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Abstract. Let u be a finite positive Borel measure on the open unit disc D and
H a set of all analytic functions on D. For each a in D, put

r(u,a) = sup | f(a)|*

where f € H and/ |f?dp < 1. Unless the support set of p is aﬁmte set, / r(p,a)du(a) =
co. However

sup r(p,a)du(a) < oo
z€D JD:(2)
may happen where D;(z) denotes the Bergman disc in D. We study when this is poss1b1e

When v is a descrete measure such that dv =Y _ s(, a)s,,
a€A

sup r(p,a)dv(a) = sup 1.
z€D JDi(2) ) ) zeD aEA%g(z)

Under some condition on p, we show that sup )r(u,a)dz/(a) < oo for a finite positive
2€DJ De(z
Borel measure v on D if and only if (v, p)-Carleson inequality is valid.



§1. Introduction

Let D be the open unit disc in C and H a set of all analytic functions on D.
When g is a finite positive Borel measure on D and a € D, put

s(w) = s(u,a) = inf{ [ |fPdu; f € H and f(a) =1}

and

(k) = r(p,a) = sup{|f(@) ; f € Hand [ |ff%du <1}.

In the previous paper [2], we noted the following : r(u,a)s(u,a) =1 for @ € D, assuming
oo x 0 =1,r(p) is lower semicontinuous and s(u) is upper semicontinuous on D. r and s
are called Riesz’s functions. Corollary 2 in [2] shows that

/D r(p,a)dp(a) = oo

if supp p is not a finite set. By Theorem 8 and Lemma 2 in [2], when (supp ) N D is a
uniqueness set for H, L%(u) = H N L*(y) is closed if and only if for all compact sets K
in D

[ rlu a)dp(a) < 0.

For any z in D, let ¢, be the Mobius function on D and put

1 -
Bz w) = Slog(1 +16:(w))(1 = |¢:(w)) (2w € D).
For ()b <t< oo and zin D, set
Di(z) ={we D; B(z,w) <t}
which is called the Bergman disc with “center” z and “radius” ¢. For all compact sets K
in D /Ar(,u,a)d,u(a) < oo if and only if for any z in D, / ( )7‘(,u,a)dp(a) < 00. We are
9’ : Dy(z

interested in when

sup r(p,a)dp(a) < oo.
2€D JDi(z)

In Section 2, we study a finite positive Borel measure p such that

sup r{p,a)du(a) < oco.
26D Y De(z)
If sup ot )r(,u, a)dp(a) < oo and v is a finite positive Borel measure on D with v < p then
zeD t{z
sup/ r{p,a)dv(a) < co. Even if sup r(pu,a)du(a) = oo,sup/ r(p,a)dv(a) <
z€D JDy(2) z€D Y D¢(z) 2€D I D¢(2)

oo may happen when v is enough small. In Section 3, we study a finite positive Borel

measure v for each p such that sup/ )r(p,a)dz/(a) < oo0.
) 26D Vv D¢(z



Throughout this paper, the measure m denotes the normalized Lebesgue .area
measure on D. We define an average of a finite positive Borel measure g on D;(z) by
f(z) = p(Di(2))/m(Dy(2)) (2 € D). We say that v and p satisfy the (v, u)-Carleson
inequality, if there is a constant C' > 0 such that

[ \ffav < ¢ [ 1rPau

for all f in H. Under some condition on g, the (v, u)-Carleson inequality is valid if and
only if ¥ < vji, on D for some positive constant 7y > 0 (see [1]). In Section 4, under the
same condition above on p, we show that the (v, u)-Carleson inequality is valid if and

only if sup ete) r(u,a)dv(a) < oo. If dv = ) s(u,a)é, where A is a descrete set in D ’

ZED . G-EA
and 6, denotes a point mass measure at a, then note that
sup r(p,a)dv(a) = sup 1.
R oD =5 &

Hence our result implies a generalization of a theorem of K.Zhu in [4, Theorem 1] when
p=m.
For a finite positive Borel measure x on D, put

/|k )2du(z) (a € D)

where k,(z) = (1—|a|?)/(1 —-az) . When dy = wdm, we denote the function by o instead
of ji. We say that w is in (A;)s if there exists a finite positive constant ~ such that

w(a) X (wh)(a) < v
for all a ili D.

