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Global existence of classical solutions to systems of

nonlinear wave equations with different speeds of propagation
Dedicated to Professor Rentaro Agemi on his 60th birthday

Koéji KUBOTA and Kazuyoshi YOKOYAMA

Abstract This paper is concerned with a system of nonlinear wave equations in three

space dimensions
02 vt — 2 Aut = F¥(u, du 0%u), i=1,2,---,m
t 4 ' ’ ) 3 g 3 S 5 11,

where 0 < ¢; < ¢g < -+ < . We prove the global existence of classical solutions to

the system with small initial data, provided It satisfy “Null condition”.

§1. Introduction.

This paper is a continuation of a previous paper [21] on global (in time) existence
of small amplitude solutions to a system of quasilinear wave equations with different
speeds of propagation. Indeed, the second author studied in [21] the system stated in
the above abstract for the case that F* dépend only on the first and second derivatives
du, 82u of u, i.e., that F* = F*(0u, 0%u). The purpose of the present paper is to extend
the results of [21] to the case where I"* = ["(u, Ou, 8%u) depend explicitly on u as well
as Ou and O%u. As a result, we will refine the proof of the main theorem in Klainerman
[14] which deals with the case of one speed of propagation, i.e., 7n = 1, in the sense that
we do not need to make use of the vector fields L; = 2; 9; +1t 0;, j = 1,2,3, where
Oy = 0/0t and 0; = 0/0 ;.
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We consider the following Cauchy problem

(1.1) [; u? = 02 vt — ¢ Aut = Fi(u, Ou, 0%u)
in (0,00) xR3 i=1,2,---,m,
(1.2) u(0,z) = ¢ fi(z), O u'(0,2) =€ g*(x)

for zeR3 i=1,2---,m,

where ¢1,¢a,- -, ¢y are positive constants different each other, say, 0 < ¢; < 2 <

- < Cm, f* and g¢¢ are fixed functions in C$°(R3) and ¢ is a positive parameter
which serves to measure the amplitude of the initial values. Here u® = u'(l,z) =
(ui(t,x), ub(t,x), -+ ,ul (t,2)) is a vector of p; real valued functions of (¢,) € [0, c0) x
R3, w = (ul,u?,--- ,u™) a p -vector, where p = p1 + p2 + -+ + Pm, 0 = (04, 0;),
0y = 0o = D)0, O, = (01, Oa, 03), 8; = 0/0z; for j = 1,2,3,A = 3"_, 02 and 0%u
stands for the second derivatives of u. For convenience we will often denote Ju and 0%u
by u’ and u”, respectively. Moreover F*(u, u’, u”) is a vector of p; real valued functions

of (u, v/, u"), belonging to C*®(R?!?), such that

(1.3); £%0,0,0) =0, i=1,2,---,m
and
(1.3), (F%(0,0,0) =0, 4=1,2,---,m.

Here and in what follows we denote by (F*)(u, v/, u”) the first derivatives of I'* with
respect to (u, v, u”) and by 8, F*(u,u’;u") the first derivatives of F*(u, u/, u") with

respect to u, and so on.

Remark. The hypothesis (1.3); implies that the Cauchy problem (1.1)-(1.2) has
a trivial solution u = 0, provided £ = 0. Moreover the condition (1.3); means that the
linear part of (1.1) coincides with [J;. For the smoothness of F' it is sufficient to assume
that F*(u, u', u”) is of class C* on a neighborhood of (u, v/, u") = (0,0,0). However

such a function F* can be always extended to the whole space R?!? by multiplying a



cutoff function. For the sake of simplicity of description we have therefore assumed that
Pt € C®(R2P),

We shall assume without loss of generality that the system (1.1) is quasilinear, i.e.,

that F"*(u, v/, u") is linear in u”, hence one can write

m 3
(1.4), Fitu, o', V=Y Y A%(u, o) 8,007 + B(u, «)
1.4 : )=, 2 Al , . ,
i=1 a,b=0
for i=1,2, ,m,
where A% (u, u') is a p; X p; matrix function of (u, ') € R? x R* and v’ are regarded
(%] ) ] ? p] ? g

as column vectors. (See for instance Courant and Hilbert [4], chapter I, §7). We suppose

that
(1.4)2 Ai-’j(u, u') :A‘i’;’(u, v) for a, b=0,1,2,3 and i, j=1,2,---,m,

since only classical solutions are considered in this paper. Clearly, conditions (1.3) and

(1.4); imply that

(1.4)3 A%0,00=0 for i, j=1,2,---,m, a, b=0,1,2,3
and
(1.4)4 B%0,0) =0, (BY'(0,0) =0 for i=1,2,---,m.

In order to assure the existence of local (in time) solutions, we also require that
the system (1.1) can be reduced to a symmetric hyperbolic system of the first order.

Namely, we assume that the p X p matrices
(Agyb(ua 'll/); 6 J=12,-- ,'ITZ)
are (real) symmetric for a, b = 0,1, 2,3, where A;‘;’(u, u') are given by (1.4)1, i.e., that

(1.5) A% (u, W) =tAP(u, v') for 4, j=1,2,---,m, a, b=0,1,23,
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where t A stands for the transposed matrix of A.
Let F“2(u, ', u") be the quadratic part of Taylor’s expansion for Féo(u, o, u")

about (u, 1/, u”) = (0,0,0). Then by the assumptions (1.3) and (1.4); one can write

(L6)  Fiu, o, w) = F2(u, o, o)+ O((ul + /1) (jul + [&/] + [u"]))

for (u, v/, ") mnear (0,0,0).

We shall divide all terms of the homogeneous polynomial o2 (u, v/, ¢') into two group

as follows.
S (1.7) Fo2(u, du, ?u) = Ni(ut, Ou’, 0%u’) + Ri(u, Ou, 0%u),

where N*(ut, dut, 0?u’) is a homogeneous polynomial only in (u?, du’, 8%u?) of degree
2, and Ri(u, Ou, 0%u) a homogeneous polynomial in (u, du, 0%u) of degree 2 which is

linear in (u?, Ou?, 0%u?), i.e., R satisfies
(1.8) 02 R'(u, Ou, 0*u) =0 for i=1,2,---,m,

where w stands for (uf, Ou?, 9?u?). Then we assume that for each : = 1,2,---,m the
polynomial N(u?, du?, 9%u’) satisfies the null condition in the sense of Christodoulou
[2], which is stated as follows.

Let 4f, v, w € RP and X = (Xo, X1, X2, X3) € R4 be numerical vectors. By
Ni(@, v, w; X) we denote the polynomial N*(u?, du’, 9% u’) with u?, Oy u* and
9y, u’ replaced by @, X,v and XpX.w, respectively, for a,b,¢ = 0,1,2,3. Then the

null condition means that for each 7 = 1,2, --- ,m the following identity

(1.9), Ni(it, v, w; X*)=0
holds for any vector @, v, w € RP and X = (Xo, X1, X2, X3) € R* satisfying

X2 =A(X2+ X2+ X3).

(See also Klainerman [13], [14], John [9], [10], Katayama [11], and Agemi and Yokoyama
[1])-
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In particular, the conditions (1.4); and (1.9); imply that Ni(u’, du’, 9% u’) is of
the following form
. . . . . . . p’i . . .
(1.9), Ni(u?, oul, 0%ut) = N©(du', %u’) + ) ul(DAY/0u%)(0,0) O; o',
j=1

where N©(9u?, 02u?) = N*(0, du?, 9%u?). (For the proof see Appendix below). Clearly
the condition (1.9); also implies that

(1.9)3 NO(e, w; X*) =0
holds for any v, w € R? and X* = (X°, X!, X?, X3) € R* satisfying
X3 =cA(X?+ X3+ X3),

where Ni°(v, w; X?) = N¥(0, v, w; X?). (For what the condition (1.9)s means see the

proof of Proposition 2.5 in the next section, in particular (2.48)).

" Unfortunately, we must also require that the polynomial Ri(u, Ou, 0%u), given by

(1.7), does not explicitly depend on u, i.e., we assume that
(1.10) Oy Ri(u, v/, v")=0 for i=1,2,---,m.

Then we write

R = R (v, v") = RY(Ou, 0%u).

In what follows we call N®0(du?, 62 ) and R*(Ou, 0%u) “Null form” and “Resonance

form” respectively, provided (1.9)3 and (1.10) hold.

In the case where the number of speeds of propagation is more than or equal to
2, i.e., where m > 2, we must impose an extra condition on F" which may be perhaps
removed. This is caused by the fact that the solution w’(¢,z) of (1.1) has a loss log
(1 + 1) of decay rate on the characteristic cone |z| = ¢; ¢, more precisely, that |u*({, )|
behaves in general like

(1+1)71 (1+log(1 +1))



6

on |x| = ¢; t. (See (3.28) with v = 0 and (2.10); below). To overcome this difficulty we
assume that F'* satisfy one of the following three hypotheses (A);, (A)2 and (A)sz. (See
Corollary 6.8 at the end of Section 6).

The first hypothesis (A); concerns the resonance form R!(du, d%u), given by (1.7)
and (1.10). To state this we write

(1.11) RiOu, ®u)= Y R*@uF, 8®u*) + RO0u, ).

1<k<m
k#i

Here R*(0u*, 92uF) is a homogeneous polynomial in (Ou®, 9?u®) of degree 2 and
R%(Ou, 0?u) is linear in (JuF, 92u*) for all k = 1,2,---,m, namely, R®(du, 0%v)

satisfies
(1.12) 2 R®Ou, 0®>u) =0 forall i, k=1,2,---,m,

where w* stands for (Ju*, 82u*). Then we impose the following condition on R** which

is analogous to (1.9)3.

(A); Foreachik=1,2,---,m with k # ¢, the following identity
(1.13) R*(w, w; X*)=0
holds for any v, w € RP* and X* = (X0, X1, X2, X3) € R* satisfying
X3 = ci (X3 + X3 + X3),
where R%(v, w; X*) is defined from R™*(duF, 92 u*), analogously to N (v, w; X?)

with ¢ replaced by £.

The second hypothesis (A)s concerns the domain of dependence. More precisely,
we assume that for each i = 1,2,--- ,m — 1 the equation [J; u* = F" has the speed of

propagation which does not exceed ¢;, say, we impose the following condition on Ee,

(A); TForeachi=1,2,---,m— 1, the function F*(u, «’, v”) is of the following

form.

(1.14) F(u, Ou, 8*u) = Z Z Vi (U, Ou, 0%u)0%u?.

i=1 |al<1



where Cijo(u, v/, u”) is a p; X p; matrix function of (u, ', u”).

The last hypothesis (A)s concerns the cubic part F*3(u, «/, u”) of Taylor’s ex-
pansion for Fi(u, v/, u”) about (u, v/, u”) = (0,0,0). We assume that the parts
of F3(u, v/, u"), which are homogeneous of degree 2 or 3 with respect to u, do not
explicitly depend on u!, u2,--- ,u™ 1. Namely, we require

(A)s Foreachi=1,2,---,m, the polynomial F**3(u, u/, u") is of the following

form.

(115) P9, du, Pu) =Y CiOu, 0Puped + D™, du, 0%u),

j=1
where C’;f (v, u") is a p; X p; matrix function whose elements are homogeneous poly-

nomial in (v’, u”) of degree 2 and D*(u™, du, 6%u) is a homogeneous polynomial in
(u™, Ou, 8%u) of degree 3.

Remark 1.1.  The first hypothesis (A), will guarantee that one can take the
parameter v in the weighted norm (2.13) below to be positive, hence no loss of decay rate
arise. (See Corollaries 5.10 and 5.15 in Section 5). On the other hand, the hypothesis
(A), together with the weighted norm (2.10); will enable us to apply Lindblad [19],
Lemma 1.2 (namely, (6.3)2 below) to deriving a certain energy estimate (i.e., Proposition
6.1 with ¥ = 0 in Section 6), even if the loss of decay arises. (See also Lemma 5.1 in
Section 5).

We are now in a position to state the main results on global solutions of the Cauchy
problem (1.1)-(1.2).

Theorem 1.2.  Assume that the conditions (1.4), (1.5), (1.9); and (1.10) are
fulfilled.

1) Suppose that one of the hypotheses (A); and (A)z is satisfied. Let k£ be a

positive integer with k& > 18. Then there are positive constants €9 and (/' such that for
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any 0 < € < &g there exists uniquely a solution u(¢, z) = (u!(t,z), v?(t, z), - - ,u™(t, z))
€ C®([0,00) x R3) of (1.1)-(1.2) satisfying

(1.16)
(@) |(L + 7+ t)(l—i—log ﬁf—é—t—l) Y e daa)
) ) e 1<|ajsk
X (1+ lr—c; t]) <Ce for (t,z)€ [0, 00) X]Rs, 1=1,2,---,m
and
(1.17) A+ @+ Y, 0% u®)llz <Ce for t20,

1<|ex|<k+8

where r = || and
S 1/2

lle()|r2 = {As lu(t, x)|2 dr} .

2) Suppose that the hypothesis (A); is satisfied. Let k be a positive integer with
k > 14. Let v be a positive number with v < 1/2. Then there are positive constants
g0 and C such that for any 0 < & < gg there exists uniquely a solution u(t,z) €
C*(]0,00) x R3) of (1.1)-(1.2) satisfying

(1.18)
[t )| (L + 7+ (L + |r — e )Y + Z 0% u'(t,z)|(1+71)
1<[a|<k
(A+r—c th™ < Ce for (t,z)€[0,00) xR? i=1,2,---,m
and

(1.19) L+ u@)le+ > 0% u@®)ll2 < Ce for t>0.
1<]e|<k+6

Here the constants £ and (' depend only on k, v, F*, f* and g°.

Remark 1.3. The assumption (1.10) can be somewhat relaxed in a case. Write

R analogously to (1.11), i.e.,

(1.20) R¥(u, Ou, 0%u) = Z R*(uk ouk, 9%uF) + R(u, du, 8%u),
1<k<m
A
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where R*(u¥, ouF, 9%*uF) is a homogeneous polynomial in (uF, duk, 5?u*) of de-
gree 2 and R®(u, Ou, 8%u) linear in (u*, duF, 9%u*) for all k = 1,2,...,m. As-
sume that R*(uF, du*, 6%u*) fulfills the condition (1.9); with ¢ replaced by & hence
R0, duF, 02uF) satisfies (1.13) for each k = 1,2,... ,m with k # i. Moreover sup-
pose that (1.10) as well as (1.4), (1.5) and (1.9); holds with R’ replaced by R®. Then
we see easily that the conclusions of the part 2) of Theorem 1.2 are still valid.

We shall here recall some of the known results on global solutions of the Cauchy
problem (1.1)-(1.2). (For the details see for example [1]-[11], [13]-[16] and [18]-[21]).

First let us consider the case that m = 1 and ¢; = 1, and write (1.1)-(1.2) as

1.1y 0% u— Au=F(u, Ou, 8*u)
in (0,00) xR3 i=1,2,---,m,
(1.2) u(0,z) = ¢ f(z), O u(0,z) =¢ g(x)
for zeR3 i=1,2---,m,
where v = (u1, uz,..., Up). When v is scalar (i.e., p = 1), John studied in [6] the case

where F' = F(u) = |u|? with ¢ > 1, and proved (among other things) that if F'(u) = u?
then nontrivial solutions u(t,z) of (1.1)’-(1.2)’ blow up in finite time for any ¢ > 0,
provided f and g satisfy a certain positivity condition. (See also [10]). Moreover he
obtained in [7] the analogous results for the cases where F' = 2uuy and F' = (ug)?.
Notice that these examples do not satisfy the null condition (1.9);. As for the general
scalar case see for example Lindblad [19] or Li and Zhou [18].

When u is a vector-valued unknown (i.e., p > 1), we write (1.4); as

. _
Flu, v/, v") = E A% (u, u') 8,0pu + Blu, u).

a,b=0

~~
Y
[N

—

o~

Then Christodoulou [3] and Klainerman [14] proved (independently) the global existence
for small ¢ > 0 by assuming the null condition (1.9);. ([3] deals with the odd space
dimensional case). It is also assumed in these works that the matrices A%(u, u') in
(1.4); are diagonal. Katayama obtained in [11] the analogous results for the two space

dimensional case.
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Next let us consider the case in which m > 1. As for the two space dimensional
case, where the R3 in (1.1) is replaced by R?, the global existence was studied in [16],
[1] and [5]. In these works, the following conditions are assumed to hold: The unknowns
ul, u?,..
0%u, ie., I'* = Fi(du, %u). Moreover F*(0,0) = 0, (F?)'(0,0) =0, (F*)”(0,0) =0

and F*(v/,u"”) are of the forms

. ,u™ are scalar functions, and the nonlinear terms F* depend only on du and

m 3
(1.4 Fr, o) = E E ) BaOpu? + Bi(u')
7i=1 a,b=0
for ¢:=1,2,-: l,

where A‘,}Jb(u' ) and B’(u’) are scalar functions of v’ such that A% (v') = A% (v) =

Ab2(w'). Then one can write

(1.6)’ Fi(u', o) = FP2 W/, o) + O(lu'P? (Ju'] + |u”]))
for (v, u”) mear (v, v")=(0,0),

where F'%3(u’, u”) is the cubic part of Taylor’s expantion for F*(u/, u”) about (v/, u”) =
(0,0).

Kovalyov studied in [16] the global existence by assuming that A;‘;’ () =0 in
(1.4)% hence F*3(u/, u”) = F*3(u/, 0) and that F>3(u/, 0) is quadratic in Ju* for all
k=12...,m,ie,

03, F"3(u/, 0) = 0 forall k= 1,2,...,m

where w® stands for u*. Moreover, Agemi and the second author proved in [1] the
global existence for small ¢ > 0, where the hypothesis in [16] are relaxed so that
Fi3(« | ') is quadratic only in (Qui, 8%u') for each i = 1,2,... ,m. Note that, in
the works [16] and [1], the angular-momentum operator 2 = xlag. — 290, is used in
addition to the usual differential operators § = (Jy, 01, 02). Furthermore, Hoshiga and
Kubo relaxed in [5] the hypothesis on F'»3(u’,u") in [1] so that N*(9u®, 9?u’) satisfies
the null condition, anologous to (1.9)z, where N*(du®, ?u?) is the part of F'»3(0u, 8%u),
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homogeneous in (Ju?, 8?ut) of degree 3. Notice that, in the work [5], the scaling oper-
ator S = td; + rd, and the radiation operator S; = J; + ¢;0,, @ = 1,2,...,m, are also
maked use of. (See (2.19) and (2.21) below).

For the three space dimensional case, the second author obtained recently in [21]
the results analogous to [5], where F* = F*(du, 0?u) satisfy (1.4), (1.5) and (1.9)3, and
ul, u?,...,u™ are scalar functions. Note that the hypothesis (A)3 is trivially satisfied

in this case, since Ci(v/, u”) =0 and D*(u™, du, 0%uv) = D*(0, Ou, 62&) in (1.15).
We now return to the Cauchy problem (1.1)-(1.2). The plan of the proof of Theorem
1.2 is rather similar to Hoshiga and Kubo [5] exept the difficulty caused by the fact that
F(u, du, 0%u) depend explicitly on u. Indeed, our main tool is certain L — L™
estimates for solutions of linear wave equations, which are similar to the ones in [21],

Proposition 3.1. (See Theorem 3.4 below).

