ep(w)
e—+0

. T(z+ev+2e2w) — T(z + ev + 2w)
= lim 5 .
e—+0 €

(18)

Remark again that the fraction on the right hand side of (18) takes a constant value for
sufficiently small € > 0. The partition P(7) induces a partition of A,

Pm»U(T) = {P-’E,’U(T’ k) I 1<i< E}»
where

Poo(T,k) = {w € R? | w € Pyyey(T, k) for sufficiently small & > 0}
= {w € R? | z + v + 2w € Uy}, for sufficiently small & > 0}.

Then the combination (D%, ,, Pr»(7)) is a local piecewise linear map. If z € U°, we
have D27, = DT, for any v # 0. If z ¢ U° and v is contained in the interior of P, (7T, k)
for some 1 < k < £, the second order pseudo-differential DZ’Z;,U is the linear map that
coincides with D7, on a neighborhood of v. Otherwise DQ'ZZM, is not a linear map while
it is still a local piecewise linear map.

For m > 2, we define pseudo-differentials of order m of a piecewise linear map 7 in
the following inductive manner. Let Z,,, be the set of combinations of a point z € U and
vectors 0 # v(i) € R%, 1 < i < m — 1, such that v(i) € A w),.pi-1) for 1 <i<m —1.
For v = (z,v(1),v(2),...,v(m — 1)) € Zp,, the pseudo-differential of 7" of order m at v is
a map DT, : A, — R? that is defined on the set :

m~—1
Ay = {w ER? | z+ Z g'v(i) + e™w € U for sufficiently small & > 0.}
i=1
by
D™ Ty(w) = EEIEO 'D(’Dm_lTv’)e-'v(m—-l) (w) (19)

_ fm T (z+ S0 ebo(d) + 26™w) — Tz + 177 eho (i) + €™w)
e—+0 gm

where v' = (z,v(1),v(2),...,v(m — 2)) € Tpy_1. Let
P’U(T) = {P’U(T’ k) I 1<k< e}
be a partition of A, defined by

Py(T,k) = {w € R?

m-1
z + Z e v(i) 4+ e™w € Uy, for sufficiently small & > 0. } .

i=1

14



Then the combination (D™T,,P,(T)) is a local piecewise linear map.

From the definition (19), the pseudo-differentials D™7, of the map T of order m > 1
coincide with one of pseudo-differentials of order m — 1 of 7. Let I3, be the subset of
Z™ that consists of elements v = (z,v(1),v(2),...,v(m — 1)) for which the set of vectors
v(1),v(2),...,v(m — 1) are linearly independent. Let D,,(7") be the set of distinct maps
among D™7T,, v € I;,. Then we have

Dy(7)D>D2(T)>D3(T)D -+ D Dg-1(T) D Dy(T).

Definition Let L be a linear subspace in R%. A subset B C R? is said to be L-cylindrical
ify+we B forany y € B and any w € L.

For v € Z,,, let Ly be the (m — 1)-dimensional subspace of R spanned by the vectors
v(1),v(2),...,v(m — 1). Then each element P = P,(7, k) in the partition Py, (7) is L,-
cylindrical. Especially, P = L, = R% for v € T3 and, hence, the pseudo-differentials DT,
of order d are linear maps. So Dg(7) consists of linear maps in D1 (7).

7 An elementary estimate

Before going into the main part of the proof of theorem 11, we prepare an elementary
estimate for volume of e-neighborhoods of cones in RP. For 0 < r < 7/, let us denote

BP(r)={y eR? | |ly|| < r}
and
ShellP(r, ) = {y e RP | r < |ly|| < r'}.

