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Abstract

The local and global well-posedness for the Cauchy problem for a
class of nonlinear wave equations is studied. The global well-posedness
of the problem is proved in the homogeneous Sobolev space He =
H*(R™) of fractional order s > n/2 under the following assump-

tions: (1) Concerning the Cauchy data (¢,%) € H* = H® @ H*"1,
(6, %); HY/2|| is relatively small with respect to ||(¢,%); H®|| for any
fixed o with n/2 < o < s. (2) Concerning the nonlinearity f, f(u)
behaves as a conformal power u+4/("=1) near zero and has an arbitrary
growth rate at infinity.

1 Introduction

This is a sequel to previous papers [20, 21, 22] of the same authors, where
the Cauchy problem for the nonlinear wave equations of the form

O2u — Au = f(u) (1.1)

is considered in space-time I x R™, where I = [-T,T] with T > 0 for
local solutions and I = R for global solutions. Here u is a complex-valued
function of (t,z) € I x R", 87 = 82/0t?, A is the Laplacian in R™, and f(u)
is a nonlinear interaction given by a complex-valued function f on C.
There is a large literature on the Cauchy problem for (1.1) and on the
asymptotic behavior in time of global solutions (see for instance [3, 4, 5, 12,



15, 16, 20, 21] and references therein). Recently the Cauchy problem for
(1.1) has been studied in the Sobolev spaces

H® = H*(R™) = (1 - A)~*/2L*(R™)
and in the homogeneous Sobolev spaces
HS = HS(RTL) — (_A)—s/2L2(Rn)

of fractional order s > 0 [11, 16, 21, 26, 34].
To illustrate some of the latest developments of the H*-theory for (1.1),
take for example the single power interaction :

fu) = NulP~tu, (1.2)

where A € C and 1 < p < 0o. A homogeneity argument on (1.1) with (1.2),
similar to the nonlinear Schrédinger equations [23], shows that the power p
must satisfy p < 1+4/(n—2s) for the well-posedness of the Cauchy problem
for (1.1). Here the critical power p =1+ 4/(n — 2s) makes sense only when
0 < s < n/2 to keep the critical power finite, while the notion of suberitical
power p < 1+ 4/(n — 2s) extends to the homogeneous Sobolev spaces H*
for all s > 0 with the convention that 1 < p < oo when s > n/2. In the
critical case the available results show the existence and uniqueness of global
- H*-solutions with n>2ands>1/ 2 under the smallness assumption on

16, 9); H2l = (g5 HP|® + |lob; H*7H|12)H2 (1.3)
for the Cauchy data
(u(0), 8u(0)) = (¢,9) € H* = H> @ H*.

On one hand, the condition s > 1/2 is natural in view of .the Strichartz

estimates in the diagonal case [6, 16, 32] as well as of another representation
of the critical power

p=1+4/((n—-1)-2(s—1/2)),

which is taken into account of natural shift of space dimension as compared
to the Schrédinger equation. On the other hand, H.Lindblad and C.D.Sogge
have shown that when s < 1/2 there exists another critical power p which
is smaller than 14 4/(n — 2s) even for the local well-posedness of (1.1) (see



[14, 16]). In this sense, s = 1/2 is also critical exponent for the global well-
posedness of (1.1), when the critical power is given by p = 1 + 4/(n — 1),
which is equal to the conformal power for the nonlinear wave equations.
The available H*-theory in fact admits not only the single power such as
(1.2) but a wider class of nonlinearities which includes quasihomogeneous
nonlinearity. To be more specific, at the cost of smallness assumption on the
data, that theory does not require structural assumptions on f related to
the conservation laws but do need scaling control of f on the basis of power
behavior near zero and at infinity at the same rate p.

The notion of criticality with homogeneity argument loses its meaning
at the level of H™/2. In [20] we have nevertheless developed the H™ 2-theory
for (1.1) and proved the existence and uniqueness of global H™/2-solutions
under the smallness assumption on ||(¢,); H™2 N H/2|| for the Cauchy
data ,

(u(0),0u(0)) = (¢, %) € H*NH2,

where the nonlinearity is supposed to behave as a power u!*t4/("=1) near
zero and as an exponential function exp(A|u|?) with A > 0 at infinity. The
last growth rate at infinity reminds us of Trudinger’s inequality, which re-
places the Sobolev embedding H® < L* with s > n/2 in the borderline
case s = n/2. In fact, the method in [20] depends on an equivalent sharp
Gagliardo-Nirenberg inequality [24, 25] and in view of Trudinger’s inequal-
ity the last growth rate at infinity seems to be optimal at the level of H™/2,
Meanwhile, the available H™/ 2_theory distinguishes behavior near zero of
admissible nonlinearity from that at infinity and indicates that the right
power near zero is 1 + 4/(n — 1), which is the minimal power near zero in
the framework of H°-theory with s > 1/2.

