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ASYMPTOTICS FOR THE PARTIAL AUTOCORRELATION
FUNCTION OF A STATIONARY PROCESS

AKIHIKO INOUE

1. INTRODUCTION

The purpose of this paper is to study the long-time behaviour of the partial
autocorrelation function of a stationary process.

Let {X,} = {X, : n € Z} be a real, zero-mean, weakly stationary process,
defined on a probability space (2, F, P), which we shall simply call a stationary
process. Throughout this paper, we assume that {X,} is purely non-deterministic
(cf. §2). The autocovariance function ¥(-) of {X,} is defined by

v(n) := E[X,Xo] (n €Z).

We denote by H the closed real linear hull of {X) : k € Z} in L*(Q, F,P).
Then H is a real Hilbert space with inner product (¥3,Y;) := E[Y;Y2] and norm
Yl .= (Y,Y)Y2. For n > 1, we write Hpy ) for the subspace of H spanned
by {X1,X2,-++,Xn}, and Py , for the orthogonal projection operator of H onto
Hy .

[Tl']le partial autocorrelation a(n) is the correlation coefficient of the two residuals
obtained after regressing Xy, and X, on the intermediate observations Xy, ---,
Xn-1. More precisely, the partial autocorrelation function a(-) of {X,} is defined
by

EZyZ;)
a(n) 1= —
E[(ZE)) /2 - B[(Zx) /2

(n=2,3,...)’

where

Z;;F =X - -P[l,n-l]Xna Z; = Xo — -P[l,n-—I]XO-
We also set a(1) := v(1)/v(0). We think of Z;} as the part of X, which cannot be
explained by the intermediate observations X, - -+, X,,_1, and Z as the part of X,
which cannot be explained by the same ones. So the partial autocorrelation a(n)
is a kind of ‘pure’ correlation coefficient between Xy and X,,. See Brockwell-Dayvis
[BD, §3.4 and §5.2] for background.

One of the important facts about the partial autocorrelation function «() is that
we can calculate the value of a(n) easily (at least numerically) from the values of
7(0), ¥(1), -+ -, 7(n). To do that, one may just use the Durbin-Levinson algorithm
(cf. [BD, Prop. 5.2.1]). Moreover, if we look at the algorithm carefully, then we
see that the values of v(0), a(1), - -+, a(n) conversely determine the value of y(n).
In this sense, the partial autocorrelation function a(-) has the same information as
the autocovariance function ~(-).

We are interested in the following seemingly simple problem: how does a(n) look
like for n large? It turns out that this problem is more difficult than it looks at
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first. The difficulty is related to the fact that the definition of partial autocorrelation
function involves the prediction from a finite part of time. This setting makes the
asymptotic analysis hard. For, since we wish to obtain the asymptotics, it would
be inevitable to investigate a(-) analytically but, genera.lly speaking, it is not easy
to do so for quantities related to such predlctlon

We are especially interested in the case where {X,} is a long-memory process;
roughly speaking, this means that the autocovariance y(n) tends to zero as n — oo
so slowly that y(-) is not summable (cf. [BD, §13.2]). In our main theorem (Theo-
rem 2.1), we will determine the desired asymptotics for the partial autocorrelation
function, modulo absolute value, for a class of stationary processes which includes
long-memory processes. Our result presents a surprising regularity in the asymp-
totics. More precisely, let —oco < d < % and £ be a slowly varying function at
infinity (cf. §2). Then it will be shown that, under some conditions (on the MA(co)
and AR(co) coefficients of {X,}),

(1.1) v(n) ~ n29"1(n) (n — o0)
implies
(12) e~ =2 (n s 0).

Sk —n (k)

In particular, if 0 < d < %, that is, 0 < 1 — 2d < 1, then

(1.3) la@l~ 2 (n = o0).

We explain the points of the result above. It should be noted that the assumption
(1.1) simply says 'y() is regularly varying with negative index (cf. Bingham et
al. [BGT, §1.4. 2]) since the index 2d — 1 may take any non-negative values. It is
perhaps surprising that there exists such a simple formula as (1.2). As one sees,
the result (1.3) for the long-memory case 0 < d < 1 is particularly simple; the
index over n is one, whence independent of d, and the slowly varying function £
has even disappeared. We also notice that the quantity d, which is important to a
long-memory process, appears so explicitly in (1.3).

We tackle the problem above via the asymptotic analysis of the relevant ex-
pected prediction error (Theorems 6.4, 6.6 and 6.7). The idea is to use the precise
asymptotics for the sequence {c,} of MA(00) coefficients and the sequence {a,} of
AR(oo) coefficients. Here we note that the sequences {c,} and {a,} are defined
for any purely non-deterministic stationary process (cf. §2). In order to deduce
the desired asymptotic behaviour of the partial autocorrelation function from that
of the prediction error, we will use a Tauberian argument. So naturally an ade-
quate Tauberian condition will be needed. It turns out that the most elementary
Tauberian condition, that is, monotonicity, is available here.

We will ver1fy the desired monotonicity by an explicit representation of the pre-
diction error in terms of {c,} and {a,} (Theorems 4.5 and 4.6). This representation,
in turn, will be obtained by an argument on the geometry of the Hilbert space H
(Theorem 4.1). Here is another idea, that is, to use a discrete-time analogue of
the Seghier-Dym theorem in this context. Here the (original) Seghier-Dym theo-
rem ([S], [Dy2]) concerns the intersection of past and future of a continuous-time
stationary process. This theorem originates in the work of Levinson-McKean [LM].
We will prove an analogue of this theorem for discrete-time stationary processes
(Theorem 3.1), and then apply it to our problem.
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In the main theorem, we will assume some conditions which are given in terms
of {cn} and {an}. As an example, we will consider the stationary processes whose
autocovariance functions are completely monotone. This property for a stationary
process is called reflection positivity. For example, if —o00 < d < %, then the
stationary process with autocovariance function of the form y(n) = (1 + |n|)29-1
has reflection positivity (cf. Example in §7). See Okabe [O] as well as [I2] and [O]]
for earlier work. Since we wish to consider long-memory processes (as well as short-
memory ones), our class of stationary processes with reflection positivity is different
from those studied in them; the latter studied only short-memory processes. We
will show that the stationary processes in our class satisfy the conditions of the
main theorem (Theorem 7.3). '

We state the main theorem in §2. In §3, we prove the Seghier-Dym type theorem.
In §4, we give some representation theorems in terms of {c,.} and {a,}. We obtain
the necessary asymptotics for {c,} and {a,,} in §5. In §6, we first show the necessary
results on the asymptotics for the prediction error, and then prove the main theorem
using them. In §7, we consider the class of stationary processes with reflection
positivity, and show that they satisfy the conditions of the main theorem.

2. MAIN THEOREM

In this section, we shall state the main theorem. To do that, we need some
notation.

Let {X,} = {X, : n € Z} be a stationary process; as stated in §1, this means
that {X,,} is a real, zero-mean, weakly stationary process, defined on a probability
space (§2, F, P). Let v(-) be the autocovariance function of {X,}. As we also stated
in §1, we write H for the real Hilbert space spanned by {X}, : k € Z} in L2(Q, F, P),
with inner product (¥1,Y;) := E[Y,Y,] and norm ||Y] := (Y,Y)V2. For I C Z,
denote by Hy the closed real linear hull of {Xj : k¥ € I} in H. In particular, for
m € Z and n € Z with m < n, we write H(_oo,m)y Hi,o0) and Hip ) for Hy with
I={k€Z:-0<k<m},{k€Z:m<k<oo}and {k€Z:m <k <n},
respectively. For I C Z, we denote by P the orthogonal projection operator of H
onto Hy. We write Pj- := Iy — Py, where Iy is the identity map of H. So P} is
the orhtogonal projection operator of H onto Hi.

As we stated in §1, we assme throughout this paper that the stationary process
{X.} is purely non-deterministic, that is,

M. . Hioom = {0}

or equivalently there exists a positive even and integrable function A(:) on (-, )
such that

K T

v(n) =/ e A(0)dd (n € Z), / |log A(8)]df < oo
-7 -7

(see [BD, §5.7] and Rozanov {Ro, Ch. IIJ; in the latter, the term linearly regular

is used instead of purely non-deterministic). We call A(-) the spectral density of

{X.}. It should be pointed out that there exists an a.e. ambiguity for A(:). We

define the outer function h(-) of {X,} by

T el 42
(2.1) h(z) := exp {% /_7r . + log A(B)d@} (z€C, |2| <1).

i __ o
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The function h(-) is actually an outer function which is in the Hardy space H2* of
class 2 over the unit disk |z| < 1 (cf. Rudin [Ru, Def. 17.14]).
Let ¢, be the power series coefficients of (27)!/2h(z):

2m)2h(z) = Z CnZ (2] < 1).

n=0

The coefficients c,, are real and satisfy 3 7°(cn)? < 0o (cf. [Ru, Thm. 17.12}). We
call cp, the n-th MA(co) coefficient of {X,} (see (4.7) below for background). The
sequence {cn} is often called the canonical representation kernel of {X,}, too. Now
the outer function h(z) has no zeros in |z| < 1, whence we have another holomorphic
function h(z)~! in |z| < 1. Let a, be the power series coefficients of the function

—1/{(@m)'/2h(2)}:
(@ 1/2h(z) Zan - (<.

Then ay are also real. We call a,, the n-th AR(co) coefficient of {X,} (see (4.9)
below for background). Since

(2.2) (Z:o:o anz") (Z:o:() cnz") =-1 (|| <1),

we have the following relation between {c,} and {a,}:

n

(2.3) > ajen_j =6 . (n>0)

Jj=0
Our main theorem will be stated under the following conditions on the sequences
{en}nzos {an}nZo and {an — ant1}5%:

(C1) cn 20 for alln > 0;

(C2) {cn} is eventually decreasing to zero;
(A1) {an} is eventually decreasing to zero;
(A2) {an — ant1} is eventually decreasing to zero.