Let A C RP be a cone in RP. (See the beginning of section 6 for the definition.) For & > 0,
let N(A,e) be the e-neighborhood of A, that is,

N(A,e) ={y eR? | d(y, 4) <e}.
In section 8, we will use the following proposition.
Proposition 12 Let ¥ : RP — R? be a linear map and let € > 0. If

' >
seBE oy 1T @/l 2 126

and A # {0}, we have

HP(T~1(N(A,)) N B?(1)) < 3- HP(T~1(N(4, €)) N Shell?(1/3, 1)).
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Proof. For a cone A # {0} in R¢, we can take a sequence of cones A; in R%, each of which
consists of finitely many half-lines, so that A; N BP(1) converges to AN BP(1) in Hausdorff
distance. Thus it is enough to prove the claim in the case where the cone A consists of
finitely many half-lines. We assume this below. For each z € RP, let o(z) be a point in A
such that d(z,y) = d(z, A) = infyc 4 d(z,y). Notice that o(z) is uniquely determined for
all z € RP but for points on finitely many hyperplanes.
Lemma 13 For a map F : RP — RP defined by F(z) = z + o(z) and € > 0, we have
(1) F is injective HP-almost everywhere,
(2) o(F(z)) = 20(x) for HP-almost every z € RP,
(3) |det DF(x)| = 2 for HP-almost every point © on N(A,e)\ BP(g).
Proof. Let us show (1). We prove that, if o(z) and o(y) are uniquely determined for
points z and y and if F(y) = F(z), we have £ = y. From the symmetry on z and y, we
can assume ||z — o(z)|| < |ly — o(y)||. Then, if F(z) = F(y), we have

2|y — o(@)|| < |2y = F)|| + [|F(z) - 20(z)|| = 12y — F(y)|| + | F(z) — 20(z)]|

Sy —o@ll+ llz — @)l < 2y — o (@)ll.

This implies o(z) = o(y). Hence z = —o(x) + F(z) = —o(y) + F(y) = y.
Let us show (2). Since 20(z) € A, we have

lo(F(@)) - F()| < [20(z) - F@)]| = llo(z) - 2.
Hence v
[(o(F(2))/2) = z|| < ||lo(F(2)) = F(2)||/2 + | F(z) — 22]|/2 < ||lo(2) — z||.

This implies o(F(z)) = 20(z) if o(z) is unique.

Let us show (3). For almost every point z € N(A,¢) \ BP(¢), there exists a neighbor-
hood on which the map o coincides with the orthogonal projection to one of the half-lines
in A. Then it is easy to see that the determinant of the map F' at z equals to 2. O

Since the map ¥ is linear, the claim of proposition 12 is equivalent to the inequality

HP(N(A,e)nNT(BP(1))) <3- HP(N(A, &) N¥(Shell’(1/3,1))). (20)
For ¢ > 0, let us put
Ti={y € N(4,e) | o(y) € T(Shell’(27°77(5/6),27°(5/6)))}-

Notice that, if z € N(A4,¢) \ BP(e), the point o(z) is not the origin 0 and the angle
between the vectors z and o(z) is smaller that 7/2. So we have {|F(z)|| > ||z|| > € for
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x € N(A,e)\BP(e). From the claim (2) of lemma 13, we can see that ||o(F(z))| = 2|jo(z) |}
and ||F(z) — o(F(z))|| = ||z — o(z)| < € for HP-a.e. z € N(A,¢). Hence we have

F(T;\ BP(e)) c T'i—1 \ BP(e) HP-ae.
From claims (1) and (3) of lemma 13, we obtain
HP(T; \ BP(¢)) < (1/2) - HP(T's—1 \ B®(e)).

Therefore

HP(UZ, T\ BP(e)) = iH”(Fi \ BP(¢)) < ifi - HP(T'o) = HP(T'o).
i=1

i=1
For z € N(A,¢&) N ¥(BP(1/3)), we have
e o@Nl < @) + 187z ~ o(@)]| < (1/3) + (12¢)'e = 5/12.

So N(A,&) N ¥(BP(1/3)) is contained in UX, T}, and

HP(N(A,e) N W (BP(1/3))\ B®(e)) < HP(U21Ts \ BP(e)) < HP(To).
We have 1/3 < ||[T~(z)|| < 1 for z € Ty, because 5/12 < ¥~ (o(x)) < 5/6 and

127} (2) - ¥ (o(@))]| < (126) e < 1/12.

Thus Iy is contained in N(4,¢e) N ¥(Shell’(1/3,1)). Therefore

HP(N(A,e) N¥(BP(1/3)) \ BP(e)) < HP(N(A,e) N ¥(Shell’(1/3,1))).  (21)
On the other hand, we have

~ HP(BP(e)) < HP(N(A, &) N ¥ (ShellP(1/3,1))), (22)

because N(A,e)NT(Shell’(1/3,1)) contains at least one ball with radius ¢ when A 5 {0}.

