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Asymptotic behavior of classical solutions to
a system of semilinier wave equations
in low space dimensions

Hideo Kubo * and K6ji Kubota |

1 Introduction and statement of main results

The initial value problem of semilinear wave equations for small initial data and the related
nonlinear scattering theory have been developed by many authors, since the work of F. John
[9] was established in 1979. (See for instance [1]-[8], [11]-[35]). In those works, the “basic
. estimates” of solutions to the following inhomogenious wave equations play an essential role
in a both explicit and implicit manner:

(1.1) Ou—~Au=F inR"xR,

where 0, = 0/0t and A = 37, 8; with 8; = 0/0z; (j = 1,---,n). The aim of this paper
is to give a new basic estimate of the solution to (1.1) for the case where n = 2 or n = 3,
which refines previous ones, especially for n = 2. (See also [17], [27] and [33]). To state more
precisely, we introduce an integral operator L(F)(z,t) as follows:

‘(1.2) z + pw, $)dS,

1 ] t—s p
LF)(z,t)=— [ d d F
(F)(=1) (.U2/—oo s./o [t — 5)2 — p2 p/|w|:1 (
for (z,t) € R? x R and

(13) L(F)(z,1) = — /t (= 9)ds [ F(o+ (s, 5)dS,

w3 J—oo |w|=

for (z,t) € R® x R. Note that L(F)(z,t) satisfies (1.1) under a suitable assumption on
F(z,t). The main result of this paper is summarized as follows.

Theorem 1.1  Let (z,t) e R X R and r = |z|. Let F € C°(R™ x R). Then we have
(1.4) |L(F)(@, t)|(1+7 + [t]) ™% /@n(ryt;v) |
< Csupgy,geraxr{lyl™= (1+ |yl + |s) (L + Iyl — |sl) 4| F (y, )]}

*Department of Applied Mathematics at Ohya, Faculty of Engineering, Shizuoka University
tDepartment of Mathematics, Faculty of Science, Hokkaido University
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2 H. KuBo and K. KuBoTA

for any p > 0 and v > 0. Here we have set

(1.5) | Qs3(r, t;v) = (1+]r —t))7,

and '
N (1+’7"“t|) if —oco<t<r,
(16) ¢2(7"7t; V) - { (1 +t— 7‘) (1 +t— 7”) __V]+ Zf r <t

In addition, [a]y+ = max{a,0} and A% =1+ log A.
As an application of Theorem 1.1, we consider a system of semilinear wave equations:

(1.7) Ou— Au=|vfPlv in R" xR,
(1.8) O — Av=|u/T'u inR"xR,
where 1 < p < ¢ and either n = 2 or n = 3. Concerning the initial value problem of (1.7)

and (1.8) for small initial data, [4] proved the existence of global solutions to (1 7) and (1.8)
in R™ x (0, 00), provided

(1.9) A I'=T(p,q,n) >0,
(1.10) (n+1)/(n-1)<p<ygq, ie, 0<p*<¢,

where we have set

(1.11) Pt =

2 P70 1T

On the other hand, when I" < 0, there is a solution which blows up in finite time, even though
the initial data are sufficiently small. (See [4], [5] for the case I" < 0 and [18], [15] for the
case I' = 0). In this article, we study asymptotic behavior of classical solutions to (1.7) and
(1.8), provided (1.9) and (1.10). To this end, we introduce the following function space X, .
forv >0,k >0:

(1.12) Xow = {(v,v) € CO(R™ x R) x CO(R™ x R); |lull, + {|v]l« < 400},
where the norm || - ||, is defined by

(1.13) [l = Sup| {IU(m N+ 7+ [t)% /@n(r, It} 1)}

z,t)eR

In addition, we set for 6 > 0
(1.14) Xois(6) = {(u,0) € Xope : Il + 0]l < 8}.

Next, let us denote by v (z,t) and v~ (z,t) the solutions to the homogeneous wave equa-
tion satisfying the following initial data, respectively:
(1.15) u (z,0) = fi(z), Ou (z,0)=gi(z) inR",
(1.16) v (z,0) = fa(z), Ow (z,0) = go(z) in R™.



We assume f; € C*(R™) and g; € C*(R™) (j = 1,2) satisfy

i@ Se(l+n)F 7, |fz(2)] Se(l+7)7" 7,

(1.17) Y 182f1(@)] + lg1(2)] < (1 + 1) F
[vl=1
> 182 fa(@)] + lga(2)] < e(1+7)""F
[yl=1
and
(118)  sup{L+n)F (X L@+ Y [8q@))} < +oo,
. zeRn 2g|7|<3 1<]v[<2
sup {(1+7)THC( Y 182fe(@) + Y 107g2(z)])} < +oo,
zeRn 2<|y|<3 1<hyi<2

where € > 0 and r = |z|. Then there is a positive constant Cy = Cy(p, ¢, n) such that
(1.19) (u™,v7) € Xpr o (Cog), (OJu~,v™) € Xpr g for |y] < 2.

For the proof, see e.g. [2], [24] for 3-dimensional case and [16], [29], [30] for 2-dimensional
case.
It follows from the definitions of I', & and 3 that

(1.20) B<T/(p+1)<a forl<p<yg.
Here we shall state a part of our result for a special case, namely, we assume
(1.21) B6>0, ie, gp">1

“Notice that (1.21) implies (1.9), by (1.20) and that (1.21) is equivalent to (1.9) when p = q.
Moreover, since ¢ > p, we have

n+1++/n?+10n —
2(n—1)

(1.22) B>0 if pp*>1, ie, p>po(n):=

The general case will be discussed in Section 5 below.