The plan of this paper is as follows. In the next section we define two kinds of
weighted L° norms and then we show that the null condition (1.9)3 yields nice decay
estimates for the null forms N*(du®, 8?u?), such as the radiation conditions in John [8].
(See Proposition 2.5 below). It should be pointed out that we do not need to make use
of the fact that N*0(du?, 8%u?) is represented as a linear combination of special bilinear
forms (i.e., Q(f,9) and Qqu(f,g) with a,b = 0,1,2,3 in the notations of Klainerman
[14]), while this fact plays an essential role in the previous works [14], [11], [5] and
[21]. The main part of the present paper is section 3, in which we prove the above-
mentioned L — L estimates for solutions of h'hea.r wave equations. In section 4 we
apply the results of Kato [12] and Majda [20] on local solutions of quasilinear symmetric
hyperbolic systems to the Cauchy problem (1.1)-(1.2), and then in section 5 we derive
certain L>® — L2 estimates for the local solutions, by making use of the results of section
3. After establishing two energy estimates (i.e., Propositions 6.1 and 6.4) in section 6,

we prove Theorem 1.2 in section 7.

§2. Preliminaries.
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This section is composed of two subsections. The former is a collection of the
notations and definitions of weighted L*°-spaces which will be used throughout the
présent_ paper. In the latter subsection we will show that the hypothesis (1.9)s implies

such a radiation condition as in John [8]. (See Proposition 2.5 below).

2.1 Notations. For convenience we shall introduce the zero speed ¢ = 0 and write

as
(2.1) O=co<eg <ca < -Cpm,

when ¢y, ¢s, - - - Cm, are the constants in (1.1). As in [5] we also define “neighborhoods”

of the characteristic cones r = |z| = ¢;t for [;, by

(2.2)¢ A = {(t,r) € [1,00) x [1,00); |7 — cit| < emyat}

for ¢1=1,2,---,m,

where

1
c = — min (¢; — ¢;—1)-
m-+1 3 lgigm( 1 1 1)

In addition we set

3

(22)0 AQ = ((0, OO) X (07 oo I —A—.,

AR
1

k2

Note that Ay contains a “neighborhood” of r = ¢t = 0, say,

{(t:r) € (0,00) x (0,00); 7 < 5 exth:

Moreover the intersection of A; and Ay is empty for j # k, and

(2.3) Gt <r<-¢t for (t,r)eh;, i=12,---,m.

win
W i~

In addition to the usual differential operators 0 = (0, 01, 02, 03), we also adopt the

angular — momentum operators defined by

(2.4) Q= (1, Q, Q) =2 A0,
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where z A O, f(x) stands for the vector (or cross) product, and the scaling operator

defined by
(25) S=t 0t +7r 87.,
where 7 = |z| and
1 1
8r = ;.’17 . 830 = ; Z:];j(?j.

Jj=1
Then the following commutation relations are well known. (It is easy to verify those,.
(26) [S, Dz] = —*2Di, [Q, DZ] =0 for 1= 1,2, s, M,

where [S, ;] = S0; —J;S and so on. In addition we have for j =1,2,3and e =0,1,2,3

(2.7)1 [57 Q) =0, [S,0q] = ~0a,

(27)2 [ij 8]] =0

and

(2.7)3 [Q, 0j41] = —0j42, [, 0542] = O0j11,

where we have set J; = 0; and 05 = 0s.

For convenience we write

(2.8) | I'=(To, I'1, I'y,---,T7) =(8,9,5),
namely,

(2.8)2 (To, T'1, Tz, T'z) = (0o, 01, 02, J3)
and

(28)3 (F47 F57 I“67 F7) = (Q7 S)
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For a multi-index a = (ay, @, - ,a), where a; are integers such that 0 < a; < 7,

and a smooth function v(t, x), we set |a| =k,

(2.9)1 [v(t,z) =Cg Loy - Tay v(t,x)

and

(2.9)2 o(t, )k =) [Tav(t,z)],
la|<k

where k is a nonnegative integer.

Let v(t,z) € C*([0,T) x R3) be a function and let  be a real number such that
v > 0, where k is a nonnegative integer and 1" a positive number or 1" = co. Then we
shall define two weighted norms (v(t,m))ff}c and [v(t,:r:)]ff;)k of v(¢,z) as follows, where
1=1,2,---,m.

Let ¢1,¢2,-+ - ,Cm be the constants in (1.1) or (2.1). Let (¢,z) € [0,T) x R? with

r = |2z|. Then we set

(2.10); (o)) = A +r+ )+ —at)h) ot 8) i v>0

and

(2.10), (ot 2) Y0 = (14 7+ est)(1+ log G )=Vt )]s,
’ 1+ |r — et

so that |v(t, z)|x < (v(t, 7))82;c Moreover we set for v > 0
(2.11) [o(t, )k = (L)L I = cit])” ot 2)lk.

Let u®(t,2) be a smooth solution of the nonlinear wave equation (1.1) or of the

linear wave equation
(2.12) O; u® = Fi(t,z) in (0,00) x R3,

where i = 1,2,--- ,m and F" is a given function. When v(f,z) = u'(¢,z) or v(t,z) =

Out(t, z), we shall abbreviate (2.10) or (2.11), respectively, as

(2.13) (ui(t,2) Yo = (ui(t,2) )0 for v >0,
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or
(2.14) DUl (t, )]y = [0u(t,2)]) for v >0. |
We also define weighted L®-norms (u®), ¢ and [0u‘], s for 0 < ¢ <T' by
(2.15) (U gt = sup (u'(5,2) ok
BLest
and
(2.16) [(‘Mi]y,k,t = sup [(‘)ui(.s,;v)],,,k.
eB
In addition we write
m .
(2.17), {(ult,z) Yo = Z {ut(t, ) Vot
i=1
. m .
(217)2 < u >y,k,t = Z < uw’ >u,k,ta
=1
m .
(2.17)3 [Bu(t, o)l = Y [0u(t, 2)lu
i==1
and
m .
(2.17)4 [Ou]y ke = Z [0u] k¢
i=1

2.2 Radiation conditions.  Following John [8] we shall define radiation operators
R= (Rl,Rz,Rg) and Sz (l = 1,2,"' ,m) by

(2.18) R=0,- 73() for z€R® with r=lz|>0
émd

(219) S"I: = 8t + (:i('),. fOI‘ 7, = 1’ 2, e ,Tn,
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where ¢, ¢g,¢*+ , ¢y are the same constants as in (1.1). Then the following identity is

well known. -
(2.20) R= ‘y-iz(‘“m'
Indeed, this follows from (2.4) and the identity
(A-B)C - (A-C)B=—-AAN(BAC) for A, B,CeR?

if we take A = B = z/r and C' = 0, f(z). Moreover it follows from (2.5) that

7 — 4t

t

1
(2.21) S; = — (‘),,—I—ZS for t>0 and ¢=1,2,---.m.

lie last identity was adopted in Hoshiga and Kubo [5] (see (3.7) in it).
The following estimates, similar to the radiation conditions in John [8], will play a
basic role together with the weighted norms (2.13) and (2.14) in dealing with the null

forms N ?0.

Lemma 2.1. Let uv*(t,z) € C?([0,T) x R?) be a solution of (1.1), where i =
1,2,---,m and T is a positive number or 1" = co. Let (¢,7) € A;, where r = |z| and A;

is given by (2.2);. Then we have

(2.22) |R ui(t,z)| + |Siui(t, )|
< T (w0 b+ 0 )]
for v>0
and
(2.23) |R Ou'(t, )| + |S;0u’(t, z)]
1

[Ou*(t, )] 141 for v>0,

<C :
T A2+ - t])

where we have used the notations (2.13) and (2.14). Moreover for v = 0 we have

(2.24) |R u'(t, )| + |Sz-ui(t, x)|
1 1+4+7r+4cit : .
< C/Y—_.___' _]_ - - v ? . ‘)11t T .
< (1+7~+t)2( +log 7 v ~c,-t[)(< u'(t, &) )o,1 + [Ou'(t, )]1,0)
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Here C is a constant depending only on c;.
Proof.  First we shall prove (2.22). Since (2.14) with £ = 0 implies

(2.25) |(r — ¢ 1)0r u'(t, )]
< [Ou(t, @) 14w oL +7) T+ |r —t])™" for v >0,

it follows from (2.21) and (2.13) with v > 0 that

, 1 1
|1S; u*(t @) < - ——
¢ (L —ely)”

1 .
< ( [8uz(tax)]1+u,0 +

1rr { ui(t,;L‘) Y1)

1
1+r+4t
Since t > 1 for (t,r) € A; with 1 < i <m, we get by (2.3)

1S; wi(t,2)| < C(A+r+ )2+ r—e t])™

X ([(‘)ui(t, (L')]l_{_u‘o + < 'I_I,i(t,.'lf) >,,’1).

Similarly (less hard) we obtain (2.22), making use of (2.20). One can also prove (2.24)
analogously, replacing (2.10); by (2.10).
Next we shall prove (2.23). It follows from (2.21) that

|1S; Ul (L, x)| < t7H(|(r — cit)Op0ut(t, )| + | S out(t, x))-
Therefore we have from (2.25) and (2.14)

1S; dui(t, z)] <

1 ' 1
t (L+r)(L+|r —ct])”

X ([0%u' (L, )]142,0 + [Du'(L, 2)]140,1)-

1+|r—cit|
Since 82u’ = (I'g,I'1, T2, '3)0u’ according to (2.8)2, we thus obtain (2.23), making use

of (2.3) and (2.20). O

Remark. As seen from the proof, the estimates (2.22), (2.23) and (2.24) are
valid for arbitrary functions u*(Z,z) € C%([0,T) x R3).
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Next we shall derive estimates analogous to Lemma 2.1 for higher derivatives.
Namely we deal with |Ru®({, z)|; and |S;u®(l, )|, for & > 1, where we have used the
notations (2.9); and (2.9)s. To this end we shall examine the commutators of I' and

the radiation operators R and S;.

First we shall state easy commutation relations.

Lemma 2.2. Lett> 0,2 = (z1,72,23) € R® and r = |z| > 0. Let el,e2,e® be

the canonical unit vectors in R3. Then we have the following commutation relations.

(2.26); S, 2] =z,

(2.26)5 Qz]=ané
and
(226)3 ' [Qj, T] = ej Nx

for j = 1,2,3, where the relation [S, 2] = 2 means that

S(x f(t,z)) — S f(t,z) =z f(t,x)

for a smooth function f(¢,z), and so on.

(2.27) | 0, 77 = —k i,, ek
(2.27)2 [S, 7% = —krF
and

(2.27)3 - [Q, v =0,

where k is a positive integer,

r< T
(2.28)2 [0r, S] =0, .

(2.28)s 0, Q] =0



and

(2.28)4

Moreover for 7 =1,2,---

(2.29),
(2.29),
(2.29)3

and

(2.29)4

Proof. Since

o~
[ 3V
(@]
(&=]
~—

0r, =] =0.

,m we have

[LS’, S@] = —Si,
[Qy S‘L} = 0’
[at’ S’L] =0,

[0:1:7 Sz] = Ci[axy ()r]

3

v — \ w A
rO, — 3 i T,
k=1

we obtain (2.26); from (2.5). It also follows from (2.4) that

which yields (2.26)a.

2, ;] =2 A (05 x;),

In what follows we set for convenience

(2.31);
(2.31),
(2.31)3

and

(2.31)4

Ly = &g = T, L5 = T2, Tg = I3,

67284:61, 65 :02, 86:(‘)3;

94 == Ql, Q5 - Qz.

19
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Then

(2>.32) eI AT =m0 €% — a0 eIt
and

(2:33) Q; = 211 Oj2 — jz2 Ojn

hold for j = 1,2, 3, because ¢/ A eI*! = ¢7*2 with (2.31)3. Hence
[Qj, ZL] = (17j+1 €j+2 — Tj42 (ij+1.

Therefore we obtain (2.26)3 by (2.32). One can also prove without difficulty the other
relations, using (2.30) and (2.33). O

Next we shall examine the commutations of I' and R.

Lemma 2.3. Let (f,z) and e',e? e be as in the preceding lemma. Let j =
1,2,3. Then we have

(2.34) S, R] = —R,

(2.35) [0, R :—f2; x; R—l,,_{ej/\ﬂ-i—a:/\(ej/\(?m)},
2 L 2

(2.36) (€2, Q1] = Q42

with the notation (2.31)4, and

(2.37) (€2, R] :—%{(ej/\:v)/\szjtw/\(ej/\ﬂ)}.

Proof.  First we shall prove (2.34). Since (2.30) yields
(2.38) [r 0y, x 77 =0,
it follows from (2.5) and (2.18) that

S, B =S, 02— 2[5, o).

~s';q
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Therefore we obtain (2.34) by (2.7); and (2.28),.
Next we shall prove (2.35). It follows from (2.20) and (2.27); that

| 2 1
(239) [c‘)j, R] = _-7‘_2 X, R— ;—2—{(‘)_’. A QL

Moreover, since (2.7)3 and (2.7)3 yield

[(93', Q] :ej /\(9$,

we have

[0, TAQ =l AQ+2 A (ef NOy).

Therefore we obtain (2.35) from (2.39).
Finally we shall prove (2.36) and (2.37). It follows from (2.33) that

195, Q) =541 9543 ~ 2543 0541

Since Tjp1 = Tj44 and 8341 = 6]'—!—4 by (231)1 and (231)2, we get (236) Mbreover it
follows from (2.26)3 that ' '

[, 2AQ = (e Ax) AQ+a AR, Q.
By virtue of (2.36) we also get
[, Q] =¢? AQ.
Therefore we obtain
(2.40) €, zAQ =(e; Az)AQ+ 2 A(e; ANQ).

Now the desired relation (2.37) follows immediately from (2.20), (2.27)3 and (2.40). The

proof is complete. [J

We are now in a position to deal with |Ru®(t, z)|x and |S;u®(t, z)|x for k > 1.



22

Corollary 2.4. Let i,7 and (f,7) be as in Lemma 2.1. Let ui(t,z) € C*>**

([0, T) x R?) be a solution of (1.1), where k is a nonnegative integer. Then for v > 0 we

have
(2.41) IR u*(t,z) | +|S; v (t,2)|p < C \IIfj,k(ui)(t, x)
and
(2.42) IR Ou(t, =) |x + |S; Out(t, )|k
<C - [0 (t, )14, 1484

= A4 021+ | — et])
where (' is a constant depending only on ¢; and k, and \Ilf,, p(V)(t, ) defined by

(2.43),

f/,k(v)(t, 3“)
1

= T —amp @ et 0ol Dhaw k) - for v >0

and

(2.43)2 \Ilé,k(v)(t, x)

1 1+7r+ct

1 (14+lgrtal
Ao tHlee o)

x ((v(t,2) Yo, 14k + [Ov(t, 2)]1k)-

Proof.  We shall prove only (2.41) with v > 0, since the others can be analogously
handled. If k = 0, then (2.41) coincides with (2.22). Let k = 1. Then we have only to

prove
(2.44) IT R u'(t,z)] + TS wi(t,2)| < C \Iff,,l(ui)(t, ).
It follows from (2.29); and (2.34) that

58 =S8'S - 8% SR=RS—R.
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Besides, (2.29)2 and (2.37) yield

1Q St ui(t,z)| + |Q R u'(t,z)
< |8 Qui(t, z)| + |R Q ui(t,z)| + C rHQ W, 2)).

Hence we see from Lemmas 2.1, 2.2, (2.35) and (2.3) that (2.44) holds. Similarly we
obtain (2.41) for £ > 2. [

Finally we shall show that the null form N%(du?, 2u?) satisfies a certain radiation -

condition.

Proposition 2.5.  Let ui(t,z) € C*°([0,T) x R®) be a solution of the nonlinear
wave equation (1.1), where ¢ = 1,2,-.- ,m and T is as in Lemma 2.1. Assume that

condition (1.9)3 holds. Let k be a nonnegative integer and v > 0. Then we have

(2.45) - INO(Bu?, 0%u®)(t,)|s
1
(L4741 +jr— i)™
(00 (0, ), 1, g2y () (1,)
+ 0 () (t, ) [0u' (¢ 2) )14, 141k/2)
for (t,z) €[0,T) xR® with (t,7) €A,

<C

where r = |z|,C is a constant depending only on c;, k and the coefficients of the poly-
nomial N, and ¥? . given by (2.43); or (2.43)s. Besides, [k/2] stands for the largest
integer which does not exceed k/2 and A; is defined by (2.2);.

Proof.  Recall that N*©(Qut,0%u?) is a vector of p; polynomials in (Ju?, d?u?),
say, Ni°(Out,0%u?), N°(dut,8%u?), ---, N2 (Qu*,0%u’). Moreover, for every k =
1,2, ,p;, the polynomial N® (9u?, 8%u?) is homogeneous in (du’,d?u’) of degree
2 which is linear in 8%u®. Clearly it suffices to prove (2.45) for each k =1,2,--- , p;.

In what follows we shall fix i = 1,2,--- ,mm and k£ = 1,2,--- , p;. Besides, for the

sake of simplicity of notation, we shall abbreviate as p; = p,u® = u = (uy,ug, -+, Up)
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and NiO(0u?, 8%u’) = N(du,0?u). Then one can write

(2.46)
N(ou, & u)

Z Z A2 (8q ;) (Bp O ue) Z ZB (9a u3) (0 ue),

7, £=1a,b,c=0 3, £=1a,b=0

where 0y = 04, A;‘é’c and Bj‘cb are constants, and u; = u;(¢,2) scalar functions. With

these notations we see that condition (1.9); implies

(2.47)
V(v,w; X*)
P 3 L
-3 3 et 35 3 B o
j,€=1a,b,c=0 © 5 f=1a,b=0
for any vector v = (v, va,---,vp) € RP,

w = (wy, wa, -+ ,wp) €R? and X°=(Xq, X1, X2, X3) € R*
satisfying X, = ——(:i\/Xlz + X2 + X2.

We are now in a position to prove (2.45). Set
1 -1
Xo = —c;, (X4, Xa, X3) = ST = ,,—,(331, T3, T3)

and
v =0, u(t,z), w= 0% u(l,z).
Then it follows from (2.46) and (2.47) that |
(2.48)  N(@@u, u)(t, z)
= N(0Ou, (')2u)(t z) — N(v,w; X?)

_._Z Z 4abc abC(t .L' Z Z B t.’L).

3,£=1 a,b,c=0 7,£=1a,b=0

Here we have set

(2.49) abc = (d UJ)(db 0 ltg) (Xa 87. Uj)(Xb Xc df W)
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and
(2.50) 098 = (0 1) (0p we) — (Xa O us)(Xp Op ue),
where

Xo=—c¢; and (X1,Xs,X3)=uz/r.