The inequalities (21) and (22) imply (20). We proved proposition 12. O

8 Proof of theorem 11

In this section we prove theorem 11 and complete the proof of theorem 1. Let us assume

o(T) > 48, (23)
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replacing 7 by its iteration if necessary. Let us prepare some notations. Consider an

element v = (z,v(1),v(2),...,v(m — 1)) of Z,,. As in section 6, we denote the (m — 1)-

dimensional subspace of R? spanned by vectors v(i), 1 < i < m~1, by Ly. Let Ly be the

orthogonal complement of L, in R? and let 7y, : R¢ — L be the orthogonal projection.
FoerL;'; and r > 0, we put '

By(z,m) = {y € Ly | lly — =] < r}.
For v € L} \ {0} and 0 < 6 <, we put
Coney (v, 0) = {y € Ly \ {0} | £(y,v) < 6}.
Then, for 1 < k < ¥, we define
Py(T, k;v,0) = Py(T,k) N7, (Coney (v, §)).

Notice that elements P, (7, k) of the partition Py(7) and P, (7T, k; v, 8) are L,-cylindrical.
We want to define weighted multiplicity for each pseudo-differential D7, at v € Z,,,
oforder 1 <m<d-—1. For1§k§2,8>0,vELf;\{0} and 0 < € < m, we put

Eo(T,k,&;v,0) = {y € R? |d(Ty (), Twx(2)) <e for some z € 0P, (T, k;v,6). }

where T, 1, : R% — R is the linear map that coincides with D™T, on the interior of
P,(T,k). Since this definition does not depend on v when § = 7, we will write it simply

Ey(T,k,6) = Ey(T,k,5;v,7).

Notice that these subsets are also L,-cylindrical.
For v € Ly \ {0},0< 8 <7 and e >0, put

£

my(T,€;0,0) =1 Z
k=1

Hd—m+1(E,u(T, k,e0;v,0) N By(0, 1))
H¥™+1(Coney (v, 8) N By(0,1))

In the case of first order pseudo-differentials, or in the case m = 1 and v = (z), we have
w(T,z,e;v,0) < my(T,e;0,6). (24)

( (24) is not an equality but only an inequality because m4(7,¢;v, 8) counts the neigh-
borhood of the boundary of Cone,(v,6).)
We define the weighted multiplicity of the pseudo-differential D™7,, v € Z,,, by

M(T,v)= sup sup sup my(7,¢;v,0).
O<e<4 ueL,‘J,-\{O} _0<0§7r
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Then we put, for 1 <m <d -1,

M, (T) = sup M(T,v).
vely,

Remark that the supremum is taken over 7, and not on Z,. It is not difficult to check
that M, (7) is finite for 1 < m < d— 1. From (24), we have

M(T) < M(T). (25)
For these weighted multiplicity, we will prove the following claim.

Proposition 14 There exist constants K(d), which depends only on the dimension d,
and N(T), which depends on the map T, such that

M (T™) < 3[s + K(d)Mmt1(T) | Mn(T™) + 3K (d) M 11 (T)
forl<m<d—2 andn > N(T), where s = p(T)~ 1.

Before going into the proof of this proposition, we show that theorem 11 follows from
proposition 14. Remark that each map Dd”l’I;? for w € Z3_, is a linear map or a local
piecewise linear map whose associated partition is a partition of R? by the hyperplane
L,,. Moreover, its expansion rate is not smaller than p(7)". Hence we can see

Mo (T, 65v,0) <260 p(T™) ™! < 8rp(T)™"
forany v € I3 ;, v € Ly \ {0},0<e <4 and 0 < @ < 7. Hence
lim My 41(7") =0.
n—oo
Assume that we have proved
lim inf M p,+1(7™) =0
n—oo

for some 1 < m < d— 2. Then, for any A > 0, we can find arbitrary large k > 0 such
that M,.1(7*) < A. Applying proposition 14 to 7%, we have

M (TR < 3{s* + A K(d)}Mn(T™) + 3A - K(d)
for sufficiently large n. If 3(s* + A - K(d)) < 1, this implies

o 3A - K(d)
Uminf MulT™) < T30 7 A - K@)

Since we can take A > 0 arbitrary small and &k arbitrary large, we obtain

lim inf M, (77) = 0.

