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the Fokker-Planck equation by the Wasserstein metric

Toshio Mikami
Department of Mathematics, Hokkaido University
Sapporo 060-0810, Japan

ABSTRACT
R. Jordan, D. Kinderlehrer and F. Otto proposed the discrete-time approximation
of the Fokker-Planck equation by the variational formulation. It is determined by
the Wasserstein metric, an energy functional and the Gibbs-Boltzmann entropy func-
tional. In this paper we study the asymptotic behavior of the dynamical systems
which describe their approximation of the Fokker-Planck equation and characterize
the limit as a solution to a class of variational problems. We also give a simple

approach in a one-dimensional case.

1. Introduction.

Let d denote the Wasserstein metric (or distance) defined by the following (see [23]
or [4], 5], [9]): for Borel probability measures P, @ on R%, put

aPQ=mt{([ | |- yPuldzdy):
R4 xR4
p(dz x R%) = P(dz), u(R* x dy) = Q(dy)}.
In particular, we put d(p,q) = d(P, Q) when P(dz) = p(z)dz and Q(dz) = ¢(z)dz.
Next we introduce the assumption used by R. Jordan, D. Kinderlehrer and F.
Otto in [11].

(1.1).

(A.1). ¥ € C®(R%[0,00)) and

s;lr{)d{w\ll(:c)l/(\lf(a:) + 1)} < 0.
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(A.2). po(z) is a probability density function on R? and the following holds:

M) = [ laPpo(a)ds < o, (12).
Rd
F(po) = /Rd(logpo(:c) + ¥(x))po(z)dz < oo. (1.3).

Here we put V = (8/8x;)%;.
Under (A.1)-(A.2), for h > 0, we can define, a sequence of probability density

functions {p?}n.>0 on R, inductively, by the following: put pj = po, and for pf,

determine p*' as the minimizer of

d(pf,p)*/2 + hF(p) (1.4).

over all probability density functions p for which M (p) is finite (see [11, Proposition
4.1]).

For a probability density function p on R?, put

E(p) = /R Y(@)p(z)d, (1.5).

S@)= [ logp@p(@)ds, !
and for h € (0,1), t > 0 and = € R4, put

pu(t,2) =p}" (), (.7).
where [r] denotes the integer part of r € R. Then the following is known (see [11],

[21] and the references therein for an application to physics).

Theorem 1.1. ([11, Theorem 5.1]). Suppose that (A-.l)-(A.Z) hold. Then as h — 0,
pn(T,-) converges to p(T,-) weakly in L*(R%; dx), and py, converges to p strongly in
LY([0,T] x R%; dtdx) for all T > 0, where p(t,z) € C*((0,00) x R%[0,00)) is the

unique solution of

Ap(t,z) /0t = Nop(t, ) + dive (VT (2)p(t,z)) (t> 0,z € RY), (1.8).

2



with an initial condition

p(t,") = po, strongly in L*(R% dz), ast — 0, (1.9).

and M(p(t,")), E(p(t,-)) and S(p(t,-)) belong to L*°([0,T];dt) for all T > 0. Here
we put Ag = Y0, 82/022, and div, () =< (8/8z:)iey, >.

REMARK 1.1. Since px(¢,-) is a probability density function on R4, so is p(t, ) for
t>0.
For p}(z) and pp'(z), there exists a lower semicontinuous convex function

@71 (z) such that

py () 6V<p§+1(:c) (dy)dz (1.10).

is the minimizer of d(p?,prt") (see [9], and also [4], [5], [23]). In other word,

Aok 27 = [l - Vet @ aRe)ds, (L1,

and for any f € C,(R%R)

/ FVept (@)ph @) de = / F)pi ()dy. (1.12).
R4 Rd

On the probability space (R, B(R?), Py(dz) = po(x)dz), put for h € (0,1),
t >0 and z € R4,

X™0,z) = Viy(z) =z,

. 6/h] <o (1.13).

X"(t,z) = VM (X" (max(ft/h] - 1,0)h, ).
In this paper we first give a stochastic representation for p(t,z) (see Theorem

2.1) from which we give the estimate for V;logp(t,z) (see Theorem 2.2) . In the

proof, we use exponential estimates on large deviations and the idea in [26] where

they gave estimates for the derivatives of the transition probability density functions

of diffusion processes (see section 4). By this estimate and an assumption on ¥ (see

section 2), we can construct the solution to the following: for x € R4,
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dX (t,z)/dt = —Vglog p(t, X (t, 7)) — VI(X (t,z)) (¢ > 0),
X(0.5) = 2. (1.14).
We also show that X"*(¢,z) converges to X(¢,x), as h — 0. In particular, it can be
shown that P(f( (t")~1(d:1:) = p(t,z)dz for t > 0 (see Theorem 2.3). This is conjec-
turable by the Euler equation to (1.4). It can be written, formally, as the following:
forn >0,

X"((n+1h,z) — X"(nh,z) (1.15).

= —h{V logp’,;""1 (X"((n+ Dh,z)) + VI(X?(n+ 1k, )}

(see Lemma 5.3 in section 5 for the exact statement of (1.15)).

We also characterize X (¢,x) as the solution to a class of variational problems.
Theorems 2.3-2.5 in section 2 can be considered as the version of [14] in a case where
stochastic processes do not have random time evolution.

Let us introduce [14] to state the problem more precisely (see also [6], [13] and
[15]). First we introduce the following notation. For a probability space (2, B, P), and
a right continuous, increasing sub o-fields {B;};>0 of B, and a d-dimensional (By)-
Wiener process W (t), and a (B;)-progressively measurable stochastic process u(t),
and a R%valued random variable X, on (Q, B, P) such that P(X, € dz) = po(z)dzx
and that is independent of {W(t), u(t)}+>0, put

X"(t) = Xo+ /t u(s)ds + W(t) (t>0). (1.16).
0

Put, for T > 0,

AT = {{u(® Yocecr : PX"®7 (dx) = p(t, z)da, dt — a.e. on [0,T]}. (1.17).

Then the following is known (see also [2], [3], [17], [22] and [28]).
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Theorem 1.2. ([14]). Suppose that (1.8) has a weak solution such that

p(0,z) = po(z) (z € RY),

/R hR)=1 05¢<T), )

T
/ / IV (z)|?p(t, x)dzdt < oo,
0o Jrd

for some T > 0. Then there exists a measurable function b(t,z) : [0,T] x R¢ — R4

such that the following stochastic integral equation has a unique weak solution:

X(t) = X, + / t b(s, X (s))ds + W(t) (0<t<T), (1.19).
' 0

and that

PXO7 (dg) = p(t,zx)dz (0<t<T). (1.20).

Moreover for any {u(t)}o<i<r € AT

T T
E[/o lb(t,X(t))lzdt]SE[/o fu(t) ], (1.21).

where the equality holds if and only if u(t) = b(t, X (t)) dtdP-a.e..

u(t) in (1.16) is called the mean forward derivative (see [19] and [20]) as the
following holds:

u(t) = lim B{X*(t +h) - X*())}/h|B] dtdP - a.s.. (1.22).

If the stochastic processes under consideration do not have random time evolution,
then the mean forward derivatives should be replaced by the time derivatives in (1.21).
In this case the similar result to Theorem 1.2 is given in section 2 (see Theorems 2.3-
2.4).

X(t) in Theorem 1.2 is a limit, in the relative entropy, of X™(¢) determined by

the following (see [14]). Take sequences of rational numbers
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Qn = {07T7 q?}i;—.l,---,n (123) »

such that Qn C Qr+1 (n > 1) and that U,>1Q,\{T} is the set of all rational numbers
in [0,T). Put

AT = {{u@®)Yoger : PX"O7 (da) = plt, 2)da(t € Qu)}.  (1.24).

Then, under the assumption in Theorem 1.2, for any n > 1, there exists a measurable
function b”(t,z) : [0,T] x R i R? such that (1.19) with b = 5™ has a unique weak

solution X™(t) and that {6"(t, X™(t)) }o<t<T € AL and is the unique minimizer of

T
Bl / () Pde] (1.25).
0
over all {u(t)}o<i<T € AL (see [14] and also [13]).
In a case where the stochastic processes under consideration do not have random
time evolution, we consider the analogue of this problem, replacing the mean forward
derivatives by the time derivatives in (1.25) (see Theorem 2.5).

Let us consider the one-dimensional case on the convergence of X*. Put, for

n>0,he(0,1) and x € R,

@= [ e (1.26).

For a distribution function F on R, put

Flu)=sup{zeR:F(z) <u} forO<u<]l (1.27).

(see [18] or [23]-[25]).

The following can be easily proved from Theorem 1.1 (see section 7).

Proposition 1.1. Suppose that (A.1)-(A.2) hold, and that d = 1, and that p(t,z) >
0fort>0andxe€R. Thenforn>0,h e (0,1) andz € R,

V@) = (Frt ) U ER (2)), (1.28).
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and for h € (0,1),t >0 and z € R,

XM(t, ) = (F")~1(Fo(x)). (1.29).

In particular, for t > 0 and z € R,

lim Xh(t,z) = F7Y(Fo(x)). (1.30).