We write Rg for the class of slowly varying functions at infinity: the class of
positive, measurable £, defined on some neighbourhood [A, 00) of infinity, such that

VA>0, lim &Az)/l(z)=1

(see [BGT, Ch. 1] for background). Let £ € Ry, and choose B so large that £(-) is
locally bounded on [B 00) (cf. [BGT, Cor. 1.4.2]). When we say [~ £(s)ds/s = oo,
it means that f g L(s)ds/s = oco. If so, then we define another slowly varying
function £ by

(2.4) i(z) :=/ £(—ﬂds (zx > B)
B S
(see [BGT, §1.5.6]). The asymptotic behaviour of £(z) as £ — oo does not depend
on the choice of B by the assumption [~ £(s)ds/s = oo,
Let o) be the partial autocorrelation function of {X,}. Here is the main
theorem.
4



Theorem 2.1. Let —o0 < d < 3 and £ € Rg. We assume (C1), (C2), (A1), and
(A2). Suppose

(2.5) ~v(n) ~ nzd'lf(n) (n — o0).
Then

SO C) A
29) ol ~ s (a s o0)

In other words,
(1) f0<d< %, then

(2.7) (@)~ 2 (n > o)
(2) f d=0 and [*£(s)ds/s = oo, then
-1 4(n) ,
(2.8) la(n)| ~n 1% (n — oco);
(3) if —oo < d <0, and if futher [ {(s)ds/s < co for d =0, then
~ ——nZd_lz(n) n— oo
29 ()] ~ el (n o0)

~ We must point out that what we actually do below is to prove (2.7)—(2.9) sepa-
rately rather than to prove (2.6) directly. It is easy to show that the asymptotics
(2.7)—(2.9) are unified in (2.6) but it is still mysterious why they are so.

3. INTERSECTION OF PAST AND FUTURE

In this section, we shall prove a discrete analogue of the Seghier-Dym theorem
([S], [Dy2]; see also Levinson-McKean [LM, §6c], Dym-McKean [DM, §4.3] and
Dym [Dyl, Thm. 2.1]). It will play a crucial role in this paper. We notice that, as
stated in §2, the stationary process {X,,} is assumed to be purely non-deterministic.

Theorem 3.1. If the spectral density A(-) of {X,} satisfies [7_A(6)7'd6 < oo,
then for anyn >0

(3.1) H(—-oo,o] n H[——n,oo) = H[—n,O]-

Proof. Step 1. We denote by HC the closed complex linear hull of {Xr: ke Z}
in L?(Q, F, P). Then HC is a complex Hilbert space with inner product (¥;,¥;) :=
E[Y1Ys]. We define its closed subspaces H| EC_OO’O], ch_ ny00) and H EC_ n,0] @ we defined
H(_co,0)s H{-n,c0) and H[_y, o] above, but replacing R by C. We shall prove

(3.2) HE o NHE oy =HE 0 (¥ 2>0).

The result (3.1) for the real case follows from this.
We write L for the complex Hilbert. space L%((—w,7), A(f)df) with the inner
product

(f,9)L = _” f(0)g(6)A(6)ds.

For I C Z, we denote by Ly the closed complex linear hull of {e*® : k € I} in
L. In particular, for m € Z and n € Z with m < n, we write L(_oo,m]s Lim,o0)
5



and Ly, ) for Ly with I = {k € Z: ~co <k <m},{k€Z:m < k < oo} and
{k € Z: m < k < n}, respectively.
The stationary process { X, } permits a spectral representation of the form

(3.3) X(k) = / e*0Z(ds)  (n € Z),

-
where Z is the spectral measure such that E[Z(A)Z(B)] = [, A(6)d6 (see [BD,
§4.8]). The mapping f — [ f(6)Z(df) gives a Hilbert space isomorphism of L
onto HC. For I C Z, the subspace L; is mapped to H €. So in order to prove (3.2),
it is enough to prove

L(—OO,O] n L[—naoo) = L[_"rol (Vn Z O)'

However the implication D is trivial, hence we shall prove only the opposite one C.

We write H** for the Hardy space H?* of class 2 over the unit disk |2| < 1, and
H?= for that over the region |z| > 1 of the Riemann sphere CU {c0}. As usual, we
identify each function f(z) in H*t or H®~ with its boundary function f(e®) and
regard both H?** and H?~ as subspaces of L%((—m, ), df).

We define an outer function h in H?** by (2.1), and h* € H?~ by h*(2) :
h(1/Z) (|z| > 1). We define h, € H** by hn(z) := 2"h(z). Then since Li_p, )
e"'"eL[oyoo), it follows that

1,
=H

(see Ibragimov and Rozanov [IR, IL.2, Theorem 1); Beurling’s theorem is essential
here). So, for any f(e®) € L(_co,0 N Lj—n,c0), there exist g, € H?+ and g_ € H2~
such that

1
Lionoe) = B Liceo) =

f(ez'e) = g+(ez'€) = g—(efg)

hn(eze) h*(ew)

For these g4 and g, we put f(z) := g4(2)/hn(2) for |z| < 1, and f(2) :=

g-(2)/h*(z) for |2| > 1. Then f is meromorphic in |z| < 1 and possibly has a

unique pole at zero, and the order of pole is at most n. On the other hand, f

is holomorphic in the region |z|] > 1 of the Riemann sphere. We claim that the

function f can be continued analytically from |z| < 1 to |z| > 1 across the unit
circle |z| = 1. ‘

This claim implies that the function f so obtained is meromorphic over the
Riemann sphere, whence it is a rational function. By the above description of
singularity, f must be of the form f(2) = Y p_, arz™* with some a; € C, whence
f(e®) = Yp_oare™*0. Therefore f(e¥) € Li_r,0), and this gives the desired
implication L(_g 01 N Li_no0) C Li_p -

Step 2. We complete the proof by proving the claim above. It should be pointed
out that the argument below is parallel to that of [LM, §6c|.

Put Ag := {6 € (-7, m) : sup;_(1/ky<rcr |F(re®®)] > k}. Then A D Apya.
Moreover, since

/_ |7(e)|db < { /_ lf(eig)]2A(0)d0}l/2 { /_ A(g)—ldg}”z <o,

Egoroff’s theorem implies that the Lebesgue measure of A, tends to zero as k — oo.
6
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Now

[ isteias
Ay

IA

~{/[ |g+<re‘9)|2de}l/2 {/ |h(re“’)1-2de}1/2

' 1/2
ol { [ e}
A

where ||g+ |2+ is the H%*-norm of g. Let

(34) Pr(8) = — =T
) TN 1~ 97 cosf + 12

be the Poisson kernel. By Jensen’s inequality,

h(rei®)| 2 = exp{%‘/” Pr(o—t)logA(t)‘ldt}

1 " -
55 | B0 = 0A®0

IA

IA

whence, for k£ > 2,

sup /A |f(rei)|do

1~(1/k)<r<1

. 1/2
< 2lgs s / sup  — [ Pit—-8)d8bA@®)dt| .
—r | 1-(1/k)<r<t 27 J 4,

For fixed m € N, we have for almost all ¢t € (—x,7)

0 < limsup sup

— P.(t — 6)df
k—oo 1—(1/k)<r<l 2T J 4, ol )

< lim sup L P.(t — 0)do = I4,,(¢).
k=001 _(1/k)<r<1 2T J4,,

Let m — 0o. Then we obtain

1
lim sup — [ P.(t—-6)dd=0 ae on(—m,m).
k=001 _(1/k)<r<1 27 J 4,

Consequently,

lim  sup / |f(re'®)|ds = 0,
koo y_(1/k)<r<1 J Ay

so that

tim [ 15(6) = fre)ld0 = .

The analogous result for r | 1 follows similarly from the fact g_ € H?-,

Choose o € (—m, ) so that f(re'®) tends boundedly to f(ei®*) as r — 1. For
z = re* in the region D := {re?® : 1 <r < 2, @ < 0 < &+ 27}, define F(z)
by F(z) = [, f(w)dw, where the path T' = ; + 7, from e'® to z is defined by
71(t) := te'* with t from 1 to r and then 7»(t) := re’t with ¢ from a to #. The
function F is holomorphic in Dy := D\ {z € D : |z| = 1} and continuous in D,
whence F is holomorphic in D by the reflection principle. Since f = F' in Dy,
this implies that f can be continued analytically in D across |z| = 1. Since we can

7



choose a different a, we conclude that f can be continued analytically across the
whole unit circle |z| = 1, as claimed. This completes the proof. 4

4. REPRESENTATIONS

In this section, we shall prove for a purely non-deterministic stationary process
{Xn} some representation theorems which are given in terms of the MA(cc) coef-
ficients c, and AR(0o0) coefficients a,,. They will enable us to carry out in §6 the
asymptotic analysis via {c,} and {a,}.

For Y € H and I C Z, we think of P;Y as the best prediction of ¥ on the
observations {X} : k € I'}, whence Pi+Y =Y — P;Y as its prediction error. By the
orthogonal decompositions

1 _pl 1 _ pl 1
P[—n,o] = P(—oo,O] + P[—n,o]P(—oo,O] = ‘P[—n,oo) + P[—n,o]P[—n,oo)’
we have
1P oY I = 1P oY I + 1Bt 0 Pmco) Y IIP
(41) = “‘P(J—--oo,()]Y'”2 + ”‘P[J—_n,oo)'P(--oo,(l]I/”2
+ “-P[iny()]f)[—n,oo)'P(—OO,O]Y”23

and similarly, by induction, for m > 0

1P n oY 1P = D UPE oo 01 {Pi=nso0) Pmooig FY |12
k=0

+ 1P 00y {Po0,0) Pi=nyo0) P P oo, V|2
k=0
+ “P[‘-L-n,o]{P[—n.OO)P(—oo,O]}m+1Y”2°
Now what will happen if we let m — co? The following theorem gives an answer.

Theorem 4.1. If the spectral density A(+) of X satisfies f_’_r" A(6)"1df < oo, then
forYeHandn >0

(4.2)

”P[J__nwo]Y”2 = Z ||1)(J:'0070]{P[_nvoo)'P(—oovo]}kY”2
k=0
(4.3) B
+ z ”P[fnroo) {'P(—Oo,o] 'P[—nvoo)}kp(_oo»olyllz'

k=0 .
Proof. It follows from Theorem 3.1 that H_woNH_no) = Hi_. 0. Hence, by
Nakano’s theorem (cf. Reed-Simon [RS, Ch. VI, Problem 39]), we have

S-lim {P(_oovo]'P[_nroo)}m = P[_n>0]'

This implies that the last term of the right-hand side of (4.2) tends to zero as
m — oco. Thus the theorem follows. g

The point of Theorem 4.1 is that it enables us to investigate the prediction from
a finite part of time via the prediction from an infinite past and that from an infinite
future.