Theorem 1.2 Let n = 2 orn = 3. Suppose that (1.10), (1.17), (1.18) and (1.21) hold.
Then for any v and k satisfying

(1.23) lg<v<yp', 1p<k<d,

there exists a positive number g = eo(v, K, P, ¢, 1, fj, g;) such that for any e with 0 < & < &,
there exists a classical solution (u,v) of (1.7) and (1.8) uniquely in X, (2Coe) verifying the
following properties:

(1.24) e —u)Bllle < ClolR(t+ )™
(1.25) liw=vT)BMle < Clluflf(1+ )™

sk

fort <0,
fort <0,

*



4 H. KuBo and K. KuBoTA

where ‘
1
u(@)||2 = Q{HVU(t)Hiz + [|Bpu(t)||Z2}-

Moreover, for any (z,t) € R* x R

(1.26) [u(z,t) —w(2,8)] < ClPIE(L+7+[t]) =" @, p%),
(1.27) [o(z,t) —v™(2,t)] < Clluld(l+7+ [t~ @ulr, t;¢").

Remark: The existnce of v and « satisfying (1.23) follows from the fact that o > 8 > 0.

The plan of this paper is as follows: In Section 2, we collect some notations. In Section
3, we prepare basic results which are needed to prove Theorem 1.1, and we carry out the
proof of the theorem in Section 4. In Section 5, we state our results for a system of semilinear
wave equations. In Section 6, we establish a priori estimates by making use of Theorem 1. 1
, and we prove Theorems 5.1 and 5.2 in Section 7.

2 Notations
In this section we collect some notations which will be used in the sequel. We set
(2.1) aV b= max{a,b} fora,b€R.

In particular, we put
(2.2) ' [aly =avo0, AP+ =14]logA.

Next we define several norms for a real valued function u(z, t):

(2.3) lull, = sup  {lu(y, )+ lyl+Is)*F /@allyl, I )},
(y,8)eR"xR

(2.4) [u], = ﬁgIIGZUIIu,

(2.5) u@l? = %{IIVU(t)IIiﬁIIGtU(t)II%z},

where ®,,(r, t;v) is given by (1.5) and (1.6).
We set for p>0and v >0

(2.6) Zuw(N8) = (L4 |8+ N (1+ [|s| — X))+,
(2.7) My (F)rt) =  sup {97 zuu(lyl, 8)|F(y, s)[}.
- (y,8)eR"xR



3 Preliminaries

In this section we collect some basic results. First one is a fundamental identity concerning
the spherical mean. For the proof, see [25], also Lemma, 2.3 in [16].

Lemma 3.1 Letbe C([0,00)), z € R*\ {0}, n > 2, r = |z| and p> 0. Then we have

(3.1) /le b(|z + pw|)dS. = 2> "wp_1(rp)* ™ /m_r. M(AR(A, p, 7)d),
where
(3.2) h(hpr) = (02— A= 1)) T (A +7)2 = p2)5.

Next one is due to Lemmas 1.2 and 1.3 in [17].

Lemma 3.2 Fora <b<d, we set

b , do
3.3 J(a,b,d) = .
(3:3) (a,6,d) /a\/b—a\/o—a\/d—o
Then we have
T

4 J(a,b,d) <
(3 ) (a‘7 ] )—— d_b
and for any 8 > 0
(3.5) J(a,bd) < C (422 g

. (] —_— d_b /b_ ‘

Finally, we prepare the following useful lemma, which is an extended version of Lemmas
1.3 and 1.5 in [17]. This lemma will be repeatedly used in Section 4 below.

Lemma 3.3 Letk>0,0<v<1and k+v>1. Then we have
(3.6) /l (1+0)™(a+0)"do < C(1+ b)) fora > —[t|

bl
Moreover, we have
b
(3.7 / (14 o)™ (a—0)"do < C(1+|a))™"(1 + |a)¥™™+  fora>b,
or equivalently,

(3.8) v/boo(l +lol)™a+0)"do < C(1+]a])7"(1+ |a|)[1“'“]+ for a > —b,

where C is a constant depending only on k and 7.
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Remark: If a <0, one can replace the right hand side in (3.7) by that in (3.6).
Proof: Firstly, we show (3.6). Since (a + o)™ < (o — |b|)™”, by integration by parts, we
have o «
L o)k - _r ~K—
/%l (1+0)™a+o) o< = [ “(14 0)*do,
which yields (3.6), because « + > 1.
Seconderly, we show (3.7). Since it holds that for a > b

[ a+loh e o) o < [T+ fol)™(a-+ o) do,

—a

we get (3.7) from (3.6) for the case where a < 0. In the following, we assume a > 0. If we set
P=[ (4ol a—0)do, Pp= [ (1+lo])™(a—0) do,

we see that the left hand side of (3.7) is dominated by P; + P,. Since the estimate of P; is
handled similarly to the case where a < 0, we shall deal with only P.
First, when 0 < a < 1, it is enough to show that P, is bounded. It follows that
P < ’ (a — 0) "do,
hence P, is bounded, because vy < 1.
Next, we let a > 1. It follows that

a

P, < (g) - [ ‘Z 1+ |aj)-~da A+ / (a—0)7do,

which implies P, < C(1+a)™(1+ a)="+, because a > 1 and v < 1. The proof is complete.
O

4 Basic estimates

In this section, we shall prove Theorem 1.1 . By (2.7), we have

(@1) < M F)rt) [

wl=1 A" 2, (), 5)

/l - F(z + pw, 8)dS,,

with A = |z + pw|. Applying Lemma 3. 1, we get

dS. _ . [P ATER(A pyT)
4.2 = 28",y (rp) 2 ———’d)\.

Case 1: n = 2. If we set

ptr Azh()\ Py T

t—s
/ ds/ \/'T /—-1‘| Zup(A, S)

(4.3) Xhhpir)



it follows from (1.2), (4.1) and (4.2) with n = 2 that

(4.4) |L(F)(=, )] < My, (F)(r,t) x I(r,t).

