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ABSTRACT
In this paper we propose a two dimensional random crystalline algorithm for Gauss cur-

vature flow.

1. Introduction.

Gauss curvature flow is a mathematical model of the wearing process of stones on beaches
(see Firey [3] and also Chow [1] and Tso [10]).

Ishii [7] proposed a discrete time approximation scheme for Gauss curvature flow. Let
us briefly introduce the idea. Take h > 0. Suppose that we are given a convex stone with
a smooth surface at time ¢t = 0. Af time ¢ = h, in every direction of outward normals, the
stone is cut off the volume (which converges to zero as h — 0). This process is continued
until the extinction time of the stone. As h — 0, the surface of a stone converges to a
- Gauss curvature flow in Hausdorf metric. |

In this paper we propose a two dimensional random model. Roughly speaking, our
model is as follows. Take n > 5 so that 2mn~! < 2717. Suppose that we are given a convex
polygon with n sides with outward normal (cos(2min~1!),sin(2rin~1)) (i =0, ---,n—1) at
time ¢t = 0. At a random time ¢ > 0, on a randomly chosen side, the set surrounded by
the polygon is cut off the deterministic area (which converges to zero as n — oo0). This
process is continued until the extinction time. As n — oo, the polygon converges to a
Gauss curvature flow in Hausdorf metric, in probability (see Corollary 2.2 in section 2).
Such a model is more realistic in that the stone can not be cut off the portion in every

direction at the same time.



In a two dimensional case, Gauss curvature flow is also a mean curvature flow. Our
result can be also considered as a random crystalline approximation of a mean curvature
flow. A crystalline approximation of a convex curve is useful in numerical analysis (see
Girdo [4] and also Girdo and Kohn [5] and the references therein). In case an initial curve
is not convex, Girdo’s result was generalized by K. Ishii and M. H. Soner (see Ishii and
Soner [8] and the references therein for further information on this problem).

Let us introduce Girdo’s result in a special case since it plays a crucial role in this
paper. Take a smooth simple closed convex curve I' on R? and denote by {T'(¢)}o<t<r~
on R? the mean curvature flow with I'(0) = I'. Here T* denotes the extinction time of
T'(t). More precisely speaking, the (inward) normal velocity at a point of I'(¢) is equal to
the curvature at the point. One can define, as below, polygons with n sides (n-polygon)
{Tn(t)}o<i<T+ which approximate {I'()}o<t<T+, where T} denotes the extinction time of
[n(t). For n > 5, I';(0) is a n-polygon of which the i th side is tangent to I' at a point
with outward normal (cos(2min™1),sin(2rin~')) (i = 0,---,n — 1). For t € [0,T), the
(inward) normal velocity V;, ;(t) of the i th side of T',,(t) is given by the following which is

called a discrete curvature:

(1.1). Va,i(t) = 2(tan(rn~1))4, ()71,

where £, i(t) is a length of the i th side of I',(t). From (1.1), it can be shown that
{ln: (1)} satisfies the follows:

Al (£)]/dt = (2 :(£) " co8(2n1) — £ i41() " = £ns_1 ()Y (cos(rn~1)) 2,
Lo () = Lo o(t).

Let us recall the definition of Hausdorf metric: for compact sets A and B € R?,

(1.2).

(1.3). dy (A, B) = max(max dist(p, B), max dist(q, A)).
peEA geB

Denote by Q(t) and €, (t) closed sets surrounded by I'(t) and T',,(t), respectively. The

following was proved in Girédo [4].



Theorem 1.1. For ¢t € [0,T%), liminf,,0o Ty > t and supgc,<; du{Qen(s),52(s)) con-

verges to 0 as n — 0.

Remark 1.1. Girdo’s result has not been generalized to a class of closed convex surfaces
in R for d > 3. In Girdo [4], they used a result on convergence of discrete curvatures of
I'n(t) to curvatures of I'(¢). But Ishii and Soner [8] did not. This is a nice aspect of the
viscosity solution approach.

Let us introduce our random model. Take T'(n) such that

(1.4). nanqu(n)n'5 = 00,
and put
(1.5). ' 6, = 2mn"1,
(1.6). hn(z) = 271 (tand,){—z + (2% + 4(601; 0.)T(n)"10,)/%} (z € R).