§2. r(p, a)du(a)

It is easy to see that sup r(m,a)dm(a) < co. In fact,
26D J D¢(z)

— 1a2)-2
sup/Dt(z)(l la|*)~*dm(a)

z€D

< sup{ sup (1— |a|2>-2} m(Di(=))
zeD H-GD:(Z)
N (1= [
= Ssu l— e AT
zeg {wc?g})(O) ( ) } (1 - |2|2k2)2

16 ~
sup(1l — |z|%k%)~% x — sup (1- [w]*)™? <
s k? wepio)

Z—Ww

1—zw

IN



because k = tanht € (0,1). When dp = ) s(u,a)é, and A is a set of finitely many
a€A

separated sequences in D, sup Jou )r(;z,a)d,u(a) < 00 because r(u,a)du(a) = Y 6,. Put
zeD t(2 a€A

R ={u; sup r(u,a)dp(a) < oo},
2D JDu(2)

then m belongs to R and du = Zs(u,a)éa belongs to A if and only if A is a set of
acA :
finitely many separated sequences in D, that is, the supremum of the number of points

in AN Dy(z) is finite.

Lemma 1. Suppose du = wdm and w is in (A;)s, and fir t > 0. If f(z,a) < t
then there exists a constant C > 0 such that

1 uDa) _

C ™ u(Dy(2))
Proof. When $(z,a) < t, Dy(a) C Dy (z) and so it is enough to prove that
#(Da(z))

This is equivalent to that

zeD fi,(2)

ft; < jr on D for any ¢t by Lemma 4.3.3 in [5]. By hypothesis on w, there exists a finite
- positive constant v such that i < vji, on D for any ¢ (see [1, p157]). This implies that

SuPﬂm("‘)/[‘t("‘) < 0.
z€D

Lemma 2. Suppose dp = wdm and w is in (A;)s, and fiz t > 0. Then there
exists a constant C > 0 such that

1 _ sy 2) ,
¢S unge) =¢ FED)

Proof. Since w € (A;)s, there exists a positive constant
T < (@717 < exp(log @)

on D. By Proposition 4 in [2]



on D. By the proof of Lemma 1, w(z) is equivalent to fi,(z) = (1 — |2|?)~2u(D,(z)) on D.
This implies that s(u, z) is equivalent to u(D;(z)) on D.

Theorem 1. Let p be a finite positive Borel measure on D.

(1) If u; (5 = 1,2) belong to R, and X; (j = 1,2) is a positive constant, then
A1t + Aapg belongs to R.

(2) Suppose dp = Y _v(a)é, and each point in A is isolated in D. Then p belongs

a€A
~to R if and only if A is a set of finitely many separated sequences.
(3) Suppose Sup/ , )(1 —|a|*)™*2du(a) < co. If dp = wdm and/ w™ldm < oo
z€D Dz z K¢

A

~ for some compact set K in D, then p belongs to R.

(4) If dp = wdm and w is in (Az)s, then pu belongs to R.

(5) If dp = wdm and w = |f|* for some f in H, then u belongs to R.

Proof. (1) Note that for j = 1,2,A;; < Aypq + Az and so A\jr(pj,a) >
r(Ap1 + Aapiz,a) (a € D). Then

sup r{(Ap + Azpa, a)d(Ap + Aapiz)(a)

2€D JDq(2) »
< Mgy r(py,a)dps(a) + A2su r(pe,a)dps(a) < oo.
S ASup fo (1, a)dps(a) 259D o o (K2, a)dpa(a)

(2) Since A is isolated in D, for each a € A there exists a function f in H such that
f(a) =1 and f =0on A\{a} (cf. [3, Theorem 15.11]). This implies that s(u,a) = v(a)
and so r(p,a) = v(a)~. Hence

sup/D(z)r(u,a)d,u(a)=sup oL

z€D 2€D 4epy(2)na

This implies that u belongs to R if and only if A is a set of finitely many separated
sequences. (3) By Theorem 5 in [2], if /ch'ldm < oo for some compact set K in D,
then

s(p,a) 2 C(1 ~ [a*)? (a € D)
for some positive constant C. Hence by hypothesis on g,

