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Applications to Quantum Field Hamiltonians

Asao Arai
Department of Mathematics, Hokkaido University
Sapporo 060-0810, Japan

e-mail: arai@math.sci.hokudai.ac.jp

Abstract

We establish general theorems on locating the essential spectrum of a self-adjoint
operator of the form A ® I + I ® dT'(S) + Hy on the tensor product H ® Fy,(K) of a
Hilbert space H and the abstract Boson Fock space F,(K) over a Hilbert space K,
where A is a self-adjoint operator on H bounded from below, dI'(5) is the second
quantization of a nonnegative self-adjoint operator S on K and Hj is a symmetric
operator on H ® F,(K). We then apply the theorems to the generalized spin-boson
model (A. Arai'and M. Hirokawa, J. Funct. Anal. 151 (1997), 455-503) and a
general class of models of quantum particles coupled to a Bose field including the
Pauli-Fierz model in nonrelativistic quantum electrodynamics.

Key words: essential spectrum, Fock space, second quantization, quantum field, spin-
boson model, Pauli-Fierz model
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1 Introduction and Main Theorems
Let K be a Hilbert space and
Fo(K) = 02, (Q2K) (1.1)

be the Boson Fock space over K, where ®”K is the n-fold symmetric tensor product of X
with convention ®°K := C [23, §11.4, Example 2]. Let H be a Hilbert space. Then one
can make a Hilbert space

Fi=H® FK). (1.2)



Let S be a nonnegative self-adjoint operator on K with ker S = {0} and A be a self-
adjoint operator on H bounded from below. We denote by dI'(S) the second quantization
of S [23, §VIII.10, Example 2]. Then

Hy:=A®I+I®dl(S) (1.3)

is self-adjoint on its natural domain D(Ho) := D(A® I) N D(I ® dT'(S)) and bounded
from below, where I denotes identity operator and D(-) operator domain. Let Hj be a
symmetric operator on F such that D(Hy)ND(Hy) is dense in F. Then we are concerned
with the symmetric operator

H := Hy+ H; (1.4)

on F with D(H) = D(H,) N D(Hy). This operator is an abstract form of Hamiltonians
of various quantum field models (see Sections 3 and 4 below). In this paper, we establish,
in the case where H is self-adjoint, theorems on locating the essential spectrum of H and
apply them to Hamiltonians of quantum field models.

As is well known, a standard method to locate the essential spectrum of the Hamilto-
nian of a quantum field model is to construct asymptotic fields (e.g., [15, 19] and references
therein) or to discretize the Hamiltonian (e.g., [13] and [5, §3], [7]). As is seen below (The-
orems 1.2 and 1.3), the abstract theorems we prove in the present paper are very simple
compared with those methods. We regard this as a novelty and an advantage of our
theorems. For recent works on spectral analysis of concrete quantum field Hamiltonians,
which use different methods from ours, see [6, 8, 9, 10, 12, 14, 16, 17, 18, 21, 26].

To state the theorems, we introduce some symbols. We denote the inner product and
the norm of a Hilbert space X by (-,:)x (complex linear in the second variable) and
Il + |lx respectively, but, if there is no danger of confusion, then we write them simply as
(+,+) and || - || respectively.

For convenience, we recall a notion of weak commutator of two operators [3].

Definition 1.1 Let X be a Hilbert space. Let B and C be densely defined linear opera-
tors on X with the following property: there exist a dense subspace W of X and a linear
operator L such that W C D(L)N D(B)N.D(B*)N D(C)n D(C*) and

(B*¢,C¢) — (C*¢, Bé) = (4, L9) (1.5)

for all ¢, % € W. Then we say that the couple (B, C) has the weak commutator on W,
defined by
[B,Clww = LW,

where, for a linear operator 7' and a subspace D C D(T'), T|D denotes the restriction of
T to D.

Remark 1.1 (i) A linear operator L satisfying (1.5) is uniquely determined on W, since
W is dense. v

(ii) If the couple (B, C) has the weak commutator on W, then B and C are closable,
since D(B*) and D(C*) are dense.



(iii) For linear operators X and Y on a Hilbert space X, their commutator [X,Y] is
defined by

D(IX,Y]) = D(XY) N D(YX), [X,Y]:=XY —YX. (1.6)

If X and Y are bounded with D(X) = D(Y) = X, then, for every dense subspace
W, the couple (X,Y) has the weak commutator on W and [X, Y], w = [X,Y]W.

The case where B and C has the weak commutator on W as in Definition 1.1 is
equivalent to the case where the commutator [B, C] in the sense of sesquilinear form
on W x W defines a linear operator.

We denote by a(f) the annihilation operator on F,(K) with “test vector” f € K [24,
§X.7). By definition, a(f) is densely defined, closed and antilinear in f.
We now state our hypothesises.

(H.1) H is self-adjoint and bounded from below.

(H.2) Foreach f € D(S)ND(S~Y/?), the couple (Hr, I®a(f)*) has the weak commutator
[Hry I ® a(f)*lw,py on D(H). Moreover, for all ¥ € D(H) and all sequences
{32, C D(S) N D(S7/?) such that ||fa|| = 1, » > 1 and w-limy—eo fn = 0
(w-lim denotes weak limit),

JLIQO[HI’I ® a(fn)*]w,D(H)\Il = 0.

Remark 1.2 D(H) C D(Hj) and, for all f € D(S7/?), D(H) C D(H,) ¢ DI ®
dI'(S)) c D(I®a(f)) N D(I® a(f)*) (see Lemma 2.1 in Section 2 below).