Changing the order of the integrals, we get

(45) I(T’, t) =1 (Ta t) + IZ("') t))

where we have set

t—s+7r
. t)

(4.6) (r, / ds/ O,

47 Linty= [ ds [ — L Ky(h s H)dA
(4.7) '2(7",)~/_°° 3/0 m 2(A, 8,7, t)d.

Here

2 t—s
(4.8) Ki(As,mt) = \/_ phid, oy dp for[t—s—rl<A<t—s+r,

™ )\T‘I‘/t.._s _.p

2VA M ph() p,)

Y /\1‘|‘/(t_3 _p

We introduce new variables

(4.10) a=A+s and f=A-s.

(4.9) Ka(),s,7,1)

dp forO<A<t—s—r.

If we denote by I and I the integrals over &s > 0 of I; and I, respectively, then we have

1 t+r «
(4.11) L= sx® [ (1) da [* (14 |8)7 Kudp,
2 [t—r r—t
T+ oo
(4.12) o= o [l e [T (14 ) KB,
. 2 aV|r—t|
and
i 1 rit—r] o
(4.13) io= 5[ ) da [ (14 |8) T KadB,
-7
- 1—p 1-v
(4.14) 5 _2/ 1+ laf)” m/“uﬁ) Kadp,

where x(t) = 1 for t > 0 and X( ) =0 for t < 0. In addition, we further divide I; into J;
and J; which are defined by

1 [t—T]+ -—1-—u B 1
(4.15) ho= 5 / (1+8)""dp / (1 + o)) Kqda,
(4.16) no= 5" 4o s [ @ +lah ™ #Kada

Then we have ,
(4.17) Lnt)=It+1I, L(nt)=I+J+J.

Next we derive several estimates of K; and K> in the following lemma.
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Lemma 4.1 Lett—r <a<t+r and 8> r —t with (4.10). Then it holds that

. < >

(418) KI(A’S,T’t)—'\/,B""r"‘t\/a—}“T—t fO’r‘a_,B,
VB

. Ki(\ < <
(4.19) 1( ’S’T’t)_\/ﬂ—kr—l—t\/a—}—r—t fora<p
and 1

. Ki(A ) < ——.
(420) 1( )*?)Tﬁ )—m
Moreover, we have for any 8 > 0

0

(4.21) Ki(\ s, rt) < Cvp p fora < g.

TVt+r—ayB+t—r(a+r—t)?
Let -3 < a<t—r. Then it holds that

Nz

: Kso(\ t) < >
(422) 2( ,S’T,)—\/t—r—a\/t+7'+,3 fO’l"a_ﬂ,
| VB

: Ko(A < <
(4.23) 2(Ay 8,1, t) < i —oViT i3 fora <
and )

: K. < e,
(4.24) 2(A, 8,1, 1) < =
Moreover, we have for any 8 > 0
. o P ,

. < =2 o
(4.25) Kg()\,s,'r,t)_\/;(t_'r_o[)‘9 forB>t—r

Proof: First we consider K. It is easy tosee that t —r < a < t+r and 8 > r — ¢ imply
IA—r] <t—s < A+r. It follows from (4.8), (3.2) and (3.3) that

(4.26) K 5,78) = —VAI( = 1), (6 )%, (A4 1)),

By (3.4) and (4.10), we have

Vv
)= (- s)2

VA
VB+r+ta+r—t

(427) Kl(Aa s, 7T, t) <

Noting that
(4.28) A<a fora>pf, A<pB fora<p,



we get (4.18) and (4.19). Moreover, since A < B+t for s < t, we get (4.20) from (4.27).
Furthermore, it follows from (4.26), (3.5) and (4.10) that

A 41)2 — (A-;«)z)" Jx
O+ =(=92) \Jt-s)2— (A1)

4)r o VX
C((ﬁ+T+t)(a+r—t)> Vitr—a/BFi—1

(4.29) Ki(A s,m,t) < C(

which implies (4.21), by (4.28) and B+ r+t > r for s < t.
Next we consider Kj. It is easy to see that —f < a < t—r implies [A—7] < A+r <t—s.
It follows from (4.9), (3.2) and (3.3) that

(4.30) Ko 5m,8) = TVAI( = )%, (A4 102, (¢ 5.

By (3.4) and (4.10), we have

VA
JE=p =Gt
v
Vi—r—ayt+r+p8

(4.31) : Ky(\ s, t) <

Noting (4.28), we get (4.22) and (4.23). Moreover, since A < B+ ¢ for s < t, we get (4.24)
from (4.31). Furthermore, it follows from (4.30), (3.5) and (4.10) that

) —(A—r)? v

( ]

I (== YO ==y
(t—r+H)(t+r—a ))" 1
(

d 7

which yields (4.25), because t — r < 8 and —a < 3. This completes the proof. O

t—r—a)it+r+p)

Now we shall prove for u >0, v > 0
(4.33) I(r,t) < C(1+7+ |t])"2®y(r,t;v) forr >0, t € R,

by establishing the estimates in Propositions 4.1 and 4.2 below. Once we obtain those
estimates, it is easy to see that (4.33) follows from them via (4.5), (4.17) and (1.6).

Proposition 4.1 Lett—r >0 and let 4 > 0 and v > 0. Then we have

(4.34) I} <CA+r+t) 31+t —r)3(1+t—r)a 2+

W=

(4.35) H<CA+r+8) 3(1+t—r)"3(1+t—r)lz
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Proof: First we consider I . It follows from (4.13) and (4.22) that for t —r >0
" 1 rt—r _1_, 1 [ 1 1
(436) Iy < 5/0 (I+]a)2(t-r—-0q) 2da/ (1 +18)" "t +r+pB) 2dp.
Using (3.8) asa=t+r,b=—a, k =1+ p and v = 1/2, we have
t—r 1
A+r+8)inf < c/ 1+ a3t - r — a) ¥da.