The key assumption ffﬂ A(0)7'df < oo above can be given in different ways.

Proposition 4.2. The following conditions are equivalent:
8



(1) f " A(8)71df < oo;
( ) h— H2+
3) 20 (an) < 0. :
Proof. The implication (2)<>(3) follows from the well-known characterization of the

space H?* in terms of power series coefficients (cf. [Ru, Thm. 17.12]). On the other
hand, since

1 1 [Tef4z
TS o Slogl/AO)} (el <)
we see that (1) and (2) are equivalent (cf. [Ru, Thm. 17.16]). a

We look at the relation between the condition above and those in §2.

Proposition 4.3. If (C1) and (A1) hold, then we have Y ¢ |an| < 0o and hence
7 A(6)71db < oo. ,

Proof. Bearing in mind that {a,} is eventually non-negative, we apply the mono-
tone convergence theorem to (2.2). Then it follows that

Z:o-o n == lrl?l1 (Z:o:o C"Tn) B € (-o0,0];

which implies 30° [an] < co. In particular, we have 3 ¢°(an)? < oo, so that, by
Proposition 4.2, [© A(f)7'df < co. O

Now we consider P(_oo,o]Xn for n > 1. We vaguely think of it as a linear
combination of {X} : —oo < k < 0}. We shall make this point clear to the extent
sufficient for our purpose. We put

m

(4.4) B =) emoktrr; (M1, j>0)
k=1

Theorem 4.4. If Y ° |ax| < oo, then forn € N

o0

(4.5) P(—oo,O]Xn = Z b;'lX—J"
j=0

the sum converging absolutely in H.

Proof. Recall the spectral representation (3.3). Since |h(e??)|? = A(f) > 0 a.e. on
(—m, 7), we may put

(4.6) £n := (2m)71/2 / e {h ew)} Z(d8) (n€Z).

Then, as is well known, {£,, : n € Z} forms a complete orthonormal system for H
such that

n

(4N Xa= 3 ity Heoom = Hewn(§)  (ne2)

j=—o0

where H(_ 5)(€) is the closed subspace of H spanned by {& : —0o < k < n} (see
[Ro, Ch. II]). The representation (4.7) is the so-called canonical representation of
{X,}. It follows that

(48) ”2:;0 apXn-r + £n ’

- /_7r lim@FA@B)S  (meN),

9



where
1 m .
m(0) = —————— k8 - ] .
fm () @n) 2 h () + kE=0 are (-r<8<m)

By assumption, h~1(-) is in H2*. Hence we have the Fourier series expansion

(27l-)1/2h ) Z are™

in L?((~m, ), df), which yields f,(6) = — Yo°. | axe’*®. The condition 3°5° |ax| <
oo implies that f,,(#) tends boundedly to zero as m — oo, and so the right-hand
side of (4.8) converges to zero as m — oco. Thus we obtain the following AR(co)
representation for {X,}:

n
(4.9) > X+ =0 (neZ)
j=—o0
We set Y, := P_e0,0Xn for n € N. By (4.9), the sequence {¥,, : n € N} is a
solution to

(4.10) > tnmYm== an;X_; (neN).

m=1 j=0
On the other hand, by (2.3), we have

Zan mmeX—-] }: (Z an—-mzcm kak+])
j=0 j=0
= Z <Z A § Z an_k_pcp) X_J' = - Zan+jX_j.
=0 \k=1 = =0

This implies that the sequence {3’ j=0 b b?X_; : n € N} is also a solution to (4.10).

Since ag # 0, the solution to (4.10) is unique. Thus (4.5) follows. a

Since the stationary process {X,} is assumed to be purely non-deterministic, we
have P( —o0,0]X1 # 05 use (4.18) below and the fact ¢ # 0. So we put

B gy Xl = (1P o gy X 1P
1P o g X112

(—0,0]
We note that ¢(n) — 0 as n — oo since, by (4.1) and (4.7),
2 2 oo 2
e R L I o Z,--m es]

oo 2
e = 2
< ”Zj=n+2 cjéi-j ” =2 n+2(c]) -0 (n — o).

In §6, we shall give a detailed treatment of the asymptotic behaviour of ¢(n) as
n — oo. Here we prove a representation of €(n) in terms {c;} and {a;}.

Theorem 4.5. If 3" |akx| < oo, then forn € N

(4'12) E(n) = Z Z dk(n,p)z,

k=1 p=0

(4.11) e(n) :=

(n=0,1,---).

10



where dy(n,p) := 3,02 Colutnt2+p, and for k> 2

0o oo [ =)
—— m Mig—2 Mi—1
dk(nap) = Z Ant14m, Z bn-il-mg Z bn+mk_1 Z bn+p+mkcmk—1'
mi=1 mao=1 my_1=1 me=1

Proof. By Theorem 4.4, we have for m > land n >0
PcogiXm =Y b7 ;X_no;  (mod Hi_,gq)
j=1
Let Sy and § be the k-step shift operator and reflection operator on H:
Se(Xm) = Xtk 6(Xm)=X_m.

Then Si and § are Hilbert space automorphisms of H such that S;' = S_y,
6~ = 6. In view of the identity (057) " P(—00,01(8Sn) = Pi—n,cc), We have

Plnoo)yXon-m=»_bI:X;  (mod Hi_,q).

j=1
Hence
oo (o]
{P[—n,oo)P(—oo,O]}le =Cp Z Cng1+my Z bnm-ll-mz
(4.13) i S
Y bidmy D g Xm,  (mod Hi_ng),
me_y=1 mp=1

where 7 := 2k. This and

P(Jloo,o]Xm = zcm-—ng (m € N)

9=1
yield
Pt _ AP P ¥x
(~00,0] 14 [—n,00) L (~00,0] 1 )
oo (o) oo =) m,
=c0 D ntiemi Y butmy o D WiEn L D Uil D ememgy:
mp=1 ma=1 Mp—_1=1 me=1 p=1

Therefore, for p > 0

(P(J:oo,ﬂ]{P[—-n,oo)P(—oo,O]}lea£p+1) = COde(nap),
so that
“P("loo,o]{P[—n,OO)P(—oo,O]}le“2

o0 2 o0
= Z (P(Jloo,o]{P[—n,oo)P(_oo,o]}qu€p+1) = (co)? Z dak(n,p)?.

p=0 p=0

(4.14)

Similarly, we obtain

“P[J—_n,ocﬁ{P(--oo,O]P[--n,oo)}kp(--oo,o])ﬁ||2

(4.15) o0
=[P 00) P=00,01{ Pl=n,00) P=o0, 01} X1 I* = (€0)* Y datt (m, p)*.

p=0
11



Since we have [ A(f)~'df < co by Proposition 4.2, it follows from Theorem 4.1
that :

[> <2 o)
| Bt Xl = ||P(J.'.c,<>,o]-’(1||2 + (co)? Z Z di(n,p)?.

k=1 p=0
But
(4.16) 1P o1 X2 = lleo&all? = (c0)?,
whence (4.12) follows. O

Theorem 4.6. We assume (C1) and (A1), and choose M € N so that apg > 0
Jor n > M. Then, for di(n,p) in Theorem 4.5 with n > M and p > 0, we have

o0 oo oo
(4.17) da(n,p) = Z Cu,y ZCUI Z Qvr4+m+n+2+pQoi+m4nt2y
v =0 v m=0
and for k>3
o0 o0
dk(n,p) = Z Co Z Cop_
vp=0 Vg1 =0
o0 o0 oo
(4.18) e z Cuy Z Qop+my14n+2+p Z Qygycr+my—1+my_2+n+2
v1=0 Mipeq=0 Mmy—o=0
o0 o0
Z Qyz+matme+nt2 Z Qvstma+mi+nt20u+my+nt2
mp=0 m=0

Proof. We first note that, by Proposition 4.3, 3"(° |ax| < co. By assumption, we
can apply the Fubini-Tonelli theorem to exchange the order of sums. In particular,
forn>M :

oo o0 o0
— mi_1+1 my_2+1
di(n,p) = Z Cuy, Z bn+l+vk+p Z bt Ttmy—y

vp=0 Mmy—1=0 Mi—2=0
oo oo
mag-+1 my+1
e E : bn+1+m3 § : bn+1+m2a’m1+n+2'
mo=0 mp =0

Since b;-’_"_*il =3 to Colm—ytjr2 for m > 0 and j > 0, it follows that

) o0 my
my+1 —
Z bni1+m2am1+n+2 = Z Z Cv1 Omy —vi+mo+n+2 | Amy+n+2

m1=0 m1=0 \v1=0
oo oo
= § :Cv1 E : Oma+mi+n+20u+my+nt2:
v =0 my=0

12



This gives (4.17). Similarly

0 0o
bm2+1 bm1+1 a
n+l+mg n+1+my¥mi+n+2
ma=0 m;=0
o0 my 00
= 1 Z E Cuy Cmy ~ve+mz+n+2 z , Ama+my+n+2 2y +my+n+2
mo=0 \v2=0 mi=0

)
> e

vy =0

) ) oo 00

E Cuy E Cuy E Amz+ma+nt2 E Qys+maotmy+n+2Quy +my+n+2-
v9=0 v =0

mo=0 my; =0

Repeating the same arguments, we arrive at (4.18). O

5. ASYMPTOTIC RELATIONS

The aim of this section is to give the link among the asymptotics for the autoco-
variance function y(-), spectral density A(:), sequence {c,} of MA(00) coefficients,
and sequence {a,} of AR(co) coefficients for a purely non-deterministic stationary
process {X,}. We refer to [I1]-[I6] for related work.