For a self-adjoint operator T', we denote by o(T") and by o (T') the spectrum and the
essential spectrum of T respectively. If T' is bounded from below, then we define

Eo(T) :=inf o(T), (1.7)
the ground state energy of T
Theorem 1.2 Assume (H.1) and (H.2) . Then

{Eo(H) + M) € 060a(S) \ {0} } C 0ess(H), (1.8)
where Tess(S) \ {0} is the closure of the set 0ues(S) \ {0}.
As a corollary to this theorem, we have the following.
Theorem 1.3 Assume (H.1) and (H.2). Let
o(S) = [0, 00). (1.9)

Then
o(H) = 0ess(H) = [Eo(H), 00). (1.10)
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Remark 1.3 A non-zero vector in ker(H — Eo(H)) is called a ground state of H. Theo-
rems 1.2 and 1.3 improve previously obtained results in [4] where the existence of a ground
state of H is additionally assumed.

Remark 1.4 It is an interesting problem to clarify for what kind of classes of A, S and
H; the converse inclusion relation of (1.8) holds, so that

{Bo(H) + A\ € 0es(S) \ {0}} = 0ess(H). (1.11)

This should be a Fock space version of the HVZ theorem for N-body Schrédinger operators
[25, Theorem XIII.17].

Remark 1.5 In applications to quantum field models (see Sections 3 and 4 below), con-
dition (1.9) is satisfied by massless quantum field models. Thus, as far as Hamiltonains of
massless quantum field models obeying (H.1), (H.2) and (1.9) are concerned, their spectra
are completely identified as (1.10).

The present paper is organized as follows. In Section 2 we prove Theorems 1.2 and
1.3. Sections 3 and 4 are devoted to discussions of applications of these results to Hamil-
tonians of quantum field models. In Section 3 we consider the generalized spin-boson
model introduced in [5]. In Section 4 we define a class of models of N quantum particles
interacting with a Bose field in an abstract manner. This class gives a most general form
unifying models of nonrelativistic quantum particles coupled to a Bose field including the
Pauli-Fierz model without the dipole approximation ([22], [7], [11], [21]) and models of
Nelson’s type ([20], [27]). We prove self-adjointness of the Hamiltonian of each model in
the class and locate the essential spectrum of it.

2 Proof of the Main Theorems

We first recall some basic facts. The following fact is well known (e.g., [2, Lemma 2.1]):
For all f € D(S§~Y/%), D(dT(S)¥?) c D(a(f)*) N D(a(f)) and, for all ¥ € D(dL(S)"/?),

la()| < |IST3F(ldT(S) 2], (2.1)
la()@|? < [ST2FIPAD(S) ) + || £11P )% (2.2)
The operator ~
Hy := Hy — Eo(A) (2.3)

is nonnegative and self-adjoint. It is easy to see that D(I ® dI'(S)'/?) D D(Egﬂ) and, for
all U € D(HY?),

7 & dr(s)/*u]| < |FY ). 24)
Combining these facts with (2.1) and (2.2), we obtain the following lemma.

Lemma 2.1 For all f € D(S~Y/?), D(Hy"*) ¢ DU ® a(f)*) N D(I ® a(f)) and, for all
¥ € D(H,"),

I ®a(f)¥] < IIS‘”Z’fIII@/Z‘I’H, (2:5)
1@ a(f) e < (IS7FINHS Tl + [ F19]. | (26)
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Let Qo := {1,0,0,---} € F,(K) be the Fock vacuum in F,(K). For a subspace D C K,
we denote by Fogin(D) the subspace algebraically spanned by (g and all vectors of the

form
a(fl)*"'a(fn)*ﬂm n > 1a fj € Da .7 = 1a"'a'n"

If M is dense in K, then F, 5,(D) is dense in F,(K).
It is well known (or easy to see) that, for all f € D(S), Foga(D(S)) C D(dT'(S)a(f)*)N
D(a(f)*dT(S)) and, for all ¥ € Fosn(D(S5))

[d0(S), a(f)"1T = a(S ). (2.7)

Lemma 2.2 Let f € D(S~Y?)N D(S). Then the couple (Ho,I ® a(f)*) has the weak
commutator on D(Ho) and

[Ho, I ® a(f)']w,pe) = I ® a(Sf)"|D(Ho). (2.8)

Proof. By Lemma 2.1, D(Hy) C D(I ® a(f)) N D(I @ a(f)*). Let ¥ € D(A) ®aq
Fosn(D(S)), where ®,, means algebraic tensor product. Then, by (2.7), ¥ € D(Hol ®
a(f)*)N D(I ® a(f)*Ho) and [Ho,I ® a(f)*]¥ = I ® a(Sf)*V. Hence, for all & € D(Hy),
we have

(Ho®,1® a(f)"¥) — (I ® a(f)®, Ho¥) = (8,1 ® a(S)"W). (29)

Since D(A) ®aig Fosn(D(S)) is a core of Hy and we have Lemma 2.1, (2.9) extends, via a

simple limiting argument, to all ¥ € D(Hp). Thus the desired result follows. |
We set -

T := H— Ey(H) > 0. (2.10)

Lemma 2.3 Let f € D(S~Y/2). Then D(HY?) C D(I®a(f)*) and there ezists a constant
¢ > 0 independent of f such that, for all ¥ € D(HY?) and

1L @ a(f)* |l < e STAFINE + 1) + 112

Proof. By (H.1), H is closed on D(H) = D(H,) N D(Hy). Hence, by the closed graph
theorem, there exists a constant ¢; > 0 such that, for all ¥ € D(H),

[ Ho®| + |72l < cill(H +1)¥].

This means that H is H-bounded. Hence Hy/* is ﬁl/z—boundgf\i [24, Theorem X.18(a)].
Namely there exists a constant ¢ > 0 such that, for all ¥ € D(H/?)

|9 < ell(H + 1)),
which, combined with Lemma, 2.1, implies the desired result. |

The following criterion on essential spectrum (Weyl’s criterion) is well known (e.g., [1,
Lemma 5.19]).



Lemma 2.4 Let T be a self-adjoint operator on a Hilbert space. Then A € 0e(T) if and
only if there exists a sequence {¥,}°2, C D(T) such that ||, = 1, w-limpmeo ¥y = 0
and lim, oo (T — N3, = 0.

