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Abstract

The local and global well-posedness for the Cauchy problem for a
class of nonlinear Schrodinger equations is studied. The global well-
posedness of the problem is proved in the Sobolev space H® = H*(R"™)
of fractional order s > n/2 under the following assumptions: (1) Con-
cerning the Cauchy data ¢ € H?, ||¢; L?|| is relatively small with re-
spect to ||¢; H?|| for any fixed o with n/2 < o < s. (2) Concerning the
nonlinearity f, f(u) behaves as a conformal power u!t4/" near zero
and has an arbitrary growth rate at infinity.

1 Introduction

This is a sequel to previous papers [20, 21] of the same authors, where the
Cauchy problem for the nonlinear Schrodinger equations of the form

i0u + Au = f(u) (1.1)

is considered in space-time I x R", where I = [-T,T] with T' > 0 for
local solutions and I = R for global solutions. Here u is a complex-valued
function of (¢,z) € I x R™, 8; = 8/0t, A is the Laplacian in R", and f(u)
is a nonlinear interaction given by a complex-valued function f on C.

There is a large literature on the Cauchy problem for (1.1) and on the
asymptotic behavior in time of global solutions (see for instance [2-7, 9-
22, 25-27, 29-31] and references therein). The Cauchy problem for (1.1)
has been studied in the Sobolev spaces H* = H¥(R™) of integral order
k=0,1,2 [11, 15,16, 19, 30, 31}, while there arises a new interest in the
Cauchy problem in the Sobolev spaces H* = H*(R"™) = (1 — A)~*/2L?(R")
of fractional order s > 0 [3, 7, 17, 20, 21, 25]. '



To illustrate some of the latest developments of the H*-theory for (1.1),
take for example the single power interaction

fl) = NuPy, (1.2)

where A € C and 1 < p < co. A homogeneity argument on (1.1) with (1.2)
shows that the power p is critical [resp. subcritical] at the level of H* if
and only if p =1+ 4/(n — 2s) [resp. p < 1+ 4/(n — 2s)]. Here the critical
Sobolev index s associated with the critical power p = 1+ 4/(n — 2s) makes
sense only when 0 < s < n/2 to keep the critical power finite, while the
notion of subcritical power extends to Sobolev spaces H* for all s > 0 with
the convention that 1 < p < co when s > n/2.

Both in the critical and subcritical cases the available results show the
existence and uniqueness of global H*-solutions under the smallness assump-
tion on ||¢; Ho||=||(—=A)%/2¢; L2| with s, = sc(p) = n/2-2/(p—1) for the
Cauchy data u(0) = ¢ € H*® (see for instance (3, 7, 17, 18, 21] for the critical
case and [7, 17, 25| for the subcritical case). The available H*-theory in fact
admits not only the single power such as (1.2) but a wider class of nonlinear-
ities which includes quasihomogeneous nonlinearity. To be more specific, at
the cost of smallness assumption on the data, that theory does not require
structural assumptions on f related to the conservation laws but do need
scaling control of f on the basis of power behavior near zero and at infinity
at the same rate p. Concerning the critical Sobolev index s, associated with
p we notice the following elementary facts: (1) s, = s in the critical case.
(2) sc < s in the subcritical case. (3) p is critical at the level of H®. (4)
0 < 5. < n/2. Meanwhile, the H*-theory requires that p is greater than or
equal to 1+ 4/n, which is the critical power at the level of L? as well as the
conformal power of the nonlinear Schrédinger equations.

The notion-of criticality with homogeneity argument loses its meaning
at the level of H™/2. In [20] we have nevertheless developed the H™ 2_theory
for (1.1) and proved the existence and uniqueness of global H™2-solutions
under the smallness assumption on ||¢; H™?2| for the Cauchy data u(0) =
¢ € H™2, where the nonlinearity is supposed to behave as a power ul*%/
near zero and as an exponential function exp(A|u|?) with A > 0 at infinity.
The last growth rate at infinity reminds us of Trudinger’s inequality, which
replaces the Sobolev embedding H® — L™ with s > n/2 in the borderline
case s = n/2. In fact, the method in [20] depends on an equivalent sharp
Gagliardo-Nirenberg inequality [23, 24] and in view of Trudinger’s inequality
the last growth rate at infinity seems to be optimal at the level of H™/2,
Meanwhile, the available H™2-theory distinguishes behavior near zero of
admissible nonlinearity from that at infinity and indicates that the right
power near zero is 1 + 4/n, which is the minimal power near zero in the
framework of H*-theory. ’



The purpose in this paper is to study the H*-theory with s > n/2 and
to specify admissible behavior of nonlinearity and minimal requirement on
smallness of the Cauchy data to ensure the existence and uniqueness of
global H?-solutions. There are some related works on the global Cauchy
problem in the Sobolev space H* of integral order k > n/2 [5, 12, 13, 14, 26],
though most of the available works treated the problem from the point of
view of regularity and a priori estimates in H*, starting recursively from
the energy space H!. This requires some structural assumptions on the
nonlinearity and, at a technical and essential level, yields restrictions on
the admissible space dimensions. We evade the difficulty caused by the
classical a priori estimates and, at the cost of smallness of the Cauchy data,
look for another possibility for the H®-theory with s > n/2, deserving of
a natural extension of the H®-theory with s < n/2. In this respect, our
approach is similar to that of Kato [17], the only exception to the previous
theories cited above. The method in this paper differs from that of [17] in
that we use homogeneous Besov spaces, where estimates of Leibniz type on
the composite function f(u) can be performed efficiently with non integer
derivatives and minimal differentiability on f.

In this paper we prove the existence and uniqueness of global H*-solutions
with s > n/2 under the following setting:

(1) The Cauchy data ¢ € H*® satisfies the assumption that |¢; L?| is
relatively small with respect to ||¢; H°|| for any fixed o with n/2 < o < s.

(2) The nonlinear interaction f behaves as a conformal power ult4/»
near zero and has an arbitrary growth rate at infinity.