REMARK 1.2. po(.’lﬁ)&(F’?—H)_l(Fo(m))(dy)dl’ and po(x)8(7,)~1(Fo(x)) (dy)dx are the
minimizers of d(po,pp*") and d(po,p(t,-)), respectively (n > 0 and t > 0). In
other word, X"((n+ 1)h,z) and X (t,z) are the Monge functions for d(po, pp+') and
d(po,p(t,-)), respectively (see [23]). This is true only in case d = 1 when composites
of (monotone) increasing functions is always a derivative of a convex function.

In section 2, we state our result which will be proved in sections 3-6. In section

7, we prove Proposition 1.1 for the sake of completeness.

2. Convergence and characterization of dynamical systems.

In this section we state our main result. Let us recall that Py(dz) = po(x)dx. The

following is an additional assumption in this paper.
(A.3). ¥ € C4(R%;[0, 00)) and has bounded second, third and fourth derivatives.

(A.4). po(-) is a probability density function on R¢, and is twice continuously differ-

entiable, with bounded derivatives up to the second order.

(A.5).

-0 < -0 = xienéd{(kc[z + 1)t log po(x)}- (2.1).
(A.6).

00> Cy = sugd{(|:c| + 1) Viogpo(z)|}. (2.2).

REMARK 2.1. (A.3) does not imply (A.1). As an example, consider ¥(z) =
exp(—|z|?) which satisfies (A.3) but not (A.1).
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For t > 0 and y € R%, let {Y(s,(t,4))}s>¢ be the solution to the following

stochastic integral equation:

Y(s,(ty) =y + /t s V(Y (u, (¢,9)))du + 2/2(W(s) - W (1)), (2.3).

where W (t) denotes a d-dimensional Wiener process. (2.3) has a unique strong solu-

tion under (A.3) (see [8] or {12], [27]). We also put, for the sake of simplicity,

Y(s,y) =Y (s5,(0,9))- (2.4).
It is known that {Y (s, (t,y))}s>+ has the same probability law as that of {Y'(s,y)}s>0
(see [8] or [12], [27]).

The following theorem gives a stochastic representation for p(t, x).

Theorem 2.1. Suppose that (A.1)-(A.4) hold. Then for any T > 0, p(t,x) is contin-
uously differentiable in t and has bounded, continuous derivatives up to the second

order in x on [0, T] x R%, and for any t > 0 and = € R4, |

p(t, 7) = Elpo(Y (t, 2)) exp / AT(Y (s,))ds)]. (2.5).

By Theorem 2.1, using estimates on large deviations and the idea in [26], we get

the following result.

Theorem 2.2. Suppose that (A.1)-(A.6) hold. Then for any T > 0,

sup  {(|z| + l‘)_1|Vﬂc logp(t,x)|} < oc. (2.6).
zeR2,0<t<LT

In particular, (1.14) has a unique solution.

REMARK 2.2. In theorems 2.1 and 2.2, we assumed (A.1)-(A.2) only to use the fact
that p(t,z) is a smooth solution to (1.8) with (1.9) and that p(¢,-) is a probability

density function for ¢t > 0.



By Theorems 2.1-2.2, we get our main result.

Theorem 2.3. Suppose that (A.1)-(A.6) hold. Then for any T >0 and € > 0,

lim Po( sup |X(t,z) — X"(t,2)] > ¢€) =0. 2.7).
h—0 0<t<T

In particular, for ¢t > 0,

-1
PO (dy) = p(t, y)dy. (2.8).

Put, for T' > 0,

AT = {{5(t,2)Yozecroers; B ) (dz) = plt, z)dz, dt — ace.,  (2.9).
S(0,z) = z, Po(dz) — a.e.,

S(t, ) is differentiable in t, dtPy(dz) — a.e.}.

The following result is a version of (1.21) in the case the stochastic processes

under consideration do not have random time evolution.

Theorem 2.4. Suppose that (A.1)-(A.6) hold. Then for any T > 0 and any

{S(t,2)}oct<T,zcre € AT,

T T
Eo| / \dX (¢, 7)/dt|%dt] < Eo / 1dS(t, )/ dt|2dH], (2.10).
0 0

where the equality holds if and only if dS(t,z)/dt = dX (¢,z)/dt dtPo(dx)-a.e..

Let us give some notation before we state the result which is a version of (1.23)-
(1.25) in the case the stochastic processes under consideration do not have random
time evolution.

For h € (0,1) and n > 0, let V@t be the Monge function for d(p(nh,-), p((n+
1)h,-)) (see section 1 and also [9]). On the probability space (R%,B(RY), Py(dz) =
po(z)dz), put for h € (0,1), t > 0 and z € RY,
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X™0,2) = V@h(z) =z,
X™(k+ Dh,z) = V@t (X™(kh,z)) (k> 0),

N 3 (2.11).
Xh(t, ) = X" (kh,z) + (t — [t/h])
x (X*((k+ 1)h,z) — X" (kh,z))/h.
Put also for b € (0,1) and T > 0,
Af = {8, ) }o<t<T cere (2.12).

s PEO) (dg) = p(t, z)dz(t = O, h, - -, [T/h]R),

S(0,x) = x, Po(dx) — a.e.,
S(t, ) is differentiable in ¢, dtPo(dx) — a.e.}.

Then the following holds.

Theorem 2.5. Suppose that (A.1)-(A.6) hold. Then for any h € (0,1) and T > h,

{X"(, z)}o<t<T,zer4 is the unique minimizer of

[T/h]k
/ Eo[|dS(t, ) /dt[2]dt (2.13).
0

over all {S(t,x)}o<t<T,zere € AT and the following holds: for any 7' > 0 and ¢ > 0,

lim Po( sup |X(t,z) — X™(t,x)| > ¢€) = 0. (2.14).
h—0 0<Lt<T -
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3. Proof of Theorem 2.1.

In this section we prove Theorem 2.1. The proof is devided into four lemmas.

For a m-dimensional vector function f(z) = (f!(z))2, (z € RY), put

Df (@) = (f(@)/0z:)s,
|floo = Sug (Z|fi(;c)|2)1/2. (3.1).
zeR4 i—1

The following lemma will be used in the proof of Lemma 3.3 and also in the next

section, and is given the proof for the sake of completeness.

Lemma 3.1. Suppose that (A.3) holds. Then (2.3) has a unique strong solution,
and there exist positive constants Cs and {C(m)}m>1 which depends only on |V¥|

and |D?¥| such that for t > 0 and y € RY,

E[[Y (t,9)""] < C(m)(Q_ [y** + ) exp(C(m)t)  (m > 1),
k=1 . (32)

|6Y’(t,y)/6y,l < C36Xp(03t), P—-as. (7’?.7 = 17""7d)'
(Proof). Let us briefly sketch the proof. Since VV is globally Lipschitz continuous
from (A.3), there exists C4 > 0 such that

IV¥(z)| < |VE¥(z) - VT (0)| + [V¥(0)| < Ca(lz| + 1). (3.3).

By the following, the proof of the first part is over by induction: for m > 1,

EllY(t, y)lz’”.] < (lyl*™ + (2md + 4m(m — 1) + Cam) (3-4).
X / E[Y (s,y)|?™V]ds) exp(3Cymt).
0

This is true, since by the Ito formula (see e.g. [8]) and (3.3),

E(Y (¢ y)]*™]
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= [yI*™ + 2m /tE[|Y(8,y)|2(m—1) <Y(s,y), V¥(Y(s,y)) >|ds
+ @md+ 4m(m — 1)) / [V (s, 4) 2™ D]ds
< |yPP™ + (2md+ 4m(m — 1) + C'4m)/ E[|Y (s,y)|>™ Vds

+3C’4m/ E[lY(s,y)Izm]ds
0

from which we get (3.4) by Gronwall’s inequality (see [10]). Here we used the follow-
ing: for y € R4, by (3.3),

ly[2m=D <y, VI(y) > < Cy(jy>™ + ly>™ ),

Pt < (JyP™ + y2m ) 2.

The rest part of the proof is done by (A.3) and Gronwall’s inequality, since for
i)j =1, d7

o ()0 (3.5).
=6+ / Z(azw(s 1))/ 0y:0ym)OY ™ (s,y) /Oy;ds.

(see [8, p. 120, Theorem 5.3]). Here we put é;; =1 ifi = j and 6;; =0 if i # j.
Q. E.D.

For t > 0 and y € R?, put

t
at,y) = Blpo(Y (¢ 9)) exp( | AV (5,)ds)L (39)
Then the following can be proved in the same way as in [8, Chap. 5, Theorems 5.5

and 6.1] and the proof is omitted.

Lemma 3.2. Suppose that (A.3)-(A.4) hold. Then for any T > 0, q(t,y) has
bounded, continuous derivatives in y up to the second order, and is continuously

differentiable in t on [0,T] x R¢, and is a solution to (1.8).
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By Lemmas 3.1 and 3.2, we get the following lemma which will play a crucial

role in the proof of Theorem 2.1.

Lemma 3.3. Suppose that (A.1)-(A.4) hold. Then fort > 0 and z € RY,

p(t, z) 2 q(t, z). (3.7).

(Proof). For R > 0 and z € R, put

or(z) =inf{t > 0:|Y(¢t,z)| > R}. (3.8).

