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Number Theory

Asao Arai
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Dedicated to Professor Takeyuki Hida on the occasion of his 70th birthday

Abstract

We consider arithmetical aspects of analysis on Fock spaces (Boson Fock space,
Fermion Fock space, and Boson-Fermion Fock space) with applications to analytic
number theory. '

1 Introduction

In recent years, connections between number theory and physics have been noted and
discussed (e.g., [25, 33]). From an arithmetic point of view, “statistical mechanics” of
numbers may be particularly interesting, because it is related in a direct way to the
Riemann zeta function and may give a key to solve the Riemann hypothesis ([18, 19, 21,
23,24, 29, 30, 31] and references therein). Spector [30] pointed out intriguing relationships
between analytic number theory and a free supersymmetric quantum field theory, and
further discussed these aspects with notions of partial supersymmetry and “duality”[31].

On the other hand, general mathematical structures and aspects of some models in su-
persymmetric quantum field theory have been studied as a subject of infinite dimensional
analysis ([3]-[12], [15]-[17]) (cf. also [22]). Motivated by the work of Spector mentioned
above, we are interested in developing analytic number theory as a field of infinite dimen-
sional analysis. In this paper we start this program with reviewing fundamental aspects
of relationships between analytic number theory and analysis on Fock spaces (Boson Fock
space, Fermion Fock space and Boson-Fermion Fock space).

The present paper, which is intended to be of review nature, is organized as follows.
In Section 2, we discuss relationships between analysis on Boson Fock space and analytic
number theory. Statistical mechanical partition functions are defined in an abstract level
and their arithmetical structures are analyzed. One of new aspects here is an introduction
of a graded partition function which is associated with a graded structure of the abstract
Boson Fock space. We apply the abstract results to a concrete case where arithmetical
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functions (the Riemann zeta function, the Liouville function, Dirichlet series etc.) are
described in terms of Fock space langauge. In Section 3 analysis similar to that of Section 2
is made on Fermion Fock spaces. We prove duality relations between bosonic and fermionic
partition functions. One of the relevant arithmetical functions on a Fermion Fock space
is the Mobius function. As applications of the abstract results, we rederive some known
formulas on the Mobius function and completely multiplicative functions. We also derive
a Fock space expression of Jordan’s totient function. Section 4 is devoted to a brief review
of fundamental aspects of analysis on the abstract Boson-Fermion Fock space developed
by the present author [7]. The main objects in this analysis are infinite dimensional Dirac
and Laplace-Beltrami operators. In the last section, we discuss arithmetical aspects of
analysis of Boson-Fermion Fock spaces, generalizing ideas in [30, 31].

2 Boson Fock Spaces and Arithmetical Functions

2.1 Partition functions and correlation functions

Let H be a separable infinite dimensional Hilbert space with inner product (-, + )x (com-
plex linear in the second variable) and ®IH be the n-fold symmetric tensor product
Hilbert space of H (n = 0,1,2,--- ; ®"H := C). Then the Boson Fock space over H is
defined by

Fe(H) =@, ®r H (2.1)

(e, [20, §5.2], [26, §1L.4]). |
We denote by ax(f) (f € H) the annihilation operator on Fg(H) (e.g., [20, §5.2], [27,
§X.7]) (an(f) is antilinear in f). The set {an(f),an(f)*|f € H} satisfies the canonical

commutation relations

lan(f),an(9)] = (f,9)n,  lan(f),an(9)] =0, [an(f)",an(g)’1=0, figeH, (22)

on
Feo(H) :={¥ = {¥,}2, € Fg(H)|¥, = 0 for all but finitely many n’s}, (2.3)

the space of finite particle vectors in Fg(H). We denote by € := {1,0,0,--} the Fock
vacuum in Fg(H). We have

an(f)y =0, feEH. (2.4)

Let A be a nonnegative self-adjoint operator on H and dI'g(A) the second quantization

of A on Fg(H):

dTp(A) = @2,dT'$)(4) (2.5)
with dfg))(A) :=0 and

nth

(A =19 QI8 AQI® &I,

where I denotes identity operator (e.g., [20, §5.2], [27, p. 302, Example 2]). Then dl'g(A)
is nonegative and self-adjoint. We set

Hg(A) := dI'g(A). (2.6)
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Remark 2.1 In quantum field theory, Hg(A) describes a free Hamiltonian of a quantized
Bose field with A being its one particle Hamiltonian.

Let C be a densely defined closed linear operator on H and ®"C the n-fold tensor
product of C on the n-fold tensor product Hilbert space @ H of H (®°C :=1). Then

[(C):=e7,8"C (2.7)
is a densely defined closed linear operator on the full Fock space
Fran(H) == @72, " H (2.8)

over H. It is well known (or easy to see ) that, if C is a contraction operator, then so is
['(C). In particular, if C is unitary, then so is I'(C) (cf. [27, §X.7]).
The operator I'(C) is reduced by Fg(H). We denote its reduced part by I's(C). Then

we have _ .
Ig(e) = ¢34t ¢ R, (2.9)
For a self-adjoint operator T, we denote by o(T) (resp. oq(T')) the spectrum (resp.
the discrete spectrum) of T

We denote by N := {1,2,---,} the set of natural numbers.
The following lemma is easily proven (e.g., [14, Lemma 3.25]).

Lemma 2.1 Suppose that A is strictly positive and the spectrum of A is purely discrete
with
o(A) = 0a(4) = {En(A)};2 (2.10)

n=1?
0 < Ey(A) < Ey(A) < -+, E (A) = oo (n — o), counted with algebraic multiplicity.
Then the spectrum of Hg(A) is puerly discrete with

o(Hp(A)) = oa( Ha(A)) = []1 {Zl b E;(A)E; € {0} U N} . (2.11)

il

We denote by Ni the number operator on Fp(H):

Ng := dT's(I). (2.12)

The Boson Fock space Fa(H) is Z’-graded with
Fo(H) = Fo+(H) ® Fo-(H), (2.13)

where

Fo+(H) = @02, ®"H, Fp-(H):= &, @ H. (2.14)

The self-adjoint operator (—1)"® is the grading operator of this gradation.
For s > 0, we define

Zp(s; A) = Tre*Hs) (2.15)
Zp(s; A) = Tr{(—l)NBe_SHB(A)}, (2.16)

—sHg(A)

provided that e is trace class on Fg(H), where Tr denotes trace.
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Remark 2.2 In statistical mechanics of quantum fields, Zg(s; A) is called the partition
function of the Hamiltonian Hp(A) at temperature 1/s (physically s denotes an inverse
temperature). The function Zg(s; A) is not so standard. We call it the graded partition
function of the Hamiltonian Hg(A) at temperature 1/s. This type of partition function
was considered in a concrete case by Spector [31].