Clearly it is sufficient to prove (2.45) with N*° replaced by D“gc or F"b Hence we have

only to prove the following

Lemma 2.6. Let D%° and EZ} be defined by (2.49) and (2.50) respectively,
where j, ¢ =1,2,--- ,p and a,b,c =0,1,2,3. Let ({,r) € A;, where r = |z|,1 < i< m
and A; is given by (2.2);. Let k be a nonnegative integer and » > 0. Then we have

(2.51) 1Dt @) < CA+7+ 1) 1A+ [r —eit]) ™17
x ([0u(t, 2)14w, 145T, 2 (w)(E, @)
+ W,k (u)(t, 2)[Ou(t, )1 40, 14(k/2])

and

(2.52) |ES(ta) e < CA+r+ )7 1 +|r —et]) ™!
X ([Ou(t, )14, & \Iffj, k72 (W (¢, )
+ T (W) (1 2)[0ult, )14, /21)

where u = (u1, Ug,*** , Up)-

Proof. - We shall prove only (2.51), since (2.52) can be handled similarly (but less
hard). It follows from (2.49) that

(2.53) D¢ =((0s — Xa 0r)uz)0% 0. ug
+Xa((9,. Uj)(ab - Xp (‘)r)ac Uy
+ Xa Xb(a,. uj)(‘)r(ac - X ar)Uﬂ
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Besides, we have
(2.54) Op(0c — X Op)ug = (0, — X 0,)0r ug + [0, Oclug,

making use of (2.28)4. Notice that

(2.55)1 Oy, —Xa0, =R, for a=1,2,3
and
(2.55)2 9o — Xo Or = 5;

according to (2.18) and (2.19).
First suppose that £ = 0. Then we obtain (2.51) from Corollary 2.4, making use of
(2.28)1, because

19y Do ue(t, )] < (L+7)"2A+ |r — cst) ™[0 welt, @) 1401

and (2.3) yields r=! < C(1 +r +¢)~ L
Next suppose that k¥ > 1. We shall deal with only the first term on the right hand

side of (2.53), since the others can be analogously handled. Then by Leibnitz’s formula

we get
‘((6a — Xa ar)uj(tax))ab BCU[(t,-’L')lk
< Cl(0a — Xa 3p)u;(t, ) k|0 Oc we(t, 2)|p/2)
+ Cl(0a — Xa Op)uj(t, )| [/2)|0p Oc us(t, )|
Since

10 Oc ue(t,z)| < (1+ 7')"1(1 +|r— citl)“l_"[é)w(t, 2140, 14k

we thus obtain (2.51), making use of Corollary 2.4. The proof is complete.

Remark. As seen the proof, the estimate (2.45) is valid for any function
ul(t, ) € C*E([0,T) x R3).
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§3. Weighted L — L estimates for linear wave equations.

The purpose of this section is to derive weighted L*° — L estimates for the inho-
mogeneous wave equations related to the nonlinear wave equations (1.1). Theorem 3.4
below will play a basic role in the present paper.

We shall first consider the reduced initial value problem for the homogeneous wave

equation
(3.1) (02 —a?Aw =0 in (0,00) x R?,

(3.2) v(0,2) =0, 0w(0,z) = g(x),

where a is a positive constant and g € C?(R3). It is well known that the (unique)
solution v(t,z) € C2([0,00) x R2).of (3.1)-(3.2) is given by

t
(3.3) v(t. x) = o J/ g(x + at)dSe for (t,x) € [0,00) x R3.
0
€]=1
Moreover we shall make use of also the following representation of v(¢,2) which is in

essence due to John [8], Appendix.

Lemma 3.1. Let g(«) be a continuous function of z € R3. Let v(t,z) be given
by (3.3). For (t,z) € [0,00) X R3 with r = |z| > 0 we then have

r4at 27

. R T G
(3.4) v(t,z) = Teo / )\d/\/g()\()o)dgo.

Ir—at| 0

Here ©¢ = Og(), ¢;t,x) is a unit vector in R® defined by
(3.5) ©p = (sin g cos ¢, sin ¥ sin @, cos Yo)A(x),

where A(z) is a 3 x 3 orthogonal matrix, whose elements are piecewise continuous
functions of z/|x|, such that x = (0,0,7)A(z), and 9o = Yo(At,7) is a function of
(M, t,7) such that

M+ 72 — (at)?
2r\ ’

(3.6) cosg = 0<1pg <.



28

In particular, if g(z) is radially symmetric, i.e., if g(x) = g(|z|), we have

r+at
- N S LRI,
(o.1) vit,r) = 5{—1; ] AY{AJUA.

lr—atl

Proof.  For convenience we set ga(y) = g(yA(z)) for y € R3. Then it follows from
(3.3) that |

r

v(t,x) = ﬁ / galatzy, atzg, 7+ atzz)dSe,

1€l=1

where we have put (z1, 22, z3) = £ *A(z). Switching to polar coordinates, we get

t
(3.8) vt x) = gy // aa(m,m2,n3) sin 8dbdyp,
™
0<6<m
0<p<2m
where

71 =atsin 6 cos ¢, N2 =atsinfsinp and 73 = r + at cos 6.

Moreover, introducing a new variable A instead of 8, by
(3.9) A= {r? + (at)? + 2art cos 6}3,

we obtain (3.4). Indeed, since

(3.10)
2rA)? — 2 +7% = (at)2} = {(A+7)% = (at)?} - {(at)® — (A —1)?}

= {3 = (r—at)’} - {(r +at)? = ¥},

one can define a function 1y of (\,¢,7) with |r —at| < A < r+at so that (3.6) holds. In
addition, (3.6) and (3.9) imply that Acosig = r + at cosf. Moreover, since (3.9) yields

A2 — (r — at)? = 2art(1 + cos b)

and

(r + at)? — X2 = 2art(1 — cos¥),
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it follows from (3.6) and (3.10) that

(Asinig)? = A2 — (A coshp)?

= (atsin6)?.

Thus we obtain (3.4) from (3.8). The proof is complete. [
In order to derive decay estimates for solutions of the homogeneous or inhomoge-

neous wave equations, we will make use of the following elementary inequality.

Lemma 3.2. Let k be a real number such that 1 4+ > 0. Let t > 0 and r > 0.

Then we have

r4-t
IR R 1 [ 1 o Y 1 g i 3
O, - P u——— SO 77— Wl T},
(-4 or ) @rnEE Y T e
tr—t

where C' =3 if K =0, C = max{3, %} if k # 0, and ®,.(¢,r) is defined by

]

[ (L+jr —t))~" if >0,

(3.12) B.(L,r) = i 1+ log frtt, if k=0,
(1 t 1 4\—K L - o N

\.L T 1 T b} 1L n o~ V.

Proof. By I.(t,r) we shall denote the left hand side of (3.11). First suppose that
(3.13) either t>2r>0 or O0<r <1
Then we have

1 3
T :
L4+fr—t) ~ 14+r+t

(3.14)

Hence we get (3.11) with C' = 3, since

t+r

Ltr) < — 1 —1—/(13)\
ROT) S T T A e 2 ‘
i

-r
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Next suppose that
(3.15) r>1 and 0<t<2r.

Then we have

1 2
(3.16) - < —.
zr i+r—+i
Hence
2 r+t 1
L.(t.r) < - .
SRR S 2 A (Y Ea
lr—t]

which yields (3.11). [
The following decay estimates for solutions of (3.1)-(3.2) are due to Asakura [2].

Proposition 8.3. Let v(t,z) € C*°([0,00) x R3) be the solution of the reduced
Cauchy problem (3.1)-(3.2). Let k£ be a nonnegative integer, and let ¢ > 0 and z € R?
with r = || > 0. Assume that

1
(3.17) 1029 < My———>— for y€R? and la/=k
‘ T (1+ jyj)2te

where p and My, are positive constants. Then we have for |a| =%k > 0

1
3. 020 (t, z)] < CMy - -
(3.18) el o)l < OMy T T at)e
and

1
(3.19) 1020,0(t, 2)| < C(Mp, + Mis1)

(L+7r+t)(L+|r—at])e’

where ( is a constant depending only on p and a.

Proof.  For the sake of completeness we shall give a simple proof. Without loss

of generality, one can assume that a =1 in (3.1), changing the variable { by 7 = at.
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First we shall prove (3.18). It follows from (3.3) and (3.17) that

5ot ) < Mg [ (o) 27 S

1€l=1
Hence by (3.7) we get
1 r+t
ozo(t,e) < My [ (1N Pax
Ir—t|

Therefore we obtain (3.18), making use of Lemma 3.2 with k = p > 0.
Next we shall prove (3.19). It follows from (3.3) and (3.17) that

1 (2 1
av(t < (Mg- -— ¢
|05 Opv( ;)] < ( kt +3Mk+1)4ﬂ_ / (1+ |z + tE])2+e dSe
1€]=1

Hence we get as above

1020sv(t, z)| < MiI1(L,1) + 3Mpy: Ia(t,7),

where
1 r+t A\
tr)= — ——
L) =55 / 11 n2te ¢
|r—t|
and
1 r+t A\
Lt r)=— —_— d\.
2(br) =3 / S\
Jr—t|

One can deal with the second integral I5(t,7) analogously to (3.18). As for the first

integral I1(¢,7), we have

r+i ' r4t

1 1 1 1
< - - -
htr) <5 / (1+ \)2+e At o / (1+ A)2te A,
|r—t| |r—t]

since A < t +r. Making use of Lemma 3.2, we get therefore

2C
I < g
1(t,’l") =1 4rt ®1+P(ta7)7
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because ®,(t,r) is symmetric with respect to ¢ and . Thus we obtain

1

L(t,r) <2C
) < 2 AT aee

which yields (3.19). O

Remark. It is well known that the (unique) solution w(t,z) € C%([0c0) x R3)
of (3.1) with initial data

(3.2) w(0,2) = f(x), Bw(0,2) =0
is given by

(3.3) w(ta) = gl [ @+ atgase,

1§1=1

c)t4

where f € C3(R3). Therefore Proposition 3.3 implies the analogous decay estimates for
w(t, x).

Next we shall consider the Cauchy problem for the inhomogeneous wave equations
(3.20) O; u* = 020’ — 2Au* = Fi(t,z) in (0,00) xR? i=1,2,---,m
with zero initial data
(3.21) u'(0,2) = 0,0,u*(0,2) =0, i=1,2---,m,

where ¢1, ¢g, - - - ¢, are the same constants as in (1.1).
It is well known that the (unique) solution u*(¢,z) € C?([0,00) x R3) of the Cauchy
problem (3.20)-(3.21) is given by

(3.22) ut(t, ) = Ly(F*)(t, 2),

provided 82 F*(¢, z) is continuous in (£, ) € [0,00) x R3 for |a| < 2, where L' is a linear
operator defined by

¢
L, (G)(t, ) 4—17; (t — s)ds / G(s,x + c;(t — 5)§)dSe
0 l€1=1
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for a continuous function G(t, ) of (¢, z) € [0,00) x R3. Moreover by virtue of Lemma

3.1 we have

) t r+c;(t—s) 2T
. L (GY({, x) = d 7(8, A\O; ,
(3.23) Li(GQ)(t, z) 47rcﬂ)/ds / A )\/((s, ©;)dy
0 [r—ci(t—s)i 0

where r = |z| > 0 and ©; = Gi(s, A\ @;t,2) is a unit vector in R3 defined by
(3.24) @; = (sin ¢; cos g, sin ¢ cos @, cos P;)A(x).

Here A(x) is the same matrix as in (3.5), and ¢; = 9;(s, A, ,7) is a function of (s, A, £, 7)
with
r—ci(t —s)| < A<r+c(l—s)

such that 0 < 1, < 7 and

N2 472 — 2t — 8)?
M\ '

(3.25) cos; =
Note that such a function 1; is well defined, because (3.10) yields

(3.26) (2r2)2 — {)? .FTZ __ A(t — 5)2)?
=3 = (r — it — 8%} - {l + cilt - )% = N},

In order to state weighted 1.°° — L estimates for solutions of the Cauchy problem
(3.20)-(3.21), we shall introduce a piecewise continuous function z,(s,A) of (s,)) €
[0,00) % [0,00) defined by

(3.27)  2,(5,A) = (L +s+N"H(A+ A —¢s) )7 for (s, A) € Ay,
j:0,1’2)°" » M,
where 4 is a positive number and A; are giveh by (2.2); or (2.2)¢. Notice that
2,(8,0) = (L+ s+ ML+ N for  (s,)) € Ao,

since ¢g = 0 according to (2.1).



Now we are in a position to state the main results in the present section.

Theorem 3.4. Leti=1,2,---,m. Assume that F*({,z) is a continuous func-
tion of (¢,2) € [0,00) x R3. Let v and u be real numbers such that v > 0 and p > 0.
For (t,z) € [0,00) x R3 with r = |z| > 0, we have then

(3.28) (Li(FY(ta))p <C  sup  lylza(s, [yl (L + s+ )" 1F(5,9)lo-
(s,y)eD*(t,r)

Moreover if F;(t,z) € C([0,00) x R3) we have

(3.29) Li@F)(L2)] 00 <C  sup  [ylza(s, ) + s+ y) 1F4(s, 9
(s,y)eDi(t,r)

Here
(3.30) Di(t,r) ={(s,9) eRxR% 0<s<t, |r—ci(t—98)| < |yl <r+c(t—s)}

C is a constant depending only on v,  and the ¢1,cg,- -+ ,¢m in (2.1), and we have used

the notations given by (2.9), (2.10) and (2.11). In addition,

(3.31), (L+ ¢+ )| La(FY) (L, )

<C o osup o ylzu(s [y (L + s+ [y E(s,9)l,
(WD)

holds, provided 0 < p < 1. Moreover if F(t,z) € C([0,00) x R3) we have

(3.31); [Li@F)(t, )b <C  sup  [ylzl (s, [uDIF(s,)l1,
(s,y)ED'(t,r)

provided 0 < p < 1, where 2%, (s, \) is defined by

(3.32)
2 (5,8 = (L5427 12,5, )
= (L4 5+ 0L+ A —czs))t "
for (s,\)eA; with0<j<m and j#:
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and

(3.32); 2 ,(50) = (L4 1) — s 2,(5,0)
=1 +s+ N+ X —cs])
for (s,\) € A;.

Remark. Let v =0and p=1. Then (3.31); coincides with (3.29) according to
(2.11), but (3.31), differs from (3.28) by

14+7r+4cl

1+ log 14+ —ct|’

because of (2.10)s.

We shall here state two useful consequences of (3.28) and (3.29) in the form of

corollaries.

Corollary 3.5. Let ¢,v,u and (¢,2) be as in the preceding theorem. Assume
that F*(t,z) € C3([0,00) x R3). Then we have

(3:20)1  [0oLi(F)(t,0)1400 < C  sup  lylau(s,
(s,y)ED(t,r)

YDA+ s+ YD IF (s, )

and

(3.29)5

[0: Li(F3) (8, 2)l140,0 S € sup  ylzu(s, [y (1 + s + [y]) | F'(s,9) 1
(y,8)€D(¢,r)

+ Jug(t, 2)| (1 +r) (1 + |r — eit]) 1,

where u}(t, z) is the solution of the Cauchy problem (3.1)-(3.2) with ¢ = ¢; and g(z) =
F'*(0,z). Besides, we have used the notation (2.14).

Proof.  Since v(t,z) = 0,L;(F*)(t,z) € C?([0,00) x R3) is the solution of the
Cauchy problem (3.20)-(3.21) with F* replaced by d,F*, we have from (3.22)

’U(t, 'T) = L'L(aan) (tv °U) :
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Hence (3.29); immediately follows from (3.29). Moreover w(t,z) = 9;L;(F*)(t,) is
the solution of the equation (3.20) with F* relplaced by 8;F* which satisfies the initial
condition w(0,2) = 0 and dw(0,2) = F*(0,z). Therefore we get

w(t, z) = ub(t,2) + Li(0:F*) (L, z).
Hence (3.29); follows from (3.29), becaue of the notation (2.14). [

Corollary 3.6. Leti=1,2,---,m. Assume that F({,2) € C®((0,7) x R?),
where T is a positive number or T' = co. Let v, p and p be real numbers such that v > 0,
@ > 0 and p > 0. For a nonnegative integer k and (¢,z) € [0,T) x R3 with » = |z| > 0

we have then

(3.33): (LiF) () L+ 1) "
< C sup |ylzu(s [y (L + s+ ly)" P (s,9) |k
0<s<t
yeR?®

+C ) sup [Fi()|(1+ |y])*
la|<k—1 YER®

and

(3.33), OL(F) () (L + L+ 1)
< C sup [ylzu(s, )X+ s+ )" 1F (5, 9) k41
0<s<t
yer?

+C ) sup [Fo@)|(1+ ly)*+
o] <k VER?

where
F(y) = TF'(s,9)]s=0

and ( is a constant depending only on v, i1, p, k and the ¢y, ¢, -+ , ¢y in (2.1). We have

also used the notations (2.13) and (2.14).

Proof.  Since 1+ |y| + ¢;8 < 147+ ¢t for (s,y) € D(t,r), the estimate (3.33);
with & = 0 follows immediately from (3.28). To derive the others we set

v;(t,x) = D;Ly(F)(t,z) for j=0,1,2,---,T.
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where I'; are given by (2.8). If 1 < j < 7, then v;(t, ) is the solution of the Cauchy
problem (3.20)-(3.21) with F* replaced by (I'; + 267;)F*, where 67; = 0 for j # 7 and
8727 = 1, because of (2.6). Hence we have from (3.22)

Vj (t, .L) = Lz((FJ + 2(57.7')Fi)(t, .’L‘).
On the other hand, if j = 0, we have
vo(t, ) = ub(t, ) + Ly(ToF)(t, z),

where u} is the same function as in Corollary 3.5. Applying Proposition 3.3 to ub, we
thus obtain (3.33); with k = 1 from (3.28). Similarily one can prove (3.33); and (3.33)2,
making use of (3.29) and (2.7) also. The proof is complete. [

Remsark. We will often make use of Corollary 3.6 in deriving weighted L>® — .2
estimates for local solutions of the nonlinear wave equation (1.1), in the case where
p=0orv=0.

In order to deal with the resonance form R*(Ju,8%u) given in (1.7) with (1.10) and
(1.11), we will need also the following

Theorem 38.7. Let ¢, F*, v, u and (,2) be as in Theorem 3.4. Then we have

(3.34)1 (Li(F*)(t,z) >% <C  sup  |ylEE(s, [w)(L+ s+ WD) IF (s, 9)lo
(s, y)ED(t,r)

and

(3.34)2 1+ +t)”[Li(Fi)(t, z)|

<C  osup  JylER(s [y + s+ |y THE (s, 9)lo
(s.9)ED% (t,7)

for k=1,2,--- ,m with k # i, provided 0 < p < 1, where Zﬁ(s, A) is defined by

(3.34)3
Eﬁ(s, A) = 2,(8, )L+ X+ 8)TH(1 + X — cps|)®

= (14+ A+ s)(1+ A — cps)1T for (s,\) € Ag
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and
(3.34)s  ZE(s,\)=2zu(5,)) for (s,\)€A; with 0<j<m and j#k
Moreover if F(t,z) € C1([0,00) x R?) we have

(3.35)1  [Li(@F)(t,2)]$),0 < C( )Sl}l)p_( )lyléﬁ,p(s, (L + s+ ly)"IF* (s,9)1
: s, y)ED*(t,r

for 1 < k < m with k # ¢, provided 0 < p < 1, where Zﬁ,p(s, A) is defined by

(3.35)5 2 (5,2 = 1+ A+ 5)P" 125 (s,A)
= (LA +8)P(L+ A — cps])
for (s,A) € Ay

and
(3.35)3 Z"ip(s, A) = zi,p(s, A)
for (s,\)€A; with 0<j<m and j#Ek.
Here C is a constant depending only on v, i, p and the ¢1,ca,- -+ ,¢r in (2.1), and we

have used the same notations as in Theorem 3.4.

Remark.  We will only once make use of (3.35); with v = 0 and p = 1, in
treating the R**(Ou®, 9%u¥) with 1 <k < m and k # ¢ in (1.11).

Remark. The function Zﬁ(s, A) given by (3.34)3 is in essence the same one as
the zz (s, A) in (3.3) of [21], when U = 1 and 1 = 1 + p. Here z53(s,A) = (1 + s+
A)7(1 4+ |X — cs])P for all (s, ) € [0,00) % [0,00), where 7 > 0,7Z > 1 and ¢ > 0.