éu r(p,a)du(a) < C su 1 —[a|)~¥2du(a) < 0.
SUP sy "M W) < sup D.(z)(. la]*)™* dp(a)

Thus p belongs to R. (4) By Lemmas 1 and 2,

n , d
sup /D,(z)’(" a)du(a)
< p{( sup r(u,a)) 9 uwxz»}
zeD a€Dy(z) :

6



- sl ) <00
g s, 7o) <104}

1
< G SUP{M X #(Dt(z))} =C,

zeD

IA

where C; and C; arefinite positive constant. (5) Sincew = |f|? and f € H, exp(logw)~(a) >
w(a) (a € D). For

(10g|/%)"(a) = | 1og | odu(2)dm(z) 2 log|fodu(0) %

Hence by (2) of Proposition 4 in [2]

sup r(u,a)dp(a)

26D JDy(2) .
™ 2 o T
< s fl T |a12)21:>$glogw)~<a)dm(“)
< sup D‘(z)(l — |a*)=2dm(a)

By the remark in the first line in this section, m € R and so p belongs to R.

§3. r(y,a)dv(a)

If v is a Borel function such that 0 < v < s(u) on D, and dv = vdm, then

sup [ r{psa)dv(a) < /D r(y a)o(a)dm(a) < 1.

- Put

R¥ = {v; sup r(p,a)dv(a) < co, v is a finite positive Borel measure}
z€D Y Di(2) '

for each finite positive Borel measure . Then the above measure vdm belongs to R*. In
this section, we study the set R*.



Theorem 2. p, v and o denote finite positive Borel measures on, D.

(1) If p is in R and v < yp for some positive constant y then v belongs to R*.

(2) Suppose dp = wdm and w is in (Ay)s. If v is in R* and &, < v, on D for
some ¥ > 0 and some t > 0 then o belongs to R*.

(3) When X is a (not necessarily finite) positive Borel measure on D and dv =
s(u,a)dX(a), v belongs to R* if and only if sup A(Dy(z)) < oo for somet > 0. In

particular, when d) = Z& and A is a descrete set in D, v belongs to R* if and only if

a€A
A is a set of finitely many separated sequences.
Proof. (1) is clear. (2) Suppose w € (A;)s. By Lemmas 1 and 2, there exists a
positive finite constant C such that '

-}—.su _____a(Dt(z)) su r(u,a)da(a su ———Q(Dt(z))
G 3D (Di(z) S 5B oy " Wdea) < Csup s

because r(u,a) s(p,a) = 1. These inequalities imply (2) by applying it for & = v and
a = 0. In fact, as @ = v in the above inequalities
v(D:(2))

sup —————— < o0
2eb #(Di(2))

because v € R*. As a = o,
wp D) D) | o(D2)

2D (Di(2)) T 2eD 1(Di(2)) zeb v(Dy(2))
because 6, < vvy. (3) If dv = s(y, a)dA(a), then

,a)dv(a) = sup A(D,(2)).
sup Dt(z)r(u a)dv(a) sup (Dy(2))

This implies (3).

§4. (v, p)-Carleson inequality

If /D r(pu,a)dv(a) < oo then (v, u)-Carleson inequality is valid (see [2, Theorem

7]). The following question is natural. Is (v, u)-Carleson inequality valid for v in R* ?
Theorems 2 and 3 answer for it positively when dy = wdm and w is in (Az)s. Corollary
1 is a generalization of a result of K.Zhu [4, Theorem 1].



Theorem 3 Let p be a finite positive Borel measure and A\ a (not necessarily
finite) positive Borel measure on D. Suppose du = wdm and w is in (A3)s, and dv =
s(p,a)dA(a). sup A(Dy(z)) < oo if and only if (v, u)-Carleson inequality is valid.

z€D

Proof. By Theorem 3 in [1], in order to prove this theorem, it is sufficient to show
that sup A(D;(z)) < oo if and only if
z2eD
sup 74(2)
zeD fi(2)
The proof of Theorem 2 shows this.

< 00.

Corollary 1. Suppose dy = wdm is a finite positive Borel measure with w in

(A2)s and dv = Zs(p,a)&, with a descrete set A in D. A is a set of finitely many
a€A
separated sequences in D if and only if (v, u)-Carleson inequality is valid.
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