To state the main result precisely we introduce the following notation.
For any r with 1 < 7 < oo, L™ = L"(R™) denotes the Lebesgue space on
R™ For any s € R and any r with 1 < r < oo, Hf = (1 — A)~%/2["
denotes the Sobolev space defined in terms of Bessel potentials. For any
s € R and any r with 1 < r < 0o, H® = (—A)"*/2L" denotes the ho-
mogeneous Sobolev space defined in terms of Riesz potentials. For any
s € Rand any r, m with 1 < r,m < oo, Bﬁ,m denotes the homogeneous
Besov space defined as the space of classes of distributions v modulo poly-
nomials such that {257 || F~1p(277.) Fu; L7||}2,, € £™(Z), where F and F~1
denote Fourier transform and its inverse, respectively, and ¢ is a nonneg-
ative function on R™ with compact support in {z € R" ; 1/2 < |z| < 2}
such that {¢(277.)}%°, forms the Littlewood-Paley dyadic decomposition
on R™\{0}. The usual Besov space By, is defined analogously in terms of
the dyadic decomposition on R". We refer to [1, 9, 28] for general informa-
tion on Besov and Triebel-Lizorkin spaces and their homogeneous counter-
parts. For simplicity we make abbreviations such as H* = H3, HS = '5,
Bf = Bp,, B = 'ﬁ,Q. For any interval I C R and any Banach space X
we denote by Cy(I; X) the space of bounded and strongly continuous func-



tions from I to X and by L%(I; X) the space of measurable functions v
from I to X such that |lu(-); X|| € L9(I). We denote by U(t) = exp(itA)
the free propagator, namely the one parameter unitary group which solves
the free Schrédinger equation. For any r with 2 < r < oo we define
8(r) = n/2 — n/r, namely the optimal rate in time for the boundedness
of the free propagator from L to L", where 7’ is the exponent dual to r
defined by 1/r + 1/r' = 1. Regarding the space-time integrability proper-
ties for the free propagator, it is convenient to call a pair of exponent (q,7)
admissible if 0 < 2/q = 6(r) < 1.

The Cauchy problem for the equation (1.1) for the given initial data ¢
will be treated in the form of the integral equation

u(t) = ®(u)(t) = U()¢ — i(Gof (w))(2), (NLS)
where for any tg € R U {#o00} the operator Gy, is defined as

(Gua)(t) = [ Ule-r)g(r)ar
The integral equation (NLS) will be studied in the space
Xp(D) = Go(I; H*) N L®(1; B3, 1 BY,)
endowed with the metric d given by

d(u,v) = sup lu — v; LUL; BY)|l,
0<2/9=6(r)<2/q0
where [ is any interval on R, go is some number with 0 < 1/gg < n/2(n+2),
and 7 is the number that makes (go,79) admissible.
To describe the nonlinear interaction f with an arbitrary growth at in-
finity as well as with a vanishing behavior as a power p at zero, we introduce
the following assumption (V),, with 0 < s < oo and 1 < p < 0.

(N)sp f€CH(C;C) and there exists a nonnegative, nondecreasing
function M on R, such that for all £ with 0 < k < [s]
f®) satisfies the estimate

[F B (2)] < 12|70+ M(|2]),
!f([sl)(zl) — f([sl)(z2)|
|21 — 2P M (|21] V | 22]) if s<p<[s]+1

=\ & — z|(lz] V| 22)) P70 M (|21 V| 22)) otherwise

for all z, 21,20 € C.



Here f*) denotes any of the k-th order derivatives of f with respect to z
and 7 and |f*)| denotes the maximum of the moduli of those derivatives.
For a,b € R we denote by a Vb and a A b the maximum and minimum of a
and b, respectively, by a4 the maximum of a and 0, and by [a] the greatest
integer that is less than or equal to a.

With the notation above we now state the main result in this paper. For
any s,d, o, Yo, Vs > 0 we define

A% (0,70, 7s) = {d € H®; |16; L2 < 0, 6 H || < 7o, |63 H®|| < 75}

Theorem 1.1 Letn > 1, s > n/2, 1 < p < oo, and let f € (N)sp.
Let o be any number with n/2 < o < s. Then there exists qo such that
0 < 1/q0 £ n/2(n + 2) with the following property.

(1) For any Yo,vs > 0 there exists T > 0 such that for any vs > 0 and
any ¢ € A3(70,'yg,'ys) (NLS) has a unique local solution u in X4 ([—T,T)).

(2) Let (T, T*), Ty, T* > 0, be the mazimal interval of existence of the
solution in (1). If 1 < p < 1+ 4/n, then for any fized v, > 0 , Ty and T*
are estimated from below as

T ANT* > 0,70—4(11—1)/(4—71(1’—1)), (1.3)

where the positive constant C is independent of v9,vs > 0 and ¢ € A® (Y0, Yoy ¥s) -
Especially T, and T* can be taken sufficiently large by taking vy sufficiently
small. :
(3) If T* < oo [resp. T, < oo/, then ||u(t); HY|| blows up att = T* [resp.
t =T/ v

(4) If p > 1+ 4/n, then for any v, > O there exists yo > 0 with the
following property.

(4a) For any vs > 0 and any data ¢ € A*(Y0, 7o, 7s) at to = 0, (NLS)
has a unique global solution in qu (R). Moreover there exists a unique pair
(¢p+,9-) € H* ® H® such that

lu(t) — Ut)de; H*] — 0 as t — +oo. (1.4)

(4b) For any vs > 0 and any data ¢_ € As(vo,'ya,'ys) at tg = —o00, there
erists a unique global solution u of (NLS) in X, (R) and a unique state
¢4 € H® such that (1.4) holds. Moreover the scattering operator S : ¢_
¢4 is well-defined on A%(70, Yo, ¥s) to H® and is continuous in the following

sense: If {qﬁ}?il - As('yo,'yg,’ys) satisfies

lp— — ¢?; L2 — 0 (1.5)

<t



as j — oo, then it follows that
g+ — ¢’ HY| — 0 (1.6)

as j — oo for any v with 0 < v < s, where qﬁi = S(¢%).

(5) The solutions given by (1) and (4) have the continuous dependence
on the initial data. Namely, for any initial data ¢, {¢;}32; in A% (%0, Yorr Vs),
let u,{u;}32, be the corresponding solutions of (NLS) given by (1) or (4).
If {$;}52, satisfies

¢ — ¢35 L*| — 0

as j — 00, then
d(u,u;) =0 and |u—uj; L HY)|| —0

as j — oo for any v with 0 < v < s, where [ = [-T,T] for (1) and I =R
for (4).