Since the spectral density A(-) of {X,,} is an even function, we have

(5.1) y(n) =2 /0 " A@)cos(nd)ds  (n € 2),

(5.2) i ™ = (2m)'/2 exp {é /7r Pr(ﬁj log A(0)d0} (-1<r<1)

n=0 -
(recall P.(¢) from (3.4)). On the other hand, it follows from (4.6) that

o0

(5.3) v(n) = Z CntmCrm (n > 0).

m=0

If the sequence {c, } satisfies (C1) and (C2), then the sequence {v(n)}$° is eventu-
ally decreasing to zero, and so the Fourier series

(5.4) %7(0) + ;1; Z v(n) cos(nf)

converges to a continuous function on (—m, )\ {0} (cf. Zygmund [Z, Ch. I, (2.6)]).
Moreover, by Lebesgue’s theorem (cf. {Z, Ch. III, (3.9)]), the Fourier series coincides
with A(f) almost everywhere. So in the sequel we shall identify A(f) with the
Fourier series (5.4).

To state the result for the boundary case, we recall the notion of II-variation. For
£ € Ry, the class II; is the class of measurable g, defined on some neighbourhood
[4, 00) of infinity, such that

VA>0, lim {g(\) - g(2)}/&(z) = clog }

with ¢ € R called the {-indez of g (see [BGT, Ch. 3] for background).
The following theorems are the results for the long-memory processes, boundary
case, and intermediate-memory processes (cf. [BD, p. 520]), respectively.
13



Theorem 5.1. Let£ € Ro and 0 < d < 3. We assume (C1) and (C2). Then (2.5)
and the following are equivalent:

1

(5.5) A(6) ~ 07294(1/0) - ST = 2d) s (rd) (6 — 0+4),
’ 1/2
(56) Cp ~ n—(l"d) {E#*z?)} (Tl — 00)
If we further assume (A1), then all imply
¢ ~172 gsin(nd
(5.7) an ~ n= (49 {B(d, gnz zd)} SH;(W L - %0)-

Theorem 5.2. Let d = 0, and £ € Ry such that [ £(s)ds/s = co. We assume
(C1) and (C2). Then (2.5) is equivalent to

(5.8) A(1/-) € Iy with £-index w1,
Both imply

(5.9) cn ~nH(n){26(n)} /2 (n — o0).
If we further assume (A1), then all imply

(5.10) an ~ 0~ (n){26(n)} 3/ (n = oo).

Theorem 5.3. Let —00 < d < 0 and £ € Ry. We further assume [*° {(s)ds/s <
o if d = 0. We also assume (C1) and (C2). Then (2.5) is equivalent to

n~(1=2d) g(n)

5.11 Ch ™~ = s n - 00).
11 CEmamp )
If we further assume (A1), then both imply

—(1-24d)
(5.12) an - 4(n) (n — o0).

T AR PR

In order to prove the theorems above, we shall start by proving the following
lemma which link the asymptotic behaviour of {c,} with that of {a,}.

Lemma 5.4. Let £ € Rg. Let {un}3° and {v,}° be real sequences which are both
eventually decreasing to zero and satisfy the relation

(5.13) (Z; wnz") (Z:';O wma) =1 (2 <).

(1) Let 0 < d < 1. Suppose either 3 ;*un = 00 or 3.5 v, = 0. Then the
following are equivalent:

(5.14) tp ~ 0~ Dh(n)  (n— ),
o n~(d+1) _dsin(nd) 2o o
(5.15) o~ (n — o0).

(2) We assume [* {(s)ds/s = co. Suppose either 30° un = 00 or 5 v, = 0.
Then the following are equivalent:

(5.16) Up ~ 7 (n)  (n— o),
1 4n)
(5.17) Up ~ 0 ltT(n_)Z (n — 00).

14



(3) Let1 < p < co. Suppose Y o uy is finite and non-zero. Then the following
are equivalent:

(5.18) _ Un ~ n"PL(n) (n — o0),
n~PL(n)

(5.19 Uy ~ = n — 00).

) w7
Proof. (1) By the assumption, we see that 3 ° u, = oo if and only if 3"¢°v,, = 0.
We set w,, := 2:’;”“ vy, for n > 0. Then
(5.20) vn2" = (2 -1) Z wn2",
. n=0

n=0

and so

o0 [ o]
(5.21) =2 (3 wnz") (7 waz") =1 (2l <),
By the monotone density theorem (cf. [BGT, §1.7]), (5.15) holds if and only if

n~¢ sin(md)
v oy L (o)
which, by Karamata’s Tauberian theorem for power series (cf. [BGT, Cor. 1.7.3]),
is equivalent to

00 . 1
2w~ e 1Y

n=0

Now by (5.21) this is equivalent to

Y uns" ~ (1= 8)"H(1/(L-s)D(d)  (sT1),
n=0 »
which, again by [BGT, Cor. 1.7.3], is equivalent to (5.14).

(2) Weset U(z) := ng_]__o uy, for £ > 0 and := 0 for = < 0. We write U for the
Laplace-Stieltjes transform of U:

U(z):= / e U (t) = Zune‘"’ (z >0).
[0,00) n=0

Similarly we put V(z) := ng]zo v, for z > 0 and V(z) := 320 ) v,e™™ for z > 0.

First we assume (5.16). Then U(1/-) € II; with £-index 1 by de Haan’s theorem
(cf. [I5, Thm. 2.3 and 2.4]). On the other hand, since U(z) ~ £(z) as z — oo,
we have U(1/z) ~ £(z) as z — oo by Karamata’s Tauberian theorem ([BGT,

Thm. 1.7.1]). We put £;(z) := £(z)/£(x)?. Then, by (5.13), we have for A >0

V(/Az) - V(1jz) _T/Az)-T(1/a) LAa) =) ~Z(m)
b(z) {(z) U(1/xz) U(1/z) £(xz)

— log A (z — o0).

Therefore we see that V(1/-) € I, with £;-index 1, which, by de Haan’s Tauberian
theorem, implies (5.17).
15



Next we assume (5.17). Let w, be as in (1). We write, as above, W(z) =
Z[z] wy, for z >0, and W(:c) =3 o o wne™™® for z > 0. Since

Wy ~ /:o 6(t)dt/t = 1/é(n) (n — 00),

we see that W(z) ~ z/f(z) as £ — oco. By Karamata’s Tauberian theorem,
W(l/z) ~ z/i(z) as ¢ — oo, so that, by (5.21), V(1/2) ~ 1/i(z) as z — co.
On the other hand, (5.17) implies V(1/-) € Il;, with £;-index 1. Therefore, from
an argument similar to the above, it follows that U(1/-) € I, with ¢-index 1, and
so (5.16). ‘

(3) We use an argument similar to that of the proof of [I1, Thm. 4.1]. Since
>0 Un is also finite and non-zero, by symmetry it is enough to prove (5.18) =
(5.19) only. Set f(z):= Y - ,une " for z > 0. Then by (5.13) we have

Z vpe” " = =1/ f(z) (z > 0).

n=0

Let r := [p] be the integer part of p. By differentiating the both sides of the above
r-times with respect to z, we obtain

b 0 r,—-nz
S pnrene - Do wone™ | Fula)
n=1 f(.’l)) f(x)

where F, is a polynomial in {f(™ :m =0,1,--- ,r — 1} (cf. [I1, Lem. 3.3]). Since
r—p>—1and

upn” ~ n""PY(n) (n — o0),
it follows that
Z Upn"e™" ~ 2P H(1/2)D(r —p + 1) (z — 04)

n=0

(cf. [I2, Thm. 5.3]). On the other hand, for any e > 0 and 0 < m < r — 1, we have
2 f™(z) -0 (x> 04)
(cf. [I2, Lem. 5.5]), and so
Fo(z)/{z"7""(1/2)} -0  (z —0+).

Thus
- _ - T(r—p+1)
vpn"e ™ ~ 2P (1 ) See— 2 z — 0+4).
; (1/z) 5 ur)? ( )

Since the sequence {log(n"vy,)} is slowly increasing (cf. [BGT, §1.7.6]), it follows
from Karamata’s Tauberian theorem that
v,n” ~ n""Pe(n) (n — o0)

(cf. [12, Thm. 5.3]). This yields (5.19). O

Proof of Theorem §5.1. We use an argument similar to that of the proof of (16,

Thm. 4.1]. The implication (2.5)«>(5.5) follows from the Abel-Tauber theorem for

Fourier cosine series (cf. [BGT, Cor. 4.10.2]). If we put g(t) := cpy for t > 0, then
16



= [;° g(t + n)g(t)dt for n € N, and so by [I6, Prop. 4.3] (5.6) implies (2.5).
We put

(5.22) f(t) = A2arctant),  o(r) := i o
Then by the change of variables § = 2arctant we have
* |log f(t)] /
(5.23) /_oo D ——dt = [log A(6)| df < oo,
(5.24) " Pu(8)log A(8)d8 = /m 22() g f®)dt  (-1<r< 1)
' TR E | st e

Since (5.5) implies
F(E) ~ 72 (1)) -

we have by [I6, Thm 4.4]

Z enr™ = (21)/% exp {2111- /°° x(f)A log f(t)dt} ~ {2nf(z(r))}'/?

1
22d+1T(1 — 2d) sin(nd)

(t— 0+),

x 1/2
R e ] B A

Hence by [BGT, Cor. 1.7.3] we obtain (5.6). Finally, the implication (5.6)=(5.7)
follows from Lemma 5.4 (1). , O

The following lemma will be used in the proof of Theorem 5.2.

Lemma 5.5. Let ¢ be a positive constant, and let £ be a slowly varying function
such that [ £(s)ds/s = co. For a positive, even, and measurable function g on R

such that
/ * |log g(t)|

T+ dt < oo,

-0
we set

K(z):= exp{;ﬂ_ /00 p 12&2 logg(t)dt} (z > 0).

Then g € Il; with {-indez c implies K € Ilp, with {1-index Vc/2, where £1(:) is
defined by £1(t) := £(t)/£(t)1/2.

Compare the proof below with that of [I6, Thm. 5.2].
Proof. In view of de Haan’s theorem (cf. [BGT, Th. 4.4]), we have
(5.25) oty ~cit) (> o0)
(see the argument in [BGT, p. 164]). Since

1 [ =z
K(1/z) = exp { o / P logg(l/t)dt} (z > 0),
it follows from [I6, Thm. 4.4] that

(5.26) K(z) ~ {cl(z)}'/? (z — o0).

17



We note that K(z) = exp A(z), where

1 *®. 1
Alz) = o /_ e (@>0).