To treat the partition functions in a unified way, we introduce a more general partition
function
Zg(s,z; A) == Tr (FB(z)e_SHB(A)) (2.17)
with |
z€D:={weC|lw L1}, (2.18)
provided that e~*H5(4) is trace class on Fg(H). Since I'g(1) = I and I'g(—1) = (—1)"3,
we have ~
Zp(s,1; Ay = Zg(s; A), Zp(s,—1;A) = Zg(s; A). (2.19)
For a linear operator T on a Hilbert space, we denote its domain by D(T'). For each
z € C, we can define an operator z™® on Fg(H) by

D(®) = {\1; = {012 € Fo(H)| Y |21 e™|? < oo} , (2.20)
n=0
(0™ = e e D(MR), n>0. (2.21)
It 1s easy to see that
Tp(z) = &, (2.22)

If T is a trace class operator on a Hilbert space, then one can define det(l + T'), the
determinant for I + T, in an intrinsic way [28, §XIII.17]. It follows that
N(T)
det(I+T) = [] (1+ EA(T)), (2.23)

n=1

where {E,(T) M) are the eigenvalues of T' counted with algebraic multiplicity [28, The-

n=1
orem XIIT.106]. We set det [ := 1.
In what follows, we assume the following.

(A) The operator A is strictly positive, self-adjoint and, for some s > 0, e™*4 is trace
class on 'H.

Remark 2.3 Under Assumption (A), e~ is trace class on H for all ¢ > s.

Theorem 2.2 Let z € D. Then the operator I'g(2)e™*F3(4) is trace class on Fg(H) and

1
Zg(s,z; A) = et (1= ze—A)’ (2.24)

In particular,
1

det (I — e=s4)’
1

Zg(s;A) = T e (2.26)

Zg(s; A)

(2.25)
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Proof. By the assumption, e™*# is compact. Hence, by the Hilbert-Schmidt theorem,

the spectrum of A is purely discrete, satisfying the assumption of Lemma 2.1. Therefore
we have

n=1 | j=1

oa(T(2)e*Fa) = | {H e B ks € {0} U N} ,

from which the desired assertion follows. See [14, Theorem 3.26] (cf. also [20, Proposition
5.2.27)). | n

Using Theorem 2.2 and the product law of the determinant det(-), we can derive
relations of partition functions at different temperatures:

Theorem 2.3 Foralln € N and z € D,

n—1
Zg(s,z; A) = det (E zke“kSA) Zg(ns, z"; A) (2.27)
k=0
and
Zg(s,z; A)Zg(s, —z; A) = Zg(2s, 2*; A). (2.28)
In particular,
n—1
Zp(s;A) = det (Z e'kSA> Zg(ns; A), (2.29)
k=0
Zg(ns; A)Zg(ns; A) = Zp(2ns; A). (2.30)

Proof. By (2.24),
Zp(s,z;A)  det(l — z"e ™4

Zg(ns,z"; A)  det(l — ze—*4) -~

Note that »
1 —z"e ™4 = (1 — ze™*4) (Z zke"k3A> .
’ k=0
Hence, by the product law of det(-) [28, Theorem XIII.105],
n—1
det(1 — z"e_nSA) = det(1 — ze'SA) det (Z zke_’”A> X
k=0

Thus (2.27) follows. "}

Remark 2.4 In general, relationships among theories at different coupling constants are
referred to as “duality” [31]. Eq.(2.30) is a duality relation, where the coupling constant
is the inverse temperature.



In statistical mechanics, correlation functions are also important objects. Let f €
D(A/?) and g € D(A~Y?) N D(A). Then, using the well known estimates

la(NUlmairy < AT F ol H (A9 7m0, (2.31)
la(f ) Ulrairy < NAT2fllul Ho(A) 2|z + | Il ¥z (2:32)

and commutation properties of the annihilation and creation operators with Hg(A),
one can show that a(f)*a(g) is Hg(A)-bounded (cf. [5, §II]). Hence, for all ¢ > 0,
a(f)*a(g)e t#3(4) is bounded. Let t > s. Then, by the identity

a(f)*a(g)e 2@ = q(f)*a(g)e”(t-IHa (M) emsHald),
a(f)*a(g)e B is trace class. Hence we can define

Tr (Ie(2)an(f)*a et
Ry(t, 2 f,9; A) = r( 2 );é(t),z;ﬂfg) )

z € D. (2.33)

This is called a two-point correlation function. In the same manner as in [20, Proposition
5.2.28], we can show that

Ry(t,z; f,9; A) = (g, ze (1 — ze7*) 1 f)4,. (2.34)
Remark 2.5 Correlation functions of the form

Tr (To(2)an(f2)" - - are(fa) an(91) -+~ are(gm)e™ ™2 D) | Zy(t, 2; 4)

can be defined for f;, g; in a dense subspace in H. These are computed in terms of two-
point correlation functions [20, §5.2]. Moreover, we can consider a perturbation of Hg(A)
by a symmetric operator V on Fg(H) such that H := Hg(A) + V defines a self-adjoint
operator in the sense of sequilinear form and derive trace formulas for the heat semi-group
e~ (s> 0) [13].

2.2 Arithmetical aspects

Let the spectrum of A be as in (2.10) and denote by ¢, a normalized eigenvector of A
with eigenvalue E,(A):

such that {¢,}%, is an orthonormal system of H. Then {¢,}22, is complete in H. We
set
an = an(¢n) (2.36)
Then we have
[an,ar] = bmn, [@n,am] =0, lay,a;]=0, n,m>1, (2.37)
on Fpo(H).
We denote by
P = {pn} (2.38)
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the set of all prime numbers with p, < ppy1, 1 21 (p1 = 2,p3 = 3,p3 = 5,ps = 7, ps =
11,-+).

By definition, an arithmetical function is a complex-valued function on N. An arith-
metical function f is called completely multiplicative if it satisfies

f)=1, f(mn)=f(m)f(n), m,neN.

Let N > 2 be a natural namber. Then, by the fundamental theorem of arithmetic,

there exists a unique set {iy,++, 45,01, +,0,} CN (4; < --+ < 1,,) such that
N = (pi1 )a1 RN (pin)a". (2.39)
Then we define an arithmetical function ¥(N) by
YN) =) o (2.40)
k=1
and ¥(1) :=0.
The arithmetical function defined by A(1) := 1 and
MN) := (=1 (2.41)

is called the Liouville fucntion [1, §2.12]. This function is completely multiplicative.
Using the representation (2.39) of N, we can define a vector ¥y € F(H) by

Uy := Cn(a;)™ -+ (a],)* Uy, (2.42)
where |
Cy =
. arl e ap!
is a normalization constant so that ||¥n|| = 1. We set
Uy = Oy (2.43)

Lemma 2.4 The set {Un}%_, is a complete orthonormal system (CONS) of Fs(H).

Proof. This is due to the fact that D := {Qy, a} ---a} Quln > 1,j; < jy < -+ <
JnsJk = 1,k =1,--+,n} is a complete orthogonal system of Fg(H). Note that {¥x}%_,
is just obtained by relabeling and normalizing vectors in D. ||

Remark 2.6 The set {Un}72, of vectors was introduced in [30].

Lemma 2.5 For all N € N, Uy is a unique eigenvector (up to constant multiples) of
I'p(z) with eigenvalue 27,

Proof. Let N be as in (2.39). Then Ng¥y = v(N)¥y, which, combined with (2.22)
implies the desired assertion. [

We introduce a function Fy : N — (0,00) as follows: F4(1) := 1l andif N > 2 is
represented as (2.39), then

Fy(N) := T e*Bis4), (2.44)
k=1
It is easy to see that F; is compeltely multiplicative.
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Lemma 2.6 For all N € N, Uy is a unique eigenvector (up to constant multiples) of
Hg(A) with eigenvalue log F4(N).