Remark 1. The assumptions in (4) of the theorem cover for instance
the nonlinearities given by complex polynomials in u and % with the lowest
degree of 5,3, and 2 for n = 1,2 < n < 3, and n > 4, respectively. More
generally, the nonlinearities given by those polynomials multiplied by any
smooth functions fall within the scope of the theorem. As regards the power
behavior near zero that is compatible with minimal regularity of f, the
assumption (N),p requires that s < p if s is not an integer. This improves
the previous assumption [s] + 1 < p in [17].

Remark 2. As in the H™2-theory developed in [20], the H S-theory with
s > n/2 above distinguish behavior near zero of admissible nonlinearity from
that at infinity and indicates that the right power for the former is again
1 + 4/n, which is critical at the level of L? and is the minimal power near
zero in the framework of the available H*-theory with s < n/2. In contrast
to the H™/2-theory, however, arbitrary growth rate at infinity is admissible
for the nonlinearity of the H°-theory with s > n/2.

The method of proof of the theorem depends on the Strichartz estimates
and on the Leibniz type estimate on the composite function f o u, both of
which are described in terms of homogeneous Besov spaces. The former is
the same as in [3, 7, 20, 21] and the latter partly generalizes the results
in 3, 7, 8, 21]. Specifically, we prove the following proposition. In this
paper we follow the following conventions: Different positive constants might
be denoted by the same letter C. Different nonnegative, nondecreasing
functions on R.; might be denoted by the same letter M.



Proposition 1.1 Let s > 0 and p2>1 Let l,r,m satisfy 1 < £ < oo,
2<m<o00,2<r<o00,1/l=(p—1)/m+1/r. Let f satisfy (N)sp. Then

1 () LA < Ml L) Jfs; L™ P~ s L7 (1.7)

1 u); B3
M(llu; L) ll; L7~V B2 if 0<s<2,
< Ml Lo 0 BY Dl BAIP s BE| if 522 m#oo, (18)
M(Jlu; 2% 0 B )l L B[ Bl if 522, m = oo,

where |lu; L 0 B || = [lu; LI} V [lu; BX|l-

We prove the proposition in Section 2. The proof uses equivalent norms
on homogeneous Besov spaces in terms of modulus of continuity with the
first and second differences and the convexity properties and embedding
theorems in homogeneous Besov spaces. We prove the main theorem in
Section 3. We solve the integral equation (NLS) by a partial contraction
argument in the complete metric space qu(I »Ro, Ro, Rs) with R, > 0,
w=0,0,s.

Acknowledgments. We are grateful to Professor Kenji Nakanishi for en-
lightening discussions on the Besov space.

2 Proof of the proposition

In this section we prove the proposition. The proof is carried out along the
line of the argument in [7, 21] with a number of necessary modifications due
to the extra factor M and the exceptional case s > p in the assumption
(N)sp. For completeness we start all over again and give a full proof appro-
priate for the present setting, though the major part looks as a repetition
of the previous argument.
We use the following equivalent norm on the homogeneous Besov space
B,
. [e o]
llv; BE oIl = Z (/ 1772 sup ||7,8% + 7y @% — 28%0; L¥|9dt)/7 (2.1)
’ —n /0 lyl<t
|aj=N

which holds for s = N + o with a nonnegative integer N and 0 < 0 < 2,
where 7 is the translation by y € R", as well as the norm

. oo
v; By || ~ t7179 qup ||7,8% — 8%v; LY||2dt)"/9 2.2
4,q Yy
la]=N “0 ly|<¢



which holds for s = N + o with 0 < ¢ < 1. The inequality (1.7) follows
from the Holder inequality. For the first line in (1.8) with 0 < s < 1 we
use (2.2) with N =0 and 0 < 0 = s < 1, the last inequality in (), with
(p—[s)] = 1)+ = p— 1, and the Holder inequality. From now on we prove
the proposition with s > 1 for real-valued functions for simplicity since the
proof for complex-valued functions is analogous if we regard f as a function
of two variables u and 4. We first consider the case 1 < s < 2. For that
purpose we use (2.1) with N =0 and 1 < ¢ = s < 2. For simplicity we put

V= Tyu, W= T_yU.
Then the second difference of f(u) is written as

Ty(f (W) + 7y (f(u)) — 2f (u)
fv) + f(w) — 2/ (u)

F@)e w20+ [ (7G0+ (- 0)) ~ )b —u)

fl

+ / (0w + (1— O)u) — f'(w))dB(w — ). 2.3)

Here we distinguish three cases: (a) s <2< p. (b)s<p<2. (c)p<s<2.

e The case (a): s <2 <p.
The term on the RHS of (2.3) is estimated by ;

M (s L) (|l o + w = 20| + (jo} V [ul P~ 2|0 — uf?
+(jw| v [ul)P 2w — uf?). (2.4)

We substitute (2.4) into (2.1) and use the Holder inequality to reproduce
Besov norms on the basis of (2.1) and (2.2) to obtain

1 (w); B
_ . _ » 2
< Ml L) (llu; ™ 1P [l Bel + s L™ P2 s B3 4112, (25)

where 1/q = 1/¢— (p— 2)/m. Regarding the last norm on the RHS of (2.5),
we use the interpolation inequality [8]

llu; B34 < s BEM2 (s BY, ool 2

with 1/¢ = 1/r + 1/m and the embedding L™ <« B?n,oo to obtain the first
line in (1.8).



e The case (b): s<p<2.
The term on the RHS of (2.3) is estimated by

M (s L) (P o+ — 2u] + o — ul? + | — uf?). (2.6)

We substitute (2.6) into (2.1) and use the Holder inequality to reproduce
Besov norms on the basis of (2.1) and (2.2) to obtain

£ (w); BF |

< Ml L) (llus L™ [P flu; B2l + s By/5, IP). (2.7)

Regarding the last norm on the RHS of (2.7), we use the interpolation
inequality [8]

s Byl < llus BRI Plus BY, ool ~7
with s/p = 0s, 1/¢p = 0/r + (1 — 6)/m, § = 1/p, and the embedding
L™ — BY, , to obtain the first line in (1.8).

e The case (¢): p< s < 2.
The term on the RHS of (2.3) is estimated by

M (fu; L= (ulP~ o + w — 2ul + v — ul* + |w — uf?). (2.8)

We substitute (2.8) into (2.1) and use the Holder inequaiity to reproduce
Besov norms on the basis of (2.1) and (2.2) to obtain -

£ (u); BE |
< Ml L) (lus 2P s BE ) + s By l1?)- (2.9)

Regarding the last norm on the RHS of (2.9), we use the interpolation
inequality [8]
. 2 o .
s Bogall < llus B2 s BY, oy ol
s BEIM2 s BY, oo lP 2l BY, 0 |37/

IN

with the embedding L™ < BY, ,, L® — BY, .. Then the RHS of (2.9) is
estimated by :

M (lu; LN (L + [l L|*P) s L™ P |lu; B

and therefore the first line in (1.8) follows by the preceding argument and
by replacing M(p) by M(p)(1 + p)2~P, though the latter is still denoted by
M (p) by the convention made before.