We use also the following fact, a strengthened version of the necessary condition for
A € 0ess(T') in Lemma 2.4.

Lemma 2.5 Let T be a nonnegative self-adjoint operator on a Hilbert space with ker T =
{0} and @ > 0. Let A € oe(T) \ {0}. Then there exists a sequence {¢,}2, C
D(T)N D(T~*) such that ||¢,]| = 1, n 2 1, sup,sq [|[T7%%|| < 00, w-limp—yeo ¥ = 0,
im0 (T — A, = 0 and limy oo T~T — X)tbn = 0.

Proof. There exists a sequence {¢,}o>; C D(T) with the properties described in
Lemma 2.4. Since A > 0, we can choose {1, }°2, such that the support of the measure
| Ez(-)¢n||> (Ex(-) is the spectral measure of T') is included in an interval [A — 6, A + §]
with 6§ > 0 a constant such that A > é. Hence

1

Jor Bl = [ A E 0l < g < oo

Hence ¢, € D(T~%) and sup,,5y ||T™*¢s|| < co. A similar calculation shows that || T~ (T—
A)ibnll < (A= 8)7* (T = M)¢hn|| = 0 (n = o). , u

Proof of Theorem 1.2

We denote by P the spectral measure of H. Let 0 < ¢ < 1. Since 0 € o(H), it
follows that P([0,e)) # 0. Hence there exists a vector ¥, such that ||l = 1 and
U, € Ran(P([0,¢))), where Ran(T") denotes the range of an operator T'. Let ¥ € D(H)
and f € D(S) N D(S~*/?). Then we have by Lemma 2.2 and Hypothesises (H.1) and
(H.2)

(H¥,I® a(f)*T,)
= {(HY,1®a(f)*V.)— (I®a(f)T,HL.)} + (I ®a(f)¥, HY,)
= (v,{I®a(SH) +Hr I8 a(f)lpun} ¥.) + (I ®a(f)V, HT,).

Note that H¥, € D(H) C D(Ho). Hence HU. € D(I®a(f)*), so that (I®a(f)¥, HY,) =
(U, I®a(f)*HY,.). Hence it follows that I ® a(f)*V, € D(H) and

H(I®a(f))¥. = {I®a(Sf)" + [Hr,I® a(f)lwpen} Cc+I®a(f) HL,. (2.11)

Now let A € 0es(S) \ {0}. Then, by Lemma 2.5, there exists a sequence {f,}32; C
D(S) N D(S7Y/?) such that |[fu]| = 1, w-lim,eo frn = 0, K := sup,s, [|S™2f,|| < oo,
limy,—0 (S — A) fr = 0 and lim, o S-S — M) f. = 0. In general, we can show by using
the canonical commutation relations of a(f) and a(g)* (f,g9 € K)

[a(£),al9)"] = (f,9), [a(f),a(g)] =0, [a(f)",a(g)"] =0, (2.12)
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holding on the subspace of finite particle vectors
Fo(K) = {¢p = {p™}2, € Fu(K)ltbn = 0 for all but finitely many n’s} (2.13)

of F,(K) and a limiting argument that every ¥ € D(I ® a(f)) is in D(I ® a(f)*) and
17.® a(f)*2|f* = [ fIPIIT)* + (11 ® a(£)¥|* (2.14)

Hence

17 ® a(F)Tl* = IFIP)T) (2.15)
Using this inequality, we see that the vector I ® a(f,)*¥, is not zero with

Cne = |[I®a(fn) V.| > 1. (2.16)
Hence we can define a unit vector
Ve :=Crt I ®a(fn)* V..
Then we have by (2.11)
(H = N = Ci2H{I® a((S = N fa) U + [H1, I ® a(fa) woim e + I ® a(fo) HY. }
Hence

HH = Nl < 15728 = N fallllI ® dT(S)2 T, |

We have by Lemma 2.3

17 ® a(f) HY| < cHS‘lffnllll(Fj1)1/’“’Tf%ll+Ilfnllllﬁwell
< cK||(H+ DYV2HT, || + |HT.|.

By the functional calculus, we have
I(H +1)2H0,|| <e(e +1)Y* < V26, |[[HY.| <e.
Hence || ® a(fn)*ﬁ\IIEH < Ce with C > 0 a constant independent of n and . Hence

I(H =~ Nl < [S7V3(S = N Falll @ dD(S)* 0|
(S = N fall + IH1, I ® a(fu) v,y Vel + C,
which implies that limsup,__, [[(H — A)¥,.|| < Ce. Hence lim,olimsup,_,., I(H —

MV, || = 0. This implies that there exist sequences {n;}; and {ex}s such that ny —
00, €, 0 as k — oo and

i [[( = A)¥ay]| = 0. | (2.17)
To show that
w- lim Uy, ., =0, (2.18)
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it is sufficient to prove that, for all ¥ € H Qa1 Foin(K), limy—oo(¥, ¥y, ..) = 0. So let
U=9®alg1)* - -algm) N (Y €H, g; €K,7=1,---,m). Then we have
(T, Une)l < 20095 Fui)(® ® a(91)" -+ - alg-1)"a(gj41)" -+ - 4(gm) "o, Vo)

1

< Sl Fo)l 16 ® alr) -+ algsor) a(gia)" - algn) Dl

— F(k — 00).

It follows from (2.17), (2.18) and Lemma 2.4 that A € ess(H). Hence 0s(5) \ {0} C
Oess(H ). Since the essential spectrum of a self-adjoint operator is closed, it follows that

ess(5) \ {0} C Oess(H). Thus (1.8) follows. u

pary

Proof of Theorem 1.3

By the present assumption, oess(S) \ {0} = [0, 00). Hence, by Theorem 1.2, [Eo(H), o0)
Oess(H ). On the other hand, it is obvious that oes(H) C o(H) C [Eo(H),00). Thus (1.1
follows.