The purpose in this paper is to study the H*-theory with s > n/2 and
to specify admissible behavior of nonlinearity and minimal requirement on
smallness of the Cauchy data to ensure the existence and uniqueness of global
H?*-solutions. There are some related works on the global Cauchy problem in
the Sobolev space H* of integral order k > n/2 [2, 7, 27, 28, 29], which treat
the problem from the point of view of regularity and a priori estimates in H¥,
starting recursively from the energy space H'. This requires some structural
assumptions on the nonlinearity and, at a technical and essential level, yields
restrictions on the admissible space dimensions. We evade the difficulty
caused by the classical a priori estimates and, at the cost of smallness of the
Cauchy data, look for another possibility for the H*-theory with s > n/2,
deserving of a natural extension of the H*-theory with s < n/2.



In this paper we prove the existence and uniqueness of global H5-solutions
with s > n/2 under the following setting:

(1) The Cauchy data (¢, ¢) € H® satisfies the assumption that || (¢, ¥); H2||
is relatively small with respect to [|(¢,%); H®]| for any fixed o with n/2 <
o<s

(2) The nonlinear interaction f behaves as a conformal power u!*4/(n—1)
near zero and has an arbitrary growth rate at infinity.

To state the main result precisely we introduce the following notation.
For any r with 1 < r < 0o, L" = L"(R™) denotes the Lebesgue space on
R™. For any s € Rand any r with 1 < r < oo, HS = (1 — A)™/2L"
denotes the Sobolev space defined in terms of Bessel potentials. For any
s € R and any r with 1 < r < oo, H® = (—A)"%/2L" denotes the ho-
mogeneous Sobolev space defined in terms of Riesz potentials. For any
s € Rand any r, m with 1 < r,m < oo, Bﬁm denotes the homogeneous
Besov space defined as the space of classes of distributions u modulo poly-
nomials such that {2%||F~1p(279.) Fu; L7}, € £™(Z), where F and F~1
denote Fourier transform and its inverse, respectively, and ¢ is a nonneg-
ative function on R™ with compact support in {z € R" ; 1/2 < |z] < 2}
such that {¢(277-)}*, forms the Littlewood-Paley dyadic decomposition
on R™\{0}. The usual Besov space By, is defined analogously in terms of
the dyadic decomposition on R™. We refer to [1, 9, 35] for general informa-
tion on Besov and Triebel-Lizorkin spaces and their homogeneous counter-
parts. For simplicity we make abbreviations such as H® = H3, H® = F
By = B;,, B = ;2. For any Banach spaces X and Y having a common
dense subspace, we put

lla; X NY|| = max{fla; X ||, [la; Y|}

for any @ € X NY. For any interval I'C R and any Banach space X we
denote by Cy(I; X) the space of bounded and strongly continuous functions
from I to- X and by L9(I; X) the space of measurable functions v from I
to X such that ||u(-); X|| € L%I). To describe the free propagator which
solves the free wave equations, we define the operators U(t) = exp(itw),
K(t) = sin(tw)/w, K(t) = cos(tw), where w = v/=A. For any r with
2 <r < oo we define y(r) = (n —1)(1/2 — 1/7), namely the optimal rate in
time for the norm of U(t) as a bounded operator from L" to L", where r’
is the exponent dual to r defined by 1/r + 1/7' = 1.

The Cauchy preblem for the equation (1.1) with given data (¢,1) Wlll
be treated in the form of the integral equation



u(t) = d(u)(t) = Kt)¢p + K(t)y + JT K(t — T)f(u(T))dT. (NLW)
The integral equation (NLW) will be studied in the space
Xoo(I) = Co(I; H* N H*) N L®(I; B,*° N BY)
for some sy with 0 < s¢p < 1/2, endowed with the metric d given by
d(u,v) = Ju— v (1 F1%0) 0 L (1 B, (1.4)
where [ is any interval on R, and qq, rg are defined by

/g0 = (n—1)so/(n+1), 1/ro=1/2—-2/(n— 1)g. (1.5)

To describe the nonlinear interaction f with an arbitrary growth at in-
finity as well as with a vanishing behavior as a power p at zero, we introduce
the following assumption (N)sp, with 0 < s < oo and 1 < p < o0.

(N)sp f € Cl(C;C) and there exists a nonnegative, nondecreasing
function M on R such that for all £ with 0 < k < [s]
%) satisfies the estimate

[f B (2)] < [=|PR+ M (|2]),

|fED(z1) = D ()] A
< |Zl - Zzlp“[S]M(lzll A |22|) if s<p< [S] +1,
= o1 — 2f(|z1] V |22)) P10+ M (j21] V |22])  otherwise

for all z, 21,20 € C.