By the Ito formula (see [8]), if R > |z]| and 0 < s < t, then one can show that the

following is true:

p(t,x) (3.9).
= E[p(t - min(aR(m)7 3)7 Y(min(UR(x)a 3)7 .’II))

« exp( /0 S Y, 1))
> Blp(e — 5, Y (s, ) exp( | AU(¥(w ))du)son(o) >
s E[p(0, Y (¢, 7)) exp( /0 " AU (0, 2))du); on(z) > 1] (a5 5 — )
— B[p(0, Y (¢, )) exp( /0 " AU (0, 2))du)] = a(t, ) (a5 B — o0).

Let us prove that the first convergence in (3.9) is true to complete the proof.

Elp(t — 5, (s,2)) exp( / T AU(Y (4, 2))du); or(z) > (3.10).
— Bl(plt - 5, Y (5,2) — p(0,¥ (5,2)))

xexp( | AU, )du)ion(@) >

+ El(p(0, Y (5,)) — p(0, Y (1,2)))

xexp( | AU (u,2)d)ior(o) > 1
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4 E[p(0, Y (¢, )) (exp( /0 T AU (4, 7)) du)

~exp( | AN on) 2 1

1 Elp(0, Y (t, z)) exp /0 | AU (4, 2))du); oR (@) > £
The second and third part on the right hand side of (3.10) converge to zero, as s — t,
by the bounded convergence theorem. The first part on the right hand side of (3.10)

can be shown to converge to zero, as below, as s — t, which completes the proof. By

Lemma 3.1, (3.3), and the Cameron-Martin-Maruyama-Girsanov formula (see [12]),

Ellp(t — 5,Y (s,2)) — p(0, Y (s, z))| (3.11).
x exp( / AT (Y (u, ))du); op(z) > 1]
0
= Elp(t — s,z + 22W (s)) — p(0,z + 2'/2W (s))|
t
X exp(/ < VU (z + 22W(w)), 27 2dW (u) >
0
— / t VO (z + 22°W (w))|*du/4 + / ) AU (z + 22W (u))du)
0 0

. sup |z +2Y2W(u)| < R]
0<s<t

< / p(t — s,z + 2"/%y) — p(0,z + 2'/%y)|dy
Rd

x (27s) "2 exp( sup U(z)/2 + t|A¥|00/2) — 0,
|z|<R
as s — t, by Theorem 1.1. Here we used the following: by the Ito formula (see [8]),
1
/ < VU(z + 2Y2W (w)), 27 2dW (u) >
0

= {U(z + 2VPW () — U(z) — / t AT (z + 2Y2W (w))du} /2,
0

and for y € R4,

exp(—ly*/(2s) = ¥(2)) < 1,
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since ¥(z) > 0 by (A.3).
Q.E. D.

The following lemma together with Lemma 3.2 completes the proof of Theorem
2.1. |

Lemma 3.4. Suppose that (A.1)-(A.4) hold. Then for t > 0 and z € R4,

p(t, ) = Elpo(Y (¢, z)) exp( /0 AU(Y (s, 7))ds)]. (3.12).

(Proof). By Lemma 3.2, ¢(t,x) is a solution to (1.8) with ¢(0,z) = po(x). Hence for
£>0,

/ q(t,z)dx =/ po(z)dz =1, (3.13).
Rd rd

which completes the proof by Remark 1.1, (3.7) and the continuity of p and q.

Let us prove (3.13), for the sake of completeness, to complete the proof. For
any smooth function f(z) (z € R) such that f(z) = 1 (Jz| £ 1) and that f(z) =0
(lz} > 2) and R > 0,

[ HaP /Bt a)de [ fla/Bpola)dal (3.19).
< / ds / |42/ R d (12| B?)  dus®

0 R4

& (2/R?)(df (12 /B?) Jdz)(d— < VI (), >)lq(s, z)dz

2 2 2 4
< (162 £ /42|00 + |df /dit]oo) / ds /R CE L

+ (2/R?)(d+ Calle| + DleD)als, 2)dz  (by (3.3))
< (|d?f/dz?|co + |df /dz| 0o )(16/R% + (2/R?)(d + 2RC4(2R + 1))

t
x/ ds/ q(s,z)dr -0 (as R — o0)
0 R<|z|<2R

by the bounded convergence theorem, since by Lemma 3.3, for s > 0,
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/ q(s,z)dz < / p(s,z)dz = 1. (3.15).
Rd Rd
Since po is a probability density function by (A.4), the proof is over by (3.14).

Q. E. D.

4. Proof of Theorem 2.2.

In this section we prove Theorem 2.2. Roughly speaking, Lemmas 4.2 and 4.6 will
play a crucial role in the proof of Theorem 2.2, and Lemma 4.1 and Lemmas 4.3-4.5

will be used in the proof of Lemmas 4.2 and 4.6, respectively.
The following lemma can be obtained by Lemmas 3.1 and 3.4 and will be used

in the proof of Lemmas 4. 2, 4.4 and 4.5.

Lemma 4.1. Suppose that (A.1)-(A.5) hold. Then there exists a positive constant
Cs which depends only on |[V¥|e, |D*¥|s and |po|eo such that fort > 0 and z € R,

exp(—Cs(|z|* + 1 + t) exp(Cst)) < p(t, ) < Cs exp(Cst). (4.1).

(Proof). By Lemma 3.4,

p(t, ) < |poloo exp (AT |o0), (4.2).

and by Jensen’s inequality (see [1]),

p(t, z) 2 exp(Ellog po(Y (t, 2)) + /0 AT (Y (s,y))ds)) (4.3).
> exp(—E[C1([Y (¢, 2)” + 1)] — | AT]c0)

by (A.5), which completes the proof by Lemma 3.1.
Q. E. D.

For ¢ and T for which 0 < ¢t < T and z € R?, let {Z7 (s, (t,2)) }s<s<T be the

solution to the following stochastic integral equation: for s € [t, T7,
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Z%(s, (t,2)) (4.4).
— 2t / {9V, logp(t + T — u, 27 (u, (£, 2))) + V(27 (u, (t, 2))) }du
t
+ 22 {W(s) - W(t)},

up to the explosion time (see [27]).

The following lemma shows that (4.4) has a nonexplosive strong solution and

will be used in the proof of Lemmas 4.4, 4.6 and of Theorem 2.2.

Lemma 4.2. Suppose that (A.1)-(A.5) hold. Then fort and T for which0 <t < T,
(4.4) has a unique nonexplosive strong solution and there exists a positive constant

Ce which depends only on |VV¥|u, |D?¥| and |po|eo such that for z € R4,

Cs exp(CeT) (|22 + 1+ T) (4.5).

: T
> sup E[|Z7(s,(t,2))] +E[/ V2 logp(T +1t — s, 2" (s, (t, 2)))[*ds].
t<s<T : t
(Proof). For R > 0, put

& (t, 2) = inf{min(s,T) > ¢ : |27 (s, (¢, 2))| > R} (4.6).

Then by Lemma 4.1,

Th (t,2)
E| / Vo logp(T + ¢ — 5, 27 (s, (¢, 2)))|%ds] @,
t

<logCs + CsT + Cs(|2]* + 1+ T) exp(CsT) + T|A¥|co.

This is true, since by the smoothness of p(t,z) (see Theorem 1.1) and the Ito formula

(see [8)),

17



Ellogp(T +t — 75 (¢, 2), Z7 (t} (¢, 2), (t, 2)))] — log p(T, 2)

_ | /t O g (T 4t s 27(s, (4, 2)))/65
+ Ay logp(T +t — 5,27 (s, (¢, 2)))
+ <2V, logp(T +t — s, ZT(s, (t, 2))) + V(ZT (s, (2, 2)))
, Vi logp(T +t—s,Z7 (s, (t,2))) >]ds]

= E[/:R (t’z)[—A‘I’(ZT(S, (t,2))) + Vo logp(T +t ~ 5,27 (s, (¢, 2)))[*]ds]-

Here we used the following:

Ologp(t,z)/0t ' (4.8).
= Az logp(t, z)+ < 2V, logp(t,z) + V¥(z), V. log p(t, x) >
+A¥(z) - |V logp(t, z)|%,

which can be shown by (1.8).
The following also holds: for s € [¢, T7,

E(| 2" (min(s, 77 (, 2)), (¢, 2)) ] (4.9).
< (E[/TR 7 12V2 log p(T' + t — u, Z7 (u, (¢, 2))) [*du]

+ |2)* + 2(T — t)(d + C?)) exp(2(C% + 1) (s — t)).

This is true, since by the Ito formula (see [8]) and (3.3), for s € [t, T,

E[|ZT (min(s, 7£ (t, 2)), (t, 2)) ]
min(s, 75 (t,2))
— |22+ B / < 2V, log p(T + t — u, 2% (u, (£, 2)))
+ VU(ZT (u, (t, 2))), 227 (u, (t, 2)) > +2d]du]
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'r;l;(t,z)
<z +2(T - t)d+ E[/ 12V log p(T + t — u, Z7 (u, (¢, 2)))[*du]
t

min(s, 7% (t,2)) ‘
+2C2(T - £) + 2(C2 + D) E| / 127 (u, (2, 2))[2du]
t

T (t,2)

< |22+ 2T - t)d + E[/ 12V, log p(T +t — u, 27 (u, (¢, 2))) [ du]
+2CHT —t) +2(C; + 1) /s E[|ZT (min(u, 7% (¢, 2)), (t, 2))|*)du,

from which we get (4.9) by Gronwall’s inequality (see [10]). In the first inequality

above, we used the following: for z, y, and z € R¢,

<z+y,22> < |22+ |y]® + 2/,
(z+y)? < 2(2* + 7).
Let R — oo in (4.7) and (4.9) and then the proof is over.