C
0)

3 The Generalized Spin-Boson Model

In this section we apply Theorems 1.2 and 1.3 to the Hamiltonian of the generalized
spin-boson (GSB) model which was introduced in [5] as an abstract unification of some
nonrelativistic quantum field models.

We first present an abstract fact on weak commutators.

Lemma 3.1 Let X be a Hilbert space and W be a dense subspace of X. Let B and C

be densely defined linear operators on X such that W C D(B) N D(B*)N D(C)ND(C*).
Suppose that there exist a densely defined closed linear operator T on X and a core D. of
T with the following properties:

(i) D. c W c D(T).
(ii) B and C are T-bounded on D..
(iii) D. € D(BC)N D(CB) (so that [B,C] is defined on D.) and
= [B,C]|D.
is T-bounded on D..
(iv) D(B*C*) N D(C*B*) is dense.

Then L is closable with D(T) C D(L) and the couple (B,C) has the weak commutator
on W given by _
: [B,Claw = LIW.



Proof. By property (iii), L is densely defined and L* D [C*, B*]. By (iv), D([C*, B*})
is dense. Hence D(L*) is dense. Therefore L is closable. By the T-boundedness of L on
D., there exist constants a,b > 0 such that, for all n € D,

I Lnll < al[ Tl + blinll- (3.1)

Since D, is a core of T, it follows from a limiting argument that D(T) C D(L) and (3.1)
extends to all n € D(T), L being replaced by L.

Let ¢ € W. Then, by (i), there exists a sequence {¢,}22, C D, such that ¢, —
é, Ty — Tdp(n — o0). For all p € W, we have (B*1),Cé,) — (C*¢, Bé,) = (¢, Lon).
The T-boundedness and the closability of B and C imply that B¢, — B¢ = B¢ and
Cé, - Cp = Ch as n = oco. By (3.1) with L replaced by L and n € D(T), we have
Lé, = Lé(n = oo). Hence we obtain (B*,C¢) — (C*, Bé) = (¥, L¢). Thus the

desired result follows. [ |

We carry over the notation in Section 1. For each f € KC, the operator

¢(f) = 7§(a(f)* +a(f)), (3.2)

called the Segal field operator, is essentially self-adjoint on Fo,(K) [24, §X.7, Theorem
X.41]. We denote its closure by the same symbol. We consider the case where H is of
the form

J
HI = ?SB = aZBJ- ® ¢()\J) (33)

Here B; (j = 1,---,J;J < 00) are symmetric operators on H, A\; € K(j =1,---,J) and
o € R is a coupling parameter. The Hamiltonian of the model is given by

-HGSB = Ho -+ HIGSB (34)

We remark that, in [5], the special choice K = L*(R¥) (v € N) is made. But, here,
we proceed more generally.
We need the following conditions:

(GSB.1) X\; € D(S12), 5 =1,---,J.

(GSB.2) Let _
A = A - E()(A) 2 0.

Then D(AY?) C D(B;),j =1, -+, J, and there exist constants a; >0, b; >0, 7 =
1,++-,J, such that, for all u € D(Al/i’),

IBiju|? < 2| AY%u|? 4+ Blul®, §=1,---,J.

~ (GSB.3)

o (z 3 ||s—1/aj'|) <1
=1



It is shown that, under conditions (GSB.1)~(GSB.3), D(H,) C D(HESB), Hggp is
self-adjoint on D(Hp) and bounded from below.
For each f € K, we define

L() = 75 > (%, B @ 1. (3.5)

Lemma 3.2 Assume (GSB.1)-(GSB.3). Then, for all f € D(S™Y?), the couple (H{*B,
I ® a(f)*) has the weak commutator on D(H,) and

[HE®, 1 ® a(f)"lw,p(a0) = L(f)|D(Ho). (3.6)
In particular, for all sequences {f,}2, C D(S) N D(S~/?) such that ||fa|| = 1,n > 1

and w-lim,_, fn = 0 and all ¥ € D(H,),
lim [H7*2, I ® a(fn)*lw,p(0) ¥ = 0. (3.7)

Proof. The dense subspace D, := D(A) Qaig Fo,in(D(S5)) is a core of Hy. It is easy to
see that

D. C D(HF®I ® a(f)*) N D(I ® o(f)*H;*®) N D(HF**1 ® a(f)) N D(I ® a(f)HT"P).
By (2.12), we see that, for all ¥ € D,
[HF®®,1® a(f)*]¥ = L(f)V.

The operators I ® a(f)* and HF"® are Ho-bounded (cf. [5]). We can show also that L(f)
is Ho-bounded. Hence we can apply Lemma 3.1 with B = HFB, C = I® a(f)*, T = Hp
and W = D(H,) to obtain the first half of the lemma.

By (3.5), we have for all ¥ € D(Hy)

lel s~ 5, .
1LY < 7530 105 fo)ell B © 19

Since (Aj, fa)x = 0 (n = oo), we have | L(f,)¥| = 0 (n — o0). Hence (3.7) follows. ®

Theorem 3.3 Assume (GSB.1)-(GSB.3). Then
{ Bo(Hose) + A € 72alS) \A0}} C e (Haosa). (3.8)

In particular, if o(5) = [0, c0), then

o(Hgsp) = 0ess(Hasg) = [Fo(Hass), 00). (3.9)
Proof. By Lemma 3.2, we can apply Theorems 1.2 and obtain (3.8). Eq.(3.9) follows
from Theorem 1.3. [ |
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Remark 3.1 Consider the case where K = L?(R”) and S is a multiplication operator by
a nonnegative function w : R¥ — [0, c0) with the following properties:

(i) w is continuous on R” and limyj—.c w(k) = oo.
(i) There exist constants v > 0 and C > 0 such that

lw(k) — w(k)| < Clk — K" (1 + w(k) + w(k)), kK €R.