00
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Therefore, by induction on m, we obtain

lim inf M1(7T") = 0.

n—oo

From (25), this implies theorem 11.
Remark We can prove that M,,,(7"), 1 < m < d~ 1, converges to 0 exponentially fast
by slightly modifying the above argument.

Now our task become proving proposition 14. We first give a consequence of proposi-
tion 12 in the last section. Put

Shell, = {y € L} | 1/3 < ||y < 1}
and

H™ (B (T, k,e6;v,6) N Shelly)
H™F1(Cone, (v, 6) N By(0,1))

(Tevé’)—z—:“lz

Then we have the following inequality as a consequence of proposition 12.

Lemma 15 For any0<e <4, v € L\ {0} and 0 < 8 <, we have
my(T,e;v,0) < 3M4,(T,&;,0).

Proof. Let Ty i be the linear map that coincides with D™7,, on the interior of P, (7, k) as
before. Let 7 : R? — T, x(Ly)* be the orthogonal projection to the normal complement
of Ty,k(Lw). Put 7 = woTy and A = 7(0Py(T, k; v, 8)). Then, since Ty x(0Py(T, k;v,6))
is Ty k(L )-cylindrical, we have

Eo(T,k,&5v,0) N By(0,1) = {y € By(0,1) | d(7(y), 4) < b}

Since p(7') > 487 > 12¢6, we can apply proposition 12 for ¥ = 7 and 4 C Ty (Ly)t,
and get

H™ (B (T, k, &6, v, 9) N By(0,1)) < SH™Y(E(T, k,e6;v, ) N Shelly,).

This obviously implies the lemma. a

Let us fix v = (o, v(1),v(2),...,v(m—-1)) € I3, v € LH \ {0}, 0 < § < mand n > 0.
We will consider a fixed element P,(7™, k) in the partition P,(7") from now on until the
last part of the proof. Thus we put Q = P,(7", k;v, §) for simplicity of notation. Notice
that the partition P,(7"*!) subdivides P, (7 ™). By changing the index, we assume that

Q) == P,(T™14d) 1<i<gq
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are the elements of the partition P, (7™*!) that intersect Q. Then we have ui_,Q%) = Q.
Let T be the linear map that coincides with D™7T* on the interior of Q and put

& 0
—-} =

m—1
w = ( lim 7™ <a + 3 elu(j) + emw) ,T(v(1)), T((2)),..., T(v(m — 1)))

where w is an arbitrary element in the interior of P,(7™, k). Then, again, by changing
the index for the elements in P,(7), we can assume

QG) = QNT Y (Py(T,i)) for1<i<yq. (26)

For 1 < ¢ < g, let S; be the linear map that coincides with D™7,, on the interior of
Pw(T,%). Then we have DT ! = S, 0T on Q(i).
Now we want to estimate the sum

q
Z Hd—m+1 (Ev(Tn'*'l, i, 50; v, 0) N Shellv)
i=1

By the notation we prepared above, we can write, for § > 0,
Eo(T™,i,6;0,6) = {y € R? | d(Si 0 T(y), Si o T(8Q(i))) < 6} (27)
and

Ey(T™ k,6;v,0) = {w € R* | d(T(w),T(3Q)) < 6}.

We divide the subset E,(7"1,4,¢0;v,8) N Shell, in two parts. Remember that, for each
point y € Eo (77,4, €6;v,0), the image S; o T(y) is contained in the e6-neighborhood of
the boundary S;oT'(8Q(%)). On the other hand, the boundary S;oT(8Q(4)) is contained in
the union of S;(T'(0Q)) and S;(8Py(T,%)) from (26). Thus we define R;(e, i) as a subset
of Ey(T™*1,1,e6;v,6) NShell, that consists of points y in Ey (7™, k, £6; v, §) N Shell,, such
that §; o T'(y) is contained in the ef-neighborhood of S;(8Py(7,1)), that is,

Ri(e,i) = {y € R | d(S; 0 T(y), Si(8Pw(T,1))) < €0} N Ey(T™, k, £8;v,6) N Shell,,.