Here (%) denotes any of the k-th order derivatives of f with respect to z
and z and |f(®)| denotes the maximum of the moduli of those derivatives.
For-a,b € R we denote by a Vb and a A b the maximum and minimum of a
and b, respectively, by a; the maximum of a and 0, and by [a] the greatest
integer that is less than or equal to a.

With the notation above we now state the main result in this paper. For
any so > 0 and any s, 0,%s,, Vo, ¥s > 0 we define the set of the data by

A® ('73(), Yo, "Ys)
= {($%) € Nu=so,osH: 5 (9, 9); H¥|| < vy for p = sg,0,s}.

<t



Theorem 1.1 Letn >2,s>n/2,14+2/n < p < oco. Let o be any number
withn/2 < 0 < s. Then there exists so with 0 < sg < 1/2 such that for any
f satisfying (N)s—sp, the following property holds.

(1) For any %sy,Ys > O there erists T > 0 such that for any v, > 0
and any ($,9) € A*(Vs9y Vo, Vs) (NLW) has a unique local solution u in
KXo ((~T,T)).

(2) Let (—T.,T*), T\, T* > 0, be the mazimal interval of existence of the
solution in (1). If T* < 0o [resp. Ty < o0/, then

1(u(®), Beu(t)); F° N R |

blows up at t =T* [resp. t = —T.].
(8) If p < 1+ 4/(n — 1), then for any fized v» > 0 , Ty and T* are
estimated from below as

T, AT* > Cy 2=/~ (p-D(n=250)), (1.6)

where 8o satisfies 4 — (p — 1)(n — 2sq) > 0, the positive constant C is inde-
pendent of Vs, Vs > 0 and (¢, 1) € A*(Yey, Yo Vs). Bspecially Ty and T* can
be taken sufficiently large by taking s, sufficiently small.

(4) If p > 1+ 4/(n — 1), then, taking so as sg = 1/2, it follows that for
any Yo > 0 there exists vs, > 0 with the following property.

(4a) For any v, > 0 and any initial data (¢, ) € A*(Ysg, Yor V), (NLW)
has a unique global solution in X,,(R). Moreover there ezists unique two
pairs (¢4,¢y) and (p_,9_) in H N'H® such that

| (u(t) — v (t), Be(u(t) — ve(t)); HO NH?|| — 0 as t — oo, (1.7)

where v (t) = K(t)p+ + K(t)ps.

(4b) For any vs > 0 and any data (¢_,9_) € A*(Vsp,V0,7s), there
ezists a unique global solution u of (NLW) in X, (R) and a unique state
(¢4, %1) € H® N'H® such that (1.7) holds. Moreover the scattering opera-
tor S : (p—,%-) — (d+,%4) is well-defined on _As(yso,'yg,’ys) to H% NH*
and is continuous in the following sense. If {(¢L,47)}2, C A*(Ysg, Yo Vs)
satisfies: - o
[(p- = ¢L, - =92 );H®| -0 (1.8)
as j — oo, then

(¢4 — &%, s — %) MYl — 0 (1.9)

as j — 0o for any v with so < v < s, where ( i,wi) = S((¢%,47)).



(5) The solutions given by (1) and (4) have the continuous dependence
on the initial data. Namely, for any initial data (¢,9),{(¢;,¥;)}521 in
A* (Vs> Yoy Vs), let u, {u;}321 be the corresponding solutions of (NLW) given
by (1) or (4). If {(#;,%;)}321 satisfies

(& = b3, % — 93); H®| = 0
as j — oo, then
d(u,u;) = 0 and ||(u— uj,8(u — uj)); L°(I;HY)|| - 0

as j — 0o for any v with so < v < s, where I = [-T,T) for (1) and I =R
for (4).

Remark 1. The assumptions in (4) of the theorem cover for instance
the nonlinearities given by complex polynomials in v and % with the lowest
degree of 5,3, and 2 for n = 2,3 < n < 4, and n > 5, respectively. More
generally, the nonlinearities given by those polynomials multiplied by any
smooth functions fall within the scope of the theorem. As regards the power
behavior near zero that is compatible with minimal regularity of f, the
assumption (N )s—s,p requires that s — sp < p if s — s¢ is not an integer.

Remark 2. As in the H™/2-theory developed in [20], the H*-theory with
s > n/2 above distinguish behavior near zero of admissible nonlinearity from
that at infinity and indicates that the right power for the former is again
1+4/(n— 1), which is critical at the level of H'/2 and is the minimal power
near zero in the framework of the available H*®-theory with 1/2 < s < n/2.
In contrast to the H™2-theory, however, arbitrary growth rate at infinity is
admissible for the nonlinearity of the H*-theory with s > n/2.