We set

m = kle%{vw(k) > 0. (3.10)

Assume (GSB.1)-(GSB.3). Suppose that A has compact resolvent. Let m > 0. Then,
the results obtained in [5] imply that Hggp has purely discrete spectrum in [Fo(Hgsg),
EO(HGSB) + m) and

Oess(Hasp) = [Eo(Hass) + m, 00), (3.11)

see [4]. In the proof of this fact, however, the existence of a ground state of Hgsp is used.
Let m = 0. Then we have o(S) = [0,00). Hence, by Theorem 3.3, we obtain

J(HGSB) = Uess(HGSB) - [EO(HGSB), OO) (312)
Note that, to obtain (3.12), we need neither the additional condition A\; € D(S7) (j =
1,---,J) nor arestriction of the coupling constant « into a smaller region (these conditions

are needed to prove the existence of a ground state of Hggp in the case m = 0 [5]).

4 A class of models of quantum particles coupled to
a Bose field

In this section we consider, in an abstract form, a class of models of N quantum particles
interacting with a Bose field (N € N), where the particles move in R”. To treat such a
quantum system rigorously, we introduce some notions. :

We take the Hilbert space of the system of N quantum particles to be

H, := L*(R"N;CM), (4.1)

where M € N is a number related to internal degrees of freedom of the particles (e.g.,
spin). A Hilbert space for the coupled system of the N particles and the Bose field whose
one-particle Hilbert space is K is given by

Frr := Hp ® Fi(K). (4.2)

This Hilbert space has a natural identification with

LR @M F () = /: _@MA(K)dz, (4.3)
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the Hilbert space of Gabe(IC)-valued Lebesgue square integrable functions on R*V [the
constant fibre direct integral with base space (R*Y,dz) and fibre @™ F,(K)]. The iden-
tification is given by the unitary correspondence given by

@Y = (Yu(z)V,- -, bu(z)¥)

(¥ = W)ty € Hp, ¥ € R(K), 2 = (21,-2-,2n), 7j € RV, j = 1,---,N) [23, §IL4,
Theorem I1.10(b)]. In what follows we use this identification freely.

Let ¢ : R"N — K be a strongly continuous K-valued function on R*Y. Then the
operator-valued function :x — exp[ité(g(z))] on R*N is strongly continuous for all t € R
[24, §X.7, Theorem X.41(d)]. Hence it follows that the operator-valued funciton:z —
(#(g(z)) +1)~! on RV is strongly continuous. Thus we can define a decomposable self-
adjoint operator

&
[9l(9) = [, #lo(a))de (44)
on Fpr [25, §XII1.16, Theorem XIII.85(a)].
We say that a K-valued measurable function g on R*Y is in L®(R*M; K) if

1g]loo := ess.supseranlg(2)x < oo, (43)

where “ess.sup” means essential supremum.

Let A,S and Hp (resp. B;) be as in Section 1 (resp. Section 3) with H = H,.
To define an interaction operator between the particles and the Bose field, we take K-
valued strongly continuous functions g; and A; on R*YN (j = 1,---, J), and bounded linear
operators Vi, j,k=1,--+,J, on Fpp such that

ik = Vij. (4.6)

We define the following operators on Fpp:

J
1
H o= 307 (Bildl(e) + [6)e:)B) (1)
j=1
J
Hy, = Y 4] [6](hx). (4.8)
7k=1
The total Hamiltonian of the model is defined by
Hpp := Ho + Hipr (4.9)
with .
HI,PF = Hy + H,. (4.10)

This model gives a most general abstract unification of Hamiltonians of quantum field
models including the Pauli-Fierz model in nonrelativistic quantum electrodynamics with-
out the dipole approximation (e.g., [22, 7, 8, 11, 14, 21, 26]) and models of Nelson’s type
[20, 27].
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4.1 Self-adjointness of Hpy

We first show that, under suitable conditions, Hpr is self-adjoint on D(Hp) and bounded
from below. For this purpose, we first estimate Hj.

For € > 0, we define
1 1

pei=3 (1 + 5;) . (4.11)
Lemma 4.1 Let f € D(S™Y/2) and ¥ € D(dT'(S)*/?). Then, for all ¢ > 0,
I$(HTI? < 2+ )| ST fIPI1dT(S) 2| + pe || £ 2. (4.12)

Proof. Using (2.1) and (2.2), we have

l¢(He|* < %(Ila(f)\l'll2 +1a(F)C*) + lla(H)E|||a(f) 2|
< 2SS (S) e + %HJ”H?II‘I'II2 + ST £ (S) 2w .

By the elementary inequality
ab < ea® + -4:1—662, a,b>0,e>0, (4.13)
we have
IS FIILF AT (S) 2] < ell S~ £l (1T ()9 |* + i—6l|f1|2||‘1’||2-

Hence we obtain (4.12). o

Definition 4.2 Let o € R. We say that a K-valued funcfion g on R*Y is in the
set L°(R*N;K) if g is strongly continuous, g(z) € D(S*), z € R*N, and g,5% €
L*(R"N; K).
Lemma 4.3 Let g € L‘fl/z(R"N;IC). Then, D(dT(S)?) c D([4](g)) and, for all € > 0,
1)) L] < 2+ )52 gl2 AT (S)/* €| + p. g% (4.14)
Proof. By Lemma 4.1, for all ¥ € D(I ® dT'(S)!/?), |
I¢(a(2))T()||* < 2+ )|S™2g(@)|*|dT(S) /U ()|1* + pellg(2) |19 ()|

for a.e.z. Integrating the both sides with respect to dz, we see that ¥ € D([$](g)) and
(4.14) holds. n

In what follows, we assume the following.

(PF.1) The operators A and B; (j =1,---,J) obey condition (GSB.2) in Section 3.
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For g € L‘i°1/2(R ¥N.K), e > 0 and €’ > 0, we define nonnegative constants c (g) and
d(J (g) G =1,--+,J) as follows:

j 154
Bief = (1+5) sl
+€’{b?<2+e>l|5'”zg||zo +ralglZ}, (4.15)
d9(g)* = p.blgl% + {(2+6)52IIS V2|2 + pealllgllZ},  (4.16)

where a; and b; are the constants in (GSB.2).