Proof. Let N be given by (2.39). Then

HB(A)\IIN = <Z akEik (A)) \I’N = (10g FA(N))\I’N (2.45)
k=1
Hence the desired assertion follows. ]

By Lemmas 2.5 and 2.6, we have

Zp(s,2; A) = i gl , z€D. (2.46)
N=1 Fa(N)?
Theorem 2.7 For all z € D,
% (N) 1
N2=:1 F4(N) N 221 (1 — zemsBn(4))" (2.47)
In particular,
szl FA(lN)s - ey (1 —1e—sEn(A))7 (2.48)
NZ—_-l Fi(({’v\f)) T I +1e—sEn(A))' (2.49)
Proof. By (2.24), we have
Zp(s,z;A) = 1 _ ,
o2 1(1 — ze=sEn(4))
which, combined with (2.46), implies (2.47). -

Remark 2.7 Formulas (2.47) may be regarded as a general form unifying arithmetical
formulas known under the name of Euler products [1, Chapter 11]. See Section 2.3 below.

We introduce a function o(N,m) : N x N — {0} UN by
o(l,m) = 0, (2.50)

o(Nym) = Y abim (2.51)
k=1 ) .

if N > 2 is expressed as (2.39) (N,m € N).
Theorem 2.8 Lett > s. Then, for allm € N and z € D,

- Z’Y(N)Q(N7m) z
& ENy e 2ehnA). (2.52)




Proof. Putting f = g = ¢,, in (2.34), we have Rg(t, 2; ¢m,¢m;A) = z/(eBm(4) — 2).
It is easy to see that

o o & 2" Mg(N,m)
T (Ta(eleane™ ™) = 3. =y

Thus (2.52) follows. m
.Let N > 2 be given as (2.39). Then, each divisor m of N is of the form
m = pil ... pin : (2.53)
with0<r; <oy, g =1,.+-,n. We define a vector Uy, € Fg(H) by

Unm = Cnmay™ -+ af ™y, (2.54)

) 71 '

where Cl,,, > 0 is a normalization constant. For an m € N and N € N, we mean by m|N
that m is a divisor of N. The set {¥ N,m}m| n of vectors is orthonormal. We introduce

FEH) = L{Unm}min, (2.55)

where £{-} means the subspace spanned algebraically by the vectors in the set {-}. We
set F := {afly|a € C}. We denote by Py the orthogonal projection from (H) onto
FEO(H). »

Proposition 2.9 Let z € D. Then, for all N,

2(m)

FA(m)s'

Tr (PyTp(2)e 2 @WPy) = 3°
m|N

(2.56)

Proof. We have Ng¥pn , = ¥(m)¥y,, and Hg(A)¥y ,, = log F4(m)V¥y,,. From these
facts the desired formula follows. [

2.3 Applications to analytic number theory

A basic object in analytic number theory is the Dirichlet series

/() (2.57)

ns

S
\.Crs
=
]
M8

n=1

for an arithmetical function f and s € C, provided that the infinite series converges. The
Riemann zeta function

s> 1, (2.58)



is a special case of D(s, f), i.e., the case f = 1. We first show that {(s) and D(s, ) can
be represented as partition functions of Hg(A) with a suitable A. For this purpose, we
consider the case where H is given by

Yn € Cyn 2> 1, i [thn|? < oo}. (2.59)

n=1

0= @7, C = {¢ = {¢n}ns
On this Hilbert space we define an operator wp as follows:

Diws) = {z/» [P, € i (log ) ? < oo}, (2.60)
(w’lﬂvb)n = (10gpn)"ubna 1/1 € D(W’P)a n 2 1. (261)

Then Qp is strictly positive and self-adjoint. Moreover, the spectrum of wp is purely
discrete with

o(wp) = oa(wp) = {log pu}7Z, (2.62)
with the multiplicity of each eigenvalue log p,, being one. A normalized eigenvector of wp
with eigenvalue log p,, is given by

en = {6n;}32, € 2. (2.63)
Theorem 2.10 Forall s > 1 and z € D,
Zp(8,z;wp) = 3 Z;\j_]:) . (2.64)
N=1
In particular,
((s) = Zp(swp), (2.65)
D(s,\) = Zg(s;wp). (2.66)
Proof. One can easily show that
F..,(N)=N. (2.67)
Hence, by (2.46), we obtain (2.64). [ |
Applying Theorem 2.7 with A = wp, we obtain the following.
Corollary 2.11 For all s > 1 and z € D,
>, 27W) 1
NX=:1 N Thep 1= 2p7) (268)
In particular,
1
((s) = TEET=E (2.69)
D(s,\) = ! (2.70)

HpE'P(l + p—s) '
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An application of Theprem 2.8 gives the following.

Corollary 2.12 Foralls>1,ne€ N and z € D,

= Z’Y(N)Q(Nan) _ Z
Ns T opt—z

Zg(s, z;wp).
N=1

In particular,

v Ve p -1
£ MMeln) _ D5,
N=1 NS p:L + 1 .

Moreover, (2.30) yields the following.

Corolléry 2.13 Let s > 1. Then

D(s,\) = CC((ZSS))

(2.71)

(2.72)

(2.73)

(2.74)

The operator wp may be regarded as as a special case of a more general operator
associated with a completely multiplicative function. Let f be a completely multiplicative

function such that 0 < f(n) < 1 for all n > 2 and

if(Pn) < o0,

n=1

and define an operator Ay on £2 by

D(4y) = {¢ — (k] 3 1B Sp) Pl < oo},
(Af¢)n = [—log f(pn)ltn, € D(Af)a n 21

Then Ay is a strictly positive self-adjoint operator. Since

3 ePH 0 = 3 f(pa) < oo,
n=1

n=1

the self-adjoint operator e=47 is trace class on £2. It is easy to see that

1
FAf(N)zf( ), NGN.
Hence we have -
Zg(1,2;A5) = 3. 2"™f(n), zeD.
nz=1

11
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In particular,

Zp(l;4y) = (n)

M8 Il MS

Za(i4y) = Y F(m)A(n),

il
o

n

Applying Theorem 2.7, we obtain the following fact.

Corollary 2.14 Let f be as above. Then, for all z € D,

Z'Y(n) 1
Z Sl gy o

In particular,

© 1

250 = ey
© 1
LI = T T

Theorem 2.8 gives the following.

Corollary 2.15 Let f be as above. Then, for alln € N and z € D,

3 ) n =Lf(-l_)’l)_
szl o(N,n)f(N) T ()

In particular,

> omf) = Lhdszia)

S o mAIF) = @) Fqap,

N=1 1 + f( )
Applying Proposition 2.9, we have for all s > 1

Z(m)

Tr (PNzNBe—SHB(wP)PN> =3
m|N

— z € D.

In particular,

Tr (PNe_SHB (wP)PN) = -

Tr (PN('—].)NB e—sHB(wP)PN) — Z AT

12
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3 Fermion Fock Spaces and Arithmetical Functions

3.1 Partition functions and correlation functions

Let K be a separable infinite dimensional Hilbert space and ®2 K be the n-fold antisym-
metric tensor product Hilbert space of K (n =0,1,2,---; K := C). Then the Fermion
Fock space over K is defined by

Fp(K) = @720 ®5 K (3.1)

(e.g., [20, §5.2], [26, §1L.4]).