The following lemma will be used in the proof of Lemma 4.4.

Lemma 4.3. Suppose that (A.3) holds. Then for T € (0,1/(2C,)) (see (3.3)) and
yeR?,

limsup R™%log P( sup |Y(¢,y)| > R) < —(1 — 2C,T)%/(16T). (4.10).
0<t<T , .

R—o0

(Proof). Put

r = (R? — |y|? — 2Td — 2TC4R(R + 1)) /(8TR?) (4.11).

which is positive for sufficiently large R > 0. Then by (3.8), (3.3) and the Ito formula
(see(8]),

P( sup |Y(t,9)] 2 R) (4.12).
0<t<T
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= exp(—rR* + rly|*) Elexp(r|Y (or (), 9)* = rlyl*); or(y) < T}

min(T,or(y))
— exp(—r R + rly|?) Elexp(r] / < 2¥(s,y),22dW(s) >
0
min(T,or(y))
+ / (< 2Y(s,9), VI(Y(s,9)) > +2d)ds]); or(y) < T]
0

; min(T,or(y))
< exp(——rR2 + 7"|y|2)E[exp(r23/2/ <Y(s,y),dW(s) >
0

min(T,or(y)) 5 min(T,or(y)) 9 9
_ 4 / "1V (s, y)2ds + / (4r?|Y (s, )|

+7r<2Y(s,y), V¥ (s,y)) > +2rd)ds)]
< exp(—TR? + rly|* + T(4r’R? + 2rC4R(R + 1) + 2rd))
= exp(—R*(1 ~ (ly|* + 2Td)/R* — 2T C4(1 + 1/R))*/(16T)),

which completes the proof. Here we used the following:

1 = Elexp(r2%/? minhonl)
= p(r2 <Y(s,y),dW(s) >
0

5 min(T,aR(y)) )
—4r /O Y (s, ) [2ds)]

(see [12]), and

—rR? + 7|yl + T(4r?R? + 2rC4R(R + 1) + 2rd)
= 4TR*(r — (R? — |y|* — 2T'C4R(R+ 1) — 2Td) /(8T R?))?

— R*(1 — (Jy|* 4 2Td)/R? — 2TC4(1 + 1/R))?/(16T).
Q. E. D.

The following lemma will be used in the proof of lemma 4.6.

Lemma 4.4. Suppose that (A.1)-(A.5) hold. Then for t and T for which0 <t < T
and z € R®, the probability law of {ZT (s, (t,2))}+<s<T is absolutely continuous with
respect to that of {Y (s, (t, 2)) hi<s<r and on C([t,T]; R%),

T(. (t.2))" S{t,2)) 71
(dPZ ((:2)) l/dPY( (t,2)) )(Y(’ (t’ z))) (4.13).

T
= [p(t, Y (T, (t, 2))) /p(T, 2)) exp( / AU (Y (s, (t, 2)))ds).
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Moreover if T'—t < 1/(2C4), then

limsup R~2?log P( sup |Z%(s, (t,2))| > R) (4.14).
t<s<T

R—oo

< —(1-2C4(T — 1))/ (16(T — t)).

(Proof). First we prove (4.13). By Lemma 4.2, PZTCENT i absolutely continuous
with respect to PY -2 on C([t, T]; RY), and

T(. (2.2))- o (t2))
(dPZ (7(t’ )) 1/dPY(:(t> ) 1)(Y()(t’ z))) (4.15).

T
= exp(21/2/ < Vlogp(T+t—s,Y(s,(t,2))),dW(s) >
t
T .
- / Vo logp(T +t — 5, ¥ (s, (t, 2)))*ds)
t )

on C([t, T]; R?) (see [12, Chap. 7]). (4.15) and (4.16) below imply (4.13): by the Ito

formula (see [8]),

log p(t, Y (T, (¢, ))) — log p(T, 2) (4.16).
- / " Lolog P(T +t—s5,Y (s, (£,2)))/0s

AL logp(T 44— 5,Y (s, (1,2)

b < V(Y (s, (t2))), Va logp(T +t — 8, Y (s, (2, 2))) >ds

+ 21/2 /T < Vglogp(T +t—s5Y(s,(t2)),dW(s) >
T .
- / (AV(Y (s, (t,2))) + [V logp(T +1t — 5, Y (s, (£, 2))) [F)ds

T
Y / < Valogp(T +t~5,Y (s, (t,2))), dW(s) >
t

(by (4.8)) since {Y (s, (¢, 2))}s>¢ is nonexplosive by Lemma 3.1.
Next we prove (4.14). By (4.13),
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P( sup |Z%(s,(t,2))| = R) (4.17).
t<s<T

T
= B, Y (T, (¢, )/p(T, 2 exp( | AT (5, (,2))ds)
t
; sup [Y(s,(t,2))| = R]
t<s<T

< Cs5exp(Cst + Cs(|2|* + 1 + T) exp(CsT) + (T — )| A¥| o)

x P sup |Y(s, (t,2))| > R) |

t<s<T
by Lemma 4.1. This and Lemma 4.3 completes the proof by the following:

P(sup |Y(s,(t,2))| =2 R) =P( sup [Y(s,2)| > R).
t<s<T 0<s<T—t

s—

Q. E. D.
Put 9; = 0/0;,. The following lemma will be used in the proof of Lemma 4.6.
Lemma 4.5. Suppose that (A.1)-(A.6) hold. Then for any T > 0,

limsupR~2?log{ sup |8;logp(t,z)|} 0. (4.18).
R—oo |z}=R,0<t<T

(Proof). For t € [0,7] and y € R?, by (A.6) (see [8, p.122, Theorem 5.5)),

|0; log p(t, y)| o (4.19).
x / <V(AL(Y(5,9))),8Y (5,)/dy: > ds}
0

x exp( / AT(Y (s, 9))ds)]l/p(t, )
< BHCa(Y (&,9)|+ 1) + HV(AW) e} sup 10Y (5,9)/ 30

x po(¥ (¢, )) exp( / AT (Y (s,9))ds)]/p(t, )
< dY2C3 exp(Cst){Cs + t|V(AT)|oo

+ CLE[Y (8, )lpo(Y (t,9)) exp / AT (Y (s,4))ds))/p(t, 1)}
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by Lemma 3.1. We only have to consider the second part on the last part of (4.19):
for m € N, by Holder’s inequality

ENY (¢ ) Ipo(Y (t,3)) exp( /0 AV(Y(s,y))ds)]/p(t,y) (4.20).

< BIY (6 9) oY (1)) exp</0 AT (Y (s,9))ds)] M/ O™p(t, ) 71/ ™)
< {Ipoloo exp(t|AT o)}/ E™ (Y (2, )]/
x exp(Cs(Jyl* + t + 1) exp(Cst)/(2m))

by Lemma 4.1. By Lemma 3.1, (4.19) and (4.20),

limsupR™%2log{ sup |0;logp(t, )|} (4.21).
R—o0 |z|=R,0<t<T
< Csexp(CsT)/(2m) — 0
as m — o0.
Q. E. D.

The following lemma will be used in the proof of Theorem 2.2.

Lemma 4.6. Suppose that (A.1)-(A.6) hold and that (2.6) holds with T = Ty for
some Ty > 0. Then for T € (Ty, Ty + 1/(2C,)) and z € R?,

1%1_1;%0 E[a,, lng(T +To— T}:;(To, Z), ZT(TIII{(Toa Z)a (TO, Z)))] (4'22)'
= E[8;log p(To, Z* (T, (To, 2)))]-

(Proof). For T € (To,To + 1/(2C4)) (see (3.3)) and z € R4, by (4.6),

E[0;log p(T + To — 7 (T, 2), Z% (7% (To, 2), (T, 2))))] (4.23).
= E[8;log p(To, ZT (T, (Ts, 2))); 72 (To, 2) = T
+ E[8;log p(T + To — & (To, 2), ZT (75 (To, 2), (To, 2)))

;Tg(To,Z) < T].
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On the first part on the right hand side of (4.23), we have the following:

Rlim E[6;log p(To, ZT (T, (To, 2))); 74 (To, 2) = T (4.24).
— 00 :

= E[8; log p(To, Z* (T, (To, 2)))];
by Lemma 4.2 and the assumption on induction.

On the second part on the right hand side of (4.23), we have the following:

E)8;log p(T + Ty — 7% (To, 2), ZT (7% (T, 2), (To, 2)))| (4.25).
;T}j{(To, Z) < T]
< sup  |8;logp(t,z)|P(1E (To, 2) < T)
|z|=R,0<t<T
— 0, as R — oo,

by Lemmas 4.4 and 4.5.
Q. E. D.

Finally we prove Theorem 2.2.

Proof of Theorem 2.2.