Lemma 4.4 Assume (PF.1). Let g € L% ,(R*Y;K). Then, D(Ho) C Nj_,D([$)(9)B;)
and, for alle >0 and e’ >0 and ¥ € D(Ho)

1[¢)(9)B; 0|2 < (92| HoW|[? + d¥) ()| 2. (4.17)
Proof. By Lemma 4.3, we have
1[¢1(9)B; 2II* < (2 + &)l S~ 2glI% |0 (S) /2 By W||* + pellg 1% || B ¥ |- (4.18)
y (GSB.2), we have
14T ()2 By ¥||* < af|| A2 dT(S) /7T |)® + 81T (S) /¥

It is easy to see that
- 1.~
|AY2dT(S) 0 |* < S Il Ho¥ 1"

By (4.13), we have
|dT(S)*@|* < ||@]|]|dT(S)T|]
1
< edn(s)uiP + v
— 1
2
< €|[HoY| +4—E,||‘I’||2-
Hence we obtain
1/2 2 al o\ i Fanz L 5 2
a0 2B < (2 +82) |How | + 1) (£19)
By (GSB.2) and
|A2w|2 < || HY|? < ||| Ho¥|
1
< T + Sl

we have

= 1
1B < a? (/| FoI + L1917 + e (4.20)
Putting (4.19) and (4.20) into (4.18), we obtain (4.17). n

To estimate the operator B;[¢](g), we introduce a class of g € L®(R*V; K):
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Definition 4.5 We say that a K-valued function ¢ on R*V is in the set Tg(R*";K) if (i)
g€eL 1/2(R”N;IC); (i) D(Ho) C NJ_;D(B;[¢](9)); (iii) there exist nonnegative constants
¢(B;,g) and d(Bj,g) such that
1By, [8(9)1¥]| < e(B;, 9) | Ho¥ || + d(Bj, )| ¥l, ¥ € D(Ho)- (4.21)
For the test vectors g; giving the interaction operator H;, we assume the following:

(PF.2) g; € To(R™K), j=1,7-,].

Lemma 4.6 Assume (PF.1) and (PF.2). Then, D(Ho) C D(Hy) and, for all ¥ € D(Ho)
and g,e' >0,

J 1 ~
1 < 3 {ehla) + gelBra) | 1o

k,

J
+ {2000 + 54(Bs)} 101 (422
Proof. We can write as Hy = Y7, ([8(g;)B; + (1/2)[B;, [8](g;)])- Then, by Lemma
4.4 and (4.21), we obtain (4.22). n

We next estimate H,.

Lemma 4.7 Let a > 0.

(i) Let f € D(S7Y/?) and ¥ € D(dT'(S)"/**). Then a(f)¥ € D(dI'(S)*) and

|14T(S)*a(f) 2]} < |STH2FI 1T (S) >+ . (4.23)
(ii) Define
a—1 0
o(a) :={ 2 ) ;o:ggzoll <1 (4.24)

Let f € D(S-Y?) N D(S%) and ¥ € D(dT(S)V*%). Then a(f)*¥ € D(dT(S)")
and, for alle > 0,
1T (8)*a(f)*T||? (4.25)
< o(@)* (1 +¢) (IS F|P||an(S) /= T|f? + | £|12[ldT(S)* ¥ )

ve(a)® (14 1) (187721 |ar(Sy 0l + 52 SIPI9R) - (426)

Proof. By the spectral theorem of self-adjoint operators, there exist a finite measure
space (M, u), a unitary operator U : K — L?(M,du) and a real-valued measurable
function h on M (p-a.e. finite) such that (i) f € D(S) if and only if A(-)(Uf)(-) €
L2(M,dp) and (i) for all g € U(D(S)), (USUg)(m) = h(m)g(m), p-a.em € M [23,
Theorem VIIL4]. It follows that h(m) > 0, p-a.em € M. The operator ['(U) :=
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®, ®" U with @U := 1 is unitary from F4,(K) onto F,(L*(M,du)) (cf. [24, §X.7]).
Denote by &(-) the annihilation operator on Fy,(L?*(M,dy)). Then we have

a(Uf) =T(Wa(H)T(U), feKk, (4.27)
and, for all ¥ = {T(M}® ¢ D(a(v)) [v € L*(M,dp)] and n > 0,
(@(0)®) P, -+ ma) = VA F T [ o(m) OO (o ma)dp(m),  (4.28)
cf. [24, p. 209]. We also have
dr (k) = D(U)dI(S)T(U)™.
Let v € D(h—1/2) and ¥ € D(dT'(h)*/*t). Then

|(dT(h)*a(v)¥) ) ) (my, ,mn)]2

(th) (n+ >( J—\/h( ), - -,mn>|du<m>)
(Bre) oo (15655 00e)

j=1
x ([ m) e n)|2d#(m)> ,
where we have used the Schwarz inequality. Hence

I(dT (h)*a(v) @)™

IA

IN

.
< Bl 1) ) (thg) h(m)
B o s, s -« A
= e (;;h(m]) hm)-{—zn:h(mk))
B o, -+ ) P () -« ()
< [ () + 3 )

Xl\p(n+1) m , My, ,mn |2d,u( )d/l:(ml) d#(mn)
= AP

From these estimates it follows that d(v)¥ € D(dT'(h)*) and
4T (R)*a(v)@|| < |7 20|[|dT (b)Y, (4.29)
which implies (4.23).
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As for a(v)* [v € L(M,dp)], we have for all ¥ € Fo(L3(M,dy)),

n

(&(v)*\p)(n)(ml"' Z \Il(” 1) m17 ’mj—lamj+17"'7mn)7

n2l,

and (a(v)*®)© = 0 [24, p.209]. Let v € D(A*)ND(h~Y/?) and ¥ € dT'(h)NFo(L*(M, dy)).