The rest of the present section will be devoted to prove Theorems 3.4 and 3.7. The
lengthy proof of Theorem 3.4 is broken up into a sequence of lemmas, however one can

prove Theorem 3.7 by modifying a little the proof of Theorem 3.4.

In what follows we assume that the parameters v, u, p and the variables ¢, z are as

in Theorem 3.4, unless otherwise stated. By C we will denote the various constants
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which depend only on v, i, p and the ¢q,¢2,: - , ¢ in (2.1). Moreover we shall assume
without loss of generality that ¢; = 1, by changing the variable ¢ by 7 = ¢;t.
We start with

Lemma 3.8. The estimates (3.28) and (3.31); hold, provided 0 < p < 1.
Proof.  First we shall prove (3.28). Note that

(3.36) 1+s+A>1+r—t| for s>0 and A>|r+4s—tl.

Let v > 0. Then it follows from (3.23) and (3.30) that

(3.37) |Li(F*) (¢, )]

<Ir)  sup  ylau(s, lyl) (L + s+ ) IF (s, 9)lo,
(s,9)ED*(t,7)

where I(t,r) is defined by

1 dsd\
(3.38) It.r) = 2r // 2, (8, (L + s+ A)Y’
Di

with

Di={(s,)) eR% 0<s<t, |[r+s—t|<A<r+t-s}

Here we shall divide the domain of integration into m + 1 domains DinA;, j =

0,1,2,--- ,m, because of (3.27). Namely, we set

1 dsd\
3.38); Li{t,r) = —
(3.38); i) 5 2r // 2, (5, Y1+ s+ A)¥’
biﬁAj

so that

m
I(t,r) =Y Ii(t,r).
Jj=0
Moreover, on each domain Din A; we shall introduce new variables by

(3.39) a=XA+s, f=X—¢;$ for (s,A) € Aj.
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Note that

(3.40) —cja<fB<a for (s,\)eA;, 7=0,1,2,---,m
and |

(3.41) B=X\A a—-pf=s for (s,A)€ A

Then it follows from (3.27), (3.36) and (3.38); that

r+t o
1
(3.42) L) < 5 /(1+a)"1““—"da / (1+|8])~1+dB
jr—t| —cja
1 r+t
<O /(1+a)—1_”da,

- 2r
[r—t|

since 1 > 0. Making use of Lemma 3.2 we thus obtain (3.28) from (3.37) and (3.38).
Next we shall prove (3.31);. We replace (3.37) and (3.38); by

(3.37) ILi(F) (o) < I(r)  sup [ylzu(s, N1+ s+ 2P F(s,y)lo
(s,y)eDi(t,r)
and
1+s+A1P
(3.39), I(t,7) = / / e
DzmA
Then (3.42) becomes
1 r+t
(3.42) I;(t,r) < Cﬂ / (1+ «) ?da.
lr—t|

Hence we obtain (3.31); by Lemma 3.2 with x = p — 1. The proof is complete. [

Next we shall prove (3.29) and (3.31);. Notice that (3.29) is implied by (3.31)2
with p=1,since v > 0and 1 +s+ |y| > 1+ |r — | for (s,y) € D*(¢,r). Thus we have
only to prove (3.31),.
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We first deal with the case of small r > 0.
Lemma 3.9. Let 0 <7 < 1. Then we have (3.31)3, provided 0 < p < 1.
Proof. It follows from (2.11) that
[Ls(@F)(t, )5 < 201+ 7 + 0P| Ly(OF ) (t, )0
for 0 < r <1 and p > 0. Therefore if 0 < p < 1 we get by virtue of (3.31),

(Li@F) (6, 2)|5 < C  sup  ylzu(s, [y (1 + s+ ly)? M OF (5,9)lo,
(s,y)eD*(t,r)

which implies (3.31),. If p = 1, we obtain the same estimate from (3.28) for v = 0
together with (3.14), because of (2.10). [

In what follows we shall assume that
(3.43) r=|z| > 1.

Then we will often make use of an elementary inequality (3.45) below. Notice that the

condition |r + s — t| < A in (3.38) implies s +r — ¢ < A, which can be written as
(1= ca+ 1+ — ) <20

with the notation (3.39). Bearing this in mind, we set

(3.44) B = B5(0) = g (1~ es)a+ (L +)(r — 1)}

for j = 0,1,2,--- ,m and « > 0, where cg,¢1,¢2, - ,Cm are given in (2.1). Then we

obtain the following

Lemma 8.10. Let p >0 and p > 0. Assume that ¢; # ¢; = 1. Then we have

r+4t
G45) [ (@+a) T 1) M < Gt b~ t) Pl D),

lr—t|
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where x,(s) =1if p >0, x.(s) = 1+log(1+s) if u =0, and C is a constant depending

only on p, 1 and c;.

Proof. By I we shall denote the left hand side of (3.45). First suppose that
4> 0. Then, since

1 2 0
1 Yyt - A Y
(L1874 = 23 (om Bi) o (L+ 1641
we have
r+4t
I<Cl+|r—t)?+C / (1+a) " tda,
fr—t|
noting that (3.44) yields
(3.46) 16;l < (1+4c¢j)a for oa>|r—t|.

Thus we obtain (3.45).
Next suppose that ;4 = 0. Then we have
[<CL+|r—t))"Plog(1+ (1 +¢)(r +1))
T+t
+C [ (1+a)y 7 log(1+ |8 )do
[r—t|
Therefore we obtain (3.45). The proof is complete. O

The estimate (3.45) will be used also in the following forms.

Corollary 3.11. Let p > 0 and > 0. Then we have

(3.47)
r+t
/ 1+a) " *l+a+r—t) o< CA+r—t))"" if >0,
=]
(3.48)
r+t
(I+a) P i H#1l+a+r—t)~tda < CA+|r —t)7,
]
(3.49)
r4+t

1+a) ™ 3(l+a+r—t) 2da<Cl+|r—t)"

|r—t|
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and

r+t

(3.50) / (1+a) P 1 #(1+ |B;]) " 3 Hda
lr—t|

< C(l + 'T’ - tl)—p if Cj # C; = 1.
Proof. Noting that (3.44) with j = 0 yields

1

(3.51) ﬁ0:-2—(a+r—t)20 for a>t—-r,

we have (3.47) from (3.45) with 7 = 0. Hence (3.48) and (3.49) follows, if we replace p
in (3.47) by p+ (1/2) or 1/2 respectively. Besides, we get (3.50), replacing x in (3.45)
by p+(1/2). O

We will also make use of the following elementary inequalities.

Lemma 3.12. Let p > 0. Then we have
rt
(3.52) / A+a)Pl+a+r—t)"i(1 +r+t—a)‘%da
|r—t]|
<w(l+|r—t)""°

and
r+t
(3.53) / (1+ a)_”_%(l +7r+1- a)‘%da <V2a(l+|r—t)".
lr—t|

Proof. By I we denote the left hand side of (3.52). Then we have

t+r
1
Iﬁm /(a+r—t)“%(t+7‘—a)‘%da,

t—r|

which yields (3.52), since

b
(3.54) /(a—a)_%(b—a)_%da:w for a<b.
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We also obtain (3.53) easily from (3.52), since 1+a+7r—t < 2(14a) fora > [r—t|. U

Finally we shall derive another elementary inequality which refines such calculation

for the (-integral as in the proof of Lemma 3.8.

Lemma 3.13. Let x be a real number and let |r —t| < a <r+1. Set

«@

(355) IJ :IJ(a):/(1+IB—IBJ)_%(1+Iﬂl)—l—}-ndﬁ
Bj
for j =0,1,2,--- ,m, where 3; = 3;(c) is given by (3.44).
If 3; > 0 (for example, if j = 0), we have

C(1+ B;)"zt" for r<1i,
(3.56) I; < (1+6;) . 2
C(1+ a)l=—zl4 for k> 1,
where we have set
(3.57); [a]+ = max{a,0} for a€R
and
(3.57)2 (14 )0+ =14 log(1+5) for s>0.
Moreover, if 1 < j < m, we have
CL+|B;)"2(1 +8;)) =+ for k< %,
59 L < [ CoriahTiac1) ;
C(1+ a)l—zl+ for k> 1.

Proof.  First we shall prove (3.56). Note that (3.44) implies
(3.59) B;j<a for a>r—t.

Let 3; > 0. First suppose that x < 1. Then we have from (3.55)

[+

I, < 201+ @)~ 5 4+ 2(1 — k) /(1 + B)-$+mdg,
B
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integrating by parts, since 1+ — 3; < 1+ /3. Hence we get (3.56) by (3.59). Conversely

suppose that x > 1. Then we have as above
I; <2(1+ a')"%J“*,

which implies (3.56).
Next we shall prove (3.58). Since (3.56) implies (3.58) if 3; > 0, we shall assume
that 8; < 0. Note that (3.44) implies

(3.60) B;j > —cja for a>t-—r,

hence

0<—pi/ci<a for j>1.
Therefore one can divide /; into three integrals as follows.

Bj/2  —Bj/cy a

SO
Bj Bi/2  —Bj/cj
= Ij]_ +]_72 + IJ3

For the first term we have
Bi/2
In <G+ 5D [ (+p-6)tds
B;
< C(L+|B;) 5,

which yields (3.58) for I; = I;1, if we use (3.46) when x > 1.
For the second term if follows that
—Bj/cj
Le<CO+ig)7 [ (+18)7 s,
Bji/2
since

1+8—-06; > (1+1651)/2 for (> 5;/2.
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Hence we obtain (3.58) for [; = [, using (3.46) when x > 1/2.

As for the last term, since 3; < 0, we have

Le< [ (+lp)Has
1Bjl/c;

Therefore we easily obtain (3.58) for I; = I;,. Thus we prove the lemma. [I
Now we are in a position to prove (3.31); with ¢; = 1, which is written as

(3.61) (1 +r)(1 + |r — t))?|L;(OF") (¢, z)|

<Csup lyleh (s WDIF s, 9)l:
(s,y)eDt(t,r)

according to (2.11). We start with the following reduction which has been essentially

proved in Yokoyama [21].
Lemma 3.14. Let (3.43) hold. Then we have

(3.62) (1+7)|LOF)E,2)| < Clo+ L +12)  sup  ylz(s, [y)|F*(s,9)1-
(s,y)eD(t,y)

Here
(363)1 Z(S, )‘) = zz,p(s, A)v
1
(3 63)2 0 O(t,T) / Z(S, )\) a
8D
with 0D boundary of D,

1 1 1

3.63 I = L(tr) = 1sd)
(3:63)s 1= hitr) Z/z(s,)\)\/1+)\—)\1(\/1+)\+\/1—5—/\2—)\)(8
1

and

1 1 1
3.63 ] :I t, ) — dtdA,
(3.63)4 2 = h(t,r) Z/z(s7)\)\/1+)\(\/l+)\—)\1+\/1+)\2“>‘) ’
2
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where

(3.64) M =fr+s—1t], a=r+1t—s,

(3.65)1 D={(s,))€R? 0<s<t, 1+ <A< —1},
(3.65)2 Dy ={(s,A\)eD; s<t—r}

and

(365)3 Dy = {(S, )\) €D; s>t— T}.

Proof.  We shall refer to the openning of the proof of Proposition 3.1 in [21].
Since the expression (3.8) or (3.10) in it is the same one as our (3.23) with ¢; = 1, we

find by virtue of the identity (3.17) through the estimate (3.25) in [21] that

(3.66) (14 7)|Liy(OF) (L, z)|

<C(lo+ I3+ L) sup  |ylz(s, [yDIF*(s,9))1
(5,5)ED* (t,7)

Here

lr= lf EBEEe

and

1
I, = 90, |)dsd),
* l/ Z(S,A)(ossgzwl )

where ©; = ©;(s, \,p; t,z) is given by (3.24), and 00; = (0;0;,0,0;). Moreover, by
virtue of the estimates (3.34) and (3.35) in [21] for |9©;]|, we get

Iy < C(L + D).

Clearly we have I3 < I; + I,. Thus we obtain (3.62) from (3.66). The proof is com-
plete. [ '
In view of (3.61) and (3.62) we have only to prove

(3.67)% Iy = I(t,r) < CA+|r—t|)~* for k=0,1,2.
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In what follows we shall divide each domain of integration in (3.63)2, (3.63)3 or
(3.63)4 into m + 1 domains, analogously to the proof of Lemma 3.8. Besides, we will
often use, without notice, the notation (3.39) for (s,A) € A, 7 =0,1,2,---,m, where
A; are given by (2.2); or (2.2)¢. Then it follows from (3.27), (3.32), (3.39) and (3.63);
that

(3.68)1 2(5,) = (L+ )P (1 +|B) 7+
for (s,A)€A; with 0<j<m and j#1

and
(3.68)5 2(8,2) = (1 + )1 + |8+ for (s,A) € A;.
First we shall deal with I, given by (3.63); with (3.65);.

Lemma 3.15. Set

(369) IOj == Ioj(t,’l") = / 2(31 )‘) do

(8D)NA;

for ) =0,1,2,--- ,m. Then we have
(3.70) [Toj(t,r)] < C(L+|r —t))™°
for 0 < j < m, provided 0 < p < 1+ p.

Proof. We see from (3.32), (3.64) and (3.65); that in the proof one can replace
two segments A = A; + 1 and A = Ay — 1 of the boundary of D by A = A\; and A = A,
respectively, because |a|/2 < |1+ a| < 1+ |a| for a real number a with |a| > 2.

Let (s,A) € A;. Then it follows from (3.39) and (3.64) that

(3.71), a=1r+1 for A=),

(3.71), a=t—r for A=) with 0<s<t-r
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and
(3.71)3 B=p0; for A=X with s>t—r,

where 3; = f;() is given by (3.44). Hence we find from (3.36) and (3.40) that

(3.72) ]Oj < C(Al + Ay + A3z + A4),
where
r+t
a= [ o
z|,_
|r—t|
r+t
1 .
n= [ 2 as
—cj(r+t) a=rt
fr—t| )
A3 = / - d[‘)’
_le’r‘—tl a:|r_t|
and
r+i 1
A4 = ; da.
Clr—¢} A=h;
For the first integral we have easily from (3.68) and (3.41)
r+t
(3.73)1 Ay = / (14+X)"P A< p7 YA+ |r — )77,
lr—t|

To deal with the others, we first suppose that j # 7. Then it follows from (3.68); that

rt

(3.73), Ay = (L+7+1)=0 / (1 +18))"H+d
;i)

<Cl+r+1t)*
and
[r—t]|

(3.73)3 Aa= (=) [ @ig)ds

—cjlr—t|

< CL+Ir—t)".
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As for the last integral we have

r—4t
A= [ (L a)y e+ ) o

lr—t|

By virtue of Lemma 3.10 we obtain
(3.73)4 Ay <CQA+|r—t))~".

Next suppose that j = i. Then it follows from (3.68), that

r+t
(3.74), Ap=(1+7r+ t)_l"‘ / 1+ lﬂ])_p“L“ dg
—cj(r4t)
<C(l+r+t)*
and
lr—t|
(3.74); A= (it [+ B) s
—c;i(r—t)

SO +fr—t)~,

provided —p + p > —1. As for the last integral we have

r+4t
Ag= (1 +|r —t|)~ P+ / (1+a)~1*da,

lr—t|

because (; = r — t according to (3.44) with ¢; = 1. Therefore we get
(3.74)s Ay < C(+[r— 1),

since ;1 > 0. Now the desired estimate (3.70) follows immediately from (3.72), (3.73)
and (3.74). The proof is complete. [
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Next we shall prove (3.67); and (3.67)2, where /; and I, are given by (3.63)3 and
(3.63)4 with (3.64) and (3.65). We divide each integral into m + 1 terms analogously to

the proof of Lemma 3.8. Namely, we set

(3.75),
[1_7' = Ilj(t,T)
1 1 1
= + 1sd A
I/ ot e
D1ﬂAj
and
(3.75)s
Ip; = I;(t,r)
1 1 1
- dsd)
/f RPSNN. L, we vy vV pray vy U

D2NA;

for j=0,1,2,--- ,m, so that

m l m
]1:;) ]1j and ]2:2_(:) [2j-

For each j =0,1,2,--- ,m, it follows from (3.39), (3.44), (3.64) and (3.65) that

(3.76), A—A=r+t—a for (s,A)€(DUD)NA;,
(3.76) A=A =a+r—t for (s,A\)eDiNA,;

and

(376)3 (1 + Cj)(/\ — /\1) = 2(,3 - [53) for (S, )\) € Dy N Aj.

Moreover we shall divide the integrals /,; and I5; into three groups as follows: 1)
j=0,2)1<j<mwith j #4, and 3) j =14,
We start with

Lemma 3.16. Let j = 0. Then we have

(377) [10(t,7‘) + Igo(t,’f‘) < (7(1 -+ iT’ — tl)_p,
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provided p > 0, where 115 and Iao are given by (3.75); and (3.75), respectively.

Proof. Let j = 0. Then it follows from (3.41), (3.51) and (3.65) that
(3.78) 20220 =a+r—-t>0 for (s,A) € (DiUD3)NAg..
Indeed, if A > A\ = |s+ 7 —t|, we have A > s+ r — t, which is equivalent to the first
inequality of (3.78) according to (3.41) and (3.51).

First we consider 1. Similarly to (3.42), it follows from (3.75), (3.41), (3.68)1,
(3.76) and (3.78) that

(3.79),
r+t o
o< C / (1+a)"’““(1+a+r~t)‘%da/(1+ﬂ)—%+~dﬁ
Ir—t| ‘ Bo
r+t o
+C / (1+0‘)_p_“(1+a+r——t)_%(l—f—r—i—t—a)“%da/(1+[3)—1+“dﬁ~
|r—2] 0

One can also assume without loss of generality that 0 < 1 < 1/2, since (3.40) yields
(1+a)™ <CA+a) 1(1+|8)) *+i

if 4 > 1/2. Hence we see from (3.78) that

(3.79),
r+t
ho = C / (1+a) 1A+ a+r—t) o
r—t| '
41
|r—t|

Therefore we obtain (3.77) for 110, making use of (3.47) and (3.52).
Next we consider I59. Analogously to (3.79); it follows from (3.75)5 that

4t o
L < C / (1+ a)_p_”da/(l + B) (14 B — o) 3dB
lr—t| Bo

r~+t o
+C / (1+a)“”‘“(1+r+t—a)_%da/(l—kﬂ)_%ﬂ‘dﬂ.
Bo

lr—t]
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As above one can assume that 0 < ;& < 1/2. Applying (3.56) to the [(-integral of the
first term, we therefore get by (3.78)
rt
Lo < C / (1+a)P#(1 +a+r —t)"Hda
||
4t
+C / 1+a)™ " H*A4+r+1t— a)”%(l +a+r-— t)“%‘“‘doz.
|r—t|
Thus we obtain (3.77) for I, making use of (3.47) and (3.52), since
1+a+r—t)* <28(1+a)”.
The proof is complete. [

Next we deal with the generic case.

Lemma 3.17. Let 1< j <m and j # 4. Then we have
(3.80) Li(tr) + I (t,r) < C(L 4+ |r —t])77,
provided p > 0.

Proof. Note that (2.3) and (3.39) yield

[

(3.81) (1+ )\)“% <C(l+a)” for (s,A\)€A; for 1<j<m.

Let 1 < j <m and j # i. Then it follows from (3.75)1, (3.68)1, (3.76) and (3.40) that

(3.82) I;(t,7)
r+t o
<C / (1+a)™ P * 3(1+a+r—t) 2da / (14 18))~*Hds
|r—¢| —cj
r+t
+C / (L+a) " l+a+r—1t)3
et

x (1+7+t—a) da / (1+|8|)~t+*dg.