Suppose that (2.6) holds for T' = Ty > 0. Then for z € R? and T € (Tp, To+1/(2C4))
(see (3.3)), by the Ito formula,

E[ab 1ng(T +To - Tg(To, Z), ZT(Tg(To, Z), (T07 Z)))] (426)
— Oilogp(T’, 2)

Tg (To,2)

= E| A (—018: 1og p(T + To — u, Z7 (u, (To, 2)))]/0u

=+ A:c [az lng(T + TO - u, ZT('U" (TO) Z)))]
+ < 2V, log p(T + To — u, Z% (u, (To, 2))) + V(27 (u, (Tv, 2)))
, V[0 log p(T + Ty — u, ZT(u, (T, 2)))] >)du]

T.g(TO:z)

- _E]| /T 6: A (27 (u, (To, 2)))+ < 8:; V(2T (u, (T, 2)))

) Ve logp(T +Tp - u, ZT(u7 (TO, Z))) >]du]a
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since p(t,x) is smooth by Theorem 1.1, and since

0[0; log p(t, )]/ Ot (4.27).
= Ag[0;log plt, )]+ < 2V logp(t, ) + VU (z), V[0; log p(¢, z)] >
+ 6; AV (x)+ < 8;V¥(x),V, logp(t,z) >

from (4.8). Let R — oo in (4.26). Then by (A.3), Lemmas 4.2 and 4.6,

E[8; log p(To, ZT (T, (To, 2)))] — 8 log p(T, 2) | (4.28).
T
- _E[/T [0: AU(ZT (u, (To, 2)))+ < BiVI(ZT (u, (To, 2)))

, Vzlogp(T + Tp — u, zT (u, (To, 2))) >]du.

(4.28) and Lemmas 3.1 and 4.2 show that (2.6) is true for T' € (Tp,To+1/(2Cy))
by (A.3) and the assumption of induction. Inductively, one can show that (2.6) is
true.

Q. E. D.
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5. Proof of Theorem 2.3.

In this section, we prove Theorem 2.3. The proof will be done by Lemmas 5.1, 5.2,
5.4, and 5.8. Lemmas 5.3 and 5.5-5.7 will be used to prove Lemmas 5.4 and 5.8,
respectively. Throughout this section, we assume that h € (0,1) and fix T > 0.

The following lemma will be used in the proof of Lemma 5.7 and of Theorem

2.3.

Lemma 5.1. (see [11, p. 12, (45)]) Suppose that (A.1)-(A.2) hold. Then the follow-
ing holds:

(T/R]

sup Y Eo[| X"((k +1)h,x) — X"(kh,z)|*]/h < 0. (5.1).
0<h<1 =3

Put, for h € (0,1), t > 0 and = € R4,

X" (t,z) = X"({t/h]h, z)
+ (¢ = [t/RI{X"(([t/B] + 1)k, z) — X"(it/B, 3)} /B,
b(t,z) = -V, logp(t,z) — V¥ (x),

(5.2).
C(b7R) = Sup{]b(s)x) - b(87 y)l/lx - y] :0<s< T7
z#y lzllyl <R}, (R>0),
C(b) = sup{|b(t,z)/(jz] + 1) : 0 < t < T,z € R%}
(see Theorems 2.1 and 2.2).
The following lemma will be used in the proof of Theorem 2.3.
Lemma 5.2. Suppose that (A.1)-(A.6) hold. For R; > 0, suppose that
—h
x| = |X(0,z)| =X (0, 2)| < Ry, (5.3).

and that

26



[T/H]
> 1XP((k+ 1h,z) — X"(kh,z)[*/h < Ri. (5.4).
k=0

Then for R > 0 for which

R > max((R1 + C(O)(T + 1)) exp(C(b)(T + 1)), Ry + (T + 1)R)Y?),  (5.5).

the following holds: for ¢ € [0, T,

X (t,2) — X (¢, )] (5.6).
< (Tsup{|b(s,y) = b(s + h,2)| : 0 < s < T, |y}, |2| < R, |y — 2> < hR1}
[T/h]h o
+ /o |b(s + h, X (([s/h] + 1)h,z))
— (X™((Is/h] + Dh,z) — X™([s/h]h, x))/h|ds
+ hsup{|b(s + h,2)| : [T/hlh < s <T,|z| < R}
+ (hR1)'/?) exp(tC(b, R)).

(Proof). We first show that

sup max(|X (¢, 2)|,| X", z)]) < R. (5.7).
0<t<([T/h)+1)h,|z| <Ry

For ¢ € [0, ([T/h] + 1)h], by (5.2),

X(t2)] = o+ / b5, X (s, 2))ds] < Jo] + / CC®)(1X(s,2)] + 1)ds,

from which we obtain the following: by Gronwall’s inequality (see [10]) and (5.3),

X (¢, 2)| < (2] + C(B)t) exp(C(B)t) < (R1+ CONT + 1)) exp(C(0)(T + 1)),

and by (5.4),
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X" (t,2)| = |z + /t(X'”(([S/h] +1)h,z) = X"([s/hlh, 2))/hds|
, 0

© [t/A]
< |z + ) 1X*((k + 1)h,z) — X" (kh, z)|
k=0
[t/h]
<zl + [([t/h + 1) Y 1X™((k + 1)k, z) — X" (kh, z)[*]H/?
k=0 )
< Ry + ((T + 1)Ry)Y2.

By (5.7), we can show that (5.6) is true: for t € [0, T},

X2 - X" (t,)|
.y / (b(s, X (5, 7)) — b(s, X"(s, 2)))ds
0

+ /0 (b(s, X" (5, 2)) — b(s + h, X" (([s/h] + )k, z)))ds

s (55 + b X (/A + Dby )
0
— (XM((s/H-+ Dh2) = X" s/l ) /)|
< / C, R\ X (s,2) — X"(s,2)|ds
0

+tsup{[b(s,y) — b(s + h,2);0 < s < T, [y, |2| < R, |y ~ 2|* < hR:}

+ /0 o Ib(s + b, X" (([s/] + 1)k, z))

— (X™((Is/h] + 1)h, z) — X" ([s/hh,z))/hlds
+ hsup{|b(s + h, 2)| : [T/hlh < s < T, |z| < R}
+v|Xh(([T/h] + 1)h,z) — X*([T/h]h,z)|,

(5.8).

which completes the proof by Gronwall’s inequality (see [10]). Here we used the

following: for s € [0,T], by (5.4),

X" (s,2) = X" (([s/F] + 1), z) 2
< [X"(Is/]h, ) — X" ((s/R] + 1)h, z) 2
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[T /]
< > IXM((k + 1h,z) — X"(kh,z)* < hRy.
k=0

Q.E. D.
The following lemma will be used in the proof of Lemma 5.4.

Lemma 5.3. (see [11, p. 11, (40)]) Suppose that (A.1)-(A.2) hold. Then for any
feCPR?:R?) and k >0, \

Eo[< f(X®((k + 1)k, z)), X" ((k + V)h,z) — X"(kh, z) >] (5.9).
= —hEy[< VI (X*((k + 1h,2)), F(X®((k + 1)h,z)) >
— divf(X™((k + Dh,2))].

For R > 0, take ¢r € C°(R?: [0, 00)) such that

sup |Vor(z)| < 1/R,

zeR4

- L if |z < R, (5.10).
¢r(z) =4 €[0,1]; if R<|z| < 2R+1,
0; if 2R+ 1 < |,

and put

br(t,z) = dr(x)b(t, x). (5.11).

The following lemma will be used in the proof of Theorem 2.3.

Lemma 5.4. Suppose that (A.1)-(A.5) hold. Then for any R > 0, the following
holds.

[T/h]h .
Tim | / ba(s + b, X" (([s/h] + Dk, z))2ds] (5.12).
- 0

T
= / ds / br(s,y)*p(s, y)dy.
0 Rd
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(T /hin .
lim | / < bp(s+ b, X"(([s/h] + Db, z)) (5.13).
0
, (X™(([s/R} + 1)h, ) — X"([s/h}h, x))/h > ds]
T
= / ds / < br(s,9),b(s,y) > p(s,y)dy.
0 Rd

(Proof). We first prove (5.12).

[T/h]k o
Fol / 1bR(s + b, X" (([s/h] + )k, z))[Pds] (5.14).
[T/h]h
- / ds / ba(s + hyy)Ppn(s + ) dy
0 R4

T
— / ds/ lbr(s,v)|*p(s,y)dy (as h — 0, by Theorem 1.1).
0 R4

Next we prove (5.13). By Lemma 5.3 and Theorem 1.1,

(T /hlh .
Eo| /O < ba(s + b, X" (s/h] + )b, 2)) (5.15).
, (X" (([s/h]) + )R, z) — X"([s/h)h,z))/h > ds]
[T/h]R
—_ /0 Fol< VU(X™([s/h] + 1), 7))
,br(s+ h, X"(([s/h] + 1)k, z)) >
— divgbr(s+ h, X®(([s/h] + 1)k, z))]ds
[T/h}h
_ —/ ds/ (< VE(y),br(s + h,y) >
0 R4
— divybr(s + h,y))pr(s + h,y)dy
T
~= [ as [ (< V), brlsn) >
0 Rd
— divybr(s,))p(s,y)dy (as h — 0)
T
- / ds [ <blo.)bals,v) > plo)dy,
0 R4

since divybr(s,v) is bounded and continuous on [0, T + 1] x R% by Theorem 2.1 and

Lemma 4.1.
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For h € (0,1), k>0, s > kh, z € R? and R > 0, put

@Z’R(s,x) =z + (s — kh)br(kh, x),
D@’;,R(s, x)(= qu)ﬁ,R(s,x)) = Identity + (s — kh)(0b%(kh, 9:)/63:]-)‘3,]&1, (5.16).
¢k r(z)dz = (pf(z)dz) Prm DRI,
provided that it exists.