9



We next consider the case s > 2. We decompose s = N + ¢ with
1 <0 <2 and an integer N > 1 and we use (2.1). For that purpose we
differentiate f ou with respect to the spatial variables of total order |a| =
to obtain

Z Z ol H
— (I") 8ﬁju
=1 B+ +Bp=w k! H‘I;ZI ﬂJ
185121

We consider the second differences of the terms of the form
B (u)dPry . .. 9Py (2.10)
with1 < k<N, B+ + By =, |a| = N. For simplicity we put

F(u) = f®@), o= Ty, W = T_yU,
uj = iy, v = 8%, wj = P,

Then the second difference of (2.10) is written as

Ty (F8)( u)HBﬂfu )+ Ty f(’”)(u)HaﬁJu 2f(k)(u)Haﬁfu
J
= F(U)HUJ+F w)HwJ—2F(u)Hu]
= F(u)(HvJ+HwJ—2HuJ)+ — F(u)) HUJ HUj

+(F (w —F(u Hw, HuJ + (F(v) +Fw) Huj
= P X0 =) 1:[ wllw
_F(w) ;;(wj_u,- o - ) ﬁugvb
)Y s )0 —)Hnw
HEO) - PO Sl ) HH
+(F(w) — )Z "uj)}i[juabli[jwb

+F (u)(v +w — 2u) Huj

10



1
+ /0 (F'(8v + (1 — é)u) ~ F'(u))df(v — w) Hu

1
+ / (F'(6w + (1 — 8)u) — F'(u))d6(w — u) [T uy (2.11)
0 :
J
According to the decomposition above, we denote by I, I, Il , - -, VII the
first, second, ---, eighth terms on the RHS of the last equality of (2.11),

respectively. To estimate I in Lf by the Holder inequality we define the
exponents m, with 1 < a < k by

1fmg = pa/r + (1 — po)/m if p>k,
¢ pa/T + (1 — pa)(p—1)/m(k ~1) if p<k,

where
o= [ 1Bal/s it a3
* (1Bal +0)/s i a=3j.

We now distinguish two cases: (a) p>k. (b)p<k.
e The case (a): p > k.
We estimate I in Lf as

I L

< SO IF@); LB oy + wj — 2u53 L7 | TT fua 27| T llew; L7
J a<j b>j

< Ml L2l Z™MP* D Mo + wy — 2ug; L7 | TT s B2, (2.12)

J a#j

where we have used the Holder inequality with >, 1/ms+ (p—k)/m = 1/L.
On the RHS of the last inequality of (2.12), the dependence on y € R" is
given by the L™i-norms, from which the Besov norms are reproduced as

{e o}
([ sup 5L Pan) 2
0 ly|<t
< Ml LD s P S s BT T s B2l (2.13)
J aFtj

We estimate the Besov and Sobolev norms on the RHS of (2.13) by inter-
polation inequalities and embedding theorems. By the definition of m;, u;,

we have Bl
- 18s 4o . 4 ] o
llw; Bl 7Nl < flu; BEJ|# ||u; B, |4 (2.14)

By a similar computation and the embedding B; — H; with 2 'g p < 00,
we have

s EGel}) < Cllus BRI < Cllu; B s B[, (2.15)

11



flu; L™|| < Cllw; BY||  if m # oo. | (2.16)
By (2.14), (2.15), and (2.16), the RHS of (2.13) is estimated by

M LoDl B s Bl i oo,
M (Jlu; L) lw; L= N B, [P~ lw; B if m = oo.
e The case: (b) p < k.
We estimate I in L¢ as
IT; L o
< D NFC); L2 oy + wj — 2ug; L™ | TT s 2121, (2.18)
J a#j

where we have used the Hélder inequality with }°, 1/m, = 1/¢. Asin (2.13)
we obtain

o0

([ 712 sup |1, L))/
0 lyl<t

< M(Jlw L)) S s BI N TT s Bl (2.19)
‘ j a#j

We estimate the Besov and Sobolev norms on the RHS of (2.19) by inter-
polation inequalities and embedding theorems. By the definition of My, Wy,
we have
. :B + . . . .
s B 7N < s B Nts Bty ey 149
< s Bﬁ“#j“u;B%ll(l—#j)(P*l)/(k—l)”u;Bgoll(l‘#j)(k—l’)/(k‘l)_ (2.20)

Similarly,
s iR < Cllus B
< Cllu; BY||Fe|u; Bgl”(l—ua)(p—l)/(k—l)”u; Bg°||(1-ua)(k—p)/(k—1)_ (2.21)
By (2.20) and (2.21), the RHS of (2.19) is estimated by
M (J|; L)l B |1*7P s BRIP~ s Bl- (2.22)

This proves that the contribution of I is estimated in the form of the LHS
of (2.13) and (2.19) by the RHS of the second and third lines in (1.8) with
M(p) replaced by M(p)(1+ p)N=P+. A similar argument works on the
contribution of VI and implies that the integral on the LHS of (2.13) and
(2.19) with I replaced by VI is estimated by the RHS of the second and third
lines in (1.8) with M (p) replaced by M(p)(1 + p)V+1-P)+,

12



We next consider the contribution of II. We' define the éxponents m,
with 1 <a <k by

U = | Hafr+ (1= )/ i 3k,
* =\ il + (L= )~ Vfmlk—1) i p<k

where
— |18al/3 lf a7éiaja
H (1Bal +0/2)/s if a=1i,j.