Remark that

Ew(T,i,60) = {z € R? | d(Si(2), Si(8Pw(T, 1)) < €6}
and it is L.,-cylindrical. Thus we can write R;(g, ) as

Ri(e,i) = T"YEW(T,i,60)) N Ey(T™,4,€0;v,0) N Shell,

= (1w 0 T) " (Bw(T,1,60) N Li;) N Ey(T™,4,60;v,0) N Shell,  (28)

Let us denote the complement of R (e,4) in E,(7™11,4,€0;v,6) N Shell, by
Ra(g,4) = Eo(T™,4,60;v,0) N Shell, \ Ri(e, ).
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Lemma 16 We have

aq
> HE Ry (e, 1)) < HYHH(EW(TT, k, 52639, 6) N Bo(0, 1)). (29)

i=1

Proof. For each point y € T(Ra(e, 1)), we can find a point w € T((8Q)NQ(#)) C Py(T,1)
such that d(S;(y), Si(w)) < €. Then

d(y,w) < sef. (30)

Notice that the point S;(w) is contained in Sj(Pw(7,4)). On the other hand, from the
definition of Ry (e, 1), the point S;(y) is not contained in the set Si(Ew(7,4,€0)), which is
nothing but the ef-neighborhood of the boundary of S;(Pw(7,1)). These imply that the
point S;(y) is contained in S;(Pw(7,1)) and that the subsets T'(Ra(e, i)), 1 < i < g, are
contained in P, (7T ,1) respectively. Hence Ra(e, i), 1 <4 < g, are mutually disjoint. Since
Ry(e,i) for 1 <i < q are contained in Ey (7™, k, se6;v,60) N By(0,1) from (30), we obtain
(29). o
Tn order to estimate the sum S37_; H4™+(R;(e,1)), we need the following lemma.

Proposition 17 There ezist constants C(d), which depends only on the dimension d,
and (T > 0, which depends on T, such that we have

L HEMY(EL (T, k,6r) N Byu(y, )
Hé-m+l (Bu(y7 7'))

< O(d) 6 - Mm4a(T) (31)
k=1

for anyu € I3, 0 < § < 4,7 > 0 and any y € Ly \ {0} satisfying |lyl| > v(T) - 7.

The idea behind this proposition is similar to that behind proposition 6: for each u =
(y,u1, U, . .., Um—1) € Iy, the germ of D™7,, at a point z € L1\ {0} equals to the pseudo-
differential D™+ 7T, of order m + 1 at w' = (y,u1,u2,...,Un-1,2), up to translations.
The proof is almost parallel to that of proposition 6. We assume proposition 17 for a
while and finish the proof of theorem 11. We will give a proof of proposition 17 at the
end of this section.

The following estimate is a consequence of proposition 17.

Proposition 18 There ezist constants A(d), which depends only on the dimension d, and
N(T) > 0, which depends on T, such that

g HY™ (R (e, 1)) <A(d)-e Mpa(T)  (32)

; HEm (B, (T, k,26;v,6) UQ) N By(0,1)) ~

for0<e<4andn>N(T).
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Proof. From (27), the subset T(Ri(g, 1)) is contained in the sef-neighborhood of the
subset T(Q). Since T'(Q) is L,-cylindrical, the subsets 7, 0 T(Ry(g,1)), 1 < i < q, are
contained in

X={z¢ .Lf;, | d(2,T(Q)) < €0} N Ty 0 T'(Shelly).

Let us consider a cover C of the set X C L& by finitely many open balls on L, with
radius 6. There exists a constant v(d), which depends only on the dimension d, such that
we can take the cover C so that its intersection multiplicity is not more v(d) . In fact, we
can take v(d) = 29-™*1 for exapmple. Also we can assume that all balls of the cover C
intersect X.

Lemma 19 For any point y in the balls of the cover C, the point y/2 belongs to the subset
Tw 0 T((Eu(T™, k, 20;v,0) U Q) N B,(0,1)). (33)

Proof. Remark that my o T~ : L — L} and myy o T : LE — Lk are the inverses of
each other because T'(Ly) = L,,. Also remark that |7, o T7Y|| < |77} < ™. Take an
arbitrary point y in one of balls of the cover C. Then we can take points z € X and w € Q
such that d(y, z) < 260 and that d(z, T(w)) < sef. We have, from (23),

my 0o T )| < |0 0 T7H(2)|| + 8™ 20 < 14 s™-20 < 2.