The following lemma will be used in the proof of Lemma 5.8.

Lemma 5.5. Suppose that (A.1)-(A.5) hold. Then for R>0andk=0,---,[T/h]—
1, there exist mappings {@ﬁ r(s, -)‘1}kh53s(k+1)h for sufficiently small h > 0 depend-
ing only on T and R, and the following holds.

[T/h]—1
lm Y Eollogdh a(@f nl(k+ Db, X"(kh,2))) (5.17).
7 k=0

— log pi (X" (kh, z))]

T
- _ / ds / divzbr(s,y)p(s,y)dy.
0 Rd

[T/h]—1
Lim ’; Bol¥(®F n((k + 1)k, X (kh,))) — ©(X"(kh,z))]  (5.18).

T
_ / ds / < VU(y),br(s,y) > p(s, v)dy.
0 Rd

(Proof). Take h € (0,1) sufficiently small so that

d
hsup{( ) 10bix(s,z)/0z;/*)/? : 0< s < T,z e R%} < 1, (5.19).
i,5=1 .

which is possible from Theorem 2.1 and Lemma 4.1. By (5.19), the proof of the first
part is trivial (see [10]).
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Let us prove (5.17). Since

ar,r(®) = PE(®F r((k + 1)h, )7} (2))det (DB}, p((k + 1)k, -) " (x))

for k=0,---,[T/h] — 1 and z € RY,

Bollog ¢ a(®% r((k+ D, X (kh,2)) - log b (X*(Kh,2)]  (5.20).
= Eo[—log{det(D®}, p((k + 1)h X*(kh,2))}]

(k+1)R
=_ / Eol ) sgnaZD br(kh, X" (kh, z))e®
k

h c€Sy i=1

x I DOF p(s, X" (kh, )7
x det (D] (s, X" (kh, 1))}

(k+1)k
/ / Z sgnaZD bR(kh )@
kh

gESy
x Iz D®F; p(s, y)’a(’){det(D‘I’h,R(S, )} pr(s, y)dyds.

Here Sy denotes a permutation group on {1,---,d}. By (5.20), we obtain (5.17) as
follows:

[T/h]-1

Y Eolloggf, r(2% p((k + 1)k, X*(kh, 7)) (5.21).
k=0

— log pf (X" (kh, z))]

[T/R]R
= —-/ ds/ Z sgnaZD br([s/h)h,y)"®

o€Sy =1
x T DO (5, 4170 {det (DB (5,4)) )~ pn (5, 9)dy

T
. / ds / divybr(s,y)p(s, y)dy
0 " JR4

as h — 0, by Theorem 1.1, the smoothness of br, and the bounded convergence

theorem since D@E’/; ) (s,9) is bounded and converges to an identity matrix as h — 0
(see (5.16)).
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Next we prove (5.18). For k =0,---,[T/h] — 1,

Eo[¥(25, r((k + Dh, X" (kh, 2))) — U(X"(kh, 2))] (5.22).

(k+1)h
- / Eol< V(@ g(s, X"(kh, ©))), br(kh, X" (kh,z)) >ds
h

(k+1)h

k
=/ [R < V(@5 r(s,1)), br(kh,y) >pr(s,y)dyds.

By (5.22), we obtain (5.18) as follows:

[T/h]-1
> Eo[¥(®f r((k+ 1)h, X (kh,z))) — U(X"(kh, z))] (5.23).
k=0

[T/h]K 5
- / ds / < VE@E (s, 4)), br([s/hlh,y) >lpa(s, v)dy
0 R4
T
— / ds / < V¥(y),br(s,y) > p(s,y)dy
0 Rd

as h — 0, by Theorem 1.1 in the same way as in (5.21).

Q. E. D.

The following lemma will be used in the proof of Lemma 5.7.

Lemma 5.6. (see [12, p. 6, (15)]) For any o € (d/(d + 2),1), there exists a positive
constant C such that the following holds: for any R > 0 and any probébi]ity density
function p on R? for which M (p) < oo (see (1.2)),

/ (=) log p(a) | de (5.24).
|z|>R,p(x)<1
< C'(R2 + 1)(_(2+d)°‘+d)/2(M(p) + 1)<

The following lemma will be used in the proof of Lemma 5.8.
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Lemma 5.7. Suppose that (A.1)-(A.2) hold. Then the following holds:

lilrzniglfF(pEP/h]) > F(p(T,-)). (5.25).

(Proof).

F(pi /™) (5.26).
- / Nog piT/M () + (2)]plT™ () de
Rd

> [ o Pl (@) log il /™ (@) d
Pp (z)<1,|z|>R

+ / i M(@) log pif /™ (z)dex + / ¥ (2)pT /™ (z)dz.
jzl<R |z]<R

The first integral on the right hand side of (5.26) can be considered as follow: by
Lemmas 5.1 and 5.6, and (A.2),

lim sup lim sup | / pEp/ h](w) log p{r/ g (z)dz| =0, (5.27).
R—oo  h—0 JplI/M(z)<1,|z|>R
since
MMy < 2Bo(|X™(IT/h]R, z) — 2I?] + 2Eo[|zl?] (5.28).
[T/h]—1
< 2([T/R}) Z Eo[| X"((k+ 1)h,z) — X™(kh,z)|*]
k=0
+ 2Eo)%|?].

The third integral on the right hand side of (5.26) can be considered as follow:
by Theorem 1.1,

lim \Il(a:)pg‘r/ h](m)d:c= / U(x)p(T, z)dx (5.29).
h—0J\|zi<R lz|<R

— / U(z)p(T,z)dx (as R — o0).
Re
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The secod integral on the right hand side of (5.26) can be considered

by Jensen’s inequality (see [1]) and Theorem 1.1,

/ pg_r/ g (z) log pE/ h] (z)dz

|z|<R

> / P (z) log p(T, z)de
Jz|<R

- [ @dog([  pTodss [ @)
|z|<R lz|<R lz|<R

— p(T,x)logp(T,z)dx (as h — 0)
lz|<R

— / p(T,z)logp(T,x)dx (as R — 00).
Rd

as follow:

(5.30).

Q.E.D.

The following lemma will be used in the proof of Theorem 2.3.

Lemma 5.8. Suppose that (A.1)-(A.6) hold. Then

[T/h]—-1
lim sup Z Eo[th((k + Dh,z) — Xh(kh,:c)lz]/h

- k=0

T
< / ds / b(s, 9)|*p(s, y)dy.
_ 0 R

(Proof). For k=0,---,[T/h] — 1 and R > 0,

Eo[| X" ((k + 1)k, z) — X"(kh,z)*]/h = d(pf, ok T)* /R
< Eol|®f, r((k + 1)k, X"(kh,)) — X"(kh,z)|*/h]
+2F(gf ) — 2F (™)
= 2F(gf, ) — 2F(p}) + E[hlbr(kh, X" (kh,x))I?]
— 2F(p*) + 2F (pf)
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(see (1.4), (1.10)-(1.13) and (5.16)). By Lemma 5.5,

[T/h]-1
lm ) (F(ghr) — F@R) (5.33).
k=0

T
—_ / ds / < br(s,9),b(s,9) > p(s,9)dy
0 Rd

T
L / ds / 1b(s, ) |2p(s, y)dy,
0 Rd

as R — ooc.

It is easy to see that the following is true: by Theorem 1.1 and the continuity of
b(t, ),

[T/h)-1
> Eolhlbr(kh, X" (kh,x))] (5.34).

k=0

(/i
- / ds / br((s/hlh, v)2pn(s,y)dy
] Rd
T
N / ds / ba(s,9)*p(s,9)dy  (as h — 0)
0 Rd

T
S / ds / b(s,5)Pp(s,9)dy (a5 R — 00).
0 R4

By Lemma 5.7, we obtain the following:

[T/h]—1

lmsup > {~F(}™) + FeR)} | (5.35).
- k=0

T
< PG+ FE0,) = [ ds [ pe0)Pots,a)de.

Let us prove the equality in (5.35) to complete the proof.

— F(p(T, ")) + F(p(0,-)) (5.36).
[8C.T]

= Y {-F(p(min((k +1)/(3C4),T),")) + F(p(min(k/(3Cs), T), "))}

k=0
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(see (3.3)), and for s and ¢ for which 0 <t < s < t+ 1/(2Cy),

~F(p(s, )+ Plolt. ) = | du |, b 2)Pp(u,a)ds, (5.37).