By the Hélder inequality we estimate II in L¢ in the same way as in the
preceding argument and we substitute the resulting estimate into the integral
on the LHS of (2.13) with I replaced by I, where the dependence on y is
given only by two factors |[w; — uj; L™/ || and |jv; — us; L™:||. Then we use
the Schwarz inequality for the integral with respect to ¢t and we reconstruct
Besov norms in the form of (2.2) to obtain

([ 7172 sup |1; £4)2de) /2
0 lyl<t

< M(Jlu; L)) [lu; ™| =R+ |
5184140 /2 o /2 r|Ba .
Sl B s B2 TT Nl ). (2:23)

. . . mz’
Jj >3 a#i,j

We use the interpolation inequalities

lu; Blel*<72)

s B [[#]|u; BY, ||+ if p>F,
< llu; BE||#e ||u; BO 0 | ra)e=1)/(e=1) |4y, BO | (1~ ) (k—p) (k= 1
if p<k,

for a = i, 4, the embedding B, — Bﬁm, and (2.15) and (2.21) for a #
i,j on the RHS of (2.23) to conclude that the LHS of (2.23) is estimated
by the RHS of the second and third lines in (1.8) with M (p) replaced by
M(p)(1 + p)N=P)+. The same estimate holds for the LHS of (2.23) with
Il replaced by Il . A similar argument shows that the LHS of (2.23) with
Il replaced by IV and V is estimated by the RHS of the second and third
lines in (1.8) with M(p) replaced by M(p)(1 4 p)\N+1=P)+. Moreover, the
LHS of (2.23) with II replaced by VI and VII is shown to be estimated
by the RHS of the second and third lines in (1.8) with M(p) replaced by
M(p)(1+p)N+2-P)+ except when k = N and s = N+o < p < N+2 = [s]+1.
The last case is treated exactly in the same way as in [21] by taking the
additional factor M (]ju; L*°||) into account. : O
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3 Proof of the theorem

In this section we prove the theorem. We use the following estimates of
Strichartz type, and embeddings to control the behavior of the nonlinear
term at infinity in the framework of homogeneous Besov spaces. For any
interval I C R possibly unbounded, |I| denotes the length of I and I denotes
its closure in R U {00} equipped with the natural topology.

Lemma 3.1 [2,3,7, 16, 32] The free propagator U satisfies the following
estimates.
(1) For any s € R and any admissible pair (q,r)

IU()es L4R; By)|| < Cllg; H*||-

(2) For any s € R, any admissible pairs (q1,71) and (g2,72), for any interval
I C R, and for any iy € I, the operator Gy, satisfies the estimate

1Gsovs L&(I; B2, )| < Cllv; L%(I; By )|,
where the constant C is independent of I and to.
Lemma 3.2 Letn>1, —0o < pg <n/2 < u < o0o. Then
H¥o N HF < 32071 — L*®nN Bgo’z.
Moreover,

s L V [lu; Bos o Cllu; B

<
< Cllu; H¥|°Jlu; H#||*°,

where § = (n/2 — po) /(1 — po)-

Proof of Lemma 8. 2. Let ¢ be the function appearing in the definition of
the Besov space. Since E{;;_l ©(27%)p(279.) = p(277.) for any j € Z, we
have
» j+1 .
s Boall <3 D0 IF M2k )p(279 ) Fus L)),
jeZ k=j—1

By the Young inequality and the equality
|F 1 (p(27%)); L2|| = 27%/2||; 12|,
we have _ ' _
llu; Bo,1 | < C' Y 2m72|| F~2p(279.) Fu; 12|,

JjEZ
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For any £ € Z, factorizing 29/2 as 2(0/2-wigui for g >4, 2(n/2=10)iguol for
j < £, we have

llu; B, 1
< CY 2 W BY ||+ CY 22|y BES |, (3.1)
j=>4L j<e

where we have used the definition ||u; BQ”OOH = sup; 2°9(| F~Yp(279-) Fu; L2
Since the RHS of (3.1) is estimated by

(Co/2 4000 . G210 u; B0 |10 u; B |,

with a = |lu; BY o |l/|lu; B5S, || and 8 = (n/2 — o)/ (1 — po), we put

1
EZ[ lo a],
p—p o2

to obtain 2(7/2-#0)¢g—6 <1 and 2(n/2—p)t,1-6 < 2#=1/2  Therefore we have

llu; Bog 1|l < Cllu; By

> 6
20l llu; B oo 1°.

By the embedding H* = BS, — Bf, for any p € R, we obtain the first
embedding in the lemma.

Concerning the second embedding, Bgo’l oy 320,2 is obvious (see [1,
Theorem 6.3.1]). As for Bgo’l — L%, since Y,z p(277z) = 1 for z €
R™\ {0}, we have

lu; L) < Y I1F (279 Fu; L
jeZ
= Ju; Bl

as required. O

To solve (NLS) by a contraction argument we define the function space
as follows. For any interval I CR, s >0,0 >0, R, >0, u=0,0,s, and
1< qo <00, let XqO(I Ry, Rs, Rs) be a function space given by

Xoo(I, Ro, Ro, Rs) = {u; |[u; Xl (D)|| < Ry, 12 = 0,0,5}
endowed with the metric d defined by d(u,v) = ||u — v; X 8 (I)]l, where

llu; X5 (Dl = sup llu; L9(I; BY)|
0<2/q=5(r)<2/00

for any 1 € R.



Lemma 3.3 Let 0 < 1/go < n/2(n +2). Let 0 < o < s. Then for any
interval  CR, R, >0, p=0,0,s, Xg,(I, Ro, Ry, Rs) is a complete metric
space. A

Proof of Lemma 3. 8. Let {u;}32; be a Cauchy sequence in qu (I, Ro, Rs, Rs).
Then sup;> |luj; L=(I; H#)|| < R, for any u = 0,0,s. By the definition
of d, there exists u in L (I; H%) such that uj strongly converges to u in
L>®(I; HY). Especially it follows that ||ju; L°(I; HO)|| < Ro. Since H* is
reflexive for any p € R, for almost every ¢t € I there exists a subsequence
{uj1(®)}521 € {u;(t)}52, and uk(t) € H¥, i = 0,5, such that u;; (t) weakly
converges to u#(t) in H* and ||u#(t); H*| < R, for u = o, s. Since we have

FICR®R\ {0}) € B = (H+)

for any p € R, for any x € F~1C§°(R™ \ {0}) the pairing (u;1(t),x) con-
verges to (u”(t),x) for p = o, s, and to (u(t),x) as j — oo. Therefore we
have u(t) = u#(t) in §'/P, so that |ju(t); H*| < R, for u = o,s, where P
denotes the set of polynomials. Since the last inequality is preserved when ¢
runs almost everywhere on. I, we obtain |lu; L®(I; H#)|| < R, for u=o0,s.