So y' = my o T~Y(y/2) is contained in B,(0,1). That is, the point y/2 belongs to my o
T(By(0,1)). On the other hand, since :
d(y/2, T(w/2)) < d(y/2,2/2) + d(z/2,T(w)/2) < (20 + seb)/2 < 26

and w/2 € Q, the point y/2 belongs to the 26-neighborhood of T'(Q), which equals to
T(Ey(T™, k,260;v,60) UQ). Hence y/2 = my(y/2) belongs to (33). O
From the last lemma, the volumes of the union of balls in the cover C is not more than

24=m+l . ga=mtl(r, o T(Eo((T™, k, 20;v,0) U Q) N By (0, 1))).

Since intersection multiplicity of the cover C is not more than v(d), the sum of volumes
of balls in the cover C is not more than

2d—m+ly(d) . Hd_m+1(7l'w o T(Ey((T", k,26;v,6) UQ) N By(0,1))).

Let v(T) be the constant in proposition 17. The distances from the centers of balls in C
to the origin 0 are not smaller than (1/3)p(7)" — 6. So if n is sufficiently large, they are
larger than v(7)6 and, hence, we can apply proposition 17 to each balls in the cover with
0 =€c<4and r=40. As a result, we obtain

2": H™ Y B, (T, i,60) N X)
— H"™ 1y, 0 T((Eo(T™, k,26;v,8) UQ) N By(0,1)))

<24 ™ Hey(d)C(d) Mt (7).
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Since 0 T(R1(g,14)), 1 <4 < g, are contained in Ey (T, 4,0) N X respectively from (28),
we obtain ,

q d—m+1 o i
ZHd_m.H( A (0 T(F1(e, 1)) Szd_m+1EV(d)C(d)Mm+1(T).

2 T © T((Bo(T", £, 20,0,6) U Q) 1 By(0, 1))
This implies the conclusion of the proposition 18. u|
Now we finish the proof of proposition 14. From (29) and (32), we obtain

q
> HE™H(E(T™ i, 6;, 6) M Shelly)
i=1 .
< A(d)eM i1 (TYHE ™Y By (T™, k, 26;v,0) N By(0,1))
+ A(d)e M i1 (T)HS™1(Q N B,(0,1))
+ HE™( By (T™, k, se6;v, 0) N By (0, 1)).

Summing up this inequality over Q@ = P,(T™,k,v,0), 1 < k < £, and dividing both sides
of the result by e - H% ™1 (Cone(v, §) N By(0,1)), we obtain

o(T", 6,0,0) < A(d)M i1 (T)2M (T + 1) + sMp (T™)
< QA Mm4A(T) + 8)Mm(T") + A(d) Mm11(T),

where we used the fact that the subsets QN By (0, 1) for Q@ = Py(T",k,v,0), 1 < k < £(n),
have mutually disjoint interior and their union is contained in Cone(v, 8) N B,(0,1). This
and lemma, 15 imply proposition 14. We completed the proof of theorem 11 and, hence,
that of theorem 1 except for the proof of proposition 17.

Here we give the proof of proposition 17 that we postponed. It is enough to prove
the conclusion of the proposition for each w in Z,, because there is only finitely many
distinct maps in Dy,. So we fix u = (z,u1,u2,...,un—1) € I3, and prove the conclusion
of the proposition. Remark that each element P,(T,k) in the partition Py (7) is Le.-
cylindrical. Thus its intersection P,(7,k) N L with Ly is (d — m + 1)-dimensional
polyhedral cone in Ll. We say that a ball By(y,a) has regular cone property if the
boundaries of Pu(7,k) N Ly, 1 < k < £, are cone in that ball. (See section 2 for the
definition of a cone in a ball.) We first prove the following lemma that corresponds to
lemma 7 in the proof of proposition 6.

Lemma 20 There exists a constant 'y > 0 such that we can find a point p(y) € L \ {0}
for each y € Ly \ {0} so that By(p(y), |ly — p(v)|| + 2r) has regular cone property for
0<r<yl/r.

