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Abstract. Let a and # be bounded measurable functions on the unit circle 7.
The singular integral operator S, 4 is defined by S, 5f = aPf+ BQf (f € L*(T)) where
P is an analytic projection and @ is a co-analytic projection. In the previous paper, the
norm of S5 was calculated in general, using o, and af + H® where H*® is a Hardy
space in L*°(T). In this paper, the essential norm ||S, | of S, is calculated in general,
using af + H® + C where C is a set of all continuous functions on T. Hence if af is in
H* +C then ||Sa]l. = max(||allco, [|B]|lso). This gives a known result when «, 8 are in C.



§1. Introduction and results

Let m denote the normalized Lebesgue measure on the unit circle T. For 1 <
p < 0o, LP = LP(T, m) denotes the usual Lebesgue space on T and H” denotes the usual
Hardy space on T'. Let S be the singular integral operator defined by

N0 =5 [ 8%41 (@e.cem

where the integral is understood in the sense of Cauchy’s principal value (cf. [3, Vol I,

pl12]). If f is in L' then (Sf)({) exists for almost everwhere ¢ on T. Let an analytic
- projection and a co-analytic projection be

P=(I+5)/2and Q= (I-15)/2,

where I denotes the identity operator. If o, § € L*, then the singular integral operator
Sap on L? is defined by

Sapf =aPf+PQf (f€L?.

The following inequality is well known and not difficult to establish

max{f|elloo, [|Blleo} < [1Sall < lly/letf® + 81| co-

In the previous paper, the author and T.Yamamoto [4] showed the following theorem.
This implies that ||S ]| = max(||eflco, |8]lc) When o € H.

Norm Theorem. Let a,3 € L. Then

lo* + 18] - o2 — 182
o 187 [y (S

2 .
15asll" =, inf

(o]

The essential norm ||.S,g||e is the distance to K(L?), the set of all compact oper-
ators on L2, It is known (3, Vol II, p219] that || S, slle = max(||a]|eo, ||8]lce) When a, B are
in C, a set of all continuous functions on 7'. In this paper, we show the following theorem
using Norm Theorem. This implies the above result.

Essential Norm Theorem. Let o, 3 € L. Then

2 2 _ 2 2
1Susll? = _int M+J,aﬁ_k,2+<|a| S12%)

keH®+C 2

o0



Corollary. If af € H® + C, then ||Sq slle = max(]|a||co, [|Blloo)-

The norms and essential norms of Toeplitz operators and Hankel operators are
very well known. If ¢ € L*, then the Toeplitz operator Ty is defiened by Ty f = P(¢f)
for f € H? The Hankel operator Hy is defined by Hyf = Q(¢f) for f € H? |Ty| =
[8llo (cf. [2]) and ||Hy|| = ||¢ + H*|| by the Nehari theorem [6] (cf. [5]). || T4l =
[8lloo (cf- [2]) and [|Hylle = ¢ + H* + C|| (cf- [5]).

§2. The proof of Essential Norm Theorem

Put U = 5,3, then U" = S;n 3» and U*U™ = [ for any positive integer n. Let K
be arbitrary compact operator on L?, that is, K € KX(L?). Then

[Sas + K|
2 |(Sas + KYU| 2 [[Sanaznpll = | KU
2 ||Senazmsll — (IPKU™P| + [|[PKUQ|
-+ QKU"P| +QKUQ)
Here PKU™Q = PKQz"Q,QKU"P = QKPz"P,PKU"P = PKP2z"P and QKU"Q =
QKQz"Q. Since (Pz"P)* — 0 and (Qz"Q)* — 0 as n — oo in the strong opertor

topology.
lim ||PKU"Q|| = lim ||QKU"P|| = 0.

and

lim ||PKU™P|| = Lim ||QKU"Q|| = 0
because PKQ,QKP,PKP and QK@ are all compact.

By Norm Theorem in §1,
o + 187 o, (lel =182 d
; jaB — k2 + (12

“Sznaznﬁ” = 1nf

o0

and hence

Jim [Sznagzmgl|?

ol igl , [ oo (laP— 18P Y]
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because H*® 4 C is closed. Thus

2
o 18 J 0B — k[t 4 <|a|2 - IﬁP) _

2 > :
| Sesll _ke;}g+0

“Hoo

Put Py = 2Pz, then P; is an orthogonal projection from L? to zH? and P, =
zPz(P + Q) = zPzP. Simitarly, Q; = 2Qz is an orthogonal projection from L? to z2H’
- and @y = zQ2Q. Since P — P; and Q — @, are rank one projections, ||aP + 8Q|. =
laePr + BQ1)le. Since fzQzP and azPzQ are finite rank operators,

(azP + B2Q)(ZP + 2Q)).
= |lazPzP + 2Q2Q + BzQzP + azP2Q)|.
= ||aP1 + ﬂQl”e = ||aP + IBQ”

Hence
[Saslle < |SzazsllellZP + 2Qe

< ”Szoz,fﬁ”e

= ||Szazsll
because

2P+ 2Qlle = ||PzP+Q2Q|.

= max{||PzP|, [|Q=Q]} =1

Therefore

Saslle < lim [|Ssma,enll

lof® + 182 3 lof? — |82
o 0 [y (B )

keH>+C

Rijee)

This completes the proof of Essential Norm Theorem.
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