—cja
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Hence we have easily

(3.83)
r+t
Lijtr)y<C / (1+a)—p_%(1—|—a+r—t)—%da
lr—t]
r+t
+C/(1+a)_”(1+a+1"—t)—%’(1+r+t-a)‘%da.
fr—t|

Therefore we obtain (3.80) for /;;, making use of (3.49) and (3.52).
Analogously to (3.82) we have from (3.75)2

(3.84) L(t,r)
r4t o
<o [arayeehia [ gyias s
lr—¢| By
rtt o
+C / (1+ (1)_‘"“‘%(1 frdt— a)_%da / (1+|8))~ *dB.
et oy

As explained in the proof of (3.79)2 one can assume that 0 < p < 1/2. Applying (3.58)
to the (-integral in the first term, we get

r4t

(3.85) Bitr) <€ [ (L ayermh e ) Hda
lr—t|
r+t
+C/(1+a)""%(1+r+t—a)—%da.
lr—t|

Therefore we obtain (3.80) for I;, making use of (3.50) and (3.53). The proof is
complete. [J

Finally we deal with the critical case.

Lemma 3.18. Let j =4, so that ¢; = 1. Then we have

(386) Iu(t,’l") -+ ]zi(t,’l‘) S C(l —+ |7’ — t|)—p,
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provided 0 < p < 1.

Proof. First we consider /;;. Analogously to (3.82) it follows from (3.68), instead
of (368)1 that

(3.87) Li(t,7)
r4-i «
<C / (1+a)_%_”(1+a+7’—t)"%da/(1+|[j|)—P+#dﬁ
lr—t| Lo
rt
¢ / (I+o0) " #(lt+a+r—t)7s
|r—t|

«

x (1+7r+t—a) tda f(1 +|81)~P+HdB.

— O

Suppose that

(3.88) - 0<p<l+p.
Then we have easily
r+t
Li(t,z) < C / (14+a) ™" 3(1+a+r—t) 2da
[r—t|
r+t
+C / A+ ?l+a+r— t)_%(l-l—r%—t —a)—%da.
lr—t|

Therefore we obtain (3.86) for /;;, making use of (3.49) and (3.52).

Next we consider I2;. Analogously to (3.84) we have

(3.89)
Izi(t,?")
rt o
<cC (1+a)'%_“da (1+ﬂ—5i)_%(1+lﬁl)‘p+“dﬂ

et

r+t o

+C / 1+ a)—%_”(l +r+t—a ~3da /(1 4 lm)—pﬂidﬁ
[r—t| —a

= A+ B,
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using (3.68), instead of (3.68);. As for the second term we have easily from (3.88)
r+t
B<C / I+a) ™ 5(1+r+t— a)_%doz.
lr—t|
Hence by (3.53) we get (3.86) for B.
Finally we shall consider the first term A on the right hand side of (3.89). Note

that 3; = r — t according to (3.44) with ¢; = 1. For convenience we set

(3'90) k=1-p+pu,
so that
ri-t o
(3.91) A=C / (1 +(1)~%_“da/(1 + 8- ﬂi)_%(l + 15])‘”’%1[3.
|r—¢] B;

Here we shall apply (3.58) to the [-integral. First suppose that 0 < p < 1/2. Then
(3.90) yields

KZ>1+ >1
— L —
= / 9"

hence it follows from the latter inequality of (3.58) that

r+t

ALC / (1+a) " tda.

[r—t|

Therefore we obtain (3.86) for A.
Next suppose that
1
so that
1
Nk -+up

2
according to (3.90). Then one can assume that 0 < p < p— (1/2) in (3.89) as remarked

in the proof of (3.85). Hence (3.90) and (3.88) yield 0 < k < 1/2. Thus we get
r+t
A<C / (1+a)"27#(1+]8:))2*da,

|r—t|
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making use of (3.58) and (3.91).
Since B; = r — t, we thus obtain (3.86) for A. The proof is complete. .[]

End of proof of Theorem 3.4. We have (3.28) and (3.31); from Lemma 3.8. Let
0 < p<1and p>0. Then from Lemmas 3.9 and 3.14 through 3.18 we obtain (3.61),
which yields (3.29) and (3.31)2. Thus we prove the theorem. O

Proof of Theorem 3.7. In view of the proof of Theorem 3.4 we have only to
- modify the calculation over Ay, where 1 < k < m and k # . '

First we shall prove (3.34);. To this end we refer to the proof of Lemma 3.8.
Replacing z,(s, |y|) in (3.37) by Zﬁ(s, ly]), we have

r+t «
1
Rt <5 [ arayivia [ i) ieas
[r—t| —cpa

analogously to the first inequality of (3.42). Since i > 0, we see that the conclusion of
(3.42) is still valid. Hence we obtain (3.34);.

Next we shall prove (3.34),. In view of (3.34)3 one can replace (3.38)}, in the proof
of (3.31); by

1
I(t,7) < o // (14+ X+ 8)"P(1+ | A — cps|) " Hdsd.
ﬁiﬂAk
Therefore (3.42) is still valid, hence we obtain (3.34),.

Finally we shall prove (3.35);. It is sufficient to do this for v = 0, since (1 + s +
ly)» > (14 |r —t))¥ for v > 0 and (s,y) € D(¢,r). When 0 < r < 1, we get (3.35);
analogously to the proof of Lemma 3.9, making use of (3.34); amd (3.34), instead of
(3.28) with v = 0 and (3.31); respectively.

In what follows we suppose that (3.43) holds. Then it sufffices to show that (3.61)
is still valid, even if ZZ, , 1s replaced by Zﬁ, o To this end we have only to modify the

proofs of Lemmas 3.15 and 3.17, where (3.68), changes into

(3.93) 2(5,A) = (1+a)P(L+|8)*  for (s,)) € Ay.
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First we consider Lemma 3.15. Then (3.73); is replaced by
rt
Al = / (14 NP 1HdN
|r—t| _
<C+|r—t) "

Moreover (3.73)3 changes into
r+t
o= ir—t)” [+ 1B) s

—cg|r—t|

<CA+|r—t)~*

Analogously we see that the conclusion of (3.73); is still valid. As for the last integral
in (3.72) it follows from (3.93) that

r+t
Ay = / (1+a) (1 + |Bl) "+ *da.
fr—t]
r+t
<t fr— ) / (1+ 1) *da.
|r—t|

Since ¢y, # ¢; = 1, we see from (3.44) that
Ay <C(A+|r—t)"

Thus we see that Lemma 3.15 is true with (3.68), replaced by (3.93).

Finally we consider Lemma 3.17. Then (1+a)~*~* and (1+|8|)~'** in (3.82) are
replaced by (1 -+ )~ and (1 + |3])~~# respectively. Hence we have (3.83). Moreover
(3.84) changes into

Li(t,r)
r+t
<C / (1+ )P~ 2da/(1+ﬂ B4 (1418)" 4B
|r—t|
r+t o
+C’/(1+a) S 4r+1i-a) %da/ (14 18)"~*dB.

r—t| —cra
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Applying (3.58) with x = —u to the [(-integral in the first term, we see that (3.85)

changes into

r+t

L(t,r) < C / (1+a) P H(1+ |B))~ Hda
lr—t|
r+i
+C/(1+a)“”—%(1+r+t~a)“%da.
jr—t|

Therefore we obtain (3.80) for I, making use of (3.50) with ¢ = 0 and (3.53). Con-
sequenctly we see that Lemma 3.17 is true with (3.68); replaced by (3.93). Thus we

prove the theorem. []

§4. Existence of local solutions and continuous dependence on initial data

of the solutions.

In this section, to the Cauchy problem (1.1)-(1.2) we apply the results of Kato [12]
on local existence of solutions to quasilinear symmetric hyperbolic systems of the first
order. To this end we shall regard a solution u = u(t,z) of (1.1) as a function of £ > 0
with values in the Sobolev space H* = H*(R3) of L2-type, where k is a positive integer
with k > 4, and write u(t) for u(t,-). We also replace the initial conditions (1.2) by

(4.1) u(0) = po(e), Owu(0) = 1(e),

where € > 0 is a parameter. Then the following theorem is a special case of the results

of Kato [12].

Theorem 4.1.  Assume that conditions (1.4) and (1.5) hold. Let po(c) € H*
and ¢;(g) € H*~! for € > 0, where k is a positive integer with £ > 4. Supposé that

(42) tim ([l o(e)l s + 111 (<) | zrn-1) = 0.
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Then there are positive constants £, wy, and T} such that for any € € (0, ex| there exists

a unique solution u(f) = u(t;e) of the Cauchy problem (1.1)-(4.1) with 0 < ¢ < Ty

satisfying

(4.3) u(t) € C([0, Tx]; H*) N C*([0, Tx]; Hk‘l) N C%([0, Ty); H*2)
and

(4.4) Hu(@)|| ge + [|0su(t) || gr-1 < wg  for t € [0, Tk

Here j,wy and T} depend only on the derivatives of A% (u,u) and B'(u,u’) with

respect to (u,u’) of order < k for ¢,j = 1,2,--- ,m and a,b = 0,1,2,3. Moreover we
have
(4.5) lim max (|Ju(t)|gx + [|0u(t)||gr-1) = 0.

e—0 0<t<Ty

Proof.  First of all we shall modify the Af}’(u,u’ ) and B(u,u’) in (1.4); outside
a neighborhood of (u,u’) = (0,0) so that conditions (1.4)y and (1.5) remain holding
as follows. Let xs(u,u’) € C$°(R5P) be a cutoff function such that 0 < xs(u,u’) <1,
xs(u,u’) =1 for |u| + |v/| < &6 and xs(u,u’) = 0 for |u| + |u'| > 26, where 6 is a small

positive number which will be fixed later. Then we set
(4.6) A;‘;’(u,u’) = X,s(u,u’)A%g’(u, u'), Bi(u,v) = xs(u,u’)B*(u,u)
for ¢,7=1,2,---,m and a,b=0,1,23.

Clearly it suffices to prove the theorem for such modified equations (1.1), because of

(4.5). Thus (dropping the tildas for notational convenience) one can assume that
(4.7) A2 (u,u'), Bi(u,u’) € CP(R).

Next we shall write (1.1) in the form of a symmetric hyperbolic system. To this
end we set
AR () - AR (u,)
(4.8) A% (u,u’) = : : for a,b=0,1,2,3.
Ay (u,w') e AR (u, )
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Then it follows from (1.5) that A% (u,’) are symmetric p X p matrices. In addition,

(1.4)2 implies A%* = A%®. Moreover (1.1) can be written as
(4.9) (I, — A%(u,u"))d%u

3 3
=) {24% (u,w)0;0u + Y (& A+ ATF(u,u')d;08u} + Blu, ),

j=1 k=1

where I, stands for the unit matrix of order p and we have set

d I, 0
21
(4.10) A= 2P
0 cgn Ipm

and

B(u,u’)

' B?(u,u)

(4.11) B(u,u') = ,

B™(u,u’)

We also take the § in (4.6) so small as
(4.12) I, — A®(u,u) > %,zp for (u,u') € RYP.

This is possible, since A%°(0,0) = 0 according to (1.4)3. Furthermore we put

Vo 8tu

_ (%1 - 81’11, g

(4.13) o= | = G| =Y
U3 83“

I, — A%®u,u') 0

4.14 ag(u,u’) =
( ) 0( u ) 0 I3p
and for j =1,2,3
(4.15)
G,j(’u,,ul) =
2A% (U, Ul) 5j1A + ATt (U, UI) 6_7'2./\ + Ajz(u,u’) 6_7'3/\ -+ Aj3(u,u’)
b1 Ip
b2 Ip 0

(5j3 Ip
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Then one can write (4.9) as

3
(4.16) ag(u, u')ov = Z a;j(u,u)0;v + b(u,u').
j=1
where
B(u,u’)
b(u,u’) = 0
’ 0
0

In order to symmetrize the system (4.16) we set

I 0 0 0

p
|0 A+ AV () AR(u,u) A (u,u)
(4.17) a(u,u’) = 0 AL (u, ) A+ AZ2(u, ) A% (u, ')
0 A3 (u, ') AR(u,v') A+ AB(u, )

Then we see from (4.14) and (4.15) that
(4.18) a(u,u')a;j(u,u’) are symmetric for j=0,1,2,3.
Moreover we take the § in (4.6) so small as

(4.19) a(u,u)ag(u,u') > Cly, for (u,u’) € R,

where
~ 1
C= 3 min {1, ¢2}.

This is possible, because

(1(0,0)0,0(0,0) = G(O, 0)
>2C Iy

according to (4.10), (4.14) and (4.17).
Finally we put w = [¥]. Then we have from (4.16) with (4.13)

]p 0 ) — 0 0 ] Vo
(4.20) [0 aaol (‘)tu—z [0 aaj} O w + {ab],

j=1
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which is a symmetric hyperbolic system with respect to the unknown w, because of
(4.18) and (4.19).

In what follows we fix the & in (4.6) in such a way that both (4.12) and (4.19) hold.
Then we shall apply Theorems II, III and IV in Kato [12] to the modified system (4.20).
In Theorem IV with s = k — 1 and k > 4, we take vo(z) =0, fo(t,z) =0, |

Q= {(z,w) € R® xR*?; |w| < 1}

and

D = {(u,v) € H* x H*Y; JJul[gre + [Jv|| a1 < wie}

with small wg > 0. Then the hypotheses (5.1), (5.2) with s = &, (5.3) and (5.4) are
fufilled. Therefore by virtue of Theorem IV we find that the conditions (4.2) through
(4.6) in Theorem II and (4.11) in Theorem III hold. Moreover our equation (1.1) has a
trivial solution according to (1.3);. Therefore, taking u = 0 in Theorem III, we obtain
our Theorem 4.1.

Finally, taking ¢ in Theorem 4.1 small, we find from (4.5) and Sobolev’s inequality
that the solution u(t,z) of (1.1)-(4.1) satisfies

lu(t,z)| + v/ (t,z)] <6 for (¢,z) € [0,Tk] x R?,

where § is the constant in (4.6), hence u(t, z) is a solution of the original equation (1.1).

The proof is complete. [

For the smoothness of the solution we have the following theorem which is an

immediate consequence of Majda {20], Theorem 2.2 or its Corollary 1.

Theorem 4.2.  Assume that conditions (4.7) and (4.19) as well as (1.4) and
(1.5) hold. Let u(t,z) € C2([0,T] x R3) be a solution of the Cauchy problem (1.1)-(4.1)
with 0 <t < T, where T is a positive number. Suppose that ¢o(e) and ¢;(¢) belong to
HE for all k > 4. Then we have u(t,z) € C®([0,T] x R3).

85. Weighted L™ — L? estimates.
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In this section we derive certain weighted L° — L? estimates for local solutions
of the nonlinear wave equations (1.1). A goal of the present section is Corollary 5.15
below.
We consider the following Cauchy problem
(5.1)
O; v = Fi(u, Ou, 8*u) in (0,T) xR3, i=1,2,---,m,

(5.2) ,
uH0,z) = ¢ fix), & ui(0,2) =¢ ¢g'(z) for z€R? i=12,---,m,

where O;, F*, e, f* and ¢* are as in (1.1) or (1.2), and T is a positive number. Through-
out the present section we assume that the conditions (1.4), (1.5), (4.7), (4.12) and (4.19)
are fulfilled. Then we see from Theorem 4.1 and 4.2 that the Cauchy problem (5.1)-(5.2)
has a solution u(t,z) € C®([0,7) x R3) with 0 < Ty < T, provided 0 < & < &4, where
€4 and Ty are the constants in Theorem 4.1 with k = 4.

The following lemma on the domain of dependence is well known.

Lemma 5.1. Let u(t,z) € C?([0,T) x R3) be a solution of (5.1)-(5.2), where
u(t,z) = (u(t,z), u(t,x), -+ ,u™(t,x)). Suppose that

(5.3) fi@)=g¢'(x)=0 for |z[>L, i=12--,m
with some positive number L. Then we have
(5.4) u(t,z) =0 for |z|>L+cmt, 0ZE<T,

where ¢,,, is the constant in (1.1). Moreover suppose that hypothesis (A); is satisfied.

Then we have

(5.5) uw'(t,z) =0 for |z|>L+¢t, 0<t<T, i=12---,m

For the proof see for instance John [7], Appendix or [10], Appendix 1.
The following forms of the Sobolev inequality will play a basic role in deriving the

[,° — [2 estimates.
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Lemma 5.2. Let v(z) € C$°(R3). Then we have for z € R?

(5.6) 2] - @) < 3 107 85 vl 2aes,
|la|<2

and

(5.7) wPlo@)? < C )R vlZams,
|aj<2

where  is defined by (2.4) and C a constant independent of x and v.

Proof.  The estimate (5.7) is a special case of Lemma 4.2 in Klainerman and

Sideris [15], and (5.6) follows from the proof of the (i) of (2.1) in Klainerman [14]. [

In what follows we set

(58 il = { [ futt )i }1/2

and

(5.8)2 [ullk,e = sup [[u(s)llk
0<s<t

for a nonnegative integer k and t € [0,7"), where we have used the notation (2.9). Then

from Lemmas 5.1 and 5.2 we have easily

Corollary 5.3. Let u(t,z) € C*([0,T) x R®) be a solution of (5.1)-(5.2). Then

for a nonnegative integer k and (¢, z) € [0,T) x R® we have

(5.9) VT [u(t, 2) |k < Cllou(t)||k42
and
(5.10) 7[Bu(t, z)|k < Cllu(t)[|k+2,

where r = |z| and C is a constant depending only on k.
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In the course of calculation below we will often make use of the following inequali-

ties.

Lemma 5.4. Leti=1,2,---,m and let u’(t,z) € C*([0,T) xR?) be a solution
of (5.1)-(5.2). Let (s,9) € [0,T) xR3 and (s,)) € Aj (j =0,1,2,---,m) with A = lul,
where A; are defined by (2.2); or (2.2)o. Let k be a nonnegative integer and v > 0.

Then we have

(5.11)
(s, y) e < O+ A+ )7 (wi(s,y) Yo if J#4,
(5.12)
(s, 9) 6 < (L A+ 8) T A+ A =i s) 7 (ui(5,9) Jok if j=¢ and »>0

and
(5.13) (s, y) |k < O+ A+ 8) (1 + [ — ¢ s)) 7 u'(5,9) ok
if j=¢ and 0<é6<1.

Moreover we have
(5.14) ,

10ui (s, |k < CA+ A+ 8) "2 Y[0u (8, Y4w, v if 1<F<m and j#4,
(5.15)

0u (s, )|k < CL+A+8) A+ N Hou (894w, & i j=0

and
(5.16) |0u*(s,y)lk < C(1+ A+ $)TTA+ A —c 8TV OU (8, W) 14, & I G =4

Here C are constants depending only on the ¢, ¢z, ,Cm, the L in (5.3) and 4, and we

have used the notations (2.13) and (2.14).

Proof.  The estimates (5.12) follows immediately from (2.10);. Next we shall
prove (5.11). If 1 < j <4 — 1, then it follows from (2.1) and (2.2); that

1
A< st (e — )8

1
<c¢j s+ g(Cz — ¢j)8.
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Hence

A—c; s|=cis—A

> %(cz —¢j)s.
Therefore we obtain (5.11) by (2.3). If i +1 < j < m, we have as above
2
A— ci 8§82 g(Cj —Ci)S,

hence (5.11) follows. Similarly one can prove the estimate when j = 0, because it follows
from Lemma 5.1 that (5.4) holds.