Using (3.7) asa=b=t—r, k = (1/2) + v and v = 1/2, we get (4.34).
Next we consider J;. It follows from (4.15) and (4.23) that fort —r > 0

(4.37) J; < %/OH(H Iﬂl)“%‘”(t+r+ﬁ)‘%dﬁ/_[;(1+ la)) "1t — r — o) 2 da

< [ E @+ f) A - p)hap,

because 1 > 0. When 0 < r+1¢ < 1, it is enough to show that J; is bounded. It follows from
(4.37) that

5o< of T phe-r—pyids,

- 0
hence Jj is bounded. When r +¢ > 1, it follows from (4.37) that
_1 [tT _i_, _1
A< C+tanh [+ —r - p) hdp.

Using (3.7)asa=b=t—r, k = (1/2)+v and v = 1/2, we get (4.35). The proof is complete.
O

Proposition 4.2  Let > 0 and v > 0. Then we have

(4.38) It < CA+r+t) 31+ r—t),
(4.39) I < C(L+r+[t)2(1+|r—t)7,
(4.40) Jo < CO+r+[t) 31 +|r—t)™

Proof: First we show (4.38). It follows from (4.11) and (4.18) that for ¢ > 0
(w4 If < J @ +lah et r =0 Rda [T (14 1B) e 4+ 9

To deal with the a-integral, we use (3.6) asa=b=r—t, Kk = (1/2) +v and v = 1/2. While,
to handle the B-integral, we employ (3.8) as a =t+r,b=r—t k=1+pandy=1/2
Then we obtain (4.38), because ¢ > 0.

Next we shall show (4.39) and (4.40), by proving the following Lemmas 4.2 and 4. 3.
Indeed, for such (r,t) that r+t > 4 and 0 < t < 3r, the desired estimate follows from Lemma
4.3 . While for the other case, Lemma 4. 2 yields them, because 1 + |r — t| is equivalent to
1+ r + |t| for the case.
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Lemma 4.2 Let 4> 0 and v > 0. Then we have
(4.42) IF <CA+|r—t) 37, LH<Cl+|r—t) 5

Proof: First we consider I; . It follows from (4.12) and (4.20) that

[s o}

I = %/:;(HIal)‘l‘“(aw—t)“%da/l (14 B)7dB

r—t|

1 (o]
< 5+ —tl>‘"ft (1+ o)) H(a+r — 1) 2do.

Using (3.8) asa=r—t, b=t—7r, kK =1+ pand v =1/2, we get (4.42) for I7.
Next we consider J;. It follows from (4.15) and (4.24) that

00 t—r
Jo < % |—t|(1+ﬂ)_1‘ydﬁ/ (1+|e|) 7 #(t —r — ) 2da
1 t—r 1
< — — il —l—pry I
< =1+ —t) /_oo(1+|a|)’_ (t -7 — @) ida.

Using (83.7) asa=b=t—r, K =1+ pand v = 1/2, we get (4.42) for J.. The proof is
complete. |

Lemma 4.3 Letp>0andv>0. Ifr+t>4 and 0 <t < 3r, then we have
(443) IT <CA4r+t) 3(1+|r—t)™", H<CA+r+t) 31+ |r—¢)".

Proof: First we consider J;. We choose 4 such that 0 < 8 < min{v,1/2}. Then it follows
from (4.15) and (4.25) that

C e 148 o [T “l~p(g _p_ o)
Bos oo [ QBT [ ad) M — o) o
1 t—r
< CU+r+07 31+l — )™ [ (14 ) —r — o) do,

because 4r >+t > 4. Using (3.7) asa=b=t—r, kK =1+ pand v = 6, we get (4.43) for
Ja.
Next we consider I7. It follows from (4.12) and (4.21) that

_ t+r 1 1 —9
I < c/ 1+ |a) ™ H (¢t +r — a) Ha+r — t)Cda
t—r

x [ A+ B 4 - r)Hdp

r—tj
t+r

< C+Ir—t)™* [ @+ a7 — o) Hatr - 1) da,

-Tr

where we have taken 6 to be 0 < 6 < min{»,1/2} and we have used (3.6) asa=b=1t—r,
k=(1/2)+v—0and y=1/2.
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Note that (t+7)/2 >t—rfort <3r. Since t+r—a > (t+r)/2fort—r < a < (t+71)/2
and || > (¢t +71)/2 for (t+'r')/2 < a<t+r, we have
(449) (1+|r—t)°I7 < C(t+r)} [ e ot —1)” ‘ot
+(14+r+2)7t /t: (t+r—a)” 2(oz+7"—t) °da.
Using (38)asa=r—t,b=t—7r,k =14 p and v = 0, we get
(4.45) /t j(l Fla) (a4 1 — 8)Cda < C(1 + |r — £])~°.
‘Moreover, since 6 < 1/2, we have

b 1 1 1
[ t+r—abatrr—oda < @ [Tarr—ayie+r—tid

-7

< Cl+r+t).

Therefore, we see that the right hand side of (4.44) is dominated by C(1+7-+t)~2(1+4|r—t[)~,

because r +t > 4. Hence, we get (4.43) for I; . The proof is complete. O

Case 2: n = 3. If we set

(4.46) I(rt) = — / / o dx,

2r J- —s—1| z,“,()\ s)

it follows from (1.3), (4.1) and (4.2) with n = 3 and p=1t— s that

(4.47) |L(F)(z,t)| < M, ,(F)(r,t) x I(r,t).