When gg = oo, the proof of the lemma is completed by the above argu-
ment. We consider the case gy # oo in the following. Let rg be a number
such that (gg, 7o) is an admissible pair. By the definition of d, there exists v
in L%(I; BSO) such that u; strongly converges to v in L%(I; B,QO) as j — oo.
Especially we have ||v; L%(I; BQO)H < Ry. Since L®(I; B;‘fo) is reflexive for
any p € R and sup;q [|uj; L%(I; B,‘fo)|| < R, for p = o,s, there exists a
subsequence {u;2}72; C {u;}%2; and v* € L9(I; B,‘fo) for 4 = o,s such
that u;o weakly converges to v* in L%(J; Bﬁo) and |jo#; L%(I; B,’fo)n <R,
for p = o,s. Now since {u;} satisfies sup;>; |luj; L%(I; BﬁO)H < R, by
the embeddings B — L” for any 2 < r < oo, L™ N B# < B¥ for any
p > 0,1 <r < oo, we have sup;» |luy; L2(I; BS))| < CRy V R,. Since
L®(I; By,) is reflexive, there exists a subsequence {u;3}%; C {u;2}52,
and w € L®(I; By ) such that u;3 weakly converges to w in L%®(I; BS ) as
J — oo. By the embedding By — By, u;3 also weakly converges to w in
L®(I; BY). Therefore by the embeddings BE — B,é‘o for 4 = o, s, we have
w = v* in LP(I; Bﬁo) for 4 = 0, s. Since u; also converges to v in L%([; L™)
by the embedding B,?O — L™, 2 < ry < oo, by the embedding By — L™,
we have w = v in L%(I;L™). So that we have v(t) = v#(t) in S&'/P for
almost every t € I, and ||v; L% (T; B#O)H < R, for p=o,s.

Since u; strongly converges to u in L*°(I; H°) and to v in L%(I; BY)
as j — oo, there exists a subsequence {uj4}72; C {u;}$2; such that for
almost every ¢t € I, uj4(t) strongly converges to u(t) in H° and to v(t)
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in B as j — co. Since FTICP(R™\ {0}) C (H®)* N (BY)*, we have
(u(t), x) = (v(t),x) for any x € F1C$(R™ \ {0}), so that u(t) = v(t) in
S'/P for almost every t € I.

For any p = 0,0,s, and any admissible pair (gq,7) with 1/¢ < 1/qq, by
the convex inequality

llw; LUI; BE)|| < Cllw; L(I; H¥) |~/ |w; L (T; Bl )||%/9,

we have d(uj,u) — 0 as j — oo and “U;Xf;ﬁ(—’)” < Ry for p = 0,0,s.
Consequently we obtain the lemma. : m|

Let n, s,p, f,0 be as in Theorem 1. 1. Let pg satisfy 1 < po < (1+4/n)Ap
and pg # 1 if p # 1. Let go be the number given by

1 =n ( n+4 )

— =D T2 )

q0 4 (n‘ + 2)p0 +
Then qg satisfies 0 < 1/go < n/2(n + 2). Let § be the number given by
n-+4 n 1 |

1 —po(z - q_o)

(1

1

q

Then § satisfies (n +4)/2(n +2) < 1/§ < 1. Let rg, ¥ be numbers given by
1/ro =1/2 —2/nqo, 1/7 = (n+4)/2n —2/ng,

and let 1/7* = (pp—1)/(p—1)rg. Then by a direct computation, we see that
(q0,70), (¢',7') are admissible pairs, and that rg, 7, r* satisfy 2 < o, 7* < 00
and

1/7=(-1)/r* + 1/r. (3.2)

Applying Proposition 1.1 to the composite function f(u), for any p with
0 < i < s we have ' :

17 (u); BEN < M(lu; L 0 B[ s B |P~ s B |- (3.3)
By the convex inequality
llus BRIl < llw; Boo I ~°llus B, |1,
where 0 = (pg — 1)/(p — 1), the RHS of (3.3) is estimated by

M (lu; L% 0 B | llus By, [P~ lus Bl |l
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where we denote by the same letter M the nondecreasing function on [0, co).
Let k¥ be a number given by

k=1-n(p—1)/4. (3.4)

Then k satisfies ‘
1/§=k+po/q, k>0. (3.5)

Indeed, the first equation follows from the definition of § immediately and
the second inequality follows from pg < 1 + 4/n. Especially we have k = 0
if and only if pg =1+ 4/n.

Therefore by the Holder inequality in the time variable with (3.5), we
have

ILf (u); LI(I; B)| .
< M(Jlu; LI L 0 B ) lu; LO(I; BS) P~ |us LO(1; BE) |

for any interval I C R. Similarly, by (1.7) and the Holder inequality in
space and time variables, we also have

| f(w); LI(I; LT)||
< M (Jlu; L (I; L) *|ju; L (I; L) ||Po~ Y |ju; LI (I; L™))||.

Therefore by Lemma, 3. 2, we have
17 (w); LI BE)|| < M(Ro v Ro)|IIRE™' R, (3.6)

for any p = 0,57, s, and any u € qu(I, Ry, Ry, Rs), where we have used the
embeddings L™ — B2, BS < L™ for the case u = 0. Now, for any t; € T
and any data ¢ € A°(v9,¥s,7s), let D4, be an operator defined as

Dio(u)(t) = U ()¢ — iGuo (f (0))(1)-
Since (g0, 70), (¢',7') are admissible pairs, by Lemma 3. 1 and (3.6), we have

1@y (w); Xie (DIl < Cllgs H|| + C| £ (w); LA(T; BE)|

< Cyu+ M(RoV R,)|I*RY'R, (3.7)

for any 4 =0,0,s, any ¢ € As(vo,'ya,fys) and any u € qu (I, Ry, Ry, Rs).
On the other hand, by the same argument as above, we also have

d(@¢, (1), 4, (v)) < M(Ro V R,)|I|*RELd(u,v) (3.8)

for any
u,v € Ur>0Xg (1, Ro, Rs, R).
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Indeed, by Lemma 3.1, we he‘u}e‘v
(1, (), By (v)) < C||f (w) = f(v); LUL LT,

where we have used the embedding L™ — B,Q. By the Holder inequality in
space and time variables with 1/7 = pg/rg and (3.5), we have