To prove (5.13) we note that 1 +logz < C 2% for x > 1, where C' is a constant
depending on 6. Hence we obtain (5.13) from (2.10)2. The proofs of (5.14), (5.15) and
(5.16) are similar to that of (5.11). [

Now, we shall return to the Cauchy problem (5.1)-(5.2). In what follows we assume
that ui(t, z) € C°([0,T) x R®) is a solution of (5.1)-(5.2), where ¢ = 1,2,---,m. Set

ub(t,x) = ui(t, ) — Li(F*(u, du, 8®u))(t, z),

where L; is the linear operator in (3.22). Then we see that u§(t,z) is a solution of the
homogeneous wave equation [,u? = 0 satisfying the initial conditions (5.2). Moreover

we find from (2.6) and (2.8) that u,(t,z) = ['*uf(t,») is also a solution of [lu* =

satisfying initial conditions of the following forms

Z C, e fi(z) + Z Db I‘bgi(a;))

la]<|e| b|<|a|

. (0,3) = e(

and

i) ug(o,x):e( Z cirefimy+ Y, Dy F"g"(:v)),

la|<le|+1 bl<|a|+1

where C,, Dy, C’. and D}, are constants. Making use of Proposition 3.3 we have therefore

(5.17)1 (W, 2) Yoo < O+ ( Li(Fi(u, Bu, 82u))(t,) Yok
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and

(5.17)2 [0U*(t, )] o < Ce + [0L;(Fi(u, u, 0%u))(t,2)]p, &
for (t,z) € [0,T) xR3 i=1,2--- m.

Here k is a nonnegative integer, v > 0, p > 0 and C is a constant depending only on
ft, g% v, p, k and the ¢;, ¢a, -++,¢p. Thus we must estimate the second terms on
the right hand sides of (5.17); and (5.17),.

From now on we assume that conditions (1.9)2 and (1.10) also hold. Then one can

write
(5.18)  F'(u, Ou, 8%*u) = N (Ou*, 0%u®) + R (Ou, 8%u) + G*(u) + H'(u, Ou, 0%u),

where N0(0u?, 8%2ut) = N¥(0, du?, 8%u?) with the N*in (1.7), G*(u) is a homogeneous

polynomial in v of degree 3, and H®(u, Ju, 8%u) satisfies the following estimate

(5.19)
|H(u, o', w")| < C{Jul(ju'| + Ju"]) + (Ju] + [u'Du’| (1] + Ju"))

+ (Jul + [/ D3 (Ju| + /| + W)} for (u, o/, u”) € R?'P,
Indeed, it follows from (1.9); and (5.1) that

IN®(u®, Ou®, 0%u’) — N°(Qut, 8%u?)| < Clu| - |F*(u, o/, u")),
hence we get (5.18). For convenience we shall abbreviate (5.18) as
(5.20) Fi(t,z) = N°(t,z) + R'(t,z) + G*(t,z) + H'(L, z),

unless otherwise stated. Namely we write F*(t, z) = F*(u(t, z), du(t,z), 8?u(t,z)) and

so on. Then we find from Corollary 3.6 that

(5.21), ( Li(F))(t,z) Yor(1+t+7)? < C sup Ml (F")(s,y) + Ce
0<s<t
yeR®
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and
(5.21)2 L (F))(t, 2) 140,k (L+E+7)7°
<C S, MY, e (F*)(s,y) + Ce
yeRr3

hold for (t,z) € [0,T) xR3,0<e<landz=1,2,---,m, where 7 = |2| and we have

set
(5.22) MY ((F)(5,5) = X 2u(3, ) (1 + 5+ N F(5,9)

with A = |y|. Here v > 0, p > 0, u > 0, k is a nonnegative integer, and C the same
constant as the C' in Corollary 3.6. Indeed, we see from (4.9) together with (4.12) that
TeFi(u(s,y), du(s,y), 8%u(s,y)) for s = 0 can be represented in terms of efi(y), €' (y)
and their derivatives. Hence we obtain (5.21).

We are now in a position to estimate the last terms of (5.17); and (5.17)2. After
all we will reduce all the L — L2 estimates to the following easy estimates by making
use of Theorems 3.4, 3.7 and Lemma 5.13 below.

Lemma 5.5. Let i,k, X and (s,y) be as in the preceding lemma. Let 0 < s <
t<T.

1) If p > 0 and 0 < p < p, we have

(523 M, (NO)(s,0)+ M (R)(9) < C Buly, gy [0ullers.s

where we have used the notations (2.15), (2.16), (2.17), (5.8) and (5.22).

2) If p > 1/2 and 0 < p < 1, we have
(524 MG (e9) SOl 0ulra
3) If0<wv<1/2and 0 < pu<(1/2) — v, we have

(5.25)  ME(HD(s,y) < C(w),, sy, o+ 10uly, gy o) 110ulsae,
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provided k£ > 1 and
(5.26)k < U >0’ [%], t -+ [aU]l, [%]’ ¢ < 1 for O <t< T.

Here C' are constants independent of s,y,¢,T" and u.

Proof.  First we shall prove (5.23) with N = 0. It follows from (5.22) and (3.27)
that

(5.27) M*

Eor(BD(8,9) = ML+ A+ )72 (L+ X — ¢ s) 7[R (s, ) k-

Since R*(u',u") is a homogeneous polynomial in (u/,u”) of degree 2, being linear in u”,

we have

(5.28) [R¥(s, )|k < Clou(s,y)ljegy 10u(s, 1) ks,

using Leibnitz’s formula and noting that 8, 0y u =T’y 8, u for @ = 0,1, 2, 3. Therefore
it follows from (5.10), Lemma 5.4 with v = 0 and (5.27) that

M¥, (R (8,9) < O+ At )PP (L4 A~ ¢5 8) ™ [0ul, (g, 19ullkas, o

which implies (5.23), provided 0 < p < p and N = 0. Analogously we obtain (5.23).
Next we shall prove (5.24). Since G*(u) is a homogeneous polynomial in u of degree

3, we have

(5.29) G5, 9)lk < Clu(s, )y [u(s, )l
Hence it follows from (5.9), (5.11), (5.13) and (5.27) with R® replaced by G* that

Mﬂ

—pik

(G¥)(5,9) < C (u )2 |Oullirz, (14 A+ 5) 7073 T2

X (14 A= s)' 7072,

,[%],tl

which yields (5.24), provided p > 1/2, 0 < p <1 and 26 =1 — p.
Finally we shall prove (5.25). We deal with only the first term on the right hand

side of (5.19), since the others can be handled less hard. Hence we assume that

(5.30) |H(u, o', u")] < Clul®(Ju'| + [u"]) for (u, u', u") € RP.
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Then we have similarly to (5.28)

(5.31) |H (3, 9)|k
< C(ju(s,ylgs 10u(s,y)] g + 19uls,v) gy 10,9l gy uls,9) e
+ Clu(s, 9)lig) [uls, v)liepy [0uls, y)lk+
= H]_(S,y) + H2(57y)°
First suppose that v = 0. For the first term H; it follows from (5.9) and Lemma
5.4 that

VX Hy(s,y) <C(L+ A+ ) L+ A~ ¢ s))7H 0w o, (&), ¢ [Ou];, ==

+ [8u]1, [£], ¢t (u >o, (B, ¢) [10ulk+2, ¢

As for the second term Hy we have
(5.32)
AHy(s,9) < C(1+ A+ 8) 29201k =5 s) 72 (whoppy o (o, 52y, ¢ [0ullksse

making use of (5.10) instead of (5.9). Therefore by (5.22) with = 0 and (5.31) we get

M&k(Hi)(s,y) < C M(s, A)([au]l, (41, ¢ +(u >0, (&4, o) [10ullk+2, ¢
+ c M2(S,’!J)< u >0, [kzﬂ], t Haqu-l—& ts
provided k > 0 and (5.26); holds, where we have set
My(s,A) = (L+ A+ 8) 3 HH5 (14 |\ — ¢ s|)7#7°

and

Ma(s,3) = (14 A+ 5) (L4 X — ¢ 8])T 772

Therefore we obtain (5.25), taking 26 = 1 — 2pu.
Next suppose that 0 < v < 1/2. Then one can replace (5.32) by

AHa(5,9) < C(L+ A+ 8) (L4 A~ ¢; s) 77 (u ), 151, ¢

x(u), (54, ¢ ||0ul|k+3, ¢
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making use of (5.11) and (5.12). Therefore we have as above

Mfk(Hz)(g’U) <C Ml(s,)\)([(‘)u]l, [EtL], ¢ + (u >0, [E41], ¢) [10ullk+2, ¢
+C Ma(s, ) w ), mp1, 4 |0ullirs, ¢,

provided k£ > 0 and (5.26); holds, where
Mi(s,A) = (L A 8)75HF840 (14 X = gs)) ™

and

Ms(s,\) =1+ X+ S)—1+u+u+6 (1+A— stDl_u_“——é-

Thus we obtain (5.25), taking 6 = (1/2) — v — p. The proof is complete.

Corollary 5.6. Leti=1,2,---,m and k be a positive integer. Let p > 1/2 and
0 < € < 1. Then for (t,z) € [0,7) x R® we have

(5.33); (u(t,z) Yok (L+1+7)77

< Ce+C((u )y, 1), ¢+ 0uly g1y ) (10ulliss, ¢

and

(5.33)2 [Ou(t, )1 A+ E+7)"°

< Ce+ C(u g, kg2, ¢ + [Ouly, 42) o) 110U][k+44, ¢

provided (5.26); and (5.26);+1 hold respectively, where » = |2| and C is a constant
depending only on the C' in (5.17), (5.21) and the preceding lemma and the C in (5.21).

Proof. Since (2.2); and (2.2)¢ imply

U Aj = (01 OO) X (07 OO),

Jj=0

we easily obtain (5.33) from (5.17), (5.20), (5.21) and Lemma 5.5. [
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Remark. The condition (5.26); holds, provided ¢ and T' are chosen approxi-

mately according as k. More precisely, we have

Lemma 5.7. Let n be a positive integer with n > 4. Let v > 0 and 0 <6 < 1.
Then there is a positive constant &, such that for any € € (0, &,] the Cauchy problem
(5.1)-(5.2) with T = T, has a solution u(t,z) € C([0,T] x R3) satisfying

(5.34) (U )y nez, t +[0U14s, nog, ¢ <8 for t€[0,77,

where T, is the constant in Theorem 4.1 with £ = n and &, depends on n, v, é and T,.
The lemma is an immediate consequence of Theorems 4.1, 4.2, Lemma 5.1 and
Sobolev’s inequality.
Next we shall derive more sharp estimates for N and R* in (5.20), such as (5.25).
Namely we deal with M},  (N*)(s,y) and M,, (R")(s,y) for v > 0. From now on we
suppose that i = 1,2,---,m, 0 < ¢ < 1 and k is a nonnegative integer and that y € R3

and 0 < s <t < T. Moreover we assume that
(5.35) : (s,\) € A; forsome 0<j<m,

where A = |y| and A; are given by (2.2); or (2.2)o. By C we also denote the various
constants independent of (s,y), t, T' and the solution u of (5.1)-(5.2).
We start with

Lemma 5.8. Let j=0and 0 <v < 1/2. Then we have

(5.36) MY (N)(s,y) + M, L (R')(s,9)

<Ce+C(u >o, [E£31, ¢ + [811]1’ (B3] o) 10ullk+s, ¢,
provided 0 < u < (1/2) — v and (5.26)k2 holds.
Proof. Tt follows from (5.22) and (3.27.) that

(5.37) ME (FH)(s,9) = AL+ A+ 8) (14 0 FY (s, 9) ks



74

since (s,\) € Ao. Hence from (5.28) and (5.15) we have
(5.38) MY (B)(s,9) < C(L+ A+ )" H[0u], (e ,[Buls, )]y, k11

Applying (5.33); with p= 1 — v — p to the last factor, we get (5.36) for N** = 0. Since
N also satisfies an estiamte analogous to (5.28), we thus obtain (5.36). [J |

The case where 1 < j < m in (5.35) is rather complicated. We first deal with the
null form N and a special resonance form R, the last term in (1.11) which satisfies
(1.12).

Lemma 5.9. Let1l < j<mand0<v < 1/2. Assume that the condition (1.9)3
holds. Then we have

(5.39) MY ((N®)(s,9) + M. 1 (R®)(s,9)

< Ce+C((u )y, 843), ¢+ 0Uly, m52) o) [10ullkss, ¢
provided 0 < p < (1/2) — v and (5.26) 42 holds.
Proof. Tt follows from (5.22) and (3.27) that
(5.40) ME (FD(8,9) = ML+ A+ )" (L4 [~ e5s]) 7 F7(8,9) |i-
First we shall prove (5.39) for N*® = 0. Similarly to (5.28) it follows from (1.12) that

B, m)lk < C 3 100 (5,9)] g 1003(5,9) -
p#q

Therefore from (5.40) we have
(5.41), ML (RO)(s,9) < C(L+ A+ 8) 7 0]y (a4 1008, 9)]1, k41,

making use of (5.14) and (5.16) with v = 0. Hence we get (5.39) for N*° = 0 analogously
to (5.36).
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Next we shall prove the estimate for R®® = 0. First suppose that 1 < j < m and

j # i. We have as above
IN©@ui(s,y), 0%u'(s,))|k < C 0 (s,y)|[ep 10U (5,9) 1

Since j # i, it follows from (5.14) with v = 0 and (5.40) that

(5.41)2 M (N®)(s,9) <CL+ A+ §)TAtHAY
X (14 A = 58))' 7 [Buly, gy, ([0u(s, 9, kea.

Next suppose that j = i. Then by virtue of Proposition 2.5 with v =0 we get

M} YN (s,y) SCA+ XA+ )T IHvHuts

X (1+ [\ = i ) T#(Cul(s,) Do, kea + [0u'(5,9)]n, k41)
for any 6 > 0, provided (5.26);42 holds. Thus we obtain (5.39) from (5.41); and
Corollary 5.6 with p =1 — v — pu — 8, taking § = (1/2) — v — p. The proof is complete.

Since the condition (1.13) is in essence the same one as (1.9)3, we obtain analogously
to (5.39)

Corollary 5.10. Let j,v and u be as in the preceding lemma. Assume that
both (1.9)3 and (A); hold. Then we have

(542) M () (s,) + ML (R (5,9)

<Ce+C(u >0, (Bg2) ¢ T [Bu]l, [k43), &) [10ullk+s, ¢

provided (5.26)42 holds.
Next we shall deal with the first term of the right hand side of (1.11), without the

condition (A);. For doing so we prepare an auxiliary estimate.

Lemma 5.11. Let 0 < p < 1/2. Assume that (1.9)3 holds. Then we have for
(t,z) € [0,T) x R3 '

(5.43) O (t, )]k < Ce+ C(( g, (g2, ¢ + [0l (sgay, ) 110ullkss, o
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provided (5.26)43 holds.

Proof.  We have only to estimate the last term of (5.17)s. To this end we shall
make use of (3.31); in Theorem 3.4. Then analogously to (5.21), we get

(5.44) [OL;(F*)(t,x)]pp < Ce+C 0s<ug A2 (8 NIFH(s,9) k41,
<s<t
y€R3

where 0 < p1 < 1/2 and 2%, (s, )) is given by (3.32).
Let (5.35) hold. If 0 < j < m and j # %, we have from (3.32); and (5.22)

A Zzyp(s,)\ﬂFi(s,y)lk_}_l = Mﬁ_l, k+1(Fi)(s,y).
Hence it follows from (5.20) and Lemma 5.5 that
(5.45) A zh (s NIF (s, )lksr < C ((u o, (g2, ¢ + 0uly, g2, o) [10ullira, o

provided (5.26)41 holds, because 1 — p > 1/2.
Next suppose that j = 4, i.e., that (s, A) € A;. Then from (3.32)2, (5.20) and (5.22)

we have

(5.46) A zi’p(s, NIF(8, ) kst
<AL+ A+ )L+ X = cs) TG (s, y) k4t
+ Mp (NP + R+ HY)(s,y)-
For the first term on the right hand side it follows from (5.29), (5.9) and (5.13) with
46 =1 — 2u that
(5.47) ML+ X+ 8L+ (A= ¢s))PH |GH(8,Y) k41

SO+ —es) ™ (u)? epy , [10ullkss, o
because 0 < 2u < 1. As for the second term we claim that

(5.48) ME L (N + R+ HY)(s,y)

<Ce+C((u >0, (k) ¢+ [8u]1, [E44y, ¢) [10ullk+s, ¢,
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provided (5.26)43 holds. Indeed, it follows from (5.25) and (5.39) with » = 0 that
(5.48) holds for R* = 0. Moreover analogously to (5.39) for N** = 0 we obtain (5.48)
for N®® = Hi = 0, because R*(du, u?) is linear in (Ou’, 8?u’) according to (1.11) and
(5,A) € A; (see also (5.41)1).

From (5.46), (5.47) and (5.48) we have for (s, ) € A;

A 2 o( NIF (8, 9) ka1 < Ce+C((w o, gy, ¢ +[Ouly, a1y, o) 11Oullks, ¢,

provided p < 1/2 and (5.26)343 holds. Thus we obtain (5.43) from (5.17)z, (5.44) and
(5.45). The proof is complete.
We are now in a position to deal with the first term on the right hand side of (1.11).

Proposition 5.12. Let 1 < p < m and p # 4. Assume that condition (1.9)3
holds. Then we have for (t,z) € [0,T) x R3

(5.49)1 - ( L(R)(t,2) Yok < Ce+C((u ) rgs), o + [0l [ag), ) [10ullksr, ¢
and

(5.49)2  [OLi(RP(t, 2)l1k < Ce+ C({u ) (s0), ¢+ [Ouly (5gsy o) [|0ullk4s, ¢
provided (5.26)x44 and (5.26)45 hold respectively, where R'? = R (du®, 0?uP).

Proof.  First we shall prove (5.49);. To this end we make use of (3.34); in
Theorem 3.7 with » = 0. Then analogously to (5.21); we have
(5.50) { Li(R®)(t,x) Yo < Ce+C sup A 2 (s, M| R®(s,9) |k,

0<s<t
y€R3

where 0 < 1 < 1/2 and #5(s, )) is given by (3.34)3 and (3.34),.
Let (5.35) hold. First suppose that j # p. Then it follows from (3.34), and (5.22)
that

X 2B (s, MR (s,9) |k = Mg, (R7)(s,9)-
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If 1 < 7 <m and j # p, we have
(5.51); ME L (BP)(s,9) < Clou], (g, ¢ 1100k, o

making use of (5.40), (5.28), (5.10) and (5.14), since 0 < p < 1. If j = 0, we get
analogously to (5.36)

(B5l2  MEL(RP)(s,) < O+ C((u ), (eg3), ¢+ Ouly, ags o) [19ullies, o

provided (5.26)4.2 holds.
Finally suppose that j = p. Then it follows from (3.34)s, (5.28) and (5.16) with
¢ = p that

X ZE (s, MIRP(5,9)] < C ML+ A= cps)* [00P]y (kg1 ¢ [0uP(5,Y) k41
In view of (2.14) we have therefore
X 25, NIR™(s,9)| < Clouly, 53, 00(5,9)]u, k-

Taking 1 so that 0 < p < 1/2 and applying Lemma 5.11 with p = u to the last factor,

we thus obtain

(5.51)3 X 20 (s, \)|R*P(s, )|

< Cet C(()o, 52y, ¢+ 0wl g9y 1) 9l o

provided (5.26)jc+4 holds.