Remark 3. In Theorem 1. 1, the assumption on the minimal growth rate
at the origin of the nonlinearity such as 1+ 2/n < p arises from the gap of
the regularity of the Strichartz estimates in the homogeneous Sobolev space.
Let us consider the nonlinear interaction (1.2). The number p = 1+ 2/n
arises as follows. By Lemma 2. 4 below, we have

I /Ot K(t — 5)f(u(s))ds; L°([=T, T} L2)|| < Cll[ulP~ s LY(=T, T}, H~H),

(1.10)
where the constant C' is independent of u. To apply the contraction argu-
ment, the RHS in (1.10) needs to be estimated in the form of a power of



lu; L= ([T, T); L?)||. By the embedding L2*/("+2) < H-1 which is the
dual to H! — L2*/("=2) the RHS in (1.10) is estimated by

CT ||u; L®([-T, T}; L7r#/ "+ p,
so that a contraction argument goes through provided that p = 1+ 2/n.

To consider the local solvability of (NLW) for low vanishing rate p such
as 1 < p < 1+ 2/n, which is excepted to complement Theorem 1.1, we
consider (NLW) in the function space Cy(I; H®) endowed with the metrlc do
defined by

do(u,v) = lu—v; L®(L; L?)]),

where I is an interval on R.
For any p € R we denote by H* the Hilbert space H* @ H*~! endowed
with the norm

16,003 P20 = Cllgs HMI o+ s 1 2)2.

For any given 0,5 > 0 and v, > 0,u = 0, 0,s, we denote by A*(70, Vs, ¥s)
the set of the data defined by

A (90,70, 75) = {(,9) € H° | (8, 9); H*[| < v, 1= 0,05}

Theorem 1.2 Letn>1, s>n/2, 1< p< oco. Let 0 be any number with
n/2 < 0 < s. Then there exists so with 0 < sg < 1 such that for any f
satisfying (N)(s=-so), p» the following property holds.

(1) For any v0,7s > 0 there exists T > 0 such that for any 7, >
0 and any (9, %) € A*(70,7,7s) (NLW) has a unique local solution in
Co([-T,T}; H?). |

(2) Let (=T, T*), Ty, T* > 0, be the mazimal interval of existence of the
solution in (1). If T* < oo [resp. Ty < oof, then ||(u(t), eu(t)); H°|| blows
up att =T" [resp. t = —T.]. '

(8) If p # 1, then for any v, > 0 and any data ($,¢) € H® with
1(#,9); H°l < v, T* and T, can be taken sufficiently large by taking
(¢, 4); H|| sufficiently small.

(4) The solutions given by (1) have the continuous dependence on the ini-
tial data. Namely, for any initial data (¢, ), {((,253,2/)3)}J in A* (70, Yoy Vs),
let u, {u;}32; be the corresponding solutions given by (1) If {(¢, %) 1324
satisfies

I(¢ = b5,% — 95); HO| — 0

8



as j — oo, then
do(u,uj) — 0

and
(w = wj, Bp(u — u;)); L=([-T, T); H)| — 0 (1.11)

as j — 0o for anyv with 0 <v < s.

The method of proofs of the theorems depends on the Strichartz esti-
mates and on the Leibniz type estimate on the composite function f o u,
both of which are described in terms of homogeneous Besov spaces. The
former is the same as in [6, 16, 33] and the latter partly generalizes the
results in [23], which we have shown in [19]. In this paper we follow the
following conventions: Different positive constants might be denoted by the
same letter C. Different nonnegative, nondecreasing functions on R might
be denoted by the same letter M.

2 Proofs of the theorems

In this section we prove the theorems. We use the following estimates of
Leibniz type, and embeddings to control the behavior of the nonlinear term
at infinity in the framework of homogeneous Besov spaces. For any interval
I C R possibly unbounded, |I| denotes the length of I and I denotes its
closure in R U {£o0} equipped with the natural topology. !

Lemma 2.1 (Proposition 1.1 in [19]) Let s > 0 and p > 1. Let {,r,m
satisfy 1l <€ <00,2<m<o00,2<r<o0,1/l=(p—-1)/m+1/r. Let f
satisfy (N)sp. Then .

L (s LN < M (s 2 [fss L™ P w3 L7 (2.1)

I1f (u); Bl
M (Jlu; LD [lu; L™Plw; B if 0<s<2,
< § M(jlu; L 0 BY Dlu; BSIPHws BE|| if s>2, m#£oco, (22)
M(Jlu; L 0 B D llu; L N B[P~ u; Bl if s> 2, m= oo

Lemma 2.2 (Lemma 3.21in [19]) Letn > 1, —co < pp < n/2 < p <
oco. Then ) ) - )
H¥NH" < By | < L®NBY,.