For n > 5, we consider a Markov process {(Xy ;(t), Dni(t))}2 on R?" such that

(L.7). {(Xn,i(0), Dni(0)}iZ0 = {(£4,i(0), 0}y’

| and with the generator defined as follows: for a bounded Borel measurable function f from

R?" to R,
n—1

(1.8). Lf(x) = T(n)(sin 6n) [0 c052(0/2)] ™ > Imin(eacs_sy oacessy) sin 6> (z20)} (@)
=0

X [f(x + 2(cot 0, )hn(z2i)es; — (sin Bn)_lhn(xzi)(eg(i_l) + €2(i+1))
+ hn(z2i)ezit1) — f(z)]

(see Ethier and Kurtz {2], Chap. 4, section 2). Here we put = = (2;)?75", en4r = € and

Tontk = Tk (k € N), and {ex};";' denotes the standard normal base in R?*. (Notice

3



that hy,(z) > 0 for x € R.) Denote by Qx »(t) a closed set surrounded by the n-polygon
which has a length X, x(t) on the k th side with outward normal (cos(k6,),sin(k6,))
(k=0,---,n—1). We will show that Qx ,(t) converges to () in Hausdorf metric, as
n — 00, in probability (see Corollary 2.2 in section 2). |

- Let us discuss a heuristic meaning of our model defined above. If the i th side of

Qx »(0) is chosen randomly at a random time o > 0, and if

(19) ’ min(Xn’i_l(O),Xn,,;+1(O)) sin On > hn(Xn,z(O)),

then Qx ,(0)(= S, (0)) is cut off the isogonal trapezoid with the height h, (X, :(0))
(and with an area T'(n)~'6,) on the i th side. Thanks to (1.9), 8Qx (o) is again a n-
polygon. After this process is repeted finite times< (the volume of Qx »(0))/(T(n)16,),
it is finished and Qx ,,(t) remains to be a n-polygon for ¢ > 0 since 2mn~1 < 27'x. Notice

that h,(z) is a positive solution to

(1.10). (@ + (0t 0 ) () () = T(n) 20,0,

For z > 0, the left hand side of (1.10) is an area of an isogonal trapezoid with a hight
hn(z) and with upper and lower sides of lengths = and x + 2(cot 6, )hn(x), respectively.
| In the proof of our result, we approximate Qx (t) by Q. (t) and make use of Theorem
1.1.

In section 2 we state our results which will be proved in section 4. Technical lemmas

will be stated and proved in section 3.



2. Main results.

Before we show that a random crystalline model converges, in probability, to Gauss cur-
vature flow, let us give some notation.

Put

2.1). dpi(t) = /0 tz[tan(an/z)]en,,-(s)—lds (i=0,---,n—1)

(see (1.2) and (1.5) for notation). ,
Put the intersection point of the Oth and 1st side of €2, (0) at the origin. Then the
- coordinate of the intersection point of the i th and the (i41) th side of Qx »(t) and Q¢ (t)

can be written as follows, respectively:
Yp,0(t) = (=Dn0(t), Dno(t) cot O — Dy 1 (t)(sinbn) ™) (i = 0),
22). Yt = (- Z Xono(8) sin (ki) — Do o(t), Z Xo 0 (£) cos(K6)
: ;n,o(t) cot 8, — Dy, 1(t)(sin 9n,;=-11) (1<i<n-1),
Yn0(8) = (=dn 0(£), dno(t) cOtBn — dn1 (£)(sin8,)™Y) (i = 0),
(2.3). Yois® = (=3 bk @) sin(kba) — dmo(®), 3 - (6) cos(kn)
N Z,o(t) ¢t By — dy 1 (£)(sin 0:)=-11) 1<i<n-—1).

Put for 6 € (0,T),

Cn(8) =nmin{l, x(s);0 <k <n—1,0< s < Ty — 6},
(2.4).
Tngs = inf{t > 0;Cpn(6)/2 > nmin{Xnx(¢);0 <k <n—1}.

Then the following holds.

Theorem 2.1. Suppose that (1.4) holds. Then for § € (0,T*),

n—1
2.5). lim n?E su Y, i(t) — yni(®)|?] = 0.
(2.5) Jm [OStSmin(Tg_é’Tm&)gl i(t) = Uni(t)]°]

As a corollary to Theorem 2.1, we obtain the following.
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Corollary 2.2. Suppose that (1.4) holds. Then for anyt € (0,T*) and‘J) > 0,

n—o0

(2.6). lim P( sup dg(Qx n(s),Q(s)) <n) =1.
0<sLt

Let us state the outline of the proof of Theorem 2.1.
(Outline of the proof of Theorem 2.1). Take no € N sufficiently large so that Ty > ¢ for
n > ng, which is possible from Theorem 1.1.