1F(w) = £(v); LUL; L7
< M(Jlu; LI L)V lo; L= (1 L) DT
(llu; L (L L) V flo; L (2; L) )P~ Hlu — v; LP(1; L)) (3.9)

Therefore by Lemma 3. 2 and the embedding BSO — L™, we obtain (3.8).
By the above argument, if v, > 0, R, > 0, £ = 0,0, s, and I C R satisfy

Cu+ M(RoV Ro)I[*"RE 'R, < R, (3.10)
M(RoV Ro)|I|*RE™! < 1/2 : (3.11)

for any 4 = 0,0,s, then ®;, is a contraction map on qu (1, RO,RJ,RS).
Since qu(I , Ro, Rs, R;) is a complete metric space by Lemma 3.3, &,
has a unique fixed point in qu (I, Ro, Rs, Rs), and the solution u of (NLS)
with the data u(0) = ¢ is given by the fixed point of . Let R, = 2C,,
1 =0,0,s in (3.10) and (3.11), then (3.10) and (3.11) are rewritten as

My V)" <1 (3.12)

for some nondecreasing function M.

(1) Let tg = 0 and [ = [-T,T], T > 0, in the above argument. Since
k> 0 for pg < 1+ 4/n, for any y, > 0, p = 0,0, there exists small T' > 0
which satisfies (3.12). Then for any s > 0 and any ¢ € A*(70, Ve, 7s), (NLS)
has a unique solution u in X, (I, Ro, Rs, Rs).

We see that the solution u satisfies u € C(I; H®) by using Lemma 3. 1

with (3.6) and the fact that the free propagator forms a unitary group in
Hs.

The solution u is also a unique solution of (NLS) in X, (I) by the fol-
lowing lemma. Indeed, if u and v are the solutions with the same initial
data, then by that lemma, there exists £ > 0 such that u(t) = v(¢) in H*® for
any t € [—¢,e] N 1. By repetition of the argument with t; = +je, j > 1, we
have u(t) = v(t) for any t € I.

Lemma 3.4 Letu,v be the solutions of (NLS) in X, (I). Then there exists
e > 0 with the following property. If u(t;) = v(t1) in H® for some t; € I,
then u(t) = v(t) in H® for anyt € [t; —e,t; +e] N 1.
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Proof of Lemma 3. 4. Let R, > 0, u = 0,0,s, be numbers such that
u,v € Xgo(I, Ro, Ry, Rs)- Since u and v satisfy u(tl) = v(t;) and

w(t) = B(w)(t) = Ut — t1)w(ts) + /t Ut — 5) f(w(s))ds

for w = u, v, by the same argument on (3.8), we have
dry,e(2(u), 8(v) < M(Ro V Ro)(2€)"RE ™ duy e (u,v),

where d;, . denotes the metric d restricted on Iy, . = [t; — ¢,t1 + €] N1, and
M is independent of ¢y and €. Therefore taking ¢ > 0 sufficiently small, we
have dy, (u,v) = 0, where ¢ is independent of t; € I. Especially u(t) = v(t)
in A° = L? a.e t € I, .. By the continuity of u(t) and v(t) in L? for ¢ € I,
we have u(t) = v(t) in L? for any t € I, .. Therefore we have u(t) = v(t) in
H? for any t € Iy, . O

(2) Let to =0and I = [-T,T), T > 0. If 1 < p < 1+ 4/n, then we take
po as pg = p. Since k and p satisfy k # 0 and p # 1, for any fixed v, we
take T in (3.12) as any number with

T < Oy o=/ nlp-1), (3.13)

where the constant C' is independent of v, > 0 and ¢ € As(fyo,'yc,, vs). So
that we conclude (1.3) by (3.13).

(3) We consider the case T* < oo. The proof for T, < oo follows quite
similarly. Now let v = supg<; - |[u(t); H?|| < co. Let € > 0 be a number
which satisfies - '

M(y)e"yt < 1,

where M is the same function appearing in (3.12). Let ¢y > 0 be a number
such that T* € (tg,to + €). Then by the same argument as in the proof of
(1), (NLS) has a unique solution i} in Xy ([to, to + €]) with @ (to) = u(to).
Let @(t) = u(t) for ¢ € [0,%0), ©(t) = G4 (t) for t € [to,to +&]. Then i is a
solution of (NLS) in X ([0, %0 + €]) with @(0) = w(0). This contradicts the
definition of T™.

(4) (4a) In the argument before the proof of (1), if p satisfies p > 1+4/n,
then we take pg for pg = 1 + 4/n and therefore k = 0 in (3.12) by (3.4).
Since M in (3.12) is independent of I, for any given 7, > 0 there exists vy
such that (3.12) holds with |7|* replaced by 1. With these v, > 0, u = 0,0,
fixed, for any s > 0 and ¢ € A* (Y0, Yo»Ys), We see that ® is a contraction
map on qu(R Ry, R;, R,) for some R, > 0, 4 = 0,0, s. The fixed point u
is unique in X, (R). Indeed, for any ¢y € R and for any data at ¢ = ¢, by
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the same argument as in the proof of (1) we conclude that local solutions

are unique in Xy, ([to — T, to + T) for some T' > 0 , where T is determined

only by the H¥-norm, yu = 0,0, of the data. Since the norms [Ju(t); H*|,

u = 0,0, are bounded, we conclude the uniqueness of solutions in qu(R).
Let ¢+ and ¢_ be given by

+oo
bir=¢+ /O U(—s)f (u(s))ds. (3.14)
Then ¢,,¢_ € H®. Indeed, by Lemma 3. 1, for any i € R we have.

s HEL < 05 A+ I S22 UG = s)f(u(s)dss =R M) g 1
< llgs B[ + Cllf (w); LAR; BY)]

where we have used the continuity of U *; f(u) with respect to the time
variable. Since the last term of the last inequality is estimated as (3.6)
with |I|* replaced by 1, ||¢+; H*| is finite for z = 0,s. By the embedding
HO N H* — H*, we conclude that o+, 0 € H.