Proof. Let Fj, 1 < j < d — m, be the union of j-dimensional faces of (d — m + 1)-
dimensional polyhedral cones P, (7,k)NLE, 1 < k < £. Let S, be the unit sphere on Li,
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that is, the boundary of B,(0,1) in L. Then Fj N S, consists of finitely many points.
Take 61 > 0 so small that each ball By (y,361) for y € Fy N S, has regular cone property.
Let us put K1 = F1 NSy, and Dy = U,ek, By(2,81). By the following inductive manner,
we take numbers §; > 0 and open sets D; in Lf; for 2 < j < d—m sothat U_;D; is a
neighborhood of F; NS, in L,J;. Assume that we have defined §; and D; for 1 <i < j—1.
Then put K; = F; NS, \ Uz;llDi. We take 0 < §; < 651 so small that the ball B(y, 36;)
for each y € K has regular cone property and put

D; = Uyek; By (y, 5j)-

The union U]_, D; is a neighborhood of Fj N S, in Lz.

We take 0 < § < d3_m so small that 26-neighborhood of Fy_,, NSy, in L is contained
in Uf;lmDi. Then, for any point y € Sy, we can find a point g(y) € S, such that
Bu(q(y), ly — a(¥)|| + 26) has regular cone property. In fact, if y is contained in the
26-neighborhood of Fy_p,, it is contained in D; for some 1 < j < d — m. Hence, the
choice of ¢(y) is clear from the definition of D;. Otherwise we can set q(y) = y. Then
Bu(q(¥), lly—a(y)||+26) = B(y, 26) does not intersect Fy_,, and has regular cone property
in trivial sense.

We have proved that we can find a point q(y) for each y € S, such that By (q(y), |ly —
a(y)|l + 26) has regular cone property. Now put v = =1 and p(y) = ||ylla(v/|y||) for
y € Ly \ {0}. f0 < r < |lyll/~, the ball

o (o () i - ()l + )

has regular cone property because r/||y|| < §. But, since each face of P,(7,k)NLL is a
cone in Ly, this implies that By (p(y), |y — p(y)|| + 2r) has regular cone property. |

Let « be that in the last lemma. Let r > 0 and consider a point y € Ly \ {0} satisfying
[yl > 4r. Then, from the last lemma, we can choose a point p(y) € L \ {0} so that
Bu(p(y), lly—p(y)||+2r) has regular cone property. Let us remember the relation between
the germ of the map D™7, at p(y) € Ly \ {0} and the pseudo-differential D™+ 7T, at
u' = (z,u1,u2,...,Un-1,0(y)) € Zn41- Let To; be the linear map that coincides with
D™T, on P,(T,k). Then we have

Pu(T,k) = {v e R?| p(y) + tv € Py (T, k) for sufficiently small ¢ > 0.}

for 1 < k< ¥4, and D™H7T, = u,k on the interior of Py (7, k). Let ¢ : R* — R? be a
map defined by {(w) = w — p(y). Then we have, for 1 < k < ¢,

E§(Pu(T, k) N Bu(p(y), ly — p)ll +2r)) = Pu(T, k) N Bu(0, ly — p(y)l| + 2r)).
Moreover, on each Py (7, k) N Byu(p(y), ly — p(y)|| + 2r), we have
DT 0 £(w) = DTy (w) + ¢
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Moreover, on each Py (T, k) N By (p(y), ly — p(y)|| 4- 2r), we have
DTy 0 f(w) = DT (w) +
for some constant ¢, € R%. Therefore, for 0 < § < 4, we have
E(Bu(T,k,67) N Bu(y, 1)) = Ew (T, k, 6r) N Bu(£(y), )
from regular cone property of the ball By (p(y), ly — p(¥)|| + 2r). Thus
HE™ B, (T, k, 6r) N By(y, 7)) = HE™(Ey (T, k,6r) N By (£(y), 7).