The following will be proved in section 4: there exists ny > ng such that for n > no

‘and t € [0, T* — 4],

n—1 :
(2.7). E] sup Z Y,k (8) — Yo,k (5)]%]
0<s<min(t,7n,s5) .o
< 2T(n) " 2n"t6,,([Cr(6)27 |2 sinh,,) 1|2

+ 8T (n) " 'nt8,(C,(6)? sin b, cos?(0,, /2)) 1

+ 32T (n)~'n?6,,(C,.(8)* sin 8, cos?(8,,/2)) !

+ 6T (n) "°n’t]6,,(C(6) sin 6,) ~1)?

+ (4n? 5in? 0,,((c08 8,) Cr (6)? cos? (0, /2)) " + 2 + 3)

t n—1
< [(BL s Y ()~ Yas()Plds.

0<u<min(s,mn,5) k=0
By Gronwall’s inequality, from (1.4), the proof is over, since {C(6) "1} , is bounded

(see (14) of Girdo [4]).
Q. E. D.

Next we prove Corollary 2.2 from Theorem 2.1.

(Proof of Corollary 2.2). For any t € (0,T*), take n; € N such that for n > n4

t<TF —(T* —1)/2,

(2.8). sup dg(Qen(s), Q(s)) < n/2,
0<s<t
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which is possible from Theorem 1.1. Put 6 = (T* —t)/2. Then for n > ng,

(2.9). P(Oiugt du(Qx,n(8),(s)) > n)
< P»(Oséurit du(Qxn(s), Qun(s)) > n/2)

SP( sup  da(Qx,n(s), Un(s) >1/2)
0<s<T*—6

< Prns <Tp — 6) + P( Sup A (Qx,n(5), Qn(s)) > n/2).
0<s<min(T}—6,7n s)

The first probability in (2.9) can be shown to converge to zero as n — oo as follows:

by Chebychev’s inequality,

(2.10). P(Tns < T - 6)
< P( sup Tax | X (5) — Lri(5)] > Ca(8)(20) 1)
0<s<min(T} —8,7,5) k=0
< P( sup X | Yo,k (8) — Y (8)| = Con(8) () ™1)

0<s<min(T} -6, 5) k=0

. n—1
< (4nC(8)1)2E] sup D Yk (8) = Y i (8)17]
0L s<min(Ty —6,7n,5) k=0

— 0, as n — oo (from Theorem 2.1).

Here we used the following:

(2.11). X (8) = £n e (8)] < [Yak(8) = Y,k (8)] + (Y p=1(8) = Ynp—1(9).

The second probability in (2.9) can be shown to converge to zero as n — oo as follows:

by Chebychev’s inequality,

(2.12). - P( sup du (Qx,n(s), Qen(s)) = 1/2)
0<s<min(T* —6,7n,5)

-1
<SP( s Bak[Yar(s) = pei(s) > 1/2)
0<s<min(T% —6,7,,5) F=0

n-1
< (n/2)7*E| sup Y [Yak(s) = gni(9)[*]
0<s<min(Ty; ~6,7n,5) 1 _o

— 0, as n — oo (from Theorem 2.1).
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Here we used the following:

(2.13). da (Ux,n(5), Un(5)) < X Y,k (5) = Ye(5)].
Q. E. D.

3. Lemmas.

In this section we state and prove lemmas which will be used in the next section.

‘Lemma 3.1. Forn>5,i=0,---,n—1, and s € (0,T}),

(3.1).  dyni(s)/ds = [ln i+1(5) cos®(6,/2)]" (sin(i0y), — cos(ify))
— [n,i(8) cos? (8, /2)] "1 (sin((i + 1)8y,), — cos((i + 1)8)).

(proof). When i = 0, from (2.1) and (2.3),

(3.2).  dyno(s)/ds
= (=2£5.0(5) " tan(8n/2), 26 o(s) ™" tan (6, /2) cot 6,
— 2, 1(5)"* tan(8,/2) (sin 6,) ") |
= [£n,1(8) c0s?(0,/2)] (0, —1) — [ln,0(s) cos?(8/2)] ™" (sin by, — cos B,,).