We denote by bc(u) (u € K) the annihilation operator on Fp(K) (e.g., [20, §5.2)).
bi(u) is antilinear in u and bounded with ||b(u)|| = ||ul|c. The set {bx(w), bx(u)*|u € K}
satisfies the canonical anti-commutation relations

{bic(u), bc(v)*} = (v, v)x, .
{bc(u), be(v)} =0,  {bc(uw)*,bc(v)*} =0, wu,veK, (3.3)

where {X,Y} := XY +Y X. We denote by Qx := {1,0,0, - - -} the Fock vacuum in Fr(K).
We have

b;c(u)ﬂjc = 0, u e K. (34)
Let T' be a nonnegative self-adjoint operator on K and d'r(T) the second quantization

of T in Fr(K):
dlp(T) == ©2dT(T) (3.5)

with dl{(T) := 0 and
nth

dreN(T):=1®-- I’ T ®I®---® 1.

Then dI'r(T') is nonnegative and self-adjoint.
We set
Hp(T) = dI'p(T). (3.6)

Lemma 3.1 Suppose that T is strictly positive and the spectrum of T is purely discrete
with :

o(T) = 0a(T) = {E.(T)}3Ls, (3.7)
0 < Ey(T) < Ey(T) < -++, En(T) = oo(n — 00), counted with algebraic multiplicity.
Then the spectrum of Hg(T') is puerly discrete with -
o(Hp(T)) = oa(Hr(T)) = | {Z kiEi(T)|k; =0, 1} - (3.8)

n=1 {j=1
Proof. See, e.g., [14, Lemma 4.3]. |
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Remark 3.1 Note the difference between the spectral property of Hg(A) (Lemma 2.1)
and that of Hp(T). '

We set
NF = dFF(I), (39)

the number operator on Fr(K).
As in the Boson Fock space, Fp(K) is Z,-graded with

Fr(K) = Fp o (K) @ Fr - (K), (3.10)

where
Fra(K) =052, Q% K, Fp-(K):=2,®r K. (3.11)
The self-adjoint operator (—1)"F is the grading operator of this gradation.
For all z € D, the operator I'(z) on the full Fock space Frn(K) over K is reduced by

Fr(K). We denote by I'p() its reduced part. As in the case of the Boson Fock space, we
have

Dgp(z) = 2'F. (3.12)
Let s >0,z € D and
Zp(s,2;T) :=Tr (Pp(z)e_SHF(T)) ) (3.13)
provided that e™*#7(Z) is trace class on Fp(H). In particular, we define
Zp(8;T) = Zp(s,1;T) = Tre *Hr(D), (3.14)
Zp(s;T) = Zp(s,—1;T) = Tr{(—l)NFe"SHF(T)}. (3.15)

In what follows, we assume the following.
(T) For some s > 0, e=*T is trace class on K.

Theorem 3.2 For all z € D, Tp(2)e™*H#*T) is trace class on Fr(K) and

Zp(s,2;T) = det(I + ze™°T). (3.16)
In particular,
Ze(s;T) = det(I+e™*T), (3.17)
Zp(s;T) = det(I —eT). (3.18)
Proof. We have
Tr(2)e *#rT) = D(ze*T) | Fr(K). (3.19)
Hence, by the definition of det(I + -) [28, p.323], we obtain (3.16). [ |
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Remark 3.2 By (3.8) and the functional calculus, we have

oa(Tp(z)e™*#r(D) = U TI e B @k = 0,1} .
n=1 | j=1
One can use this relation to prove (3.16)(e.g., [14, Theorem 4.4]).

Remark 3.3 In Theorem 3.2, we do not need assume that T is strictly positive.

By Theorems 2.2 and 3.2, we have interesting relations between bosonic and fermionic
partition functions:

Corollary 3.3 Consider the case H = K and A be an operator on H obeying Assumption
(A) in Section 2. Then, for all z € D,

Ta(s,—z; A) = Z—F(;Z—A) (3.20)
In particular, . .
Zp(s; A) = Felo A) Zg(s; A) = T A) (3.21)
In the same way as in Theorem 2.3, we can prove the following,.
Theorem 3.4 For alln € N and z € D,
Zw(ns,—z";T) = det (Z Z*e “SkT) —z; T, (3.22)
Zp(s,—z;T)Zp(s,2;T) = Zp(2s,—2%T). _ (3.23)
In particular, |
Zp(ns;T) = det (Zi‘l e_kST) Zp(s;T), (3.24)
Zp(8;T) Zp(s;T) = ZF(Z:,_}) (3.25)

Remark 3.4 If T is strictly positive, these relations follow from Theorem 2.3 and (3.21).

Remark 3.5 Relation (3.23) is a form of duality of fermionic partition functions. A
special case is discussed in [31].

Corollary 3.5 Consider the case H = K and A be an operator on H obeying (A). Then
Zg(2s,2% A)Zw(s, 2; A) = Zp(s, z; A) (3.26)

Proof. This follows from (3.23) and Corollary 3.3. n
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Remark 3.6 Relation (3.26) is also a form of duality of fermionic and bosonic partition
functions. For a special case, see [31].

Let u,v € K and z € D. Then a fermionic two-point correlation function is defined
by
Tr (zNFe‘SHF(T)b;C(u)*b;C(U))

Ry (s, zyu,v;T) := 7o 5T (3.27)
It is easy to see (e.g., cf. [20]) that
Re(s, z;u,v; T) = (v, 2e"*T(1 + ze™*T) 1) . o (3.28)

Remark 3.7 Correlation functions of the form
Tr (zNFe_SHF(T)b;c(ul)* co o b (un) b (vy) - - - b;;(vm)) /Zr(s,2;T)

(uj, v € K) are defined. These are computed in terms of two-point correlation functions

(20, 85.2], 3, 7).

3.2 Arithmetical aspects

Let the spectrum of T' be as in (3.7) and denote by u, a normalized eigenvector of T' with
eigenvalue E,(T):

Tun = En(T)u, (3.29)
such that {u,}32, is an orthonormal system. Then {u,}S, is complete in K. We set
b = bic(un). (3.30)
Then we have
{bn, 0.} = by, {bn,bm} =0, A, bR} =0, n,m>1. (3.31)

In particular, 2 = 0, 4> =0, n € N.
For N € N we define ¥(N) by v(1) := 1 and

v(Ny=n, N3>2 (3.32)

if N is represented as (2.39) [1, p.247].

A natural number m > 2 is called square free if it is written as a product of mutually
different prime numbers. As a convention, 1 is defined to be square free. We denote by
So the set of square free elements in N:

So := {m € N|m is square free}. (3.33)
For each N € N, we define a set So(/N) as follows:

So(1) = {1} (3.34)
So(N) = {m € S|m is a divisor of N}, N > 2. (3.35)
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Let N > 2 be given as (2.39). Then each element m of So(N) is of the form
=, (3.36)
where g; =0 or g; =1 (j = 1,-++,n). Corresponding to this, we define a vector @y, by
B 1= b - B . (3.37)
Let
FIK) = {klee C}, FNK) = L{BNm|m € So(N)}, N >2. (3.38)

Then F{")(K) is finite dimensional with dim F{V(K) = 2™). We denote by Ry the
orthogonal projection from Fr(K) onto F&V(K).
Let N > 2 be of the form (2.39),

Ky :=L{u; |k=1,--- n} (3.39)
and Ty be the restriction of T to . Then we can show that
Tr (RNzNFe_SHF(T)RN) = det(1 + ze~*T¥), (3.40)

Let m € Sg,m > 2 and
m = pi e pi (341)

be its factorization in prime numbers (i; # iz, j # k). Then we define a vector ®,, in

Fr(K) by

= by - 0] Q. (3.42)
For m = 1, we set
@, := Q. (3.43)
For m ¢ Sy, we define
®,, :=0. (3.44)

Lemma 3.6 The set {®,,}nes, 1s a CONS of Fr(K).