Let A > 1. Then by the mean value theorem we have
K(Az) — K(z) = {A(Az) — A(z)} exp By(z),

where B,(z) is between A(Az) and A(z). Since, by (5.26), K(\z)/{(z)!/? and
K(z)/#(z)'/? both tend to /¢ as  — oo, we see that

(5.27) exp By(z) ~ {cf(z)}*/? (2 — ).
Again by the mean value theorem, we have
log g(Azt) — log g(at) = {g(Azt) — g(zt)}/kar(z,t),

where kx(z,t) is between g(Azt) and g(zt). By (5.25), g(z)/g(Azt) and g(z)/g(zt)
both tend to 1 as £ — oo, whence

(5.28) g9(z)/kr(z,t) = 1 (z—00) VE>0.

We note that by [BGT, Thm. 1.5.6 and 3.8.6] (Potter-type bounds) there exist
positive constants D and M such that

l9(3a) - 9(@)l/2(x) < DX (22 M),
(W)/H(z) S Dmax (w/2)"%, (w/2)) (@2 M, y 2 M),
9(2)/9(v) < Dmax ((u/2)"/%, (y/2) ™) (@2 M, y 2 M).

Now
A(z) — Az)
W = I(z) — II(z) + I(z),
where
i M
I(z) = :lg(az) o 24 u? log g(Mu)du,
i Mo,
I(z) := 73(33)) /0 mlogg(u)du,
I(z) := :9(2) /0 N Fi(z, t)dt
with

1 {gQat) - g(at)} Lat) g(a)
1412 £(zt) Lz)  ka(z,t)
By (5.28), Fx(z,t) tends to c(1+t2)"'log A as £ — oo for any ¢ > 0. On the other
hand, we have for z > M

ar

F,\(:I:, t) = I(M/z-,oo) (t) .

g(z) g(z) >

g(Axt)’ g(xt)
< DAV/4 max(t1/4,t—l/4),

whence for z > M and ¢t > 0

25/ ma.x(tl/z, t—1/2)

3
IF,\(:I:,t)ISD 1422

18



Therefore by the dominated convergence theorem we obtain
1/~ 1 log
III(z)e;/O 1+t2dt log /\_?/\ (z — o).

As for I{z), we have

II(w)Ism % / |log g(M)ldt =0 (5 = o).

Similarly II(z) — 0 as £ — co. Thus

A(Az) — A(z) _, logA
t(z)/l(z) 2

Combining this with (5.27), we obtain

K(\z) - K(5) e
W-—)TlogA ($—+OO).

This proves the lemma. O

(z — ).

Proof of Theorem 5.2. By {I4, Thm. 1.3], (2.5) and (5.8) are equivalent. Define f
by (5.22), and g by g(t) := f(1/t). Then, by (5.23) and (5.24), we have

.
[ sty o,

e 1482
ot z-1 12 1 /°° T
;cn (z T 1) = (27)"/* exp { o pea log g(t)dt (x> 1).

Now we note that (5.8) implies g € II, with f-index n~! (see [I5, Prop. 2.7]).
Hence, by Lemma 5.5 and [I5, Prop. 2.6], >.°° ch,e™"/® € II,, with £;-index 1/+/2,
where £ (z) := £(z)/{£(z)}/2. Therefore, by de Haan’s Tauberian theorem (cf. [I5,
Thm. 2.3 and 2.4]), we obtain (5.9). To complete the proof, we note that, for
C>1,

(5.29) /: '{T(ls()s})lTsds = {20)}1/2 — {2(O)}/? ~ {26(2)}'/? (2 — o).
Then, by Lemma 5.4(2), (5.9) implies (5.10). O

Proof of Theorem 5.3. From (5.3), it follows that

(5.30) Z ¥(n) =2 Z Z CntmCm — Z_ (em)? = <Z cm>

n=-—0oo n=0 m=0 m=0

By [12, Lemma 5.7], v(n) ~ ¢, (3 s Cm) as n — oo, whence (2.5) and (5.11) are
equivalent. On the other hand, by Lemma 5.4 (3), (5.11) implies (5.12). O
19



6. PROOF OF THE MAIN THEOREM .

In this section we shall prove the main theorem (Theorem 2.1). In order to do
that, we first give the asymptotic behaviour of €(n) as n — co (recall €(-) from
(4.11)). This will be carried out firstly for the long-memory processes, secondly for
the boundary case, and thirdly for the intermediate-memory processes. It turns
out that the two infinite sums > 77, in (4.3) with Y = X are negligible as n — oo
in the second and third cases but not so in the first case. As a result the proof for
the first case is much more difficult than the others.

First we consider the long memory processes. For 0 < d < %, we put

w=(3) [ ) o
e = G)/m{ owwf;f I

dsl }2 du
o (ats+1l+u)ta(o, +o +1)ird)

and for k > 3

Ak:(i)”“/“’du{ T v [T dvi /°°_d_
T\7) h o ) @) Sy )il

o0 o0
dsg_1 / dsk_2
o (Wk+sk-1+1+u)H Jo (vp_y 4 sp—1 + sp—2 + 1)1+

dsy /°° ds, }2
(vs+s3+s2 +1)149 Jo  (vy 455451 + 1)1+4(vy +5; + 1)1+ [
By the equality

o dv 1

Ay may be expressed more simply as follows: A; = 772,

o0 it d31 2
Ay = / { } i,
2T L W Gititwesn) *

and for k > 3
Ay = —2k/ { dsy_1 ® dsg_2
(k-1 +14+u) Jo (Sk-1+8k—2+1)

/ dss % ds; }“’
o (s2+s1+1)Jy (sa+s1+1)(s1+1)

In particular, we see that A; does not depend on d. The value of Ay for & > 2 will
be identified by (6.15) below.
Recall di(n,p) from Theorems 4.5 and 4.6.
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Proposition 6.1. Let 0 < d < 1 and £ € Rg. We assume (C1), (C2), and (A1)
Then, for k € N, (2.5) implies

(6.2) Z{dk(n,p)}2 ~ 01 Ay sin?*(nd) (n — o).

p=0

Proof. We give full details for the case £ = 2, and describe how to adapt the
argument to the general case.

Choose 6 € (0,min(d, &;)). Then by Theorem 5.1 and Potter’s bound ([BGT,
Thm. 1.5.6]), there exists M > 0 such that

an 2
am = (n/m)+d=8

(6.4) 0< 2—" < 2max ((n/m)‘“"’“’”, (n/m)'(l_d“s)) n2>2M, m2>M).

(6.3) 0< (n>m > M),

We set, for 2 > 0, go(z) := I(o,m) (w)c[z], gi(z) := I[M,oo)(w)c[z], and

(6.5) G(z) := 2max (a:"v(l"d""s), z‘(l'd"s)) .
Then we have
0< gli’“’) <G (2 M, v>0),
M — (19 (n — 00) (Vv > 0).

Cn

From Theorem 4.6, it follows that, for n largé enough,

z_:{dZ(n -2,p)}?

oo oo oo oo 2
= /0 { /0 40w /0 dv1 Cpy, ) /0 a[v21+[s11+n+[ula[v1]+[s11+nd31} du
=n7 {ancn}4/ {/ duy c[nu;]/ dv; Sl

0 0 Cn Jo Cn

/oo Unva)+[nsi]+ntlny]  Hnvi]+[nsi}+n d81}2 du
0

n an

= 1" {anca}* - [[Too(n) + Io1(n) + Lio(n) + L (n)|1%,

where | - || is the norm of L2((0, 00), du) and I;;(n) =I;;(n)(u) are defined by
Lij(n) :=/ dvy ____g,'(nvg)/ dv, 95(nv1)
0 0

Cn Cn

/m A nvy}+[nsi ]+ n+[nu] . Qnv,]+[ns1]4n ds,
0 Gn Qn '

First we consider I3;(n). Since

[nva] + [ns1] + n + [nu]

n
21

vp+s1+1+ux

3
Svtsi+l+~+u,



we have

0< a[nvz]+[n;1]+n+[nu1 < 2vy + 81 + 14 u)~(+d=5)

n2>2M, v2>0, sy >0, u>0),

Cnvs]+[ns1 J+n-+[nu
Gy

— (v2 + 81 + u+1)"0+D (n — o0).
Similarly

0< —-————a[ml]z[ml]"—" < 20wy 451 +1)70H) (> M w >0, 5> 0),

Anvi]+[ns;]+n

’ — (vg + 81 + 1)~ 0+ (n — o).
n

Now
(va + 81 +u+1)"0Fd=0(y 4 5 4 1)~(1+d=8)
(6.6) = (va + 81 +u + 1)~ (@H2)-46-0=70) (), 4 o 4 1)~ (d+28)—-(1-36)
< (vg + 1)~ (@2 () 4 1)~ (5, 4 1)=O+8)(y 4 1)=(1=78)

and so for n > M we have

24
(1 + u)2—14—6

i G(vq) o G(n) /°° 1 2
x{ A (1+vz)d+26dv2'/o (1+vl)d+26dvl A (1+31)1+6d31 .

Hence, applying the dominated convergence theorem twice, we obtain
M (@)? — (z/d)* 42 (n — o).

Next we consider the remaining integrals. By the above estimates, we have for
n>M ‘

1 24
cn)? (1 +u)2-148

2
M 00 G(’Ul) e 1
"{/o el | e [ e

so that [[Io1(n)|| — 0 as n — oco. Similarly, |I;o(n)|] — 0 and ||lpo(n)|| — O as
n — co.
Combining,

[Too(n) +Io1(n) +Lio(n) + Ly (n)||* = (x/d)* 42 (n — ).
But by Theorem 5.1

L1 (n)|? <

n 2
|101( )l < (n

. 4
(6.7) n" {ancn}t ~ {@ﬂ(r_d)} n~! (n — c0),
whence, as asserted in (6.2),
(o)
Z:{dg(n,p)}2 ~n"l4ysin*(nd)  (n— ).
p=0
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For the general case k > 1, we choose § € (0,min{d,1/(8k —2)}), and instead of
(6.6) we use the following estimate: ‘

(Vk + k1 + 6+ 1)7OFED gy posi + spmg +1)70H0

.. (v2 + 5348 + 1)—(14—:1—6)(,01 + 81+ 1)—(1+d—6)
= (vk + sk—1 +u + 1)-(d+26)—-(4k—4)6—{1—(4k—1)6}

X (Vk—1 + Sk—1 + Sk—2 + 1)—(d+26)—{1—(4k—5)6}—(4k—8)6

o (v + 8g + 51 + 1)"(@F2)=(=T0) =26y | o) | 1)~ (d+26)=(1-36)
< (vg +1)7H28) oL x (v 4 1)7(4+20)

X (8k—1 4+ 1) AT oL (5 4 1) 7O+ (y 4 1)~ 1+(#k=1)5

Here we note that § < 1/(8k — 2) implies

i 1
/0 —-——-—————(u T 1)2_(8k_2)6du < 0.