Moreover,

IA

llus LNV flu; Boo ol Cllu; Bo

Ol H#||* = |u; H|?,

IA

where 6 = (n/2 — po) /(1 — Ko)-

To solve (NLW) by a contraction argument we define the function space
as follows. For any interval I C R, s > 0,0 > 0, sp > 0 and R, > 0,
u = 80,0,8, let X (I, Rsy, Ry, Rs) be a function space given by '
XSO(I, Rsy, Roy Rs) = {u ; ||u; X;g(])” < R,, p=sg,0,5}
endowed with the metric d defined by (1.4), where

XE = L°(I; H*) N L(I; BE%0)
with norm
llus X (DI = llws LI H¥)|| V |lw; L (1; Bl ) |

for any 1 € R.

Lemma 2.3 Let 0 < so < 1/2. Let s < 0 < 5. Then for any interval
ICR, R,>0, p=380,0,8, Xso(I, Rsy, Ry, Rs) s a complete metric space.

Proof of Lemma 2. 8. Let {u;}32; be a Cauchy sequence in Xgo(I, Rsy, Ro, Rs).
Then

sup [|uj; L®(I; H*)|| < Ry,

Jj=1
for u = sg,0,5. By the definition of d, there exists u in L>°(I; H%) such
that u; strongly converges to u in L*(/; H %0). Especially it follows that
llu; L(I; H®)|| < Rs,. Since H is reflexive for any i € R, for almost every
t € I there exists a subsequence {u;1(?)}32; C {u;(t)}52; and uk(t) € H*,
{4 = 0, s, such that u;; (t) weakly converges to u#(t) in H* and ||u*(t); H*| <
R, for p = 0,s. Since we have '

FICE R\ {0}) € H™* = (B’

for any p € R, for any x € F1C*(R™ \ {0}) the pairing (u;1(t), x) con-
verges to (u”(t), x) for p = o,s, and to (u(t),x) as j — oo. Therefore we

10



have u(t) = u#(t) in §'/P, so that |u(t); H*| < R, for u = o,s, where P
denotes the set of polynomials. Since the last inequality is preserved when ¢
runs almost everywhere on I, we obtain |u; L®(I; H#)|| < R,, for p = 0, s.

When sg = 0, the proof of the lemma is completed by the above ar-
gument. We consider the case sp > 0 in the following. By the definition
of d, there exists v in L%(J; B,QO) such that u; strongly converges to v in
Lo(7; B?O) as j — o0o. Especially we have |v; L% (T; B,QO)H < R,. Since
Lo(I, B#O_SO) is reflexive for any 1 € R and

sup [uj; L® (1 Bl )| < Ry
i1

for p = o,s, there exists a subsequence {u;2}52; C {u;}52; and v €
L(I; B,’fo—s") for 4 = o, s such that u; 2 weakly converges to v* in L% ([; B,’fo_s")
and ||v#; L2(I; BE*%)|| < R, for u = 0,s. Now since {u;} satisfies
sup [lug; L®(I; By, *°)| < R,
Jj=21 :

therefore by the embeddings B? < L" for any 2 < r < oo, L" N B «— B
for any g > 0, 1 < r < o0, we have

s‘ill) llug; LO(L; Bry®)|| < CRsp V R

J>
Since L% (I; B *) is reflexive, there exists a subsequence {u;3}52; C {u;2}%,;
and w € L®(I; B *°) such that u;3 weakly converges to w in L%(I; B3, %)
as j — 00. By the embedding B < BJ ™%, u, 3 also weakly converges to
w in L% (I; BY~°0). Therefore by the embeddings Bk ™% — B,é;“s" for p =
0,8, we have w = v¥ in L%®(I; Bfy~*) for u = 0,s. Since u; also converges
to v in L®(I; L™) by the embedding BSO — L, 2 < rg < 0o, therefore by
the embedding B;*° — L™, we have w = v in L%(I; L™). So that we have
v(t) = v4(t) in 8'/P for almost every t € I, and |jv; L®(I; BE%)|| < R,, for
w=o,s. '

Since u; strongly converges to u in L*(I; H%) and to v in LD(I; B,QO) as

j — 00, there exists a subsequence {u;4}72; C {u;}72; such that for almost
every t € I u;(t) strongly converges to u(t) in H* and to v(t) in B,?O as
Jj — oo. Since

FOICP R\ {0}) € (H™) N (B,
we have (u(t), x) = (v(t), x) for any x € F~1C(R™ \ {0}), so that u(t) =
v(t) in §'/P for almost every ¢ € I. Therefore we have d(uj,u) — 0 as

11



j — oo and ||u; Xyo (D]l € R, for = sg,0,s. Consequently we obtain the
lemma. ' m]

Let n,s,p, 0 be as in Theorem 1. 1. Let pg satisfy
1+2/n<p<(1+4/(n—1))Ap.
Let sg be a number defined by

(n+1)(n(po—1)-2) if po<1+ 3n+1
So =

2(2n(po—1)+n-1) n(n—1)’
% otherwise.