Let m: Li — Lt, be the orthogonal projection. Since Ey (T, k,0r) is Lo-cylindrical, we
have

H*"™ By (T, k,6r) N Bu(£(y), 7)) < 2r - H™(Ew (T, k, 87) N Bu (7 (£(1)), 7))
By repeating the part of the prodf of proposition 6 after lemma 8, substituting

d=d-m, z=(tw)), pl)=0, 7 =r e=0m
E(k,e) = Ew(T,k,0r) and

‘ d=m ! T T T
G, ew) = 3 E BT ki ér) 0 B (rE(y)), 1)

Pt H*™(By (r(£(y)), 7)) ’

we can prove that there exists a constant C’(d), which depends only on the dimension d,
such that

i H*"™(Ey(T,k,6r) 0 By (r(£(y)), 7))

k=1 Hd—m(Bu’("r(g(y))’r))

Therefore we obtain

< C'(d)-§- M(T,u). (34)'

ZIZ: H™ Y E, (T, k,6r) N By(y,7)) < C'(d) - 2r H ™ (B (7 (€(y)), 7))
H™ (B, (y,7)) - H%™(By(y,7))

SM(T,u)
k=1

forr > 0,0 < 6 < 4andy € L\ {0} satisfying ||y|| > ~r. But this implies the proposition
because the fraction on the right hand side is bounded by a constant that depends only
on the dimension d.
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9 Proof of theorem 2

We prove theorem 2. It is enough to prove the theorem for one of the iterations of 7. So
we assume that 7 satisfies the assumption of theorem 4 by replacing 7 by its iteration
if necessary. Then let 7 > 0 be a small constant for which the conclusion of proposition
6 holds and let BV(U, n) be the space of functions introduced in section 4. We can apply
an ergodic theorem of Ionescu-Tulcea and Marinescu[6] to the Perron-Frobenius operator
P from proposition 9 and lemma 10. As a result, we get the following description of
the spectrum of the restriction os the Perron-Frobenius operator to BV(U, ), P| BY(Um) *
BY(U,n) — BV(U,n): the intersection of the spectrum and the unit circle {z € C | ||2|| =
1} consists of finitely many point spectra of finite multiplicity and the other spectra are
contained in a ball {z € C | ||2| < B} with radius B < 1. Moreover, as is noted in the
footnote of [6, p. 143], we have

Lemma 21 For any h € LY(U), the sequence n~! Z?gol Pih converges to an element of
BY(U,n) in LY(U). Especially h € BY(U,n) if Ph=h for h € L1(U).

From this lemma, the density functions of each absolutely continuous invariant probability
measure is contained in the eigenspace Z of P|py () corresponding to the eigenvalue 1.
Especially there are only finitely many absolutely continuous ergodic probability measures
wi, 1 <4 < p, for T. Let us consider an absolutely continuous invariant probability mea-
sure u for 7. If we decompose p into finitely many mutually singular invariant measures,
the density functions of the components are linearly independent elements in Z. Hence
number of the components is not more than dim Z. From this and ergodic decomposition
theorem, we see that the measure p is decomposed into finitely many ergodic components
which are absolutely continuous. Therefore each absolutely continuous invariant probabil-
ity measure for 7 is a convex combination of the absolutely continuous ergodic probability
measures ;. We proved claim (1) of theorem 2. Let I" be the constant in lemma 10 and
let us take a number 0 < € < min{n, n(1 —I')/T'}.

Lemma 22 For each absolutely continuous ergodic measure p;, we can find an open ball
B(z;,€) such that the density function h; of p; w.r.t. Lebesque measure is positive H%-a.e.
on it.

Proof. Since Ph; = h;, we have Osc(h;,n) < I'/((1 —T")n) from lemma 21 and lemma, 10.
This implies

g1 /U osc(hi, B(z, ))dH%(z) < Osc(hi,n) < T/((1 = T)n)||hillL,

/ osc(hi, B(, e))dH(z) < / hi(z)dH(z).
U U
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We can find a point © € U such that osc(h;, B(z,€)) < hi(z). Then we have hi(y) >
hi(x) — osc(h;, B(z,€)) > 0 for H%a.e. y € B(z,¢). O

Let us consider open sets W; = U227 ~J(B(z;,¢€)) for 1 < i < p. Then it is easy to see

that W; = Basin(u;) modulo sets with Lebsgue measure 0. If the closed set Y = U\UL_; W;
had positive Lebesgue measure, the sequence n~1 Y%  P*((H%(Y)) " xy) should have
converged to a linear combination of the density functions h; of ;. But this is impossible
from the invariance of Y: T(Y) C Y. So UL_,W; has full measure in U. This implies
claim(2) of theorem 2.
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