Suppose that (3.1) is true for ¢ — 1(> 0). Then from (1.2) and (2.3),

(33).  dyni(s)/ds |
= dyn,i-1(8)/ds + (2 i(s) " c080p — L ir1(8) ™ — Lni-1(5)71)
x (cos?(6,/2)) " (- sin(i0y), cos(i6y))
= [c08?(85/2)] " (bn,i(5) ™" sin((i — 1)6n) — £ni—1(5) " sin(i6,)
— (2£5,5(8) 7 €080 — L, i1 (8)™H — Lnim1(s) 1) sin(ify),

8



- en,i(s)_l cos((i—1)6,) + 4n,¢—1(8)_"1 cos(ify,) -

+ (2€n,¢(s)‘1 co8 b, — L iv1 ()71 - by i 1(8)7Y) cos(ify))
= [ln,i+1(8) cos?(0,,/ 2)]_1(sin(i0n), — cos(i6,,))

— [ln,i(5) cos? (6 /2)] 7 (sin((é + 1)8n), — cos((i + 1)6n)).

Here we used the following:

sin((i — 1)8,) + sin((i + 1)8,,) = 2 cos b, sin(if,),
3.4).
| G4 cos((i — 1)8,) + cos((i + 1)8,) = 2 cos 0, cos(iby).

Q. E. D.

Before we state and prove the following lemma, let us give some notation: for y =

()22, € R?™™, put

(3.5). Lf(y) = T(n)(sin 8,)[0r cos®(6,./2)] "

n—1

X Z{f(y + hn({lyzi — Y2-1)1* + ly2ir1 — y2i-1/°}%)
1=0 .
x (sin@n) " ([sin((s — 1)8n)]egi—1) — [cos((i — 1)0n)]e2i-1
— [sin((i + 1)Bp)]ezs + [cos((i + 1)bn)lezir1)) — F(®)}-
Put also Y, (t) = (Yo i(t))2Ze. Then the following can be proved by the Ito formula (see
Ikeda and Watanabe [6] or Meyer [9]).

Lemma 3.2. Suppose that (1.4) holds. Then for any 6 € (0,T*), there exists np € N
such that § < T* for n > ny and that for n > ny and any f € C2(R?*;R)

min(t,7n,5) _
(3.6).  f(Yn(min(t,7s,5))) = f(¥Yn(0)) + /0 Lf(Yn(s))ds + M(min(t, 7))

for t > 0, P-a.s., where M (t) is a purely discontinuous martingale part.

9



(proof). Takeng € N such that § < T3 for n > ng, which is possible from Theorem 1.1.

First we show that there exists ny > ny such that forn > ny and k =0,---,n—1

(3.7). min( Xy, k—1(t), Xnk+1(t)) sinbp, > hn(Xnk(t)) for t € [0,7,5) P-as..

By (14) of Giréo [4], {Cx(8)~'}32,,, defined in (2.4) is bounded. Therefore there exists

ng > ng such that for n > ne

Crn(6)(2n) 1 sinb, > (2n)Cr(6)~0,T(n)"

by (1.4). From this, for 0< k,i<n—1and 0<t< Tn,6

(3.8). X,k (t) sin 0, > Cr(6)(2n) "'sin b, > (2n)Cr(6)~10,T(n)
> Xni(t)710,T(n)™! > hyy(Xni(t) (by (1.10)) P-ass.,

which implies (3.7).
By (2.2), we have the following:

n—1 n—1
(3.9). Ya(s) = —21) e + (@1 cot b, — 23(sinb) 1) Y egpy
k=0 k=0

n—1 n—1 n—1
+ D w2 —(sin(i6n)) D ez + (cos(i6)) Y ez,
i=1

k=1 k=1

with z2; = X,i(s) and z2i41 = Dpi(s) (i = 0,---,n — 1). Therefore, from (1.8) and
(3.7), by the Ito formula, the time - derivative of the continuous bounded variation part

of f(Y,(min(t,7,s))) can be written in the following manner:

(3.10). T(n)(sinOn)[0n cos® (6,/2)] " {{T) + (II) + (III) + (IV)}.

Here we put as follows:

10



(3.11). (T) = f(Yn(8) — hn(Xn,0(8))(sin8,) "' [~(sinb,) z_: egx + (cosb,,) i €2k+1

k=1 k=1
— (sin((n — 1)‘9n))92(n—1) + (cos((n — 1)'0n))92(n—1)+1]

— ha(Xno(9) S 02k + (X 0(5)) (€0t 0n) 3 e2641) — F(¥n(5)),
k=0 k=0

(3.12).(11) = f(Yr(s) + 2(cot 0,) hn(Xp,1(5))[—(sinb,) Z—: ek + (cosb,,) Z_: €2k+1]

k=1 k=1

n—1 n—1
— ha(X1(5)) (5i0.0,) " [~ (5in(20,)) 3 €9k + (c05(20,)) 3 enpa]
k=2 k=2

n—1
— hn(Xn,l(S))(Sin en)_l Z e2k+1) - f(Yn(s))a
k=0

(3.13).  (III) = Z{f(v (8) 4 2(cot 0n) hn(Xn i (s))