In this way we can prove the assertion for k > 1 similarly. a

Now in a manner similar to the definition of dx(n,p), we shall introduce other

infinite sums consisting of ¢, and a,, for later use. Thus, under the assumptions
(C1) and (Al), we choose M € N so that ap4p > 0 for n > M, and put for k > 2,
n>M,andp>0

[+<) o oo oo
— mi Mp—2 My —1
) = E Antmy+1 E : bn+m2"' z : bn+mk_1 E : bn+mkcmk+P
mi;=1 mo=1 mp—1=1 mk=_1

Then, as in, Theorem 4.6, we have

o0 o0 o0
)= Z Cuy+p+1 Z Coy Z Cuy+my+n+28vi+my+n+2s

ve=0 v =0 mq=0

and for k > 3

o0 o0
ap) = Z Cop+p+1 Z Cup_y

u;,=0 vk_1=0

oo o0 [ o]
‘chl Z Qoptmy_1+n+2 Z Qo y+mp_1+mp_g+nt2

v1=0 my_1=0 my—_o=0

o0

i Z Qvz4+-ma+me+nt2 Z Quy+matmy+n+20u+mi+nt2.
ma=0 mi1=0

For0 < d < 1 and k > 2, we also define By (d), in a manner similar to the definition
of A, as follows:

By(d) := <_) / {/ (v2+u1 ~d 0°° (v;i;jll-d

dsy : du
(v2 + 81 + 1)1+ (vy + 8y + 1)1+ ’
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and for k > 3

d\ ¥ [ ©  du ©  dk_1 ©
Bi(d) = | - d 1
«(d) (w) / {/ ot fy i e

*° dsy_1 dsy—2
o (Uk+sk-1+1)1% Jo (Vo + sp—1 + Sk—g + 1)1+

/°° ds, % ds }2
‘ o (stss+sa+1)1H Jo (vg+sy 481+ 1)+ (v 45 + 1)1+ [

By the equality (6.1), Bi(d) with k¥ > 3 defined above may be expressed more
simply as follows:

d2 * &0 dvk e dsk-—l
B’“‘d’"ﬁe‘/o d{/ (ort )2 Jy (on + sy + 1170

/°° sy /°° dss /°° ds, }2
o (Sk-1tse—2+1) Jo (ss+sa+1)Jy (s2t+si+D)(si+1)) °

The following proposition is an analogue of Proposition 6.1 for {ex(n,p)}. It will
be used, in the proof of Theorem 6.4 below, to estimate the difference of upper and
lower bounds.

(6.8)

Proposition 6.2. Let 0 < d < 3 and £ € Ro. We assume (C1), (C2), and (A1).
Then, for k > 2, (2.5) implies ‘

o0

(6.9) > {er(n,p)}?* ~ n " By(d)sin**(nd)  (n — oo).

p=0

Proof. For k > 3 and n large enough, we have

Z{ek(n - 2’1’)}2 = pt-1 {ancn}zk

p=0

x/ " {/ don Clnvi]+[nul+1 / dvk_lc[nvk_l] / v, Clnwv, ]
0 0 Cn 0 Cn 0 Cn

o0 o
/ dsg_1 Anvyl+[nsy_1]+n / dsi_s Anvy—1]+[nss—1]+[nsp_z]+n
0 n 0 Gn

.. /oo dss nval+[nss]+[nsz]+n /oo Hnval+[nsz)+[nsi]+n . Snul+ner dsl}z
0 0

an an n

but for simplicity we give details for the case k = 2, and finish the proof with brief
notes for the general case.

Take § € (0, min(3 —d, 1d)), and M so large that (6.3) and (6.4) both hold. We
set go(@) = I(o,m)(z) and q1(z) := Ijpr,00)(2). Then for n large enough we have

S {ea(n = 2,0)} = 0" {anca}* - [Too(n) + Io1(n) + Lo (n) + I (»)||2,
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where || - || is the norm of L?((0, 00), du) and I;;(n) = I;;(n)(u) are defined by

& cnv nu *° cnv
L) i= [ dag(fra) 22 [ gy, g () T2

/oo a[nuz]+[nsl]+n . a[nv1]+[nsl]+n ds
0 (179 An

First we consider I;;(n). From

1
v2+u<kllzli—7£ﬂt]l<v2+u+;3;,

we have
a1 ([na]) - —[——Z["— <Gur+u) (n2M, u>0, vy >0),

() - S () 4 )00 (o) (Y >0, Ve > 0),

where G is the function defined by (6.5). Since

(vg + 51+ 1)~O+d=0) (4, 4 ) 4 1)~(1+d~6)
(6.10) = (vg + 8 + 1)"(AFd=50~46(,, | 5 4 1)~ (@+26)-(1-36)
< (vg +1)~(Hd=80) (4, 4 1) (20 (5, 4 1)~(1+8)

we have forn > M

® Glu+uv)dvy  [® G(vy)dvy ® s ?
2 £ 9t . . I S
[I11(n)|* < 2 {/0 (va + 1)1+a=58  f [up + 1)a+25 /0 (51 + 1)1+

Now
(6.11) G(u + vz) < I(g’l)(u)G(vz) + I[l,oo) (u)G(u),

and so, if we notice that (a + b)? < 2(a? + b?), then

oo G 2
2 < ]
[a(n)]” <2 { A (U1+1)d+26dvl / (31+1)1+6d31}

® Ioy()Glez)  \” * (WG  \*
(0,1) V2 [1,00)
X [{/0 (v + 1)17d-58 d”Z} + {/0 (vs + 1)1+d-56 dvz ¢ |-
The right-hand side is in L*((0,00),du), whence, by the dominated convergence
theorem, we obtain

[T ()[I* = (x/d)*Ba(d)  (n— o0).

We turn to the remaining integrals. We have forn > M

o1 (n)|? < 2410 ([nar]) (maci%)z

y /°° dvs _ /°° Go) /°° ds; 2
o (Do (o + )FET fp (s 4 )
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- Hence it follows that [Ip1(n)|| — 0 as n — co. Further, for n > M, |L;o(n)]? is at

most

2
o4 [ maxcy 2 * G(u+vy) _Glutwv) / do / dsl
ne, o (vz + 1)1+d-58 1)1+d-36 vz b (51 + 1)1+a :

Hence, by (6.11) and (5.6), [|[Lio(n)|| — 0 as n — co. Similarly, ||lgo(n)]] — 0 as

n — oo.
Combining,

oo (n) +To1(n) + Lio(n) + Inn(n)||* - (7/d)*By(d)  (n — o0),
and so by (6.7) we obtain, as asserted,

> {ea(mp)}? ~ n 7 By(d)sin*(xd)  (n — co).

p=0

For the general case k > 1, we choose § € (0, min{% —d, d/(4k —3)}), and instead

of (6.10) we use the estimate
(v + 8k-1 + )70 (g1 4 spy + 83y 4 1)+
o+ (v2 + 52 + 51 + 1)"(1+4=9) (v1 + 51 + 1)~(+d=6)
=(vg, + sy + 1)~ (LHd=(4E-3)6}~(4k-4)5
X (Uk-1 + Spo1 + Sp—g + 1)~ (@2~ {1-(4k=5)5}~(4k-8)5
o (Vg + 82 + 81 + 1)~ HEO-Q=TO—8(y 4 L 1y~(d426)—(1-30)
<(vx + 1)“{1+d‘(4’°—3)'5}(vk_1 + 1)—(d+26) e 1)_(d+26)
X (8g-1 +1)"0+8 ... (51 +1)~(+8),
We note that § < d/(4k — 3) implies

o 1
/(; (vk + 1)I+I-(4k=3)5 dv < 00

and that § < 5 — d implies [° G(u)?du < co. We also have

*® G(w)
o (vk + 1)IHd-(3R=3)5

In this way we can prove the general assertion in a manner similar to the above.

dv, < 0.

For 0 < d < 1, we define an integral operator Ky on L%((0, 00), du) by

Kd@»=£“mwwﬁwww

where

o0
1
ka(z,y) := /0 (z+ )9 + y)1+ddv (x>0, y>0).

We write || Ky|| for the operator norm of K.

|

Lemma 6.3. For0 < d < }, K is a bounded operator on L2((0,00), du) such that

I Kdll < (n/d) tan(nd).
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Proof. Since

1 [ 1
ka(z,zy) = ;/0 1+ s)—9(s + y)1+dd3,

we have
co N oo .
/ ka(z,y)(z/y)?dy = w/ ka(z,zy)y~ T dy
o (R o Dy
= B(%,% - )B(d+ 3 2 = Eta.n(ﬂ'd)
Similarly
/ ka(z,y)(y/z) i dz = %ta.n(ﬂ'd).
0
Thus the lemma follows (see Hardy et al. [HLP, Thm. 319)). O

Now we are ready to prove the following theorem which give the asymptotic
behaviour of ¢(-) for long-memory processes. See [IK] where an analogous result for
a special continuous-time stationary process is given.

Theorem 6.4. Let 0 < d < 1 and £ € Ry. We assume (C1), (C2), and (Al).
Then (2.5) implies

d2
(6.12) e(n) ~ — (n = o0).