With these ¢4, (1.4) holds. Indeed, since U(t)¢+ are rewritten as

+oo
U= =U@o+ [ Ul =) u()ds
by the same argument in (3.15), we have

lu(t) = U)+; HY| 1 72U — 5) f(u(s))ds; L ([, 00); H¥)||

Ol (w); LA([t, 00); B

INIA

(3.16)
Since the RHS of the last inequality is estimated by (3.6) with |I|* replaced
by 1 and is bounded uniformly in ¢ for any u = 0,s, we conclude that
u(t) — U(t)py+ converges to zero in H® N H*® as t — co. By the embedding
H° N H*® — H*, we conclude (1.4) for ¢,. By an analogous argument on
u(t) — U(t)p—, we conclude (1.4).

The uniqueness of the pair (¢4,¢_) satisfying (1.4) follows from the
unitarity of the free propagator.

(4b) For any 7, > 0 and any data ¢_ € A*(70, ¥, ¥s), by the argument
before the proof of (1), ®_ has a unique fixed point u in qu (R, Ry, Rs, Rs),
where R, > 0, u = 0,0, s, are chosen to satisfy R, = 2Cy,, u = 0,0, s, with
the same constant C appearing in (3.10). Let ¢ and ¢, be given by the
equations (3.14). Then, as in the argument on (3.15), we have ¢, ¢, € H".
Now wu is rewritten as

u(t) = U9+ [ Ul s)f(uls)ds,

21



which implies exactly that u is a solution of (NLS) in X, (R, Ro, Ry, Rs)
with the data u(0) = ¢. We claim that u is also a unique solution of (NLS)
in X, (R) which satisfies

u(t) = Ut)p—; H*|| — 0 (3.17)

as t — —oo. Indeed, let v be a solution of (NLS) in X, (R) which satisfies
(3.17) with u replaced by v. Then v satisfies v = ®_.,(v) and for sufficiently
small ¢y < 0, .

[lv; Xgo (=00, o)) || < 2C,

for any p = 0,0, s, since ||v(t); H¥|| converges to ||¢_; H*|| as t — —oo for
any p = 0,0,s. Therefore v is also a fixed point of ®_, in

XQO((—OO) t0]7 RO, Ra’a Rs)

Since ®_, has a unique fixed point in qu((—oo,to],Ro, R,, Rs), we have
u(t) = v(t) for any ¢t € (—o0,t]. Especially we have u{tg) = v(tg). Since for
any to € R and any given data at ¢t = ¢, local solutions of (NLS) are unique
in Xy ([to — T, to + T)) for some T' > 0, where T is determined only by the
H*-norm, u = 0,0, of the data, and lu(t); HH|, [lo(); H*|, p = 0,0, are
uniformly bounded with respect to the time variable, we conclude v = v in
X (R).

Similarly to the argument on (3.16) we have (1.4) for these u, ¢+, and
we also have the uniqueness of ¢ for ¢_ with (1.4).

By the above argument, for any s > 0, we are able to define the scat-
tering operator S on A*(%o, ¥s,vs) to H® as S (¢—) = ¢+ by way of a unique
global solution u of (NLS) in X,,(R) with (1.4). Moreover, the correspon-
‘dence is given by (3.14) or equivalently by

be=0-+ [ U(=s)f(u(s))ds. (3.18)

We show the continuity of the operator S. For any {qb’ . C A% (70, Vo Vs)
which satisfies (1.5), let {u’ }321 be the fixed points in

qu (R) RO, R0'> Rs)
of the operators {@J;oo}‘;-f’_.l given by
0O =UOF + [ UG- 970(e)ds

for j > 1. Then by Lemma 3. 1, we have, as in (3.8)
(B o0 (u), B oo (7)) < Cllg— — ¢7; HO|| + M(Bo V Ro)RE™ d(u, u)
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for any j > 1. Since (3.11) holds with |I|* replaced with 1, we conclude that
d(u,u?) — 0 as j — 0o. On the other hand, by (3.18), we have

o+ — 5 L2 < o — o725 L2
+| /_ U= 9)(f(uls)) = £ (5)))ds; L (R; L2)|

for any j > 1. By Lemma 3. 1, the argument used on (3.9) shows that the
last term on the RHS of the last inequality is estimated by

M(Ro V Ry)RE ™ d(u, u).
Therefore we have ||¢4 — i; L?|| — 0 as j — oo. By the convex inequality
6+ =S4 BV < llgw = s 2P0l — 915 F2[1/

for any v with 0 < v < s, we obtain (1.6).
(5) Let po, go be as in the proof of (1) or (4). Let tg = 0 and let I =
[=T,T] for (1), I =R for (4). Since {u;}; satisfies

t
uslt) = U+ [ Ut =) fuy(s))ds

for any j > 1, by Lemma 3.1 and the embedding L™ — B,? for1 <7 <2,
we have

d(u, uj) < Cllé — ¢ L|| + C| f(uw) — f(uy); LA(I; L) (3.19)

for any 7 > 1, where the constant C is independent of I, ¢, u, {@}‘;‘;1 and
{us}22;. As we have shown in the proof of (1) and (4), for any given initial

data in A*(y0, s, 7s), (NLS) has a unique solution in X4 (R, Ro, Ry, Rs),
where Ry, > 0, p =0, 0, s, are chosen to satisfy R, = 2Cy,, p = 0,0, s, and
C is the same constant appearing in (3.10), and the solution is also unique
in Xy, (I). Therefore u, {u;}32; are in X4 (R, Ro, Ry, Rs). So that by the
same argument on (3.9), we have

Clf(u) = f(uj); LA L7)|| < M(Ro V Ro)|I|*RE ™ d(u, uj),

where |I|* is disregarded for (4). Since (3.11) holds for these R, 1 = 0,0, s,
we conclude that d(u,u;) — 0 as j — oo. Especially we obtain

= g L°(1; L) — 0
as 7 — 0o. By the convex inequality

lea(t) = uj(8); BV || < ut) — s (8); L2~/ ule) — wye); HO|*/2,
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the bound

sup |luj; L®(1; H*)|| V [|lu; L®(1; H*)|| < Rs,
J

and the embedding L2 N H” < H”, v > 0, we conclude that

lu — uj; L=(I; HY)|| — 0

as j— oo for any v with 0 < v < s. O
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