Proof. By using (3.31) and (3.4), one easily sees that {®,, },es, is an orthonormal
system of Fg(K). It is well known that Fg(K) is generated by 2 and the vectors of the
form &} ---bf Qx with r € N, ¢; € N, ¢; # 43, § # k. Thus the assertion follows. [ |

Remark 3.8 The set {®,,},, was introduced in [30].
The Mébius function p : N — {0, %1} is defined as follows: u(1) := 1, u(m) := 0 if

m & Sp and p(m) := (—1)" if m is written as the product of mutually different r prime

numbers. We have
p(im) = (=)™, m e &,. (3.45)
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Lemma 3.7 For all m € &, ®,, is an eigenvector of Np with eigenvalue y(m). In
particular, for allm € 8 and z € D,

Mo, =2, (1), = u(m)d,. (3.46)
Proof. Let m € S be as in (3.41). Then Ng®,, = r®,, = v(m)®,,, which implies that
P, = 21, u
Lemma 3.8 For allm € S, ®,, is an eigenvector of Hp(T') with eigenvalue log Fr(m),
where Fr is defined by (2.44) with A=T.
Proof. Let m € S; be expressed as (3.41). Then
He(T)8p, = (B (T) 4 -+ + By (T))0,, = (log Fr(m)B,n
Hence the desired assertion follows. ]

It follows from Lemmas 3.7 and 3.8 that

2 M) | u(m
ZF(37z;T) = Z —F'%Ssla

m=1

z €D, (3.47)

where we have used that u(m) = 0 for all m ¢ Sy and |u(m)| =1forall m € S,. In
particular,

Ze(s1) = 3 L, | (3.48)
Zo(s;T) = iF’;(("n?) (3.49)

By (3.47) and Theorem 3.2, we obtain the following.

Theorem 3.9 Let z € D. Then

= 2 Mu(m) R
————= =[] (1 4 ze7*5D). 3.50
> Fmy L ) (8.50)
In particular,

S p(m)| = —$En(T
= 14 =5 (D), 3.51
SR - Buveso) oo

= _#(m) N ~5En(T)
= I —em#n)), 3.52
2 Fa(my = L ) (3.5

Theorems 3.9 and 2.7 imply the following.

18



Corollary 3.10 Let z € D. Then,

2 )] 1
T T (3.53)
m=1 FT(m) n=1 %
In particular,
o ln(m)| 1
= ——, 3.54
2 ey T T A (354
o~ _H(m) 1
= == ) 3.55
mX_—.:l FT(m)s n=1 FT%’”)S_ ( )
We introduce a function 7 on N x N by
n(l,n) = 0, (3.56)
n(m,n) = 3 (=16 (3.57)
k=1
if m € & is expressed as (3.41). If m ¢ Sy, then n(m,n) := 0 for all n € N.
Theorem 3.11 Let z € D and n € N. Then
= 2™)y(m,n) z
i Fr(m) B0 4 zZF(s’Z’ 7). (3:58)
In particular,
= nmn) _ Ze(sT) |
S . stn, o
= pm)n(m,n) _ Ze(sT)
X Fymp T Temmor (3.60)
Proof. Similar to the proof of Theorem 2.8 [use (3.28)]. |

The left hand side of (3.40) is equal to ¥nes, vy 27™ /Fr(m)®. Hence we obtain

2

m|N

2| u(m)| _oTw -
“Frtm) = det (1 4 ze™Tv). (3.61)

3.3 Applicaitons to analytic number theory

Consider the case where H = £? and T' = wp. Let z € D and s > 1. Then, by (2.67), we
have

(3.62)

Zp(s, z,wp) = i M

s
m=1 m



In particular,

Zp(s;wp) = i I“;”Z”, (3.63)
Fe(s;wp) = i”fn”:). (3.64)

Let f be a completely multiplicative function as in Section 2.3 and z € D. Then, by
(2.78), we have

Ze(1,2; Af) = Zz%m)m )| £ (m). (3.65)
In particular,

Ze(lidy) = 3 Jutrm)|fm), (3.66)

Ze(1i A7) = Y u(m)(m) (3.67)

By Theorem 3.9, we obtain the following.

Corollary 8.12 For all z € D,

> FOu(m)lfm) = T+ 2/(0) (3.68)

In particular, |
> lumism) = T+ 7)) | (3.69)
mi; p(m)f(m) = g’(l — f(p))- (3.70)

Theorem 3.11 gives the following.

Corollary 3.13 For alln € N and z € D,

3 2 Otm,n)f(m) = LB 21, 4), (3.71)

In particular,
;n(m,n)f(m) = #g”i—lzlv(l;Af) (3.72)
3 min(m,)fm) = 28 _ze(1;4), (3.73)
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Jordan’s totient function J,(N) (s > 0O,N € N) is defined by J (1) := 1 and, for
N>2, ’

1
J(N)=N° ] (1 - —s> (3.74)
pINip€eP p :
[1, p-48]. The special case
Q(N) = J1(N) (3.75)
is Euler’s totient function [1, p.25, p.27]. We have
det (1~ e~*») = T (1 - i) , s>0, N>2. (3.76)
pINp€P p ‘
Hence we obtain
Jo(N) = N*det (1 — @) | 5>0, N >2, (3.77)

which, together with (3.40), implies that
Jy(N) = N°Tr (Ry(-1)"re™#?)Ry) | 5> 0, N €N, (3.78)

This gives an expression of Jordan’s totient function in terms of Fock space objects.
Formula (3.61) implies the well known identity [1, p.48]:

L) =Y p(m) (%) s>0, NeN. (3.79)
|V .

4 Dirac and Laplace-Beltrami Operators on the Ab-
stract Boson-Fermion Fock Space

In this section we review basic results of analysis on the abstract Boson-Fermion Fock
space [3, 6, 7, 16].

4.1 Exterior differential operators

Let ‘H and K be Hilbert spaces. Then the Boson-Fermion Fock space associated with the
pair (H,K) is defined by the tensor product Hilbert space

Fer(H,K) = Fs(H) ® Fr(K). (4.1)

We define
Q= Oy ® Ok € Fur(H,K), (4.2)

the vacuum in Fgr(H,K). .
The annihilation operators ax(f) and bc(u) (f € H,u € K) can be extended to
operators on Fpr(H,K) as

a(f) =an(f) @I, b(u):=1® be(u). (4.3)
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We denote by C(H,K) the set of densely defined closed linear operators from H to K.
For each S € C(H,K), we define a subspace

Ds = LZ{a(fl)*---a(fn)*b(ul)* e b )* Q| n,m > 0, f; € D(S),
j=1,-em, ukeD(S*),kzl,---,m}. (4.4)

Since D(S) and D(S5*) are dense in ‘H and K respectively, it follows that Dy is dense in
fBF (H, ’C)-

Proposition 4.1 [7] For each S € C(H,K), there exists a unique densely defined closed
linear operator ds on Far(H,K) with the following properties:

(i) Ds is a core of ds.
(ii) For each vector U € Ds of the form
U =a(f1)" -+ a(fa) b(ur)* - - b(um )*Q, (4.5)
ds acts as
dsU = 0 forn=0,
dsU = S a(fi)---a(f)) - a(fu)" B(S ;) b(ur)* -+ b(um)*Q  forn > 1,

=1

s,

where T indicates the omission of T.