Proof. By Proposition 4.3, we have 3" |ax| < co. Hence it follows from (4.2) and
(4.14)—(4.16) that for m > 1

2m-1 oo

> > Adk(n,p)} < e(n)

k=1 p=0
2m—1 oo

< 30D {d(m,p)}? +(00) 21Pe s ) { Brmno) Pl=oo,at} - Xalf?
k=1 p=0

Let m — co. Then by Proposition 6.1 we have

2m-1

z Ay sin**(nd) < liminf e(n)n < limsup e(n)n

k=1 n=roo
2m-—1

< Z Ay sin2* (nd) + hm sup{ co) 2 nl| PL,, 07 { Pi=njo0) P= o0, a}” X }
k=1

Now it follows from (4.13) that
{P[""voo)P(—WvO]}m Xi = COZ(n, m) (I’IlOd H[;-n,O]),
where

Z(n,m) == Z Ontji+1 Z bn+n Z bz'zrh:nXJz""

J1=1 J2=1 Jam=1
27



Let {{x} be the complete orthnormal system for H defined by (4.6). Then
(c0) P 0) { Pt=n,oo) Pl=co0)} " X1l = [|PfE,, 0 2(n, m)|?

oo

<NZ@mP= Y (Z(n,m),6)?

p=—o0

2
0 o0
—_ J2m-1
- Z {Z Cntji+1 Z b"+.‘12 ) Z bﬂ+szchm—P}

p=—o0co | j1=1 J2=1 Jam=1

=1 { 1=1 Ja=1 Jam=p

=) =) 2
J2 1
> PITIENS TN S ot

= Z{e2m (n,p)}* + Z{d2m(n )},
p=0
Thus from Proposmons 6.1 and 6.2 it follows that
2m~1
Z Ay sin®*(nd) < hm mf e(n)n < limsup e(n)n

k=1 n—ee

(6.13)

2m

< Z Ay sin®* (nd) + Bom(d) Sln4m(7"d)
k—

We are about to estimate the last term. By (6.8), we have for & > 3

d2 * & dvk o dsk_l
Bi(d) € — d
«(4) < 3% /o “ {/o (v +u)1—¢ /o (vi + sg—1)1+4

/°° dsy_g , /°° dsy o0 ds, }2
0 (sk 1+sk-2)  Jo (ss+s2)Jo (s2+s1)(s1+1)

% IIK H*=2 5|17,

where f(z) := 1/(1 +z), and H is the bounded linear operator on L?((0, o), du)

defined by

Hyg(u) := /0 —y vg(v) v.
Since, by Hilbert’s theorem (cf. [HLP, Thm. 316 and 317]), the operator norm || H||
of H is equal to 7 , this and Lemma 6.3 yield -

tan?(rd)
2

By(d) < (k > 3).

Thus, if we let m — oo in (6.13), then we obtain

(6.14) lim e(n)n = Z Ap sm2k(1rd)

N-—00
k—

By Lemma 6.5 below, the right-hand side is equal to d?. This completes the proof
of the theorem. O

Lemma 6.5. For |z| <1, 37 | Az = 72 arcsin® z.
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Though this is a purely analytic assertion, we shall give a proof based on results
for the ARIMA(0, d, 0) processes.

Proof. For 0 < d < %, let {Y, : n € Z} be a ARIMA(0,d,0) process such that
E[Y?] =T(1 - 2d)/T%(1 — d) (see Granger-Joyeux [GJ] and Hosking [HJ; see also
[BD, §13.2]). We denote by v'(), {c,.}, {aL}, &/(-), and €'(-) the autocovariance
function, sequence of MA(co) coefficients, sequence of AR(c0) coefficients, partial
autocorrelation function, and function defined by (4.11), respectively, of {Y,,}. Then
we have

r_ L(n —d) o = I(n +d) n
=T+ DN-9’ T Mm+or@ 20
, _, T(1-2d)
v'(n) ~ n? I_F(d)l’(l—d) (n — o)

(cf. [BD, §13.2]). These imply that {Y,.} satisfies (C1), (C2), (A1), and (2.5). Hence
it follows from (6.14) that ne’(n) tends to Y 5° Ay sin®*(nd) as n — co. On the
other hand by [H, Thm. 1] (see also [BD, (13.2.10)]) we have

dm)=—tond (o)
which, by (6.22) and (6.23) below, implies
€(n) ~ i o (k)? ~ & (n — o0).
k=n no

Thus ¥.5° Ay sin?* (rd) = d2. The lemma follows if we substitute 7= arcsin z with
0<z<1ford. O

Remark. From Lemma 6.5, it follows that

1 (2k-2)n
(6.15) Ae=3- (2k - DIk

(k e N).

Next we consider the boundary case.
Theorem 6.6. Let d = 0, and £ € Ry such that [* £(s)ds/s = co. We assume
(C1), (C2), (A1), and (A2). Then (2.5) implies

(6.16) €(n) ~n7! {2%%}2 (n — o).

Proof. By (4.1) and (4.15), we have the lower bound estimate
‘ S
€(m) 2 (c0) N P2n ooy Roco Xall? = 3 {ds(n,p)}’

0o ( 00 )2 ) 0o 2
- coa =3 (T o) -
Zp=0 Zv:O vivtnt2+p p=n+2 v=0 viutp

On the other hand, by {4.1) and the equality

(6.17)

o0
Poooq)X1 = 0 ) avr1X—y,
v=0
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we have the upper bound estimate

oo 2

e(n) = (co)™? ”P[J-'n,O]P(—oo,o]Xl ”2 = “P[—n,O] Z ayt1 Xy

v=n+1
6.18) < HZ:;H o1 Xy

2 oo oo )
= a a m-—v
Zv=n+1 Zm=n+1 v+1 m+l7(

0
0 oo
= ’Y(O) Zm=n+1(am+1)2 + 2 Zm=n+1 Gm+1 vz—; am+v+17(v)' ’

First we consider the lower bound. By (5.29) and Theorem 5.2,

S cun 22 (n— o).

u=0

In particular, @yipt1 3, y—p Cu — 0 as v — co. Summing by parts,

oo oo v
cvtorn = 3 (T0_ ) (@utn = Gutnin):
Zv:O vlWy+n =0 u=0 u (u+n v+n+1)

Now, by (A2), Theorem 5.2, and the monotone density theorem, we have
Un = Gny1 ~ 1”24 (n){26(n)} 3/ (n — o0).
Thus it follows from [I6, Prop. 4.3] that

(6.19) Z Colytn ~ n_l—;%g-l)—) (n — o0),

v=0

whence

ZZHH (ZZO Cv(lv+p)2 ~n7t {—2%((%}2 (n — o).

Next we consider the upper bound. As in (6.19),

$ t(n)
-1
2ttt 0 s (200

whence

2 i Umy1 g Cmtv17(v) ~ 07 { Hr) }2 (n — o0).

m=n+1

On the other hand, by Theorem 5.2, we have

o0

> (@mi)? ~ o U @)2UM)}E (0> o).

m=n+1

Since f(n) — 00 as n — o0, the latter is negligible in comparison with the former,
whence we have :

- — > _ NORE
’7(0) Z (‘1m+1)2 +2 Z Am+1 Zam+u+1’Y(U) ~n7t {——.(—)}
m=n+1 m=n+1 v=1 2¢(n)
as n — o0. Thus the theorem follows. |

Finally we consider the intermediate-memory processes.
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Theorem 6.7. Let —co < d < 0 and £ € Ro. We further assume [~ £(s)ds/s <
o0 if d = 0. We also assume (C1), (C2), and (A1). Then (2.5) implies

n4d—1[(n)2
(1 - 4d){3XZ (k)
Proof. By Theorem 5.3 as well as {I2, Lem. 5.7] and (5.30), we have

o0 o n24-14(n
Zv=0 Cvlutn ~ an (Zv=0 c,,) ~ ﬁ% (n = o),

(6.20) | é(n) ~ (n — o).

so that

oo o 2 nid- lz(n)2 .
o (El o) ~ iy gy ()
On the other hand, by Theorem 5.3 and [I2, Lem. 5.7],
7(0) Zm=n+1(am+1)2 +2 Zm___ Amt1 Z | Gmto+17(v)
~{O+23 WY (@) (= oo)

nid- lf(n) (n . oo)
T AT AP '
Thus the theorem follows from the estimates (6.17) and (6.18). O

Now we are ready to prove the main theorem.

Proof of Theorem 2.1. We put
I O = il
” (—o0 0]X1”

Then since ” Zno X1l — || oo X1l a8 m — o0, it follows that

(6.21) 8(n) =

(n=1,2,...).

oo

(6.22) > 8(ky=en) (n21).

k=n
On the other hand, by the Durbin-Levinson algorithm (cf. [BD, (5.2.5)]), we have

” (J-'- 0]X1”2
6.23 2=§(n-2 ——-;”———
623) o) =8n- D=

Now it follows from (C1)-(A2) and Theorem 4.6 that, for any k¥ > 1 and p > 0, the
sequences {di(n,p) : n =1,2,---} and {dx(n,p) — de(n + 1,p) : n =1,2,---} are
both eventually non-negative and decreasing. Since (4.12) implies

~6n-2) (n— o0).
1P i, 0]

6(n) = i f: {dr(n,p) +di(n + 1,p)} {di(n,p) — de(n + 1,p)},

k=1 p=0

the sequence {6(n)} is also eventually decreasing. Hence, by the monotone density

theorem, Theorems 6.4, 6.6 and 6.7 give the asymptotics for §(-). Therefore, by

(6.23), we obtain (2.7)~(2.9). To complete the proof, it suffices to note that (2.6)

is equivalent to (2.7), (2.8) or (2.9) under each assumption on d and £(-). O
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7. REFLECTION POSITIVITY

In this section, we shall consider the stationary processes with reflection positiv-
ity, that is, those with completely monotone autocovariance functions. They have
the advantage that relevant series and functions have nice integral representations.
In fact, it will be shown below that the sequences {c,} and {a,} of them have
such integral representations. These representations in turn imply the conditions

(C1)-(A2) immediately.
First, we prove some preliminary analytic results. In what follows, we write fol
for f[o,l)' We put
¥ := {0 : ¢ is a non-zero finite Borel measure on [0,1)}.