Then
|( T'(h)*a(v) L)t (ml, *y M)

(Zh mk) ZIU AN (ma,mjog, mig, - o ma)l.

It is well known (or easy to see) that, for all a,b > 0,
(a + b)* < c(a) (a® +b%).

Applying this inequality with @ = h(m;) and b = 3% . h(m;), we have

(Z h(mk)) |\I[(n_1)(m1’ M1, Myjg1,00 0, mn)l

< c(a)h(mj)aml(n—l)(ml’ trty M1, Mgy, 7mn)l
+c(a)|(dr(h)alll)(n_l)(m1, Ty MM, Mgyttt mn)'

Hence
|(dD(h)*a(v) @) )] < ofa) {(@(h?[o])*[C)™ + (@(|vl)* |dT (h)* ¥},
where [] := {|¥™]}22,. Therefore, using (2.2) and the elementary inequality
(a+b)* < (1+e)a®+ <1+—3;) ¥, a,b>0,e>0,

we have
I42(h)"afo) ¥

@ {(1+3) e a(]ol)"|dT(h) ] |
c<a>2(1+-;) (I3]0 () /0 + | 2])
te(@)(1+¢) ([|F 20l Plldr ()2 W|P + o] P[ldT () ]P)

IA

(R TE1* + (

IA

which implies (4.26).
For e,e; > 0,5 = 1,2,3 and f € D(SY?) N D(S7'/%), we define

1 1/2
e = <2+’°‘+z) )

17
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E(e, 1,632,635 f) = (1 foa/Trede+ 52) 1S-12 £

66
o 3(-+;)Hﬂf, (432)
1 1
F(€751752753; f) = 5 (1 + ) (1 + 2_63) ”51/2]0”2
@y 1\ 1
+E (24 =) I (4:33)

Lemma 4.8 Let f € D(5?)N D(S~Y/?). Then D(dT'(S)) C D(dT'(S)2¢(f)) and, for
all ¥ € D(dT(S)) and e,¢e1,€3,€3 > 0,

|D(S)2G(1) I < Ble,en,enress IATS)TI? + Fle,en,ez,e3 TP (4.34)
Proof. Using Lemma 4.7 with a = 1/2, we have

[4(S)/29()¥]?

(1408 2a( )W + r(S)a( )W)
+HIT(S)2a( 1) U] dT(S) 2 a( )]

(145 + VIF2) IS AIPIMD(S)E | + &) 7P far(s) e

A

IN

+% (1 + %) ||Sl/2f”2H\IIH2 + q":“S_l/szHf“HdF(S)\Il”||dF(S)1/2\II||
1 1/2
1+ IS ANS FllAn(S) ).

Note that
g IS 2 AU AT (S) ||| (S) 2T < &]|S™2F|1%||dT(S) ¥ |
ﬁ 2 1/2q5(12
+ | 7| ar(s) 2]

and
1o
L+ ZIs7211llIs 2 f(lldr(s) |||
- 1
< el SIPIA(S)U + o (1+5) 1SS
Moreover,
ld0(S)2 | < [ @|||ldr(S) ]|
1
< e llan(S)u| + ||
€3
From these estimates, we obtain (4.34). N

We assume the following:

18



(PF.3) For each j,k=1,---,J, Vi is bounded with (4.6), leaves D(dI'(S)*/?) invariant
and there exist constants v;,w;; > 0 such that, for all ¥ € D(dI'(5)?) and
j7k= 13"'7‘]7

[T ()2, Vil ¥l < vsl|dT(S)2 | + s | ] (4.35)
Asfor hj, j=1,---,J, we assume the following:
(PF.4) For each j = 1,--,J, hj € L%, ;,(R*Y; K) N L55,(RN; ).
For s,t > 0, we define
O Galst) = @481+ DISTV2 R (v + Vi), (4.36)
Hy(s,t) 1= o) (14 3) ISk L+ pllhlIVAIE (43)
Lemma 4.9 Assume (PF.3) and (PF.4). Let s,t,r,e,eq > 0,4 = 1,2,3 and ¥ €
D(dT(S)). Then, ¥ € D({g](k;)Vislé)(h) G,k =1,--+,J) and

A1) Vald] ()
< ij@,t)( sup B(E,e1,62, 05 hk<m)>) |dr(s) ]
zeR¥N :
(s, )(2 + 1)]| =2k, |2, [dD(S) 2

+{G;k<s,t> ( sup_ Fle,e1, 60,5 hk<m>>) +ij<s,t)prnhk||§o} 1], (4.38)

(L‘ERVN

Proof. By Lemma 4.3, we have

1B1(R)Virll(h)TI? < (24 $)S72h; |15 1D (S) /2 Vi [6] (s ) €|
+s 1B oo Vi1 [6] (P || - (4:39)

By (PF.3), we have

|dT(S) 2 Vi 8] (hi) ¥ |
< AL(S)Y2, Ve[l (hie) ¥ || + (| VndD (S)2 (] (i) U |
< (v + Vi) 1AT(S) 2 [@] (i) T || + wiel|[6](e) T .

Using (4.30), we obtain
4T (S VGO < (14 8)(osn + Vil Pr(S) 18] 0P
+ (14 3) whligl(hul
Putting this estimate into (4.39) yields
Bk Vil P < G, AT (S [B](R)OIP + B, 81 (ha) I, (4.40)
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Using Lemmas 4.3 and 4.8 to estimate ||[#](hs) ]| and ||dT(S)*/?[4](hs)¥||? respectively,
we obtain (4.38). |

We are now ready to prove self-adjointness of Hpp. Let

J _ 1
¢ = Y {all5 0w+ 3e(B0)}

=1
J
+ 37 20vi + Vi DIS ™2 sl ool S ™ [l co- (4.41)
k=1

Theorem 4.10 Assume (PF.1)-(PF.4). Suppose that C < 1. Then Hpr is self-adjoint
on D(Hpr) = D(H,), essentially self-adjoint on every core of Hy and bounded from below.