Then we have 0 < sop < 1/2. For simplicity, we put p, = 1+ (3n+1)/n(n—1)
in the following. Let gg, 7o be numbers defined by (1.5). Then by a direct
computation, we have

0<1/g0<(n—1)/2(n+1) < 1/rg < 1/2, (2.3)
so = n(1/2 = 1/ro) — 1/qo. (2.4)

We define
k=2~—(po~1)(n/2 — so). (2.5)

We note that x > 0 and that k = 0 holds if and only if py = 1 +4/(n — 1).
Indeed, if py < ps, then by the definition of sq, £ > 0 is equivalent to

n(n — 1).(p6 —1)2+ (n2 = Tn+2)(pp — 1) — 4(n — 1) <0.

Since the above quadratic polynomial with respect to pg — 1 is negative for
po = 1 and py = ps, therefore we have k > 0 for pg < p.. If pg > p., then
K 2> 0 is equivalent to ‘ '

po <1+4+4/(n—1).

Therefore we have x > 0 for pg > p., and especially, we have x = 0 if and
only if pop=1+4/(n - 1). :
Let 7 and ¢ be defined by

1/F =po/ro, 1/4= K+ po/qo. (2.6)

Then by the definition of 7 and § and by (2.4) we have
n(1/2 - 1/ro) — 1/q0 = 2+ n(1/2 ~ 1/7) — 1/3, (2.7)

(n+3)/2(n+1)<1/G<1, (n+1)/2n<1/Ff < (n+2)/2n. (2.8)
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Indeed, if pg < ps, then by the definition of s -and qo0 We have § = 1. If
Po > D+, then § is rewritten as

1/§=(n+3)/2(n+1) — (po — L)n(n — 1)/2(n + 1).
Therefore we have 1/§=(n+3)/2(n+1) forpg=1+4/(n—1) and §=1
for pp = p.. We rewrite (2.7) as
1/f=(Mm+4)/2n— (n+1)/n(n—1)go— 1/ng
to obtain

1/~_{ (n+2)/2n— (n+1)/n(n—1)go for p < ps,
= (n+3)/2n—1/ng for p > p.,

since § = 1 for py < p, 1/g0 = (n—1)/2(n+1) for py > ps. So that by (2.3)
and the inequalities on § in (2.8), we have the inequalities on 7 in (2.8). By
this argument, especially we also have

1/7 +2/(n - 1)§ = (n +3)/2(n — 1). (2.9)
Now let 1/7* = (po — 1)/(p — 1)rp. Then we have
1/F=(p~—-1)/r" + 1/ro. (2.10)

Since ro, 7, 7* satisfy 0 < 1/ro,1/r* < 1/2 and 1/2 < 1/ < 1 by (2.3) and
(2.8), applying the Lemma 2.1 to the composite function f(u), for any u
with 0 < p < s we have

17 () BEI < M(Jlu; L 0 B llu; B IP~ |lus By |l (2.11)
By the convex inequality
Jlus BRal} < llws B II*?lw; B 11,
where 8 = (po — 1)/(p — 1), the RHS of (2.11) is estimated by
M (lu; L 0 B ) llus; By [P~ lus Bt |,

where we denote by the same letter M the nondecrea,singvfunction on [0, 00).
Therefore by the definition of § in (2.6) and the fact x > 0, applying the
Holder inequality in the time variable, we have

|1 (w); LI(I; B
< M(J|lu; Lo(I; L 0 BL)IDI | |lu; L (1; BS) [P~ u; LP(1; BE )|

13



for any interval I C R. Similarly, by (2.1) and the Holder inequality in
space and time variables we also have

1£(w); LI(L; L))
< M(Jlu; LI L) 1% |u; L2 (L5 L) [P~ lu; L®(I; L)
Therefore by Lemma 2. 2, we have

17 (w); LI(I; BE™)|| < M(Rso V Ro)|I|*RET'R,, (2.12)

for any p = s0,0,5, and any u € XSO(I, Rs,, Rs, Rs), where we have used
the embeddings L™ — B, B,QO — L™ for the case s = 0. Now, for any
to € I and any data (¢,%) € A*(Ysy,Vos7s), let By, be an operator defined
as

Bu)t) = K0+ K@+ | “K(t — ) f(u(s))ds.