For 0 € X, we write

A®)i= 2 [ Ppolar) (—m<b<m),
2m Jo

where P.(f) is the Poisson kernel defined by (3.4). Then the function A,(-) is
positive and integrable on (—m,x). It follows that

(7.1) /7r e AL (0)df = /01 riflo(dr)  (n e 2),

-1

where the convention 0° =1 is adopted in the integral on the right-hand side.
For a finite Borel measure p on [0,1), we write

Fu@)= [ qomntn - (ec <),

1
Fue®)i= [ roegutd)  (~m <o <),

1—reif

We write N for the set of all non-zero Borel measures v on [0, 1) such that

(7.2) /01 /01 1 v(dr)v(ds) < oo.

1-—7rs

If v € N, then v is a finite measure, i.e., v € L. For v € N, we define 0 = S(v) € &

by
S|
o(dr) := {/0 T rsu(ds)} v(dr).
Then we have :

(7.3) - |F(e?)F =27A,(8) (-m <8< 7),

for

1—-(r+s)cosf +rs 1
- = P.(0) + P,{0)}.
[T —re®? |1 — se®]2 _ 2(1—rs) {P-(6) + Ps(8)}
In particular, [”_|F,(e?)[?d6 = 270([0,1)), whence F,(e') € L*(—nx,n) if v € N.
Moreover, since the real part of F,(z) is positive in |z] < 1, F,(z) is an outer
function for the space H?*, and so log|F,(e®)| is integrable on (—, ) and the
following holds:

T it 4 o .
(7.4) F,(2) =exp {51;/ etz log|F,,(e’9)|d0} (2l < 1)

—r eit — »
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(see Duren [Du, Ch. 3, Exercise 1] and [Ru, Thm. 17.16]). If ¢ = S(v), then, from -
(7.3) and (7.4), it follows that log A(:) is also integrable on (—m,7) and that

1 [Tef+2
— 1/2 L
(1.5) F,(z)=(2n) exp {4ﬂ_ /_7r R

log‘A,(0)|d0} (z€C, |z <1).

The following theorem is a discrete analogue of [I3, Thm. 2.5].
Theorem 7.1. The map S from N to T is one-to-one and onto.

Proof. Step 1. For simplicity, we call a measure o on [0,1) to be simple if o is of
the form

n

g = Z skér;"

k=1

where s, € (0,00) and 0 < 7; <72 < +++ < 7, < 1. In this step, we show that for
o simple there exists a simple measure v such that o = S(v).

For a simple measure o of the above form, we define a polynomial f(z) of degree
2n — 2 by

F(@)s= 1= ()} [ (1 = rm2)(z ~ 1)
k=1

m#k

Then since f(px)f(pr+1) <0 (k=1,---,n —1), f(2) has a zero gz in (&, 7541)
for k=1,--+,n—1. Moreover, since f(1/z) = z=2"*2f(2), 1/qx (k=1,--- ,n—1)
are also zeros of f(z). Thus f(z) must be of the form

n—1

HOEES | (FEFRIEEr

k=1

with some positive constant c. Now we define a rational function F(z) by

F(z) = yellim (L= ae2)

k=1 (1 - ’I'kZ) .
Then
(1= ge2)(z —qx) _ & {1 = (rx)*}s
z 2) = cza=k=1 =
FOROS) = o e TGy ~ &2 T )@ = ras )
so that-
(7.6) |F(e®)|? = Jim F(te'®)F(1/te®®) = 2nA,(6).

On the other hand, F'(z) has the following partial fraction decomposition:

u m

k=1

where my € (0,00) (k = 1,---,n). If we write v := Y"_, my6,,, then we have

F(z) = F,(z), and so, by (7.3) and (7.6), A,(f) = Ay(6) with ¢’ := S(v). By

(7.1), this implies f; t"(dt) = [, t"o’(dt) for all n € NU{0}. Thus o = o’ = S(»).

Step 2. For 0 € I, choose a sequence of simple measures o,, such that o, — &

weakly on [0,1] as n — oo. Here we regard ¢ and o, as measures on [0,1] by
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o({1}) = oa({1}) = 0. By Step 1, we have simple measures v, such that S(v,) =
0n. From (7.1), (7.5), and Jensen’s inequality, it follows that

va([0,1)) = F,(0) = (2,r)1/2exp{ﬁ /_ :log|Aa"(€)|d0} < V/Zron(0,1)),

whence, by the Helly selection principle, there exists a sequence of integers n’ — oo
such that v,/ converges weakly on [0,1] to a finite measure, v, say. By (7.3), we
have

= /01 Po(0)oq(dr) (-m <8< ).

L |
——vn(d
/0 1——1'6’9” (dr)

Let n’ — co. Then since, for 8 # 0, the integrands are both bounded and continuous
on [0,1], we have

1
/[0,11 T (")

The absolute value of the integral on the left-hand side is at least

1
Im Al,l] e v(dr)

Since A, € L'(—m, ), this implies that v({1}) = 0. We put

o/ (dr) = { /0 1 . __lrsu(ds)}z/(dr).

2
=21A,(8) (-m<b<m, 0£0)

| sin 8]
2 2(1 — cos?) v({1})

Then we have

Al (8) = % /0 Po(6)o’(dr),

and so, as in Step 1, fol tho(dt) = fol t"g'(dt) for all n > 0. Consequently, v is in
N, and 0 = ¢’ = S(v). Thus § is onto.

Step 3. It remains to show that the S is one-to-one. By (7.5) we see that F, is
determined uniquely by o. Since F,(z) determines » uniquely, this implies that S
is one-to-one. ’ 0

Theorem 7.2. For any v € N, there exists a unique triple (by, by, p) consisting of
b1 € (0,00), by € [0,00) and a finite (possibly zero) Borel measure p on [0,1) such
that

(1.7) Fu(2) {b1(1 = 2) + ba(1 + 2) + (1 = 22)Fp(2)} = 1 (ze€C, |2| < 1).

Proof. Let z | =1 or z 1 1in (7.7). Then we obtain
1

(7.8) b1={/01 liry(dr)}— : b2={/01 liru(dr)}

(b = 0if fol(l—r)_lv(dr) = 00). Therefore b; and by are both uniquely determined
by v. Since p is uniquely determined by F,,, it is also uniquely determined by .
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Now we show the existence. First we assume fol(l —r)~ly(dr) < co. Then by
[I2, Theorem 3.1(i)] there exist positive constants a2, B2, and a finite Borel measure
p2 on [0,1) such that fol(l +7)"1pa(dr) < 1 and

% {?22(1 +2)+(1—2)+2(1- z)F,,z(z)}F,,(z) =1 (z€C, |z <1).

Since

Tl ! 1
2Fp,(2) = —/0 1+rﬂ2(d")+(1+z)/0 mpz(dr),

it follows that (7.7) holds with

by = 22 {1 - /1 —l—pz(dr)}, b= 2202 gy 0 ),
V21 o 1+ 2V/27 \/ﬁ(l+r) »
Next we assume fol(l —7)"ly(dr) = co. We put
VO (dr) i= T en(r)Adr)  (m > M),

where we choose M so large that v, is not a zero measure. By the result above,
there exist bg") € (0,00), bgn) € (0,00) and a finite Borel measure p(™ on [0,1)
which satisfy (7.7) with »(™. By (7.8),

0= { [ @} 1w {llliru(dr>}_l (n — co),
bgn)z{/olll 1/(")(d7')}_1 1 0 (n—o0).

-1

-7Tr

On the other hand, if we let z =0 in (7.7), then we obtain
sup p(™([0,1)) < sup L <o
n>M n>M v ([0,1))

Thus, by a standard argument which involves the Helly selection principle, we see
that there exists a finite Borel measure p on [0,1) such that the triple (81,0, p)
satisfies (7.7) with v. O

Let us come back to stationary processes. For o € X, the function v(-) defined
by v(n) 1= fol ti"lg(dt) (n € Z) is non-negative definite by (7.1), whence it is the
autocovariance function of a stationary process with spectral density A,. Thus
we come to the following definition of property for a stationary process {X,} with
autocovariance function ~y(-):

(RP) there exists 0 € ¥ such that y(n) = fol tnlg(dt) (n € Z).

This property for {X,} is called reflection positivity. Since, for ¢ € T, log A, ()
is integrable on (—m, ), it follows that such a stationary process is purely non-
deterministic.
Now we prove that (RP) implies (C1)-(A2).
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Theorem 7.3. Let {X,,} be a stationary process which satisfies (RP). Then there
exist two finite Borel measures v and p on [0,1) such that

(7.9) Cn = /0 rny(d'r) (n=0,1,--- )

1
(7.10) Gn = / 21— T2)p(dr) (n=2,3,---).
0 .
In particular, {X,,} satisfies (C1), (C2), (A1), and (A2).

Proof. Let o be the measure which appears in (RP). Set v := S~1(¢) € N. Then,
by (7.5), the outer function h(z) of {X,} is equal to (27)~'/2F,(z). Therefore it
follows that the MA(oco) coefficients ¢, of {X,,} are given by (7.9) with this v. Let
(b1, b2, p) be the triple which is determined by the relation (7.7). Then, for z € C,

1 _ 1 L o
T (@en)'2h(z) T F(2) bi(l = 2) =ba(l +2) = (1 - 2%)F,(2).
Thus (7.10) holds with this p. ' O

Ezample. Let —co < d < %, and let {X,} be a stationary process with autocovari-
ance function of the form v(n) = (1 + |n|)~(1=29, Since

1 Vo (=logt)—2d
Gﬂ%hw=zt”%wﬁmd‘ (n€Z),

we see that {X,} satisfies (RP). Let a(-) be the partial autocorrelation function of
{Xn}. Then application of Theorem 2.1 to {X,} yields the following result:

(1) if 0 < d < £, then

d
ol ~ & (n— o)

(2) if d =0, then

1

o~ 5o (0 o)

(3) if —o0 < d <0, then

2d-1

l(m)} ~ (n = 00).

{2¢(1 - 2d) - 1}

Here ((s) is the Riemann zeta function. In view of the numerical data obtained
by using the Durbin-Levinson algorithm, it seems unnecessary to take the abso-
lute values of a(n) in (1)-(3) above. This observation even suggests a possible
improvement of Theorem 2.1.

We have seen that the stationary processes with reflection positivity satisfy the
conditions (C1)-(A2). We must, however, point out that it is desirable to remove
the assumption (C1) from Theorem 2.1.

Acknowledgement. The author would like to thank Professor Takahiko Nakazi
for helpful comments on the Seghier-Dym theorem.
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