We call the operator ds an esterior differential operator on Fpp(H, K). Fundamental
properties of the operator dg are given in the following proposition.

Proposition 4.2 [7] Let S € C((H,K). Then the following (i)-(iv) hold.
(i) d% =0.
(ii) For each CONS {u,}3, of K with u, € D(S5*),

dsW¥ = Z un) \Il ¥ e Ds,

where the convergence is taken in the strong topology of Frg(H,K).
(iii) For each CONS {qbn},‘f:l of H with ¢, € D(S), we have

(9,ds¥) = lim <<I> Z )b(S )" mp) ®,V € Ds.
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(iv) Ds C D(d%) and, for all vectors U of the form (4.5) with m >1,.

m

d50 = SO (=1)Fa(S up) a(f1)* - - a(fa) blur)* - - - b(ug)* - - bl ).

k=1

If m =0, then d5U = 0.
The Boson-Fermion Fock space Fpp(H,K) is Z,-graded:

fBF(H, ’C) = .7:+(H, ’C) e F_ (H, K:) (4.6)

with
fi('H, K:) =Fs(H)® fp,i(/C). (4.7)

The grading operator of this Z,-gradation is given by
Tp = (=1)!®" = [ @ (=1). (4.8)
Let

| Fu(H,K) := F(H) ® (Q1K) . (4.9)

Then
Fer(H,K) = @;2oFn(H,K), (4.10)

Fe(HK) = 82Faun(H,K), Fo(H,K)= 8 Famni(HK).  (411)

We denote by II,, the orthogonal projection from Fgp(H,K) onto F,.(H,K). The
following fact is easily proven.

Proposition 4.3 For all n > 0, Ilpy1ds C dsll,. In particular, dg maps D(ds) N
Fo(H,K) to Frpi(H,K). ‘

By this proposition, we can define, for each n € N, a densely define closed linear

operator dg,, from F,(H,K) to Frt1(H,K) by
D(dsy) := D(ds) N Fn(H,K), dsa¥:=ds¥, U e D(ds,). (4.12)
We have
dsnirdsn =0, n>0. (4.13)

4.2 Dirac and Laplace-Beltrami operators
In what follows, we fix S € C(H, ). We define
Qs 1= ds +dj (4.14)

with D(Qs) = D(ds) N D(d%). We call it a Dirac operator on Fgr(H,K).
Since S*S and §S5* are nonnegative self-adjoint operators on H and K respectively,
we can define
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acting in Fpp(H, K), which is nonnegative and self-adjoint (cf. [26, §VIIL10, Corollary]).
For a linear operator A on a Hilbert space, we set

C=(A) = 2, D(A®).
Since C*(5*S) and C*°(55*) are dense in H and K respectively, the set

DY = E{a(fl)*---a(fn)*b(ul)*---b(um)*ﬂ n,m >0, f; € C®(S*S),
F=Len, us €C(SST) k=1, ,m)  (416)

is dense in Fyr(H, K).
Theorem 4.4 [7]

(i) The operator Qg is self-adjoint, and essentially self-adjoint on every core of Lg. In
particular, Qg is essentially self-adjoint on DY,

(i) The operator I'r leaves D(Qs) invariant and
I'rQs + QsTr =0
on D(Qs). |
(iii) The following operator equations hold :

Ls = Q% = }ds + d,gdzv

Remark 4.1 (i) The operators ds and d¥ leave DY invariant and so does Q.
(ii) Part (ii) of Theorem 4.4 justifies calling Qs a Dirac type operator (cf. [32, Chapter

5]).
(iii) Because of part (iii) of Theorem 4.4, we call the operator Ls the Laplace-Beltrami
operator associated with the exterior differential operator dg.

(iv) For all z € C with |z| =1, L,s = Ls. Hence Lg = Q?.

4.3 Analytical indices of Dirac operators and partition func-
tions

By Theorem 4.4(i) and (ii), there exists a unique densely defined closed linear operator

®@s,+ from FL(H,K) to F_(H,K) such that

Qs = ( Qg& Qg* ) : (4.17)

where the matrix representation is relative to the orthogonal decomposition (4.6).
In general, for a densely defined closed linear operator T' from a Hilbert space to a
Hilbert space, its analytical index is defined by

ind(T) := dimker T — dim ker 7™

provided that at least one of dimker T" and dimker T* is finite.
The following theorem is concerned with Fredholm property of Qs ..
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Theorem 4.5 [7]
(i) If S is Fredholm with ker S = {0}, then Qs is Fredholm with

ind(QS,+) - 50,d.imker S*.

(i) If § is semi-Fredholm with dimkerS > 1 and ker S* = {0}, then Qg is semi-
Fredholm with
ind(@s,+) = dimker Q54 = +oo.

Remark 4.2 Let V be a symmetric operator on Fpr(H,K) and Qs(V) := Qs + V. For
a class of V' such that {I'r,Qs(V)} = 0 on D(Qs(V)), an index formula of Qs(V), :=
@s(V)|F1(H,K) is established in terms of a functional integral representation [3, 7].

As for the heat semi-group e~*Ls (s > 0), the following theorem holds.

Theorem 4.6 [7] Let s > 0. Suppose that e=*5"5 and e=*55" are trace class on H and K
respectively with ker S = {0}. Then e™*Ls is trace class on Fpp(H,K) and

Tr (Tre™*"%) = ind(Qs,+) = 6o dimber s°- - (4.18)

We have another orthogonal decomposition

‘FBF(HJC) = g+(H7K:) @ g-—(Ha’C) (4'19)
with
| G+(H,K) := Fp+(H) @ Fr(K). (4.20)
The grading operator of this gradation is given by
Ig:= (=1)M® = ()M @], (4.21)
It is easy to see that
I's@s C —QsTs. (4.22)

Hence, as in the case of the decomposition (4.6), there exists a unique dehsely defined

closed linear operator Qg from Gy (H,K) to G_(H,K) such that
0 @3y )
[ - + ), 4.23
=g %) (429

where the matrix representation is relative to the orthogonal decomposition (4.19).

Theorem 4.7 (i) If § is Fredholm with ker S = {0} and dimker S* < oo, then Qg is
Fredholm with _ _ ‘
ind(Qs,+) = dimker Qg = 2%4imkerS”,

(i) If S is semi-Fredholm with dimkerS > 1 and ker S* = {0}, then Qs is semi-
Fredholm with _ 5 :
ind(Qs,+) = dimker Qs+ = +oo0.
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(ii) If S is semi-Fredholm with ker S = {0} and dimker S* = +co, then @S,+ is semi-
Fredholm with _ _
ind(@s,+) = dimker Qs+ = +oo.