This is true, since

/ p(s,2)dzP(Z°(u, (t,2)) € de) = p(t+ s —w,z)dz (t<u<s)  (5.38).
R

by (4.4) (see [7] or [16]), and henceforth

— F(p(s, ) + F(p(t, ) | (5.39).
= [ #s.2)dsBllogp(t, 2°(5, (1, 2)) + 1(Z*(5,1,)

— logp(s, 2) — ¥(z)]
= /ts du/de(t—l— s —u,z)dz|b(t + s —u, z)|>

Let us explain the reason why the last equality in (5.39) holds. For z € R% and
R > 0, by the Ito formula (see [8]) and (4.6),

 Bllogp(t + s — T3t 2), Z°(rh(t, 2), (¢, 2))) (5.40).
+ ‘I’S(Zs (T2(t, 2), (t, 2))) — logp(s, 2) — ¥ (2)]
B /t o logp(t 4 5 — u, Z%(u, (t,2)))/Ou
b Aglogp(t+ s — u, Z°(u, (4, 2))) + AU(Z* (u, (£, 2))
b < 2V, logplt + 5 — u, Z°(u, (£, 2))) + VU(Z* (u, (£, 2)))
Ve logp(t + s — u, Z°(u, (t, 2))) + VU(Z*(u, (t, 2))) >}du]

TR(t,2)
_ B / bt + 5 — u, Z°(u, (¢, 2)) ] (by (4.8))
— E[/S bt + s —u, Z°(u, (t, 2))?du] (as R — o)

by Lemma 4.2. On the first part of (5.40), we have the following:
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Ellogp(t + s — T3(t, 2), 2°(13(t, 2), (¢, 2))) (5.41).
+U(2° (73(8, 2), (¢, 2)))]

= Ellogp(t, Z°(s, (t,2))) + ¥(2°(s, (,2))); TR (¢, 2) = 8]
+ Ellogp(t + s — m3(t, 2), Z°(7&(t, 2), (¢, 2)))

+ U (Z° (rR(t, 2), (t, 2))); TR(E, 2) < 8],

and

Eflogp(t, Z°(s, (t,2))) + ¥(Z°(s, (¢, 2))); TR (E, 2) = s (5.42).
— Eflogp(t, Z° (s, (t, 2))) + ¥(Z°(s, (£, 2)))] (as B — o)

by Lemma 4.2, and

E[I ]‘ng(t + 85— ‘T%(t, Z), Zs (le(ta z)’ (ta Z))) (543)
+ (2Tt 2), (6 2)) TRt 2) < 8]
< sup{E|[|logp(u,y) + ¥(y)|; 0 < u < s,|y| = R}P(7&(t,2) < 5)

— 0 (as R — o0),

by Lemma 4.4, since

sup{ B[ log p(u, y) + ¥(y)};0 < u < s, ly| = R}/(1 + R?) (5.44).

is bounded in R by Theorem 2.2, (A.3) and the Taylor expansion.
Q. E. D.

Let us finally prove Theorem 2.3.
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Proof of Theorem 2.3.

For Ry > 0 and € > (hRy)Y/?,

Py( sup |X(t,z) — X"(t,z)| > 2€) (5.45).
0<t<T v

(T/h] .
< Po( Y IX*((k+ Dh,z) = XP(kh,2)/h 2 Ra)
k=0

+ Py(|1X(0,2)| = [X"(0,z)] > Ru)
[T/h]

+Po( > |1X*((k + h,z) — X*(kh,z)|*/h < Ry,
k=0

1X(0,2)| = [X"(0,2)| < Ry, sup |X(t,z) — X (t,z)] = ).
0<t<T

This is true, since for ¢ € [kh, (k+ 1)h] (0 < k < [T'/h))

X" (t,z) — X"(t,)|
= |(t — kB)[X™((k + 1)h, z) — X"(kh,2)]/Al

< | X"((k + 1)h, ) — X(kh, )|
(T /]
< {37 1XP(( + Db, ) — X (ih, )2},

i=0

The first and the second probabilities on the right hand side of (5.45) converge
to zero as h — 0 and then R; — oo by Lemma 5.1 and Chebychev’s inequality (see
[1]). Let us show that the third probability on the right hand side of (5.45) converges
to zero as h — 0. By Lemma 5.2 and Chebychev’s inequality (see [1]), we only have

to show the following:

[T/h]h .
0= ’{1_131(.) Eo[/0 [b(s + h, X (([s/h] + 1)h,x)) (5.46).
— (X™(([s/h] + 1), z) — X" ([s/h]h,z))/hlds].
Let us prove (5.46). For R’ > 0,
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[T/R]k . .
Eo| /0 1b(s + h, X" (([s/h] + 1)h, z)) (5.47).
— (X™(([s/R] + 1)k, z) — X"([s/R]h, x))/h)|ds]
(T /h)h . -
< B /0 Ib(s -+ B, X" ([s/h] + 1)k, 2))
— ba(s+ h, X" (([s/h] + D)k, z))|ds]
(T /mh .
+ (TEo| /0 Ibr: (s + b, X*(([s/h] + 1)h, z))
— (X™(([s/h] + Dk, z) — X*([s/h]h,x))/h)|2ds])*/?

(see (5.10)-(5.11)).
The first part on the right hand side of (5.47) can be shown to converge to zero
as follows: by (5.2) and Chebychev’s inequality (see [1]),

[/h]h .

Bo| /O 1b(s + h, X" (([s/h] + 1)h, 2)) (5.48).
—brr(s+ 1, X" (([s/h] + 1)h, z))|ds]
T : .

< / Eo[C(B)(1X™(([s/h] + 1)k, z)| + 1)
X" (([s/h] + 1)k, z)| > R)ds
T

< / /R CO) (2| + 1)2/(B + 1)pa(s + h, )duds
0 d

<20(0)T( sup M(pa(s, ) +1)/(R +1),

0<Ls<T+h

which converges to zero as h — 0 and then R’ — oo by Lemma 5.1 and (5.28).

By Lemmas 5.4 and 5.8, the second part on the right hand side of (5.47) converges

to zero as h — 0 and then R’ — oo.

Q.E. D.
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6. Proof of Theorems 2.4 and 2.5.

In this section we prove Theorems 2.4 and 2.5. We fix T' > 0.
Let us first prove Theorem 2.4.

Proof of Theorem 2.4.

For {S(t,)}o<t<T ccr¢ € AT,

T
Eo| /0 1dS(t, ) /dedt] 6.1).
T T .
> 2By / < bt S(t,2)), dS(t, 5)/dt > df] — Bo| / Ib(t, S(t, )2,
0 0

and

Eol /0 < b(t, S(t, 1)), dS(¢, z) /dt > dt] (6.2).
= —Eollog p(T, S(T, z)) + ¥(S(T, z)) — log p(0, S(0, z)) — ¥(S(0, z))]

T
n /0 dsEo[dlog p(s, S(s, z))/9s]
= —Eollogp(T, X (T, )) + ¥(X (T, z)) — log p(0, X (0,2)) — ¥ (X (0,2))]

T
+ /0 dsEo[dlog p(s, X (s, z))/0s]
T T
_ By /0 < b(t, X (t,2)), dX (t,2) /dt > dt] = Eo| / b(t, X (8, 2)) 24
0

by Theorem 2.3, and

T | T
/0 Eollb(t, S(t, z)|2]dt = /0 Eollblt, X (¢, z))|%]dt. (6.3).

In (6.2), we used the following:

T
/ ds/ |0 log p(s,y)/0s|p(s,y)dy < oco. (6.4).
0 R4

Let us prove (6.4) to complete the proof. By (4.8), (A.3) and Theorem 2.2, we

only have to show the following:
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T .
/ ds/ |Ag log p(s, z)|p(s, z)dx < oo, (6.5).
0 R4

since by Theorem 1.1,

sup M(p(s,-)) < oo. (6.6).
0<s<T

(6.5) can be shown by the following: by (5.38), for ¢ = 1,---,d, in the same way
as in (4.26),

T

/ ds / 162 log p(s, z) /822 2p(s, z)dz 6.7).
0 Ré

T
5/0 ds/Rd |0:V = logp(s,:c)lzp(s,x)dm

T

- / p(T, 2)dzE( / < 8V, logp(T — t, ZT (¢, (0, 2)), AW (£) >)2]

R4 0
N / p(T, 2)dzE[(; log p(0, ZT (T, (0, 2))) — 8; log p(T, 2)

Rd

+ / N BAU(ZT (5 0,94 < BVE(ET( (0,2)))
0

, Vo logp(T — ¢, Z7(¢,(0, 2))) >]dt)?] < oo,

by (A.3), (A.6), Theorem 2.2, (6.6) and Lemma 4.2.
Q. E. D.

The proof of Theorem 2.5 can be done almost in the same way as in Theorem

2.3. The following lemma plays a similar role to that of Lemma 5.1.

Lemma 6.1. Suppose that (A.1)-(A.6) hold. Then the following holds: for h € (0,1)

o |
3" BollX*((k + k) - X*(kh, )P}/ 69).
k=0

T+h
< / Bollb(s, X (s,2))|2ds] < oo.
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(Proof). The proof is done by the following: for any k=0, - -, [T'/Al],

Eo[|X™((k + 1)h,z) — X" (kh, z)|*] (6.9).
(k+1)h
< Eo[| X ((k+ Dh,z) — X (kh,z)") < h / Eo[lb(s, X (s, z))|*ds]
kh

(see (2.11)) by Schwartz’s inequality.
Q. E. D.

The following lemma can be proved in the same way as in Lemma 5.2 and the

proof is omitted.

Lemma 6.2. Suppose that (A.l)‘-(A.6) hold and that h € (0,1). For R; > 0, suppose

that
1X(0,z)| = |X"(0,z)| < Ry,
and that
[r/m )
> |1X*((k+ 1)k, z) — X"(kh,z)[/h < R1.
k=0

Then for R > 0 for which

R > max((R1 + CO)(T + 1)) exp(CO)(T + 1)), Ry + (T + )R:)V?),  (6.10).

the following holds: for ¢ € (0,71,

| X (t,z) - Xh(t,fc)vl (6.11).
/M ) )
< {/ |b(s, X" (s, 2)) — (X"(([s/h) + 1)h, ) — X"([s/h]h,z))/hlds
¢}
+ hsup{|b(s, 2)| : [T/h]h < s < T, |2| < R} + (hR1)*/?} exp(tC (b, R)).