Moreover, if we denote by I* the integrals over +s > 0 of I, respectively, then we have
- (448) I ) = gox®) [ (14 a) e [0+ lBl) s,

t+r 00

(4.49) I ()= /t_r (1+ o) #da | LT,

where x(t) =1 for ¢t > 0, x(t) = 0 for ¢ < 0. Since

(4.50) I(r,t) = I (r,t) + I (r,1),

it suffices to show

(4.51) FE(rt) <CA+r+t)2a +|r—t)™

To this end, we prepare the following:

Lemma 4.4 Letk > 1. Forr >0 andt > 0, we have
(4.52) - /t (1+0)do < O +r 407 (L fr - 1) ™.

Moreover, forr >0 and t € R, we have

1 rttr _ : 1
(4.53) - /t (1 + |of)™do < C(1 +r + [t))~".
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Proof: We shall show only (4.53), because (4.52) was handled in a similar fashion. When
T+ |t| > 1 and [¢| < 2r, (4.53) follows from the fact that ! < C(1 + r + |t|)%, because
k > 1. In the other case, we have (1+ |o|)™* < C(1+7r+|t|)™ fort —r < o <t +r, hence
we get (4.53). This completes the proof. ]

Now we estimate I*. Since yu > 0, we have

1 i-+r
+ < ~1-v
(4.54) I(r1) < 7o) /u  (he) e,

which yields (4.51) for I* by (4.52) with k = 1+v. Moreover, since v > 0, we have
. . . .
(4.5 At ir= 1) < € [0+ fa)de,
t—r

from which we get (4.51) for I~ by (4.53). This completes the proof of Theorem 1.1. O

5 An Application

As we have mentioned in Section 1, we shall consider a system of semilinear wave equations
as an application of Theorem 1.1 :

(5.1) Ou—Au=F(v) inR"xR,
(5.2) %y — Av=G(u) inR"xR.

Suppose that F' € C%(R) and G € C?(R) satisfy
(5.3) F0)=F0)=F"'(0)=0, G0)=G(0)=G"(0)=0,
and that there are p >2,q>2and A > 0such that

Ap(p — 1)|vg — va|P2 if 2<p<3,

(54) |F'(w) - F'(u)| < { |
Ap(p — Dvs —vel(jur| + el )P*  if  p>3,
, ., AQ(q - 1)|u1 - ’ll,glq_z if 2< qg< 3,
(5.5) |G (wm) G (ug)] <
Aq(g — Dur — up|(Jua| + [up])?~  if q23.

Remark: Typical examples of F' and G are

(5.6) ' F) =Pt or F(v)=|vP,
(5.7) Gu) = [u|" ' or G(u) = |ul%

Before stating the main result, we prepare the following lemma:
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Lemma 5.1  Let (1.10) hold. Suppose a = pg* —1 > 0.
(i) Ifv satisfies ‘ :
(5.8) 0<v<p,

. T 1-p"+p(1—4q")
5.9 v>p — = ,
(59) P 1 pg—1
then there is a number k verifying
(5.10) 0<k<q,
1 *—

(5.11) k>--2 Y
| ' P p
and
(5.12) n<q*—1+qu~1+q(l/—p*+£)

T p pg”

(ii) Let v satisfy (5.8) and (5.9). Furthermore, if T' > (pq — 1)/2, we assume

r 1 1 1
5.13 UV>SP - — — — = (14— —q").
(5.13) P = 3 q( % q)

Then there is a number K verifying (5.10), (5.11), (5.12) and
(5.14) K> —.

(iii) If v satisfies (5.8) and

r 1 o 1 1
5.15 v>pt—-—=-——=-(14-—qg"),
(5.15) Pq q pq q( P )

then there is a number « verifying (5.10), (5.12) and

1
5.16 K> —.
(5.16) ’
Remark: Note that the conditions (5.9), (5.13) and (5.15) are meaningful only when the
right hand sides are positive, by (5.8). Moreover, it is easy to see that (5.15) implies (5.9)
and (5.13).
Proof: Firstly, we prove the statement (iii). It suffices to check

1, 1 1 ., T
(5.17) p<q, p<p+q(1/ p+pq).
By a > 0 and (5.15), it is easy to see that (5.17) holds.
Seconderly, we prove the satement (i), by dividing the argument into two cases.
Case 1: 1/g<v <p*.
In this case, we have
g <qg —1+qu.



Since ¢* > 0, it is enough to show

5.18 - '
(5.18) P q
Since . .
* D —
-\ — =—-(a+p —v),
¢ —( T 1 )=—(a+p"—v)
we get (5.18), by a > 0 and (5.8).
Case 2: 0<v<1/q.
In this case, we have
- (5.19) ¢ —-1+qv<qgh.
Moreover, it holds that
1 ¥ 1 r
(5.20) e Y T !

P p p rq
Indeed, this is equivalent to

o< ———
p pq__]-)

which follows from (5.9). Namely, we obtain by (5.12)

1 pr—v

5.21 Z - <q —1+qu

(5.21) P

Note that
(5.22) g —-14+qu>0 ifqg*>1,
and that ) ,
- (5.23) P TV S ifgr <,

p p

because p* < ¢* and v > 0. Therefore, the statement of (i) follows from (5.19), (5.21), (5.22)

and (5.23).

Finally, we prove the satement (ii). Since we have assumed (5.8) and (5.9), we see from
“the statement of (i) that there is a number & verifying (5.10), (5.11) and (5.12). When either
I'>(pg—1)/20r ' < (pg —1)/2 and v > p* — 1/2, we have (5.14) by (5.11). Next we
consider the case where I' < (pg — 1)/2 and v < p* — 1/2. Then we have

1 pr—v 1

D D 2p

)

hence it suffices to show
1

1 1 r
5.24 —<q¢, —<=4qv-p"+—).
(5.24) 2p 2p p ( pq)

Since a > 0, we have ¢* > 1/p. Moreover, the latter inequality follows from (5.13). This

completes the proof of Lemma 5. 1. m|

15
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Theorem 5.1 Letn =2 or n = 3. Suppose that (1.9), (1.10), (1.17), (1.18) and (5.8)
hold.