Proof. Similar to the proof of Theorem 4.5. ' (]

Theorem 4.8 Under the same assumption as in Theorem 4.6, e=*L's is trace class on
Fer(H,K) and B
Tr (Tpe™5s) = ind(@s,4) = 28m*rs", (4.24)

Proof. Similar to the proof of Theorem 4.6. [ ]

4.4 Connection with supersymmetry

Let X be a Hilbert space and H, {Q; ?’zl,r, be self-adjoint operators on X. Then the
quadruple {X, H,{Q;}Y,,7} is called a supersymmetric quantum mechanics (SSQM)
with N-supersymmetry if the following (S.1)—(S.4) are satisfied:

(S.1) 7 is bounded and 72 = 1.
(8.2) Forallj =1,---,N, H = Q3.

(S.3) For each j = 1,---, N, the operator 7 leaves D(Q);) invariant and {7,Q;} = 0 on
D(Q;)-
(S.4) Forall j,k=1,.-, N with j # k,

(@57, Qx®) + (¥, Q;@) =0, ¥,2 € D(Q;)ND(Qs).

The operators (); and H are called a supercharge and a supersymmetric Hamiltonian,
respectively.

For mathematical discussions of SSQM, see, e.g., [2, 22, 32].

It is easy to see that, for all z € C with |2{ = 1, the quadruple {Fpp(H,X), Ls,
{Q.s,Qizs}, I'r} is a SSQM. This SSQM produces various supersymmetric quantum field
models in concrete realizations [7, 12]. For mathematical analysis of models in supersym-
metric quantum field theory, see [4, 8, 9, 12, 22].

The quadruple {Fsr(H,K), Ls,{Q:s, @i-s}, I's} (|z] = 1) also is a SSQM.

4.5 Other aspects

Decomposition theorems of De Rham-Hodge-Kodaira type on the exterior differential
operators dg,, are established in [7, 16]. Fundamental spaces associated with the Laplace-
Beltrami operator Lg are introduced in [17] and their structures are investigated. The
self-adjointness of a perturbed Dirac operator Qs(V) = Qs + V with some symmetric
operator V is discussed in [10]. The strong anticommutativity of two Dirac operators
Qs and Qr (S,T € C(H,K)) and its applications to representations of a supersymmetry
algebra are studied in [15)(cf. also [11]).
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5 Arithmetical Aspects of Boson-Fermion Fock
Spaces

5.1 Some general aspects

Let H and K be Hilbert spaces, and A and T be nonnegative self-adjoint operators on H
and K respectively. Then the operator

H(A,T) = Hs(A)® I + I ® He(T) (5.1)

on Fpr(H,K) is nonnegative and self-adjoint.
We assume the following.

(AT) The operators A and T satisfy (A) in Section 2 and (T) in Section 8 respectively.
Under this assumption, e=*#(4T) is trace class and we can define a partition function
Z(s,z,w; A,T) :=Tr (FB(z) ® I‘p(w)e_SH(A’T)) , zZ,w€D. (5.2)

Let
Nr:=Ng®I+1Q® Np, (5.3)

the number operator on Fpr(H,K), and set
" I'pp := (—1)"®* = T'3T = I'rl's. (5.4)

As special cases of Z(s, z,w; A,T), we define the following partition functions:

Z(s;A,T) = Z(s,1,1;A,T) = Tre *HAT), (5.5)
Z(s; A, T) = Z(s,—1,—1;A,T) ="Tr (I‘BF e"SH(A’T)) , (5.6)
Zs(s; A, T) = Z(s,—1,1;A,T) =Tr (I‘B e_SH(A’T)) , (5.7)
Ze(s;A,T) = Z(s,1,-1;A,T) = Tr (Tp e *HAD) | (5.8)
We have

Z(s,z,w; A, T) = Zp(s, z; A) Zr(s,w; T), z,w€ D. (5.9)

In particular,
Z(s; A, T) = Zp(s;A)Zp(s;T), (5.10)
Z(s;A,T) = Zn(s; A)Zp(s;T), (5.11)
Zp(s; A, T) = Zp(s;A)Zp(s;T), (5.12)
Zp(s; A, T) = Zg(s; A)Zp(s;T). (5.13)

Hence properties of the partition functions of H(A,T') introduced above are reduced
to those of Hg(A) and Hy(T). However, if one can represent the left hand sides on
(5.9)-(5.13) in various ways, (5.9)-(5.13) may produce nontrivial arithmetical relations

for eigenvalues of A and T. Moreover, different expressions of Tr (X e *H (A*T)) with X an
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operator on Fpr(H, K) may yield interesting arithmetical relations. Here we present only
an outline of investigations along this line.

We carry over the notation in the preceding sections. Let N > 2 be of the form (2.39)
and m € §o(N). Then we can write

m = (pi)* (Pir)" - -+ (Pin) ™", | (5.14)

where ¢; = 0 or ¢; = 1. Based on these factorizations, we define a vector

Onm = Cnm [(a;kl)al—‘h oo (al )an—anH] ® [(b;rl)ql cee (b?n)qngd : (5.15)

In

where Ci,» > 0 is a normalization constant. For N = 1 and m = 1, we set
Qg :=Q.
Lemma 5.1 The set {Qnn|N > 1, m € So(N)} is a CONS of Fap(H, K).
Proof. The subset of vectors of the form

(‘131 " 'a;nQH> ® ( bt Zeﬂ’c) ’ v
J1<J2 <+ ki <kg <-++ (jm,k; € N), is a complete orthogonal system of Fpp(H, K).
As is easily seen, vectors of this form is a constant multiple of Qy,,, for some (N, m). B
Remark 5.1 The CONS {Qy,,} was introduced in [30].

For each N € N, the subspace

FR = L{ONmlm € So(N)}. (5.16)
is finite dimensional with
dim FE = o), (5.17)
By Lemma 5.1, we have .
For(H,K) = @F_ Fop - (5.18)

The following fact is easily proven.

Lemma 5.2 Let N € N, m € §(N) and z,w € D. Then Qn., is an eigenvector of
I's(2) ® [r(w) with eigenvalue 2YM)=7(m)qy1(m),

For each N € N, we define a function Y4 7(N,-) on §(N) by
Yar(N,m) = [] el wBa@+aBin @) e 50 (N), (5.19)
k=1
when N and m are represented as (2.39) and (5.14) respectively. Note that

Yar(N,m) = Fa (5) Fr(m). (5.20)

m
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Lemma 5.3 Let N € N and m € §o(N). Then Qn,,, is an eigenvector of H(A,T) with

eigenvalue log Yo (N, m).

Proof. Let N and m be as in (2.39) and (5.14) respectively. Then

H(A, T) 2 = (i{(ak By (A)+ quz-k<T>}) Ui

k=1
= (10g YA,T(N, m))QN,m.

Hence the desired assertion follows.

Theorem 5.4 Let z,w € D. Then

Jon A T) = Ni.;?%v Zv(N);;(:)(@;a(:)lf(mﬂ
In particular,
Z(s; A,T) =§;%n%ﬁm
Z(s;A,T) = Ni; (N)%?AL:((%’
Zo(s AT) = éA(N)m,NYAf((;)m
Zp(s;A,T) = Nf%mw Yar(N )

Proof. For a trace class operator X on Fgp(H, K), we have

TX =3 3 (U, XOm).
N=1meSo(N)

We need only apply this formula, using Lemmas 5.2 and 5.3.