Lemma 2.4 ([6]) Let u,p,p €R. Let2< q,r <00, 1 <§,7 <2 satisfy
the following conditions:

1/r+2/(n-1)¢<1/2, (1/q,1/7) # (1/2,(n - 3)/2(n — 1)),
1/f+2/(n—1)§ = (n+3)/2(n - 1), (1/§,1/7) # (1/2,(n+1)/2(n - 1)),
p=p+n1/2-1/r)—1/qg=2+p+n(1/2 - 1/7) — 1/§.

Then for any interval I C R and any tg € I U(-) satisfies the estimates
1U()¢ 'Lq(R' BY)I < Clig; HY|
¢
I =D nisyass 2ot o)) < om0 B,

where the constant C is independent of to and I.

By (1.5), (2.3), (2.4), (2.7), (2.8) and (2.9) we apply Lemma 2. 4, and then
by (2.12) we have

1940 (); X2 (D) Cll(@, %); H*ll + CIIf (w); LUL; BE~)|

<
< Cvu+M(Rs V Ro)IIFRET'R, (2.13)

for p = 50,0, s, any (¢,%) € A*(Yeg, Yo, 7s) and any u € X5 (I, Rsy, Roy Rs).
On the other hand, by the same argument as above, we also have

d(Bty (1), Dt(v)) < M(Rsy V Ro)|I|* RO d(u, v) (2.14)
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for any u,v € Ups0Xso(I, Reg, Ro, R). Indeed, by Lemma 2. 4 we have
(1, (1), By (v)) < C|f (w) = f(v); LI LT,

where we have used the embedding L* < B?. By the Hélder inequality in
space and time variables with (2.6) we have

1 (u) = f(v); LI(L; L7)|
< M(flus LG LRV (lo; LI L) I
(s L2 (L L) V [|v; L (T; L) )P~ lu — v; L% (1; L) . (2.15)
Therefore by Lemma 2. 2 and the embedding B,QO — L™ we obtain (2.14).

By the above argument, if v, > 0, R, > 0, u = sg,0,s, and I C R
satisfy

Cyp+ M(Rs, V Ro)|I|*ROIR, < Ry, (2.16)
M(Rsy V. Ro)|I|*REO™1 < 1/2 (2.17)

for pp = sg,0,s, then ®;, is a contraction map on XSO (I, Rgy, Rs, Rs). Since
XSO(I y Rsy, Roy Rs) is a complete metric space by Lemma 2.3, &;, has a
unique fixed point in Xy, (I, Rsy, Ro, Rs) and the solution u of (NLW) with
the data u(0) = ¢, dwu(0) = ¢ is given by the fixed point of ®y. Let
R, = 2Cv,, p = $0,0,s, in (2.16) and (2.17), then (2.16) and (2.17) are
rewritten as ' .

M (vso Vo) 5B~ <1 (2.18)

for some nondecreasing function M.

(1) Let to = 0 and I = [-T,T], T > 0, in the above argument. Since
k> 0 for pop < 1+4/(n—1), for any v, > 0, p = s, 0, there exists T > 0
which satisfies (2.18). Then for any 7, > 0 and any (¢,%) € A*(Vsgs Yo» Vs),
(NLW) has a unique solution u in X, (I, Rsy, Ro, Rs).

We see that the solution u satisfies u € C'(I; H* N H*) by using Lemma,
2.4 with (2.12) and the unitarity of the operator U (t).

The solution v is also a unique solution of (NLW) in X,,(I) by the
following lemma. Indeed, if 4 and v are the solutions with the same initial
data (¢,1), then by that lemma, there exists € > 0 such that

(u(t), Bpu(t)) = (v(t),8w(t)) in H®NHE (2.19)

for any t € [—¢,e] N I. By repetition of the argument with ¢; = %je, j > 1,
we have (2.19) for any ¢ € I.



Lemma 2.5 Let u,v be the solutions of (NLW) in X.,(I). Then there
exists € > O with the following property. If

(u(?), Brult) = (v(t), Bpo(t)  in HENHO (2.20)
holds for somet =t; € I, then (2.20) holds for any t € [t; —¢e,t1 + €] N 1.