(A) Let v and k satisfy (5.9) through (5.12). Then there ezists a positive number gy =
eo(V, K, 0,4, A, n, fj, 9;) such that for any e with 0 < € < g, there ezists a classical solution
(u,v) of (5.1) and (5.2) uniquely in X, .(2Coe) verifying

(5.25) 05(u(z,) —u™ (2, )] < CPEA+r+ )" @ulr,t;v),
(5.26) 82 (w(z,t) —v (&, t)| < CRJLL+r+[t)7F Bulr, ;)

for any (z,t) € R* x R and || <2, and

620 le-w)Oll < CIIEQ + )7 {0 +DE2}F  fore<o,
(5:28)  [w=v)Ollle < Cllulls(+ )~ {1+ )24} fort <o,

where u~ and v~ are the solutions to the homogeneous wave equation satisfying (1.15) and
(1.16). In addition, [ - |, and ||| - |||e are defined by (2.4) and (2.5), respectively.
(B) Let v and k satisfy (5.15), (5.10), (5.12) and (5.16). Then we have

(5.29) 162 (u(z, t) — u(,8))] < CI(1+ 7+ [t]) ™" @u(r,;p%)
for any (z,t) € R* X R and |a| < 2, and ‘

(5.30) l(w~ w7l < CllolZA+ )" fort <o0.

(C) Suppose

(5.31) gp* > 1, i.e., 8>0.

Let v and K satisfy

(5.32) 1l/g<v<pY, 1/p<k<q.

- Then we have (5.29), (5.30),

(5.33) 162 (v(z, t) — v~ (=, 1)) < Cluld(1+7 + [t))™"F Bn(r,t; ")
for any (z,t) € R* X R and |a| < 2, and

(5.34) (o —v7)Alle < CllullZ(t + )~ fort < 0.

Remark: The existence of such v and « as in the part (A) and (B) in Theorem 5.1 is
guaranteed by Lemma 5. 1. In particular, if we take v as v = p*, we find & satisfying (5.10)
and

1
(5.35) 1—9<1~z<q*—1+qp*: +

=

1
p ?
by Lemma 5. 1. Moreover, we have (5.29) and (5.30).

If (5.31) holds, we can find v such that 1/¢ < v < p*. Moreover, since v > 1/q imply
(5.15), there is a number « satisfying 1/p < k < ¢*. Furthermore, Theorem 1. 2 follows from
the part (A) and (C) in Theorem 5. 1.

In both (5.27) and (5.28), the right hand sides decay as ¢ — —oo. More precisely, we
have the following.
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Corollary 5.1 Letn =2 orn = 3. Suppose that (1.9), (1.10), (1.17) and (1.18) hold.
Let v and k satisfy (5.8) through (5.12). /
If 2pk > 1, (5.30) holds. While, if 2pk < 1, we have

(5.36) =)@l < Cllolp( + E)7F fort <0.
Moreover, if 2qv > 1, (5.34) holds. While, if 2qv < 1, we have
(5:37) Il = o) @l < Cllullg(1 + )3 fort <0,

Remark: We can find & satisfying 2px > 1 and (5.10) through (5.12), when v satisfy (5.8),
(5.9), and (5.13) if I > (pg — 1)/2, by Lemma 5. 1.

- If we assume

(5.38) 2qp* > 1, ie, 26+1>0,

we can choose v verifying 2qv > 1, (5.8), (5.9) and (5.13). On the other hand, if (5.38) does
not hold, we always have 2qv < 1.
When 2pk < 1, we must have p* > 1/24+ v > 1/2, by (5.11). When 2qv < 1, we must
have ¢* > 1/2+ k > 1/2, by (5.12).
Proof: When 2pk > 1, (5.30) immediately follows from (5.27). Moreover, when 2px < 1,
we have p* — ([1 — 2pk]4)/2 > 1/2+ v by (5.11). Therefore, (5.36) follows from (5.27).
Furthermore, when 2¢qv > 1, (5.34) immediately follows from (5.28). On the other hand,
2qv < 1 and (5.12) yield ¢* — ([1 —2qv]+)/2 > 1/2+ &, hence (5.37) follows from (5.28). This
completes the proof. O

The following corollary follows from Theorem 5.1 and Corollary 5. 1, by setting p = q.

Corollary 5.2 Letn =2 orn =23 and let p = q. Suppose that pp* > 1, (5.8), (1.17) and
(1.18) hold.
(A) Ifv and k satisfy (5.10),

*

s _Pp*—1_ 1-p

5.39 o > =

(5.39) | g Ay e &
and 1 .

(5.40) 1—)—p V<I€<p*—1+pll,

then (5.25) through (5.28) with p = g hold.
(B) Ifv and k satisfy (5.10),

(p+)(p*-1) _1 ppr—1_ 1_ 1

5.41 v>p'— = =—(14+--p%),
(5.41) po c=2 PO ( p p*)
and 1

(5.42) 5<n<p*—1+py,

then (5.29) and (5.30) hold. -

(C) Letv and k satisfy (5.32). Then (5.29), (5.30), (5.33) and (5.34) with p = q hold.
(D) Let v and k satisfy (5.39), (5.10) and (5.40). If 2pv > 1, we have (5.30) and (5.36).
While, if 2pv < 1, we have (5.34) and (5.37) with p = q.
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Remark: If we take k = v, (5.40) is equivalent to
1-p* . pp -1
p-1 7T p-1-
Here we would like to compare Corollary 5.2 with the previous results in [17], [27] and
[33], which concerns with the asymptotic behavior of the solution to

(543) v >

(5.44) Ou—Au=F(u) nR"xR,

such that

(5.45) [[|u(t) — wo(t)||le = 0 ast— —oo,
‘where ug is the solutions to the homogeneous wave equation satisfying
(5.46) uo(z,0) = f(z), Owuo(x,0) =g(z) in R"

Since u = v and v~ = v~ if we choose f1 = fo = f and g; = g2 = g, Corollary 5.2 is a
natural extension of those previous work in the following sense: In [24], the parameters v
and k are taken as v = k = p*. In [33], v and & are taken in the same way and ®q(r, [t|; p*)

is replaced by
(I +|r—[t]])7 log(2+|r — [t]]) ifp* <1/2.