By Theorem 5.4 and (5.10)—(5.13), we obtain the following formulas.

Corollary 5.5 Let z,w € D. Then

0 Z'Y(N)_'Y(m)w'Y(m) l#(m) |
= Zp(s,2;A) Zr(s,w; T).
sz:lmzll:\f Yy (N,m)e (8% A)Z(o, wi )
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(5.22)
(5.23)
(5.24)

(5.25)

(5.26)

(5.27)

(5.28)



In particular,

z;ln%m = Zn(s;4)Zp(s; T), (5.29)
3 wm) s s
LN gy = T AT, 5.30)
iA(N %?ﬂ% = Zn(s; A)Ze (s T), (5.31)
S ey = B AD) 5.3

Remark 5.2 If we put into the right hand sides of (5.28)-(5.32) the formulas established
in Sections 2 and 3, then we obtain explicit formulas, which are nontrivial.

Remark 5.3 By rescaling as T' — tT'/s (t > 0) in (5.28)-(5.32), we can obtain relations
at different temperatures 1/s and 1/¢. Hence (5.28)—(5.32) include “duality relations”.
See Section 5.3 below.

Proposition 5.6 Let N > 2. Then

Tr}.](ag)f‘p = O, (533)
where Tr () means trace restricted to the subspace Fgp M,
BF

Proof. Let N > 2 and m be as in (2.39) and (5.14) respectively. Then the cardinal
number of the set So(NV) is 2", including 1. In the expression (5.14) of m, if there is a j
such that ¢; = 1, then m' = m/p;; € So(N). f ¢y = ¢ =--- = ¢, = 0(i.e., m = 1), then,
m' 1= p;; is in So(N). In this case, if T'rQnm = £0n,m, then Ty = :FQN . Hence
So(N) consists of 2"~ pairs (m, m) that satisfy this relation. Using this fact, we obtain
(5.33). n

Corollary 5.7 Let N > 2. Then

> u(m) =0. (5.34)
m|N
Proof. We have by (5.33)
0= TI‘]_.(N)FF = Z (QN,m, I‘FQN,m)
BF meSo(N)
= Y u(m)

mESo(N)

Since p(m) = 0 if m & Sp, we obtain (5.34). : n

Remark 5.4 Eq.(5.34) is a well known formula of the Mébius function [1, p.25].
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5.2 Partial supersymmetry

A notion of partial supersymmetry was introduced in [31] in a physical way. In the context
of our general formulation of supersymmetric quantum field theory presented in Section
4, a partial supersymmetry means to consider a “distorted” supersymmetric Hamiltonian

Hps(a,5 5) := Ls + aHg(5*S) ® I + bl ® Hp(SS*) = Ls + H(aS*S,b85*)  (5.35)

on the Boson-Fermion Fock space Fpp(H,K) with parameters a,b > 0, where S €
C(H,K). Note that

Hps(a,b;5) = H((a +1)5*S,(b+1)SS%). (5.36)

Hence, in the caes a = b, supersymmetry recovers with Hpgs(a,a;S) = (a + 1)Ls.

Let B > 0 and suppose that e~(a+1)F5"S and ¢~(+1FSS* 516 trace class. Then
e~PHrs(abi5) | o= (a+1)BHB(S™S) and ¢~ (B+1PHF(SS™) are trace class and the following formula
holds:

Tr (Tp(2) ® Dr(w)e #7259 = Zp((a + 1)8, 2, 5" Zr((b + 1)8,w; S5%), 2w € D.

(5.37)

In particular,
Tre PHes@b5) = 7Zu((a+1)8;5*S) Zp((b+ 1)8; SS*), (5.38)
Tr (Tppe PHrs(eh9)) = B((a-l—l)ﬂ *$)Zp((b+1)8;55%), (5.39)
Tr(FFe_ﬂHPS(“’b;S)) = Zp((a+1)8;S*S)Zr((b+1)B; 55%), (5.40)
Tr (Tpe #Hes(49)) = Zp((a+1)B;5*S)Zp((b+1)B; S5¥). (5.41)

Note that the left hand sides of these equations may be regarded as correlation functions
in the SSQM described by the supersymmetric Hamiltonian Lg:

Tr (pB(z) ® T'r(w)e ﬁHps(abs)) <FB( ) ® I‘F(w)e—BH(aS*S,bSS‘)>ﬁ, (5.42)
where

(X)g = Tr (XePhs) . (5.43)

In particular,

—BHpg(a,b;S) BH(a$*8,b85*)

Tre <e >ﬁ , (5.44)
Tr (I‘BFe—ﬁHps(a,b;S)> _ <FBF6 ﬁH(aS*SbSS*)>ﬁ : (5.45)
Tr (PFe—ﬁHps(a,b;S)) — <F e—ﬁH(aS*SbSS*)>ﬁ, (5.46)
Te (PB e—ﬂHps(a,b;S)) - <1“Be—ﬁH(aS*S,bSS*)>ﬂ . (5.47)

By computing these correlation functions in various ways, we would obtain from (5.38)-
(5.41) nontrivial duality relations. But here we omit the details.
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5.3 Applications to analytic number theory

We consider the case where H = K = 22 and A =T = wp. Then we have

Yopwp (&, m) = N. (5.48)
Hence Corollary 5.5 gives
ol V(N)=7(m) 4y 7(m)
3D z ]:IUS |u(m)| = Zp(8, z;wp) Zp(s, w;wp), s> 1. (5.49)
N=1m|N

In particular, for all s > 1,

00 21/(N) B C(s)

szl N = DA (5.50)
o A(N)2vW) D(s, \)
& 5 (50

Remark 5.5 In the present case, (5.31) and (5.32) imply Corollary 3.3, since Proposition
5.6 holds.

Let f be the completely multiplicative function considered in Section 2.3. Then, taking
S = /Ay we have
H = H(Af,Af) = L\/E
Hence, by Theorems 4.6 and 4.8, for all s > 1,
Tr (Tpe™H) = 1, (5.52)
Tr (Tge™¥) = 1. (5.53)

These are supersymmetric identities. It is shown [30] that (5.52) implies that

> ulm)f(m) = o (5.54)

In the same manner as in the derivation of (5.54) [30], we can show that (5.53) implies

that
o 1

m)|f(m) = . 5.55
We have for all s, > 1
Yeup twp (N,m) = N°m'~*, (5.56)
Hence, by Corollary 5.5 with rescaling T' — ¢T'/s, we obtain
0 2 Y=Yy ¥(m) | (1
> Noris p(m)] = Zg(s, z;wp) Zp(t,wiwp), t>s>1. (5.57)

N=1m|N
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In particular,

éy\% 2 el Di(tfl),  (558)
éAJ(vj\s[)mlNﬁz(ﬁ) _ gﬁ;fi)) (5.60)
é%mw%&% = %, E>5> 1. (5.61)

These may be regarded as “duality relations” for the Riemann zeta function ¢ (s) and the
Dirichlet series D(s, )).
Using (3.79) to rewrite the left hand sides of (5.60) and (5.61), we obtain

i;l AEV]Y) Ji-s(N) = %%%, (5.62)
i;l Jt_]i,(tN) = % 25> 1. (5.63)
In particular,
Ni /\(N])vgz(N) D(;(; :;\,)/\)’ 5.0
) SDJ(V]Y) = C(z(;)l), s> 2. (5.65)
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