=2

-1
x [—(sin(if,)) Z gk + (cos(ifn)) Z €2+1]

k=i k=1

= B () (sin0,) M= (sin(G ~ 1)62)) 3 ene

k=i—1

+ (cos((i — 1)8,,)) ni: eani1 — (sin((i + 1)6,)) 2—: ok

n—1
+(cos((i+1)8a)) Y ezrta]) — F(Yn(s)},
k=i+1
(3.14). {IV) = f(Yr(s) + 2(cot 0,) (X n-1(8))

x [—(sin{(n — 1)8,))es(n—1) +{cos((n — 1)8n))€z(n—1)+1]

— hn(Xn,n_l(s))(sinﬂn)_l[—(sin((n —2)6,)) Z_: es

k=n—2

+ (cos((n — 2)6r)) Z esk+1]) — f(Yn(s)).

k=n—2

11



Noticing that X, x(t) = |Yn k() — Yo k—1(2)|, the proof is over by the following (3.15)-
(3.18). .
On (I), we have the following:

n—1 n—1
(3.15). — B (Xn,0(5)) (510 60,) "} [—(5in8r) Y _ eax + (cos8r) Y _ ey
k=1 k=1

~ (sin((n — 1)0n))ez(n—1) + (cos((n — 1)0n))e2(n—1)+1]

n—1 n—-1
— hn(Xn’o(S)) Z €9 + hn (Xn,o(s))(cot On) Z €2k41
k=0 k=0

n—1 n—1
= hn(Xn,0(5))(sin6y,) " [(sin b,) Z ez — (cosby,) E €2k+1
k=1 k=1
+ (sin((n — 1)0n))e2(n—1) — (cos((n — 1)0r))es(n-1)+1
n—1 n—1
— (siné,,) Z esx + (cosb,) Z €2k+1]
k=0 k=0

= hn(Xn,0(s))(sinb,) " [(sin((n — 1)6,))ea(n-1)

— (cos((n — 1)0n))ez(n—1)+1 — (sinf,)eo + (cos b,)ey].

On (II), we have the following;:

n-—1 . n-1
(3.16).  2(cot Bn)hn(Xn 1(5))[—(sinbn) > | esk + (c086n) Y _ €api]
k=1 k=1 ‘

n—1 n—1 i
= hn(Xn,1(5))(5in0,) 7' [—(5in(265)) ) ezx + (co8(20n)) D e2x41]
k=2 k=2
n-—1
— hn(Xn,1(8))(sinéy,) -1 Z €2k+1
k=0

= hn(Xn,1(5))(sin6,) " [—(sin(26,)) Z_: ok + 2(cos® 0,) nz—: €2k+1]

k=1 k=1
n—1 n—-1 n—i
+ (sin(20,)) ) _ eax — (c0s(20,)) D ezks1 — ) ez
k=2 k=2 k=0
= hpn(Xn,1(8))(sin8,,) 7 [~ (sin(26,.))es + (cos(26,))es — eq],
by (3.4). |

12



On (III), we have the following: for ¢ =2,---,n — 2,

n—1 n—1
(3.17).  2(cot Bn)hn(Xn,i(8))[—(sin(ifr)) Y _ eak + (cos(ibn)) D ezxt1]

k=i k=i
n—1
— hn (X i(5)) (5100,) ~H [~ (sin((i — 1)6,)) > e
k=i—1
+ (cos((i — 1)6,.)) Z_: exk+1 — (sin((Z + 1)6,)) Z—: %
k=i—1 k=i+1
+ (cos((i + 1)) Z €2k+1)
k=i+1
n—1
= hy(Xn,i(8))(sinb,,) " [~2 cos 8, (sin(6,,)) Z ek
k=i
n-1
+ 2 cos 0, (cos(i,,)) Z €2k+1
k=1
n—1 n—1
+ (sin((i — 1)8,)) Y eak — (cos((i — 1)6n)) Y €y
k=i—1 k=i—1
n—1 n—1
+ (sin((i+1)6n)) > eak — (cos((i +1)8r)) Y eari]
k=i+1 k=i+1

= (X, 4(5)) (sin,) " [~ (sin((i + 1)8,))es: + (cos((i + 1)8,))ezi1
+ (sin((z — 1)6n))ea(i—1) — (cos((i — 1)8n))e2(i-1)+1l;

by (3.4). .
On (IV), we have the following in the same way as in (3.17).