Now the desired estimate (5.49); follows from (5.50) and (5.51). Analogously one
can prove (5.49),, making use of (3.35); with v = 0 and p = 1 instead of (3.34), because
of (3.32); and (3.32). Thus we prove the proposition. L[]

Finally we shall deal with the G* = G*(u) in (5.18) or (5.20). In doing so, the

following lemma will play a key role.



79

Lemma 5.13. Let 0 < v < 1. Then we have

(5.52) ( Li(F*) Yo, k, ¢ < ( Li(N® + R* + H*) )y, &, ¢

NgE

1

cﬁ.

Ms I‘JMS

+Ce+ Cr{u g (59, ( Li(F*) Yo, &, t5

=

=
provided (5.26) holds, where C} is a constant depending only on k, v, the C in (5.21);
with p = 0, and the coefficients of the polynomials G*(u), G*(u),---, G™(u).

Proof. Tt follows from (5.20) that

(5.53)  (L(F¥)(t,®) hu, & < { La(N™ + B+ H) Do, 6, ¢ + ( Li(G)(6,2) v,

for (t,z) € [0,T) x R3. Moreover from (5.21); with p =0 and (3.27) we have

(5.54)
( Li(GH)(t,z) Yo, k < Ce

m
+C Z sup AL+ A+ )7 (L+h—¢;s))1 7 |G (s,9) ks
; 0<s<
=0 (aN)ens
where 0 < p <1 -—v.
Let (5.35) hold. Then it follows from (5.29), (5.11) and (5.13) that

(5.55) G (s,0)le < CQL+A+8) 221+ ]\ = egs) ™ (w2 1y, lu(s9)li

where é € (0,1) will be fixed later.
First suppose that v = 0. Then from (5.11), (5.13) and (5.17); we have

(5:56)1 AL+ A+ 8 (L4 A= gis)' ™ G5, 1)k
< Cet+ C' L+ A+ ) 1FHH88(1 4 |\ —¢;s)17H3

m

x(u)g w0 2 (Lo(FP) Jo bt

p=1
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where (' is a constant depending only on the C in (5.13) and (5.55). Therefore, if we
take 36 = 1 — p, it follows from (5.53) and (5.54) that

( Li(FY)(t,2) o, & < Ce
+ (Li{(N®+ R +H") Yo, k¢ + CC C" (u)g 15+ Zl { Ly(F®) Yo, k, ¢
p:

where (" is a constant depending only in c¢;. Since the right hand side is increasing
with respect to t, we thus obtain (5.52).
Next suppose that 0 < v < 1. Then analogously to (5.56)1 we get

(5.56)2
AL+ A+ 8)HH (14 = ¢js)1* |G¥(s, )l

< Cet C/(L+ A+ 8) 7 FH 2 s T w0 1y, D CLp(FY) Dok

making use of (5.12) instead of (5.13). Taking 26 = 1 — p — v, we thus obtain (5.52) as

before. The proof is complete.

By virtue of the above lemma one can reduce the L — L? estimates for G*(u) to

those for N*°, R* and H®. More precisely we obtain the following
Corollary 5.14. Let 0 < v < 1. Suppose that (5.26); and
~ 1
(5.57)x Cy (u >g, 5, S5 for 0<t<T

hold, where C}, is the constant in (5.52). Then we have

(5.58) 3 (Li(F%) ), b, ¢ < Ce+2 ) (LN + R+ H') o, b, v
i=1 i=1
Moreover we have for (t,2) € [0,7) x R3
) m
(5.59) OLi(GH(t, @) 14w, s < Ce+C Y { Lp(NP + RP + HP) )y, k41, 1,
p=1

provided (5.26)g41 and (5.27)g41 hold.
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Proof.  The estimate (5.58) follows immediately from (5.52) and (5.57)k. From
(5.21)5 with p = 0 we have also

LGt ), < Ce+C sup MY 1 (G)(s0)
s

Hence we obtain (5.59) by virtue of (5.56) and (5.568). [J
Summarizing the results of the present section we obtain the following

Corollary 5.15.  Let u(t,z) € C*®([0,T) x R?) be a solution of the Cauchy
problem (5.1)-(5.2). Let k be a positive integer, 0 < ¢ < 1 and (¢,2) € [0,T') x R3.

1) Assume that the condition (1.9)3 is satisfied. Then we have
(5.60)1 (ui(t,x) Yo, k S Ce+C((u ), (Eg5), ¢ T [Oul;, [E£5], ) 110ullk47, ¢,
provided (5.26)x4 and (5.57); hold. Moreover we have
(5.60)2 [Ou'(t, z)]1, £ < Ce+C((u ) (k36 ¢ + [Ou], (x8, +) |10ul|k+s, ¢,

provided (5.26)x+5 and (5.57)g41 hold.

2) Assume that both conditions (1.9); and (A); are satisfied. Let 0 < v < 1/2.

Then we have

G611 (W(L2) ok < Ce+ C((u),, (sgz), o+ [0uly, (1a3y, 1) 110ullkrs, o
provided (5.26)k42 and (5.57)% hold. Moreover we have

(5.61)2 [0u'(t, ) 14w, & < Ce+ C((u ), (s, ¢+ [0Uly (ega) o) [[0Ulliss, ¢,

provided (5.26)143 and (5.57)g41 hold. Here C are constants independent of 7', ¢ and

Uu.

Proof.  First suppose that both (1.9)3 and (1.13) are satisfied. Then we see from
(5.17), (5.20), Corollary 5.14, (5.21) with p = 0, (5.25), (5.36) and (5.42) that (5.61);
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and (5.61); hold. When only (1.9)3 is satisfied, we obtain (5.60); and (5.60)2, making
use of (5.39) and (5.49) instead of (5.42). [

§6. Energy estimates

The purpose of this section is to derive two kinds of energy estimates for local
solutions of the Cauchy problem (1.1)-(1.2) which will be stated in Proposition 6.1 and
6.4 below. Throughout the present section we suppose that u(t, ) = (u(t, z), v*(t, z),

- um(t,x)) € C°([0,T) x R?) is a solution of the Cauchy problem (5.1)-(5.2) and
that 0 < ¢ < 1. Moreover we assume that conditions (1.4), (1.5), (4.7), (4.19) and (5.18)
are fulfilled. By C we also denote the various constants independent of ¢, T and u(t, ).

First we shall prove the following energy estimate.

Proposition 6.1. Let v be a positive number and let k be a positive integer.

Then we have

(6.1) 10u(®)||2 < Ce2(1 + 1)BEWE » k) for 0 <t < T,
provided
| (6.2)k ®(u)(t; v, k) <1 for 0<E<T,

where

du)(t; v, k)y=(u), k1, ¢ T [Ou]; (&, ¢
and B is a positive constant independent of ¢,7" and u(t, z). Besides, we have used the
notations (2.17) and (5.8). Moreover assume that the hypothesis either (A)z or (A)s is
satisfied. Then one can take v = 0 in (6.1); and (6.2).

To prove the proposition we will often make use of the following inequalities.

Lemma 6.2. Suppose that (5.4) in Lemma 5.1 holds. Then we have

(6.3)1 / i (1, ) do < S(L + cm )2 / Bui(t, )2 dz
for 0<t<T.
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Moreover if v(t, z) € C*([0,T) x R3) satisfies (5.5) we have

(6.3)2 / (14 |r—ci t])72 vt z)|7 do < C|lov(t)|)? for 0<t<T,
R3

where r = |z| and / is a nonnegative integer.

Proof.  The estimate (6.3); is well known. For the proof see for instance Lax
and Phillips [17], p.95. The inequality (6.3), follows immediately from Kindblad [19],
Lemma 1.2. O

Proof of Proposition 6.1.  We shall refer to the proof of Theorem 4.1. Let la| < k.
Then we see from (2.6), (2.7), (2.8) and (5.1) that

(6.4); ;T ul=T*F'+ Y  Cgl?F',
' |B1<k—1
where (5 are constans. Taking (1.4); into account we shall write as
. m 3 -
(6.4), O T ui=)" Y AY 8,0 I u' + By,
=1 a,b=0

where we have set

m 3
(6.5) Bi=T*F -3 Y A%8,0,T*w+ )Y 6 CsI?F.

j=1 ab=0 181<k—1

Note that (6.4)s is of the same form as (1.1) with (1.4);. Hence analogously to (4.16)

we get
3
(6.6) ao(u, v') 8 va =Y a;(u, u') 9 va +ba,
i=1
putting
O T u
(6.7)1 Ve =0T%u= g; gz Z

63 ' u
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and
1
Ba B,
B2
(6 7)2 ba = g P Ba - .
0 B™

Here a;(u, u') (j = 0,1,2,3) are defined by (4.14) and (4.15) with (4.8) and (4.10).
Let a(u, u') be the (4p) x (4p) matrix defined by (4.17). Set

6.8 g u, v') =a(u, v)a;(u, v') for j=0,1,2,3.
j j

Then from (6.6) we have

3
(6.9) do(u, w)0 va =Y &;(u, v)8; va+a(u, w)ba.

Jj=1
We also see from (4.18) that @;(u, u') are symmetric (4p) X (4p) matrices. Moreover
do(u, u') satisfies (4.19).
Now, the equation (6.9) yields

(610) ‘ 8.‘, (6'0 Ve * 'Uoz) - (8t &O)UQ Ve

3 3
= )" 0i(G; Vo va) = Y_ (85 @;)va - Va + 2aba - Va,
i=1

Jj=1
where the dot stands for the scalar product in R*?. Moreover it follows from (4.17) and
(6.7) that
aby + Vo = By - 0¢ T w.

Integrating (6.10) over [0,¢] x R® we thus obtain

(6.11) Ea(t) — Ea(0) =2 /Ot ds /1;3 (Bu - 00 T° u)(s,)dz
A (T SL T A AT

where we have set

(6.12); Ey(t) = /RB(do(u, U )g - Vo) (1, Z)ds.
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Notice that (4.19) and (6.8) imply
(6.12)2 Eo(t) > Cllva(t)lI3,

where
~ 1
C=3 min{1, 3}
with the ¢7 in (1.1). Thus we must estimate the right hand side of (6.11). As for the

last term we have easily

(6.13) /Ot ds /R3

t

<c | (14 8)~L[0ul1,1. |[va(8))13 ds.

((ao do — 23: 9; aj>va -’va>(s,a:) da

=1

Indeed, it follows from (4.7) and (6.8) that
9, 5 (u(s, ), Ou(s, 2)| < C(9; uls, )| + 10; du(s,x))) for §=0,1,2,3

Hence we get

<ao do — 23: 9; aj>(s,a;)

j=1

< C(L+ s+ |a)) 7 ([Bul10s + [0%Ul105),

making use of Lemma 5.4. Therefore we obtain (6.13).
We shall now deal with the first term on the right hand side of (6.11). It follows
from (6.7)2 that '

(6.14) / (Bg - 0o T u)(s, x)dz = Z / (BL - 8o T u*)(s, x)dz,
RS R3

i=1

where B, is defined by (6.5). Moreover we shall divide each integral on the right hand

into three terms as follows.
(6.15) /3 (B - 9o T* u')(s,z)dz = I1(s) + Ia(s) + I5(s),
- R

where I1(s), Io(s) and I3(s) arise, respectively, from NO@ui, 82 u?) +RH(Ou, 6° u)
in (5.18), from G%(u) and from H*(u, du, 8> u). More precisely, I (s) is obtained by
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replacing F(u, du, 8% u) in (6.4); by F>3(0, du, 0% u), where F»? (u, Ou, & u) is
given by (1.6) and (1.7). Moreover I5(s) is obtained by replacing the B?, on the left
hand side of (6.15) by

(6.16) I Giu)+ Y. CsI” G'(w).
BI<k-1

where Cjg are the same constants as in (6.4):.
As for the first integral I;(s) it follows from (6.5) that

IL(s)| < C /R3 |au(s,m)|[%-_1] lOu(s, )|k 100 T u*(s, z)|dz.
Moreover Lemma 5.4 implies that
|Ou(s, z)|[xpa) < C(1+ 5)* [0l [E£L], s°
Hence we obtain
(6.17) L(s)] < CU+8)7 [Buly (aga , [10u(s)]E,

applying (2.7) to 8 I'* u'.
Next we shall deal with the second integral I5(s). It follows from (6.16) and (5.29)
that

(6.18) | L(s)| L C /W |u(s,a,)|?!2c_] lu(s, )|k |80 T'* u'(s, z)|dz.
First suppose that v > 0. Then it follows from (5.11) and (5.12) that
|u(s,:v)|[2%] <SC+s8)2 (u) (5], s°

Moreover, making use of (6.3); we have
(6.19) lu(s)lle < C(1+ s) [|0u(s)]]k-
Therefore we get by (6.18)

(6.20) ()] < C(L+8)™ (w2 1), I10u(s)]3:
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‘Next we deal with the case where v = 0. From (6.18) we have

(6.21) |1a(s)| < C ||9u(s)|lk {La(s)}'7?,

where
() = [ lus ol lu(s,2)E do-
R3 2

Moreover we shall divide the righr hand side into m + 1 integrals, similarly to the proof

of Lemma 3.8. Namely we set
m

(6.22) I(s) =) 14, 5(5),
j=0

where
Fs) = [ luls o)y s do
Aj(s) 2

with
Aj(s) = {z € R% (s, lz]) € As}.

In what follows we suppose that
(6.23) z € Aj(s) forsome 0<j<m.
If j =0, it follows from (5.11) that
|U(37$)|‘[1l§_] <C(L+s)7* (u )3, (5], s*
Hence by (6.19) we get
(6:24)0 Tao(s) < O+ )72 Cu )l ), 0u(s)IE
If j = m, we see from (5.11) and (5.13) with § = 1/2 that

lu(s, a:)|‘[*%] <C(1+ s)_4 (u v)g, (5], s

+CA+8)21+|r—cms) 2 (u )g’ (5], s
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Therefore, making use of (5.4) and (6.3)2 also, we get

(6.24)m Im(s) < C(L+8)72 (u)h s, [10u(E)E.

If 1 < j <m—1, we need the following

Lemma 6.3. Let 1 < j < m — 1. Suppose that one of the hypotheses (A)z and
(A)3 is satisfied. Then we have

(6.24) I5,;(5) SC(L+8)72 (u)g 15 ||Ou(s)]|2.
Proof.  First suppose that (A)y holds. It follows from (5.11) and (5.13) with
& = 1/2 that

uls, @)ty < L+ 8™ (u)d 1y s
+C1+8)"2 (14 r—c; s))72 (uI(s,y) )g, 5]

Therefore similarly to (6.24),, we obtain (6.24);, making use of (5.5) instead of (5.4).
Next suppose that (A)s holds. Then G*(u) is a homogeneous polynomial in ©™

only of degree 3. Hence
Lo = [ )iy im0 de:
Aj(=) 2
Therefore we get (6.24);, making use of (5.11) and (6.19). O
From (6.21), (6.22) and (6.24); with 0 < j < m we obtain

ou(s)l[%,

(6.25) |L(s)| <CA+38)7 (u g’ 5], s

provided either (A)2 or (A)s holds.
Finally we deal with the last integral I3(s) in (6.15). The plan is similar to the
proofs of (6.20) and (6.25). Since Lemma 5.4 implies that

(6.26) 10u(s, z)|e < C(A+8)71 [Buly, ¢, s for (s,2) €[0,T)xR3 £>0,
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we shall deal with only the first term on the right hand side of (5.19). Thus we assume
that (5.30) holds. Then it follows from (6.5) and (6.15) that

(6.27) [3(s)| < C(Is(8) + 1e(s)),
where

15(6) = [ (s, gy 0o, )l

T 10u(s, @) gy huls, @)l u(s, 2k 190 T u'(s, )lde

and

Is(s) =/ lu(s, @)l lu(s, 2)leg) 0u(s, 2)lk
R3

(See also (5.31)). As for the last integral we have easily from (5.11) and (5.13) with
§=1/2

0o T u'(s, z)|dz.

(6.28) To() < C(L+8)7" (o, 151, 4 (0 o, pxgay, o 100()IIE:

To deal with the first integral I5(s) on the right hand of (6.27) we first suppose
that v > 0. Then it follows from (5.11), (5.12), (6.26) and (6.19) that

(6.29) Is(s) <C(1+s)7! ((u M, (1, s T [Ou]; (41, 5) l|6u(s)||2,

provided (6.2); holds.

Next we deal with the case where v = 0. Then analogously to (6.21) we have

(6.30) Is(s) < Cllou(s) ||k {I7(s)}2,

where

Ir(s) = | (lu(s,2)[s; 10u(s, 2) [ +
- 51 B4

Moreover analogously to (6.22) we set

(6.31) I(s) = Z I7.5(s),
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where I7 ;(s) is the integral over A;(s). Then similarly to (6.24)¢ and (6.24),, we get
for j=0and j=m

(6.32); Irg(8) < OO+ 8)2((u )2, gy, + 1002 sy ) 10U,

provided (6.2); with v = 0 holds, making use of (6.26) also.

Let 1 < j < m — 1. If hypothesis (A), is satisfied, we get (6.32); analogously to
Lemma 6.3. Suppose that hypothesis (A)3 holds. Then we find from (1.15) and (5.30)
that

I7;(s) <C /

Aj(s)
- [Ou(s, 2) 2y [u™(5,2) Paga (s, 2) } dor

(Iu(s, ) By 19u(s, ) Payy,

Hence we obtain (6.32);, making use of (5.11), (6.26) and (6.19).
Now it follows from (6.30), (6.31) and (6.32); with 0 < j < m that

(6.33) Is(s) < C(1+8) 7 ((u ), (agr), o + [Ouly, (ep1), 5) l1ou(s)l1%,

provided (6.2); with v = 0 holds and the hypothesis either (A)z or (A)s is satisfied.
In what follows we assume that either v > 0 or one of the hypothesis (A); and (A)3
is satisfied and that (6.2); holds. Then from (6.27), (6.28), (6.29) and (6.33) we have

639 o) <O+ (0, gy, o+ Puly, gy ) 0w
Consequently we see from (6.14), (6.15), (6.17), (6.20), (6.25) and (6.34) that

(6.35)

/ (Bg - 0o T* u)(s, z)dz
R3

SO+ ((u)y, gy, 5+ [Ouly, gy, 5) |[0u(s)|Z.

Therefore we find from (6.11), (6.12), (6.13) and (6.7); that

[Bu@lf <C Y, Eal0)+C /Ot (L+8)7 B(u)(s; v, b+ 1)||0u(s)I]} ds,

la|<k
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because (2.7) and (6.12), yield

Pu@I <C Y Ealb).

le| <k

Making use of Gronwall’s inequality, we thus obtain

10u®I < C Y Eal0) (L+ 1) 26 = L,

la| <k

which yields (6.1). Indeed, we have
¢
/ (14 5)7! @(u)(s; v, k+1)ds
0
- ¢
< ®(u)(t; v, k+1) / (1+s)"tds
0
= ®(u)(t; v, k+1) log(l+1t).
Besides, it follows from (6.7)1, (6.12)1, (4.9), (4.19) and (5.2) that

) Ea(0) < Ce.

|| <k
Therefore we get (6.1);. Thus we prove Proposition 6.1.