Let us finally prove Theorem 2.5.
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Proof of Theorem 2.5.

Let us prove the first part of Theorem 2.5. For {S(¢,%)}o<i<T,sere € AT,

[T/R]h
/ Eol|d%™ (¢, ) /dt[?|dt
0
[T/h]—1 ) i
= 3 Bl XMk + 1)h,z) — XP(kh, )] /h

oy
< S BollS((k+h,z) - Sh,2)*I/h

k=0

[T'/h]k
< / EolldS(t, z)/dt?)dt,
0 .

(6.12).

where the equality holds if and only if dS(¢,z)/dt = dX"(t,x)/dt dtPy(dzx)-a.e. by

definition (see (2.11)).

Let us prove the rest part of Theorem 2.5. In the same way as in (5.45)-(5.48),

we only have to show the following:

[T/h]h _ .
/0 Bollbr (5, X" (s,2)) — (X*(([s/h] + 1)k, )
_ Z*([s/hlh,2))/hP)ds — 0

as h — 0 and then R’ — oo. Let us prove (6.13).

[T/h]R B _
/O Bollbr (5, X" (5,2)) — (X"((ls/h] + 1)k, z)
— X*((s/Hh, 2))/[ds

[T/h]h -
_ / Eollbr: (s, X" (s, 2))|*]ds
0

[T/h]h B 5
9 / Bo[< b (s, X(s, 2)), (X™(([s/h] + 1)k, z)

— X" ([s/h]h,z))/h >]ds
[T/R]

+ Y BollX"((k + Dh,z) - X"(kh,z)}/h,

k=0
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and by Lemma 6.1, we only have to show the following:

[T/Hlk ) T
/0 Bollbr (5, X" (s, ) 2}ds — / Eollb(s, X (5, 2))|2)ds,
[T/h]h B ~
/ Eol< br:(s, X(s,2)), (X*(([s/h] + )h, z)
0

~ X"([s/h)h,z))/h >]ds — /T Eo[lb(s, X (s, z))*)ds,
0
as h — 0, and then R’ — oo.

(6.15) can be shown as follows:

[T/h]h -
/ E0[|bR/(S,Xh(S,_.’12))|2]dS
0

[T'/h]h 5 _
- / Bollbr: (s, X(s,2))* — [brr (s, X"([s/], ) }ds

[T/hlh i
+ /0 Eo[|br (s, X" ([s/R)h, z))*]ds.

The first part on the right hand side of (6.17) can be considered as follows:

[T/h]h 5 _
/O Eollbr: (s, X" (s, 2))[? — b (s, X"([s/]h, ))P)ds

<2 sup IbR' (87 )loo sup |Dsz’ (37 )loo
0<s<T 0<s<LT

[T/R)h B _
v /0 Eo| X" (s, z) — X" ([s/h]h,z)|)ds,

and

[T/R]h
/0 Eof| X" (s,2) — X"([s/h]h,)[)ds

[T/Rh]-1 :
<hEol Y |X*((k+ 1h,z) - X (kh,2)|]
= [T/h)-1
< h([T/KEo[ > |X*((k+1)h,z) — X (kh,z)[*])}/?

k=0
—0 (ash—0),
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by Lemma 6.1 (see below (5.8)). The second part on the right hand side of (6.17)

can be considered as follows: by the continuity of p,

[T/h]h _ v
/0 Eollba: (s, X™([s/h]h, z))[*|ds (6-20).
[T/h]h
_ / / Ibr: (5,9)20([s/ kR, y)dyds
0 R4
T
- / / bR (s,9)1*p(s,y)dyds (as h — 0)
0 R4

T
— / / b(s, y)|*p(s,y)dyds (as R’ — o0),
0 R4

since Pg{h(kh")_l(dy) = p(kh,y)dy for all k > 0.
Let us prove (6.16). By (5.10)-(5.11),

[T /h]h
- /O Fol< b (s, X%(5,2)), (X*(([s/H] + L)k, z) (6.21).
— X"*([s/h)h,z))/h >]ds
= Eo[¢r (X™([T/R)h, z)){log p({T/h]h, X*([T/h]h, x))
+ U(X™([T/R)h, )} — R (z){logp(0, z) + ¥(z)}]
- /o[T/h]h Eolpr (X"(s,z))0log p(s, X"(s,z))/8s
+ < Vor (X" (s,2)), (X™((Is/h] + 1)h,z) — X"([s/hlh,z)) /b >
x {logp(s, X" (s, z)) + ¥(X"(s, z))}]ds.

In the same way as in (6.18),

Eol¢r (X" (IT/h)h,z)){log p(IT/h]h, X*(IT/ k], z)) (6.22).
+U(XM([T/h]h,z))} - ¢r () {logp(0, ) + ¥(z)}]
- /0 o Elgr (X" (s, x))0log p(s, X" (s,z)) /0s]ds

— Eolgr (X(T, z)){log p(T, X(T, z)) + ¥(X (T, z))}
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— ¢r (2){logp(0,z) + ¥(z)}]
T

- / Bolér (X (s,2))0logp(s, X (5,2))/0slds  (as b — 0)
0

T / ! E[lb(s, X (5,2))/"lds (a3 R' — o0)
0

by Theorem 1.1 and (6.4).
On the last part on the right hand side of (6.21),

[T/h]h - -
/0 Eol< Vor (X"(s,)), (X"(([s/h] + 1), ) (6.23).
— X" ([s/h]h,z))/h > {logp(s, X"(s,z)) + T(X"(5,2))}]ds
= [ Bel< Von (R (5,2 logp(s, X :0) + $(E"5,2))
— Vér (X" ([s/hh, z)){log p(s, X" ([s/ AR, z)) + T(X"([s/h]h,2))}
,(XP(([s/h] + Dh,z) — X"([s/hlh,x))/h >]ds
[T/h]h - -
+ [ Bol< Vibm (X s/ kb, 2)) Qog pls, X" 1o/ h,2)
+ U(XM([s/Rh, 2)}, (XP(([s/h] + Dk, z) — X"([s/hlh, 2))/h >]ds.
The first part on the right hand side of (6.23) can be shown to converge to zero as

h — 0 in the same way as in (6.18)-(6.19), by Lemma 6.1. On the second part, we

consider as follows:

[T/hlh ) 5 _

/O IBol< Tz (X (is/H]h, 2)) {logp(s, X" ([s/Alh, ) (6.24).

- U(EP(s/Hky )}, (RP((s/B] + Dby ) — X*([s/Blh, ) /B >]ids
[T/h]h

<( / ElVér (X (s/hlh, 2)){log p(s, X (s/h]h, 7))

+ WX ((s/Mh, )} Pds))
[T/h]R B B

% ( / E[|(R™((ls/M + L)k, z) — X ((s/h]h, z))/hl2ds])"/2

— 0,

as h — 0and R’ — oo by Lemma 6.1, the continuity of p, and (5.10), since for y € R?
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Vo r (y){logp(s,y) + T(®)}| | (6.25).
< Ip or+y@)(R) 11+ 2R+ 1)%)|log p(s, y) + T W)/ A + ly*),

and since

sup{(|logp(s,v) + L)/ + |yl : 0 < s < T,y e R'} < 00 (6.26).

by (A.3), Theorem 2.2 and the Taylor expansion, and since M (p(t,-)) € L>=([0,TY; dt)
by Theorem 1.1.

Q.E. D.

7. Proof of Proposition 1.1.

In this section we prove Proposition 1.1.
Since F*(X"(nh,x)) is uniformly distributed under Po, (1.28) is true (see [23]).
Inductively one can show that (1.29) is true, since for a distribution function F

on R

FFYz)=2z (O0O<u<l) (7.1).

(see [18, p. 18], or [24]). To prove (1.30), let us first show the following:

lirl?sup Xh(t,z) < F7HFo(z)). (7.2).
—0

Suppose that there exists a sequence of positive numbers {hn}n>1 such that h, — 0

asn — oo and that forn > 1

Xt (t,z) 2 Fy (Fo(z)) +6 (7.3).
for some 6§ > 0, ¢t > 0 and x € R. Then by (1.29), (7.1) and Theorem 1.1,
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| Ro@) = UM (Xt (t,2)) > P (B (Ro(e)) + 6) (.4).
B (Fo(a)) + 8) > Fala),

as n — oo, which is a contradiction.

In the same way as above, we can show that

lim inf Xh(t,xj > F7 Y (Fo(x)). (7.5).

Q. E. D.

REMARK 7.1. It is easy to see, formally, that X (¢,z) = F; (Fo(z)) is a solution to
(1.14). In fact, by (7.1),

Ft(X(ta 213)) = Fo(:l)), : (76)

from which we obtain, formally,

BF,(X(t,2))/0t + (OF, (X (¢,2))/0z)dX (t, z)/dt = 0. (7.7).

By (1.8), we formally obtain the following:

OFy(z)/0t = Op(t,x)/0x + (d¥(z)/dz)p(t,x) (t >0,z € RY). (7.8).
(7.7)-(7.8) implies that X (t,z) = F; !(Fo(z)) is a solution to (1.14), under some

additional assumption on p to justify (7 .7)-(7 .8).
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