(3.18).  2(cot On)hn(Xnn-1(s))[—(sin((n — 1)0r))€2(n—1)

+ (cos((n — 1)0n))es(n—1)+1]

. i n—1
~ h (X n—1(8))(sin8,,) 7 [~ (sin((n — 2)6,.)) Z ek

k=n—2

n—1
+ (eos((n — 2)6,)) Z €2k+1]

k=n—2
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= hn(Xnn-1(8))(sinb,) " [- (sin(nbn))es(n—1) + (cos(nbr))es(n—1)+1

+ (sin((n — 2)8n))e2(m—2) — (cos((n — 2)0,))e2(n—2)+1])-

4. Proof of Theorem 2.1.

In thissection we prove (2.7) to complete the proof of Theorem 2.1. For n > ng, by

Lemmas 3.1 and 3.2, the following holds: for ¢ € [0, min(T}; — 8, 7» 5)],

(4.1>.i Y (t) — Yo ()

=9 Z / < Unk(5) = Yok (8), o ot1() 7 Sin(kBn), — cos(kn)
+ £ 1 (8) " (= sin((k + 1)8,,), cos((k + 1)8,,)) > (cosz(en/2)) lds
— 27 (n)[6r, cos®(6,,/2)]* Z/ [< Ynk—1(t) = Yo r—1(s),
k=0 "0

hn(Xn,k(8)) (sin((k — 1)8r), — cos((k — 1)0n))+ < Yn k(t) — Yok (s)
s hn (X (8))(— sin((k + 1)8,), cos((k + 1)6,)) >]ds

+ 2T'(n)[0y, cos®(8,/2)] " 1(sinb,) Z_: / |hn (X0 1 (8)) (sinb,) "> ds + M (t),
k=00

‘where M (t) denotes a purely discontinuous martingale part. Hence

02, 3 lynilt) - Yor®)F
k=0

n—1 .t
= 2(cos*(6,/2))"* Z/ < Yn k(8) — Yo k(s),
=0 Jo0

(lng+1(8) ™" — X kg1 (s) 1) (sin(kf), — cos(kby,))
+ (En,k(s)_l — n,,k(s)“l)(— sin((k + 1)6,,), cos((k + 1)8,,)) > ds

n—1 .
+2(cos?(6n/2) 1Y / < Yo (t) = Yoo (), [T (m) (X 1(5)) 07
k=0 : .
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+ X go+1(5) "] (sin(kbr), — cos(kbn)) + [T (n)hn(Xnk(5)07 "
— X 1 (8) 7Y (sin((k + 1)8,,), — cos((k + 1)6,,)) > ds
n—1 .t
+ 2T (n)[6,, cos®(#,/2)] " 1(sinb,,) Z/ 1A (X x(5)) (sin8,) "*|*ds
k=00

+ M(3).

To complete the proof we show the following: for ¢ € [0, min(T;; — 8, 7n,s)],

n—1 .t
43). 2co(B./2)1 Y / < Y p(8) — Yo i (8),
k=00

Erjot1(8) ™" = Xngot1(8) "1 )(sin(kby), — cos(kby))
+ gk (8) ™! = Xn k() ™) (= sin((k + 1)85), cos((k + 1)8,)) > ds
< 2sin? 0,,((cos 6, )Cr (6)n~1CL(86)(2n) " cos? (0, /2)) !

ot n-—-1
x / sip Y () — Yo p(w)[2ds,
0

0<u<min(s,7n,5) p—g

n—1 .t
(44) 2(0032(97&/2))—1 Z /0 < yn,k'(s) - Yn,k(s)) [_T(n)hn (Xn,k+1 (3))9;1

k=0

+ X o1 (8) 7! (sin(kb,), — cos(kb,)) + [T(n)he(Xn k(5))0,

— X x(5) M (sin((k + 1)8,), — cos((k + 1)8,,)) > ds

t n—1
, _ 2
<2f s S fns(e) - Yan(wlds

0<u<min(s,7n,s) —g
+ 2nt|0,(T(n)[Ch (6)(2n)_1]'3 sin Hn)"l |2,

(4.5). 2T (1) [0y, cos?(0,/2)] " (sin b,,) nz—: /t [P (X (5)) (sin6,,) "2 ?ds
k=0"0