In [17], it is assumed that pv # 1 and v = k.

At the end of this section, we state asymptotic behavior of the solution (u,v) obtained
by Theorem 5.1 as ¢t — +00.

Theorem 5.2 Letn =2 orn = 3. Suppose that (1.9), (1.10), (1.17), (1.18) and (5.8)
hold. Let u~ and v~ be the solutions to the homogeneous wave equation satisfying (1.15) and
(1.16). For a solution (u,v) € X, of (5.1) and (5.2) verifying (5.25) through (5.28), we
define

(5.47) wH@,t) = u(z,t)— Li(FO))(z,t) inR* xR,
(5.48) vi(z,t) = o(z,t) — Li(G(u))(z,t) inR™ xR,

where we have set

(5.49)

)dS.,

Lo(F)(z, ) = wiz [Fas [ o mdp /1w|=1 Fla + pw,s
for (z,t) € R* X R and

(5.50) Ly(F)(,8) = — (s~ tyas /|w|=1 Fz + (s — t)w, )dS,
for (z,t) e R® X R.

(A) Let v and k satisfy (5.9) through (5.12). Then ut and v* be classical solutions to the
homogeneous wave equation satisfying

(5.51) 102 (u(z, t) — ut(z,1))|
(5.52) 182 (v(z, t) — v (,1))|

CllE(l+7+ |t|)—"T_1¢n(r, ~t; 1),

<
< ClU1+7r+ [t)7"F ®u(r, —t; k)
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for any (z,t) € R" x R and |a| < 2, and

1

(5:53)  [lw—uH@)llle < Clola+ )™ {@+eh2}*  fort>o,
659 E=vHOlll < O+ )y {L+ )2t} fore>0
Furthermore, we have |

(5.55) [t @lle = N Ollles NN @llle = [Iv-@lle for teR.
(B) Let v and & satisfy (5.15), (5.10), (5.12) and (5.16). Then we have

(5.56) 02 u(@,§) — (2, O)] < O+ 7+ )T Bo(r, —5")

. for any (z,t) e R* x R and |a| < 2, and

%

(5.57) (= wD)@)lle < ClolRA+ ) fort > 0.

(C) Suppose that (5.31) holds and that v and  satisfy (5.32). Then we have (5.29), (5.30),
(5.58) 9 (v(2, ) = vt (2, )] < CRS(1+ 7+ |t]) 7" @alr, ~5;7")
for any (z,t) e R® X R and |a| < 2, and

(5.59) lw =" )@l < CllullZ1+ )™ fort>0.

6 A Priori Estimate

The aim of this section is to prove the following a priori estimates.

Proposition 6.1  Let v and k satisfy (5.8) through (5.12). Assume (5.3), (5.4) and (5.5)
hold. Let (uj,v;) € X, (j =1,2). Then we have

(6.1) IL(F(v1)) = L(F(v2))lly < Cullvr — valle(floalls + oalle}~,
(6.2) 1L(G(w)) = L(G(u)) |l < Culluy — vally(llully + [luzll)*

Moreover, for |y| = 1, we have

(6.3)  [102(L(F(v2)) = L(F(v1)))lly < Colvg — vl ([al, + [val ) (vl + llvalle)? 2,
(64)  [03(L(G(uz)) — L(G(w1)))llx < Colug — wal, ([ual,, + [z, ) (lually + [luzll)*2,

where | - |, is defined by (2.4). Furthermore, for |y| = 2, we have

(6.5) NO(L(F(v2)) = L(F(1))lly < Calva — v, (o], + [val)*(loalle + lfoall)*?,
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if p > 3,

(6.6) |07 (L(F(v2)) — L(F(vi))lly < Calva — v, (vl + [vz]n)(””l“n + Jlozll)P?
+Cs|lve — v B2 ([vd] + [7)2]5)2,

if2<p<3,
(67) 161(L(G(w)) = LGl < Caluua = wi] () + fual 2 (Ul + el )2,
if g 23, |

(6.8) |07 (L(G(u2)) —‘L(G(Ul)))Hn < Cafus — ) (fun, + [ual,) (lufle + fuz]l) 2
+Cs|lug — | &7 ([ua] . + [u2],.)?,

if2<q<3.
Proof: It follows from (5.3), (5.4) and (5.5) that

Aplvy — va|(Jve] + Jve| )P,

(6.9) |[F(v1) = F(vg)| < ‘

(6.10) G(w) — G(ug)| < Agluy — ug|(fus| + [ug])?,
(6.11) |F' (vy) — '(Uz)l < Ap(p = 1)|vr — val(Joa] + Joa])P72,
(6.12) |G (u1) — G (up)| < Ag(g — 1)|ug — ua|(|ua| + [ua|)*~*

We also note that for any § with 0 < 6 < 1, we have
(6.13) I o el < floallDllozlls ™.
To begin with, we prove (6.1) and (6.2). If we could show

(6.14) IL(forPH e < Cullv I,
(6.15) (| lx < Culluall?,

we would obtain (6.1) and (6.2). Indeed, it is easy to see from (6.14), (6.15) and (6.13) that