Proof. Lemmas 4.6 and 4.9 imply that D(H,) C D(Hy) N D(H;) and that, for each
e > 0, there exists a constant D, > 0 such that, for all ¥ € D(H,),

I(Hy + Hz) ¥ < (C + )| Ho¥|| + D.[| 7.

It is obvious that Hpp is symmetric on D(Hp). By condition C < 1, we can take an
¢ > 0 such that C' + ¢ < 1. Hence an application of the Kato-Rellich theorem (e.g., [24,
Theorem X.12] ) gives the desired result. =

4.2 Essential spectrum of Hpr

We apply Theorems 1.2 and 1.3 to locate the essential spectrum of Hpp. To do that, we
have to estimate the weak commutator of a(f)* with H; + H, on D(H,) (f € D(S7/?)n
D(5)).

For f € K and g € L*(R"M;K), we denote by M,(f) the multiplication operator
on L*(R"N;CM) by the function: = — (g(z), f)x (z € R*M). It follows that M,(f) is
bounded with

1My (N < ligllooll fllic- (4.42)

Definition 4.11 We say that a K-valued function g on RV is in the set T5(R*N;K) if
the following conditions are satisfied:

(i) g € Ts(R*M;K).

(ii) For all f € D(S) N D(S7Y2), My(f)D(A) C NJ_,D(B;) and [B;, My(f)]|D(A) is
bounded with

1Bj Mg(DNIDA < ei(@IFNl, 5 =1,--+,7,
where ¢;(g) is a constant independent of f.
(ifi) If w- limp—oo fr = 0 (f € D(S) N D(S~1/?)), then
Jim [Bj, My(fn)lu =0
for all u € D(A).
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Lemma 4.12 Assume (PF.1). Let g; € Tp(R*"N;K), j = 1,---,J and f € D(S)N
D(S7Y%). Then the couple (Hy,a(f)*) has the weak commutator on D(Hp) given by

[, a( ) i) = fz( (1)B; + BiMy, (1) ID(Ho).  (443)

Moreover, if w-lim, o frn =0 (f» € D(S) N D(S7%?)), then
Ji_)n(}o[ﬂh a(fn)*]W,D(Ho)\I} =0 (4'44)
for all ¥ € D(Hy).

Proof. Let ¥,® € D(Ho). It is easy to see that [B;,a(f)]¥ = 0, [Bj,a(f)*]® =
Using this fact, we can write

(Hl\I' o(f)®) - (a(f)¥, H:®)
= —Z{ [a(f), [#1(9:)]¥, B;®) + (B; ¥, [[¢)(g;), a(£)"]®)}

- 5752 {0, (1w, B,9) + (B¥, My, (H)9)}
Hence (4.43) follows.
By (4.43), we have

I[Hy, e (fn)*]w D(Ho) Yl

< 3 fz(zn (£2) B + [1[B;, My, (f)12])) -

It is easy to see that, for all ® € Fpp and g € L°°(R“N;IC),
Jim || M,(f)®|| = 0. | (4.45)
Since g; € T5(R*V;K), it follows that
nll{{}o I[B;, Mg, (£2)]¥]| = 0.
Thus we obtain (4.44). =
Lemma 4.13 Assume (PF.3) and (PF 4). Suppose that, for all f € D(S) N D(S~Y?),

[Vik,a(f)*] =0 on D(Hy), j,k=1,-+-,J. Then, for all f € D(S)ND(S7/?), the couple
(Ha,a(f)*) has the weak commutator on D(Hp) given by

[H3, a(f)*lw,p(m0) = 2{¢] YWie M, (F) + My (f) Vil ] (he) } (4.46)

]k 1
Moreover, if w-lim, . fn =0 (fn € D(S) N D(S7Y/2)), then

Jim [Hz, a(fa) lw,p@) ¥ = 0 (4.47)
for all ¥ € D(H,).
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Proof. Let ¥,® € D(Hy). Then we can write
(H¥,a(f)"®) ~ (a(f)¥, H,®)
J
= > {(Viell(he) 0, [[8](R), a(£)]®) — ([[#](Rs), a(F)]Y, Vi8] (hs)®)}

j,k 1
- f{(vjk (ha) ¥, Mi,(£)®) + (Mi, ()", Viel$] (1))}

Hence (4.46) follows.
By Lemmas 4.3 and (PF.3), we have

1813 Vik My (f2) 8| < 1| M (f2)dT(S) V2| + call M, (f) 2,

where c;,j = 1,2, are constants independent of f,. Hence, by (4.45) and (4.46), we see
that (4.47) holds. =

We now state and prove a theorem on the essential spectrum of Hop:

Theorem 4.14 Let g; € ’f};(R”N;K), j=1,---,J. Assume (PF.1), (PF.3) and (PF.4)
and that C < 1. Suppose that for all f € D(S) N D(S~Y?), [Vig,a(f)*] = 0 on D(Hp),
j,k=1,---,J. Then

{EO(HPF) + /\‘A € (O {"‘o‘}} C Cuss(Hor). (4.48)
In particular, if o(S) = [0,00), then

O'(HPF) = Gess(HPF) = [EO(HPF),OO) (449)

Proof. By Theorem 4.10, Lemmas 4.12 and 4.13, H = Hpr satisfies the basic hypoth-
esises (H.1) and (H.2) in Section 1 with H; = Hrpp. Hence we can apply Theorems 1.2
and 1.3 to obtain the desired result. |

Remark 4.1 Most of the Hamiltonians of concrete models of nonrelativistic particles
coupled to a Bose field satisfy the assumption of Theorem 4.14, except for that C' < 1,
which depends on the coupling constants of the Hamiltonians.
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