< 8T(n) " nt6,,[Crn(6)® cos?(6,/ 2) sin 6,,] -1

and for t € [0, T — 6],
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(4.6). {E[  swp  |M(s)P]}'?
0<s<min(t,mn,s)

< 32T (n) "'n?0,(Cp(6) sin b, cos?(8,/2)) %

+ 6T(n) ~2n>t|0n(Cr (6) sin 6,,) 1|2

t n—l
+ 3/ E| sup Z Y,k (1) — Yo i () [*]ds.
: 0 0<u<min(s,7n,s) k=0

L(4.3) is true, since for s € [0, min(T}} — &, 7, 5)),

3 < k(9) = Yok (5), U1 (8)™ = X (5)) (k) — cos(kfn)
k=
+ (o p(s)"t — X k(8) ™) (—sin((k + 1)6,),cos((k + 1)8,)) >

= 2_: < Yn.k (s) — Yn,k(3)7 (sin(kﬁn), - cos(kan)) > (en,k+1 (3)-1 — Xnk+1 (3)_1)
k= . ‘ E )

+ i < Ynk—1(8) = Y p—1(8) + (bn i (8) — Xn,k(s))(— sin(k6,,), cos(kd,)),
k=0 o .
(—sin((k + 1)8,,), cos((k + 1)8,,)) > (En,k(s)—1 — n,k(s)_l)
n—1 i
= E < Yn k() — Yok (s), (sin(ky) — sin((k + 2)6,.), — cos(k6,,) + cos((k + 2)8,,)) >
k=0 , :

X (Zn,k+1(3)_1 — n,k+1(s)—1)

+ i(sin(ken) sin((k + 1)8,) + cos(k6,,) coé((k +1)6,,))

k=0
X (£ o(8) = X (8)) (b o(5) ™ = X (5) ™)
n—1 . .
=Y <yni(8) = Yai(s), —2(sin6,) (cos((k + 1)8,,), sin((k + 1)6,)) >
k=0

X (en,k+1(3)—1 - n,k+1(5)_1)
n—1
+ Z(COS 0n)(£n,k(3) - Xn,k(s))(en,k(s)_l - n,k(s)_l)
k=0
n—1 )
<Y [Ynk(8) = Yok (8)[? 802 0 ((c08 0 )i 1 (5) X oga ()~
k=0 :
n—1
< sin® 6, ((co8 8,) Cr (§)n ™2 C (6)(2n) ~1) 2 Z [Yn,(8) — Yo i (8)]2 |

k=0
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(see (2.4)). Here we used the following;:

< Ynk(8) — Yo i (8), —2(sinby)(cos((k + 1)8y),sin((k + 1)6,)) >
X (bry1(8) ™t = Xppr1(8)™) |
< 20ynk(8) — Y k(8)|(5i00n)[(cOS 0 ) 1 (8) X o1 (5)] 71/
x [(c0881) (€n k41 (8) X k41(5) 71/l k1 (8) — X o1 (5)]
< Yk (5) = Yoo (5) 2 (510 6,)[(c08 0 ) o1 (8) X o1 (8)] ™
+ (008 0) (b, +1(8) X k41 () T (Uit 1 (8) — X p41(8))*

(4.4) is true, since for s € [0, min(T,; — §,7n6)),

n—1 ‘ _
(0082 (en/z))_l Z < Yn .k (5) - Yn,k(s)1 [—T(n)hn (Xh,k+l (3))0;1
k=0 )
+ X o+1(8) "1 (sin(kb,), — cos(ky)) + [T(n) hn(Xn x(5))0;1
— .n,k(s)*l](sin((k + 1)6,),— cos((k +1)6,)) >

n—1
<D Yk (8) = Yo (s))?
k=0

n—1

+271 ) [T (X o1 ()07 + X jo1(5) ™11 (cos? (6/2)) 2
k=0

n—1
+271 Y [T () o (X (5))05 " — X o (8) 7' (cos(6n/2)) ™2
k=0

n—1 ‘ n—1 :
<D 1Wnak(8) = Yok ()P + D 16n(T(n) X k(5)® sin 6,) 7|
k=0 k=0

< 3 i (5) — Yo (5)]2 o 1l (T() [ (8)(2) =1 sin 6,) 12
k=0 .

(see (2.4)). Here we used the following: for z > 0,

7t — T(n)ho ()0}
= 0,(T(n)z3sin 6,) "1{2(1 + (1 + 4z 72T (n)10,, cot 8,,)*/?)~1}2 cos b,,,
and
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cos b, = cos*(8,/2) — sin*(8,,/2) < cos?(6,/2).