(6.16) 1l PloalI27) |, < Ci o |92 o180,
(6.17) (el ) < Gl |9 |05,

By (6.9) and (6.10), applying (6.16) and (6.17) with § = 1/p and ¢ = 1/q, respectively, we
get (6.1) and (6.2). Therefore our task becomes to show (6.14) and (6.15).
It follows from (2.7) and (1.4) with F' = |v;|? and F' = |u;|? that for p > 0

(6.18) |L(lor P)(, )11 + 7+ J2]) " /@ (r,t;v) < CLMyu([vs P)(r, 8),
(6.19) IL(Jusl%) (@, )L+ 7+ |8) 7 /@, 5) < CiMicu(fua|9)(r 1),

Hence, it is enough to show that there is a positive number u such that

(6.20) M, u(|u1P)(r, t) < Cllwg|lf, M u(jua|9)(r,t) < Cllw)?,
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because @,(r,t;v) < ,(r, |t|;v). It follows that

(14X = |s|f)t+r—re
T+ X+ |s|)pr—

N A+ s+ A — [l o (, )P < [fos |2

and

1+ A= sl

n—1 1+k . 1+p : 7 < q(
AT QA+ A A= sl )y, o)1 < B =753 5ne =

By (5.11) and (5.12), we can choose a positive number p such that
(6.21) p<pe—14+p —v, p<pr—1+¢ —=.

Moreover, by (5.8) and (5.10) together with (2.7), we obtain (6.20).
Furthermore, (6.3) through (6.8) follows from a standard argument, if we note that
Op L(F(v;)) = L(OzF(v1)). We omit further details. O

7 Proof of Theorems 5.1 and 5.2

Firstly we show the part (A) in Theorem 5.1. The classical solution (u,v) of (5.1) and
(5.2) verifying (5.25) through (5.28) is furnished by a solution of the following system of
integral equations: :

(7.1) u@,t) = u(z,t)+ L(F(v))(z,t) inR" xR,
(7.2) v(z,t) = v (z,t)+ L(G(uw)(z,t) in R" xR,

where 4~ and v~ are the solutions to the homogeneous wave equation satisfying (1.15) and
- (1.16), and L(F(v))(z,t) and L(G(u))(z,t) are given by (1.2) and (1.3) with F replaced
by F(v) and G(u). Since we have (1.19) and Proposition 6.1, a method of successive
approximation is applicable to show the existence of the unique solution (u,v) of (7.1) and
(7.2) in X, for given (u~,v™) satisfying (1.19) with sufficiently small € > 0. (See also [9]
and [24]).

Next we prove that the solution (u,v) of (7.1) and (7.2) satisfies (5.25) and (5.26). When
v = 0, those asymptotic estimates follow from (6.18) through (6.20). Similarly, we obtain
them for |y| =1, 2.

Next we prove that the solution (u,v) of (7.1) and (7.2) satlsﬁes (5.27) and (5.28), by
making use of

(7.9 =)@l < (41 [ 1FE)E)mds,

9 =)@l < (41 [ GG sads.

Since —(n — )p+ (n+ 1) = —2p* — 2, it follows that

(7.5) IF@)(s)lizz < wallvl[FI(s),
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where we have set

(76) LI = [T ls) R — Jsll) .
We shall show
(7.7) I(s) < C(1+ |s|) 2 ~2(1 + |s] ) -2we+
To this end, we divide I(s) into I;(s) and I5(s) which are defined by
7 2|s} ot s
(78) his) = [ @4r4 )21+ —fol)dr,
(79) Bis) = [ Q+rtls)™ 21+ Ir - ls]) " dr

It is easy to see that for k > 0

(7.10) I(s) < C(1 + |s|)~2 12,
While we have
(7.11) (14 |s))*"*2L(s) < C(1 + |s|)t -2t

These estimates yield (7.7).
Now it follows from (7.3), (7.5) and (7.7) that for ¢ > 0

t *
(712 e=—w)@l < Clolz [ 1+ 1@+ [s) 02002

= C”””ﬁ /ltTo(]_ + S)—IJ*-I(]_ + 3)([1—2pn]+)/2ds_
If 2pk > 1, we easily have (5.27). When 2pk = 1, by integration by parts, we get (5.27).
-Moreover, if we notice that (5.11) implies p* — (1/2) + pk > (1/2) + v > 0, we obtain (5.27).
Since the proof of (5.28) is similar to that of (5.27) if we use (5.12) instead of (5.11), we
omit the details. This completes the proof of the part (A).
Secondly we show the part (B) in Theorem 5.1. Since (5.30) follows from (5.27) by
(5.16), it is enough to show (5.29), By (6.18) with v = p* and (6.19), it suffices to show that
there is a positive number p such that

(7.13) Mpe p([0r[P)(r,2) < Clloallk,  Miep(lua])(r,2) < Cllwalff.
Indeed, we can choose a positive number y such that
(7.14) p<pk—1, p<pr—1+q —x,

by (5.16) and (5.12), hence (7.13) holds.

Finally we show the part (C) in Theorem 5.1. It is enough to show (5.33), since the
others are easily handled. By (6.18) with v = p* and (6.19) with k = ¢*, it suffices to show
that there is a positive number u such that

(7.15) Mpe u([o1[P)(r,8) < Cliwally,  Mge u(Jua]*)(r,2) < Cllualf?.
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In fact, we can choose a positive number p such that
(7.16) p<pk—1 pu<pv-—1,

by (5.32). This completes the proof of Theorem 5.1. O

Next we prove Theorem 5. 2. If we note that L;(F)(z,t) = L(F)(z, —t) with F(z,t) =
F(z,—t), we obtain the desired estimates from Theorem 5. 1, except (5.44). For the proof of
(5.44), see e.g. the proof of Proposition 8.4 in [14]. We omit further details. This completes
the proof. 0O
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