Next we shall derive another energy estimate

Proposition 6.4. Assume that the null condition (1.9); is satisfied. Let k be a
positive integer. Suppose that (5.26)2 holds. Then we have

t
(6.36) IOu)|[2 < C e2+C / (14 8)~2+3 Ty (s; w)[Ouly, &, 5 ds
¢}

for 0<t<T and 0<é<

W]

where we have set

Up(s; w)=(u)o, & s+ [0ul1 &, s

Proof.  Similarly to (6.10) it follows from (6.4); that

a, / (18, T wi(s, z) 2 + &2
RS

=2 / (Pa F' 4+ Z Cg T'™ F’) -8 T u'(s, x)dz,
R3

1B1<k—1

0y T* ui(s,z)?)dx
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where the dot stands for the scalar product in R?:. Hence we see from (4.9) and (5.2)

that

t
(6.37) Ek(uz)(t) <Ce+C / ds /3(|P’i(s, x)|k |00 'ui(s,a;)lk dz
0 R

for 1 =1,2,--- ,m,

setting

O u'(t, 2)[2 + 210, u'(t, z)|3)dz,

Bu(w)(t) = |
R3
where Fi(s,z) = Fi(u(s,z), du(s,z), 0?u(s,z)). Therefore it suffices to prove

(6.38)
/R 1,2l 10 u(s,2)k d < O+ )72 g (s WO, v, o

for 0<s<it<T.

To this end we shall divide the left hand side into m+1 integrals, analogously to (6.22).
Set

(6.39); I;(s) = / |F(s, )|k |00 u'(s,2)|k dz
A]' 8
for j =0,1,2,--- ,m, where A;(s) are as in (6.22). First we deal with Iy(s).
Lemma 6.5. Suppose that (5.26)r41 holds. Then we have

(6.40) In(s) < C(1+8)72138 Wy 11 (s5 u) [Ouly, , s

Proof.  From (5.15) with v = 0 we have
(6.41) u(s,z)|x S C(L+7)" Y1 +r+8)" [Qu]y, &, s for z€ Ag(s),
where r = |z|. Moreover similarly to (6.15) we shall write as

(6.42) Io(s) = lo,1(s) + Io,2(8) + Io,3(s),
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where Iy 1, Ip2 and o 3 are obtained by replacing the Fi(u, Ou, 9%u) in (6.39), respec-
tively, by N (du?, 8% u?) + R*(u, 9%u), by G*(u) and by H*(u, du, 0%u), according
as (5.18).

For the first term Io 1(s) it follows from (5.28) and (6.41) that

Io(s) < C(L+ )72 [Bu)y, k41, s (0071, &, s / (1+7)"2 dr,
(4]

provided (5.26);41 holds. Hence we get (6.40) with § = 0. For the second term it
follows from (5.11), (5.13) and (5.29) that

(6.43) G (u(s,2))| < CA+7+ 87330 (1+|r —¢j )72 (u o, k, s

for zeAj(s) with 0<j<m,
provided (5.26); holds. Hence
. oo
Toale) < O +9) 2% (who, o Dl b [ (10)7 % d
0

Therefore we obtain (6.40). Similarly one can prove (6.40) with § = 0 for Iy 3(s), because
of (5.19). The proof is complete.

Next we deal with the generic case.

Lemma 6.6. Let 1 < j <m and j # ¢. Suppose that (5.26)x4, holds. Then we

have

(6.44) Ii(s) S C(L+ )72 Wy ys(s; w) [Ouly, &, s-

Proof. It follows from (5.14) with v = 0 that
(6.45) 10Ul (s,z)|p < C(L+7+8) 72 [0u')y, &, s for z € Aj(s).
We also set analogously to (6.42)

(6.46) I;(s) = I;;1(8) + I2(s) + 1;,3(s).
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For the first term [;;(s) it follows from (5.14) and (5.16) with v = 0 that
(N +B) (s, )6 < CL+7+8)72 (Lt |r —¢; )72 [0uly, k41, 5,

provided (5.26)41 holds. Hence (6.45) yields

o0

Ii1(s) S C(1+ )72 [Duly, k41, s [Ou'1, &, s / (L+|r—c; s))72 dr.

— 0

Therefore we get (6.44) with § = 0. As for the second and third terms I, »(s) and I; 3(s),
the procedure is analogous to the proof of (6.40), if we make use of (6.43) and (6.45).
Hence we omit the details. The proof is complete.

Finally we deal with the critical case where j = i.

- Lemma 6.7. Suppose that condition (1.9)3 and (5.26)%+2 hold. Then we have
(6.44) with j = .

Proof. It follows from (5.16) with » = 0 that
(6.47)  |Out(s,2) | S CA+7+8)" (L4 |r —c; 8))7F [u']y, &, s for z€ Ay(s).

We shall also keep using (6.46) with j = ¢. As for the second and third terms 7; 2(s)
and [; 3(s), one can prove (6.44) analogously to the preceding lemma, making use of
(6.43), (6.47) and (5.19).

For the first term /; 1(s) it follows from (6.39); that

(6.48) | Fia(s) < Ja(s) + Jas),

where

J1(s) 2/ |R (Ou, 8% u)(s,z)|x |00 u'(s,7)|s dz
Ai(s) ,

and

nts) = | ) N 0 s, 2l o (s, )l o
Ai S
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Moreover we see from (5.14), (5.16) that

|R (Ou, & u)(s,2)|x <CQ+r+3s)~3
X (1 + IT — € Sl)_l [aU]l’ [Mzi]v s [(‘)’U,]l, k41, s

for = e Ai(s).

Hence (6.47) yields
Jl(S) < C(1+ 3)—2 [8'11,]1, k+1, s [8'[1,1:]1, k, s / (1 + ‘7’ — C4 SD_Z d’f‘,
- 00

provided (5.26)x41 holds. Therefore we get (6.44) for Ji(s).
As for J3(s) it follows from Proposition 2.5 with v = 0 that

IN©(@Qu?, 82 u)(s,2)|k S CL+r+8) 31+ |r—¢ s)7Y0 Wy (85 w),
provided (5.26)12 holds. Hence we obtain (6.44) as above. The proof is complete.

End of proof of Proposition 6.4. The desired estimate (6.36) follows immediately
from (6.37), (6.38), (6.39); and Lemmas 6.5, 6.6 and 6.7. [

Combining Proposition 6.1 and 6.4 with the results of the preceding section, we

obtain a sharp energy estimate.

Corollary 6.8.  Assume that the null condition (1.9)3 is satisfied and that one
of the hypotheses (A)1, (A)z and (A)s holds. Let k be a positive integer. Moreover

assume that

(6.49) Ba)(t; v, k+1)< - for 0<t<T

W

holds, where B is the constant in (6.1)x, ¥ = 0 if (A)s or (A)s holds, and 0 < v < 1/2
if (A); holds.

1) Suppose that (A)s or (A)s holds. Let £ > 10. Then we have

(6.50) |Ou(t)||2_g < Ce? for 0<t<T,
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provided (5.26);, and (5.57)x—7 hold.

2) Suppose that (A); holds. Let £ > 8. Then we have
(6.51) ou@)||2_, < Ce? for 0<t<T,

provided (6.2) and (5.57)—5 hold.

Proof.  First we shall prove (6.50). Let either (A)2 or (A)s be satisfied. Then
v = 0, hence (6.2);, coincides with (5.26);. Let & > 10. Then it follows from Proposition
6.4 and the first part of Corollary 5.15 that

t |
(6.52) 10u(t)]z_o < Ce® +C / (1+ )72 (€ + ||0ull} ,)ds,
0

provided (5.26);_2 and (5.57)—7 hold. Moreover we see from Proposition 6.1 and (6.49)
that
|0ullf, , < Ce® (1+8)*3,

provided (5.26); holds, because the right hand side of (6.1) is increasing with respect
to ¢t. Taking 6 = 1/18 in (6.52), we thus obtain

loulfo < 021+ [ (@ ay22as)

which yields (6.50).
Next suppose that (A); holds. Then 0 < v < 1/2. Hence it follows from (6.36) and
the last part of Corollary 5.15 that for £ > 8 ‘

t
Ou(t)|3_r < CE2 4+ C / (14 8)72¥35(e 1 [|oul2.,)ds,

provided (6.2);_2 and (5.57)x_5 hold. Therefore we obtain (6.51) as above, provided
(6.2)k holds. The proof is complete.

§7. Proof of Theorem 1.2.
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In this section we shall complete the proof of Theorem 1.2. Throughout the present
section we assume that conditions (1.4), (1.5), (1.9); and (1.10) are fulfilled. Then (1.9),
(1.9)3 and (5.18) also hold. Moreover one can assume without loss of generality that
(4.7), (4.12) and (4.19) are satisfied, as we have remarked at the end of the proof of
Theorem 4.1. ‘

We shall first prove the part 1) of the theorem. Let n be a fixed positive integer
with n > 17, so that

(7.1) [" 218} <n.

Then it follows from Lemma 5.7 with » = 0 and § = 1 that the Cauchy problem (5.1)-
(5.2) has a solution u(t,’ x) € C*°([0,T) x R3) satisfying (5.26)n+17, provided T' = Tp43
and 0 < € < €,43. Suppose that one of the hypotheses (A)2 and (A)3 is satisfied.

Making use of Proposition 6.1 with » =0 and k = n + 17, we then obtain
(7.2) 10u()||2 17 < C2(1 4 )BE@EOnTIE) - for 0 <1< T,

where C and B are constants independent of T, ¢ and u if 0 <e < 1.

Set
(73) Bn = max{l, B, (_N;Yn, (:Yn+1, ey én+10},

where B and C}, are the constants in (7.2) and (5.57) respectively. Notice that By, is
independent of T, ¢ and u if ¢ < 1. Then we see from Lemma 5.7 that the Cauchy
problem (5.1)-(5.2) has a solution u(t,z) € C*°([0,7) x R3) satisfying
(7.4) (Wo,nt + [0U]1,ne < 33%3—; for 0<t<T,
provided T'=T,,;3 and 0 < ¢ Smin{l, €n43} with another constant &, 3.

Let T and € be as above. Sincé (7.1), (7.3) and (7.4) yield (5.26)n417 and (5.57)
for n < k < n + 10, we see from Proposition 6.4 with § = 1/18 and the part 1) of
Corollary 5.15 that

¢
10u(t)|2 s < Ce? + C’/O (1+ s)‘2+1/6||8u||i+17’sds for 0<t<T.
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Therefore by virtue of (7.2) we obtain

t
(7.5) \Iau(t)\li+s SCTzLEz (1 +/'(1 +S)—2+1/6+Bn<1>(u)(s;0,n+18)d8>
0

for 0<t<T,

where (', is a constant independent of T, ¢ and u. According to the part 1) of Corollary

5.15, one can also take the constant C,, so that

(7.6) (Wome + [Bu]1me < Crle + [10ullnss,e)
for 0<t<T.

Moreover (7.4) and (7.5) yield
(7.7) [Ou(t)||2 s < 3C2e? for 0<t<T,
since (7.1) implies that -

®(u)(t;0,n + 18) < (U)o nt + [OU]1 nt.
Therefore from (7.6) we obtain

(78) <u>0,n,t + [au]l,n,t < Cn(l + \/gcn)g
for 0<t<T,

provided 7 = T,,; 3 and 0 < ¢ < min{1, &,,3}.
In what follows we shall assume without loss of generality that C,, > 2. Let ¢ be a

fixed positive number satisfying
(7.9) e <min{l, &nys, (9BC2)7'}

Let T'(€) be the least upper bound of positive numbers 7' such that the Cauchy problem
(5.1)-(5.2) has a solution u(t, z) € C®([0,T) x R3) satisfying |

(7.10) (w)o,n,t + [OU]1,nt < 30’7215 for 0<t<T.
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Then it follows from (7.8) that T'(¢) > T,,43. Moreover we shall show that
(7.11) T(e) = 0.

On the contrary suppose that 7'(¢) < co. Then we see from the definition of
T'(e) that the Cauchy problem (5.1)-(5.2) with T' = T'(e) has a solution w(t,z) €
C>®([0,T(e)) x R3) satisfying (7.10). Since (7.9) implies 3C%¢ < 1/(3B,,), we find
from the above procedure that (7.8) is valid with 7' = T'(¢), noting that the con-
stants B, and C, in (7.4), (7.5) and (7.6) are independent of 7. Hence it follows
from Majda [20], Theorem 2.2 with s = 3 (or its Corollary 2) that there exists a
positive number ¢ such that u(¢,z) is a solution of (5.1)-(5.2) with T" = T'(¢) + é
satisfying u(t,z) € C2%([0,7(e) + 6) x R3). Moreover we see from Theorem 4.2 that
u(t, x) ‘6 C>(]0,T'(e) + &) x R3). Thus by (7.8) with 7' = T'(¢) one can find a positive
number 77 greater than 7'(¢) such that the Cauchy problem (5.1)-(5.2) with T" = 77 has
a solution u(t,z) € C*°([0,T1) x R?) satisfying

5
(U)o,n,t + [OU]1 pe < 5(}55 for 0<t<Th,

because Cp,(1 + v3C,) < (5/2)C2 and the left hand side of (7.8) is continuous in .
This contradicts the definition of T'(¢). Therefore we obtain (7.11).

By ¢¢ we donote the right hand side of (7.9). Let 0 < € < gg. Then we have proved
that the Cauchy problem (1.1)-(1.2) has a solution u(t, z) € C°([0, 00) x R3) satisfying

(7.12) (Womt + [Pulrne < 3C% for (>0.

Since 3C2¢ < 1/(3B,,), we see that (7.4) holds with any positive number 7'. Set k = n+1
and C' = 3(1 + 1/Cy)CZ%. Then (7.12) implies (1.16). Moreover from (7.7) we obtain
(1.17) with another constant C, making use of (5.4) and (6.3);. Thus we have found a
solution u(t, ) of (1.1)-(1.2) having the properties stated in the part 1) of the theorem.

Finally we shall show that such a solution u(¢,2) is unique, provided |u(t,z)| +
|Ou(t, z)| < é for (t,z) € [0,00) x R3, where § is the constant in (4.6). The procedure is
similar to John [10], Appendix 1. We write the modified equation (4.20) as

3
(7.13) | do(w)Byw =) _ d;(w)d;w + b(w)

j=1
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and take the & so small as (4.19) holds, where

we | Y a_IPO
“lou|’ T |0 aaol’

Then we have
(7.14) do(w) > CIs, for w e R,

where C is the same constant as in (4.19). ‘
Let T be an arbitrarily fixed positive number. Let w¥(t,z) € C1([0,T] xR?), k=

1,2, be two solutions of the equation (7.13) in (0,7") x R® such that w'(0,z) = w?(0, z)

for € R3 and that w'(t,z) = w?(t,z) = 0 for [z| > L and 0 < ¢ < T with some

positive constant L. Set w(t, z) = wl(t,z) — w?(t,z). Then we have
3
do(wh)Opw = Z a;(wh)dw + F(w', w?),
j=1

where

Fw', w?) ={ao(w?) — do(w!) }opuw?
3
- Z{&j (w?) — a;(w")}d;w? + b(w?) — b(w?).
=1

Hence, similarly to the proof of Proposition 6.1, we find from (4.7), (4.18) and (7.14)
that

¢
/ lw(t, z)|2dz < C/ ds/ lw(s,z)Pdz for 0<t<T,
R3 0 R3

where (' is a constant depending only on C,8,,d;(w), j =0,1,2,3, Oy b(w) for w € R3P
and Ow® (1, ) f’o’r 0<t<Tlz| <L, k=1,2. Therefore by Gronwall’s inequality we
obtain w(t,z) = 0 for (¢t,z) € [0,T] x R3. Thus we prove the part 1).

Next we shall prove the part 2). The plan is analogous to the proof of the part 1).
So we shall point out only the differences. Let n be a fixed positive integer with n > 13,

so that

(7.1) [n z 14} < n.
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Let v be an arbitrary positive number with v < 1/2. Then it follows from Lemma 5.7
that the Cauchy problem (5.1)-(5.2) with T' = T,,43 and 0 < € < £,43 has a solution
u(t,z) € C*([0,T) x R3) satisfying (6.2),,413. Moreover we have

(7.2) 0u(t)] |2 15 < Ce2(1 + 1) BE@EnntY) g0 0 <t < T,

making use of Propdsition 6.1.

Set
(7'3)l Bn = max{l, B, én: C~’n—l~1a e aén+8}7

where B and Cj, are the constants in (7.2)" and (5.57); respectively. Then (7.4) is
replaced by

(7.4) W+ O] < 3% for 0<t<T.

Suppose the hypothesis (A); is satisfied. Then we see from Proposition 6.4 and the part
2) of Corollary 5.15 that

¢
Ou(t)||? 16 < Ce? + C’/ 1+ s)“2+1/6]|8u|li+13,sds for 0<t<T,
0

since (7.1)’, (7.3)" and (7.4)" imply (6.2),,4+13 and (5.57) for n < k < n + 8. Therefore
(7.2) yields

(7.5)

t
au(t)H%H_s < 012182 <1 +/ (1 + s)——2+1/6+Bn<1>(u)(s;1/,n+14)ds)
0
for 0<t<T.
By virtue of the part 2) of Corollary 5.15, one can also assume that
(76)’ <u>u,n,t + [81ll]l+y,n,t < (;'n(E + ][0u||n+6,t) for 0 <t< T.

Since (7.4)" and (7.5)’ yield

(7.7) [0u(t)|2,6 <3C2e? for 0<t¢<T,
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- we-therefore obtain
(7.8 (Wit + 01 4vmt < Cn(1+V3CR)e for 0<t<T.

For a positive number ¢ satisfying (7.9) we obtain 7'(¢) as before, where (7.10) is

replaced by
(7.10)’ Wyt + [OU] 140t <3C2c for 0<t<T.

Then we obtain (7.11) analogously to the proof of the part 1). Thus we prove as before
the part 2). This completes the proof of Theorem 1.2.

Appendix.

In this appendix we prove that condition (1.9); implies (1.9);. For notational
convenience we assume that m = 1 and ¢; = 1, and write p; = p, N* = N, N© = NO

and u® = u = (uy, Ug,...,u,). Besides, we abbreviate (1.4); as

3
Flu, v, v") = Z A% (u, u') 8,8yu + B(u, u').

a,b=0

Then (1.9); and (1.9)> can be written as, respectively,
(1) N(i, v, w; X)=0
for any i,v,w € R? and X = (Xo, X1, X2, X3) € R? satisfying X2 = X2 + X2 + X2,

and

b
(2) N(u, du, 8%u) = N°(Bu, 8%u) + )  u;(8A%/8u;)(0,0)u.
Jj=1

Moreover, taking v = w = 0 in (1), we see easily that N(u, du, 0%u) is linear in u,

hence one can write

(3) N(u, u, 0%u) — N°(Bu, 8%u)

3 3
= XP: Uj Z C;.‘baa(')bu -+ Z D?aau 3
j=1

a,b=0 a=0
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where C% and D? are constant p x p matrices such that C¢* = (9A®?/du;)(0,0) and
C;’b = CJ’?“. Therefore it suffices to prove the following three relations for each j =

1,2,...,p:

(4) D} =0 for a=0,1,2,3,
(5) C#® =0 for a,b=0,1,2,3 with a#b
and
aa __ 00 —
(6) Ci*=-C3" for a=1,2,3.

It follows from (1) and (3) that

3 3

D X XCPw+ Y X, Div =0

a,b=0 a=0
holds for any v, w € RP and X = (X, X1, X3, X3) € R* satisfying X2 = X2+ X2+ X2.
Taking Xo = +(X? + X2 + X2)¥/2, we have

3
2ZXGC’;-‘0w + D;-)’v =0

a=—1
and

3 3
Z XaXb((SabC;)O A+ C;-Zb)’w -+ Z XaD;-lv =0
a,b=1 a=1
for any v,w € R? and any (X3, X2, X3) € R3. From the last identity with v = 0 we
get (6). Hence (4) and (5) follow. Thus we obtain (2) from (3). O
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