(4.5) is true, since for s € [0, min(T}} — &8, 7n5)),

2_: (X o(8)) (sin 6,) 2 < Z—: 10n (T (1) X, 0(5) sin6,,) 72
k=0 k=0 .

< ), (T(n)Cr (6)(2n) L sing,) =2

(see (2.4)). Here we used that h,(z) < 6,(T(n)z)~! from (1.10).

(4.6) is true, since

Mt)= ) Z_:{Iyn,k(a*) = Ynk()I* = lyn e (s) = Ya(s—)I*}

0<s<t k=0

— T(n)(sin 6,,) [0, cos*(8,, /2)] 1 i/o 2[—~hn(Xn :(5))(sind,) "t
. =0 vV .
X (< Y i1(8) = Yai—1(s), (s1n((G — 1)0), ~ cos((i — 1)8,)) >
+ < Yn,i(8) = Yn,i(8), (—sin((i + 1)6,), cos((i + 1)6,)) >)

+1hn(Xrn,i(3)) (5in 0) ~|*]ds,

and henceforth for ¢t € [0, 7} — 6],
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E[  sup  [M(s)]
0<s<min(t,7n,5)

< 4E[|M (min(t,7.))|?] (by Doob’s inequality)
n—1

pmin(t, Ty 5)
= 4T(n)(sin 8,,) (0, cos?(6,,/2)) ! Z E[/0 (—2h, (X, (8))(sinf,)~?

=0

[< Yni=1(8) = Yai-1(s), (8In((i — 1)), — cos((i — 1)8r)) >
+ <¥n,i(8) = Yai(s), (=sin((i + 1)bn), cos((i + 1)65)) >]
+ 2 (Xn,(s)) (sin ) 7 |*)*ds]
< 16T (n)(sin 6,,) (0 c08* (6 /2)) 2|0 (T'(n) Cra(8) (20) ~* 5in §,,) 12

n—1 min(t,’rn’g)
x Y B (Iyn,i-1(8) = Ya,i=1 ()| + [Yn,5(5) — Yr i ()]
i=0 0

+ 10, (T'(n)Cr(8)(2n) ' sin 8,,) ~1|)2ds]
< {(16T(n)(sin 8,,) (6, cos? (0,,/2))'1|0n(T(n)Cn (6)(2n) " !sin 0,,) "2

n—1 min{¢,m,,5)
+3 B[ (1 i=1(8) = Yogm1(5)] + Iy (5) = Yas ()]
i=0 0
+ 100 (T (n)Cr(6)(2n) ™" sin 6,) "1 |)2ds]) /2}2
< {(16T(n)(sin 0,,) (0, cos? (0971/2))_1|0n(T(n)C'n((5)(277,)_1 sinf,,) 12

+ 300, (T(n)Cr (6)(2n) " sin 6,) 712

n—1 ot
+ 6 Z E[/(; |Yn,i (min(s, Tn,5)) — Yo i(min(s, 7, 5))|*ds]) /2}>.

=0

Here we considered as the following. For s € {0, min(¢,7,4)),
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n—1
D (—2hn (X i(5)) (sin ) 7

) [< yn,i—l(s) - Yn,i—l(s), (sin((é — 1)05), — cos((i — 1)6n)) >
+ < Yni(8) — Yo i(8), (= sin((i + 1)8,), cos((i + 1)6r)) >]
+ 2|hn(Xn i(8)) (sin 0,)71%)?

< nz_: 4P (X 5 (8)) (510 0n) T 2 (|Yn,i=1(8) = Yaim1(8)] + |ym,i (8) — Y i(5)]

+ [hn (Xn,i(5)) (sin 6) 7))

<Y 400 (T(n) X i(5) sin0n) "1 *(|Yn,i-1(8) = Yai=1(8)] + [Yn,i(8) = Ya,i(s)]

—+ |0n (T (n)Xp,i(s) sin 0,)")? (from (1.10:)‘)
n—1

<D 46n (T(n)Cn(8)(2n) " sin 0n) 7 [*(lyn.i-1(s) — Yoi1(s)l + [Yn,i(8) = Yo, ()]

=0
+ 10, (T (n)Cr(6)(2n) "1 sind,)"1)? (from (2.4)).
We also used the following: for z,y, 2 € R,

oy < {(@+y)/2}, (+y+2)? <3+ +27).
Q. E. D.
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