Proof of Lemma 2.5. Let R, > 0, p = sg,0,s, be numbers such that
u,v € Xso(I, Rsyy Ry Rs). Let u and v satisfy (2.20) for some t = ¢; € I.
Then u and v satisfy

w(t) = 8(w)(®) = K(t — t)utt) + Kt~ t)0u(t) + [ Klt— 9)f(w(s))ds

for w = u,v. Therefore by the same argument on (2.14) we have
dths(q)(u)’q)(v)) < M(Rs, vV Ra)(25)nR£8—ldt1,s(U:U)’

where dt, . denotes the metric d restricted on Iy, . = [t; —,t1 + €| N I, and
M is independent of {9 and €. Therefore taking € > 0 sufficiently small, we
have dy, «(u, v) = 0, where ¢ is independent of t; € I. Especially u(t) = v(t)
in H% aetec Ity e By the continuity of u and v on I with values in H*°,
we have u(t) = v(t) in HSO for any ¢ € I, .. This also implies u(t) = v(¢) in
H*® and dyu(t) = dw(t) in Ho 1N H*! for any t € I, . O

(2) We consider the case T* < co. The proof for T, < co follows quite
similarly. Now let

w= sup [|(u(t), Bult)); H NHE|| < oo
0<t<T*

Let € > 0 be a number which satisfies
M(’Y*)EK’YfO—I S 17

where M is the same function appearing in (2.18). Let t3 > 0 be a number
such that T € (to,to + £). Then by the same argument as in the proof of
(1), (NLW) has a unique solution i in X, ([to, to + €]) with @ (to) = u(to)
and il (to) = Gpu(to). Let 4(t) = u(t) for t € [0,t), 4(t) = U (t) for

t € [to,to + €]. Then @ is a solution of (NLW) in X, ([0,%0 + £]) with
@(0) = »(0) and 3i(0) = J;u(0). This contradicts the definition of T*.
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(8) Let tp =0and [ = [-T,T}, T > 0. f p < 1+ 4/(n— 1), then we
take pg as pg = p. Since x and p satisfy k # 0 and p 7& 1, for any fixed v,
we take T in (2.18) as any number with

T < 078—02(?—1)/(4—(1’—1)(”—280))’ (2.21)

where the constant C is independent of v, > 0 and (¢, %) € A°(Ysg, Yo, Vs)-
So that we conclude (1.6) by (2.21).

(4) (4a) In the argument before the proof of (1), if p satisfies p > 1 +
4/(n—1), then we take pg for pp = 1+4/(n—1) and therefore k = 0 in (2.18)
by (2.5). Since M in (2.18) is independent of I, therefore for any given v, > 0
there exists small 4o such that (2.18) holds with |I|® replaced by 1. With
these 7y, > 0, u = s, 0, fixed, for any v, > 0 and (¢, ) € A% (Vg Yor Vs) WeE
see that @ is a contraction map on XSO(R, Rsys Roy Rs) for some R, > 0,
p = sg,0,s. The fixed point v is unique in X so(R). Indeed, for any ¢ty € R
and any data at ¢t = %9, by the same argument as in the proof of (1) we
conclude that local solutions are unique in X, ([to — T, to + T]) for some
T > 0, where T is determined only by the H*-norm, y = sg, o, of the data.
Since the norms ||(u(t), Byu(t)); H*||, 4 = so,0, are bounded, we conclude
the uniqueness of solutions in X, (R).

Let (¢+,%+) and (¢—, %) be defined by

br=bt [ K(s)fulds, pr=pt [ K(-5) (ule))ds. (222)

Then (¢+,¥+) € H*® NH®. Indeed, by Lemma 2. 4, for any 1 € R we have

s HA < Nl B2+ || [7° K (¢ — 5)f (u(s))ds; L(R; HY)|| (2.23)
< s HE|| + ClIf (w); L4R; BE™%), '
where we have used the continuity of K *; f(u) with respect to the time
variable. Since the last term of the last inequality in (2.23) is estimated as
(2.12) with |I|* replaced by 1, l¢+; H*|| is finite for u = sq,s. It follows
that ¢ € H%01 0 A1 analogously.
With these ¢4 and 94, (1.7) holds. Indeed, since vy are rewritten as

. . +oo
vi(t) = K@+ KOb+ [ K(t=5)f(u(s))ds,
by the same argument in (2.23), we have

lu(t) = o (&) B < 1| [2° K (7 = ) f (u(s))ds; L([t, 00); HM)|
< Ol (w); L([t, 00); B )|l

(2.24)
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Since the RHS of the last inequality is estimated by (2.12) with |I|* replaced
by 1, and is bounded uniformly in ¢ for p = sg, s, we conclude that u(t) —
v4(¢) converges to zero in H®% N H*% as t — oo. By an analogous argument
for Byu(t) — 44 (t), u(t) — v_(t) and dyu(t) — B;v_(t), we conclude (1.7).

To show the uniqueness of the pairs (¢4, 1+) in (1.7), it suffices to show
that

Jim (K #)go + K (£)0, 8:(K (t)do + K (t)o); H2 N H| =0 (2.25)
implies ¢g = 9o = 0. If (2.25) holds, then we have
Jim ([T () (g0 — iw ™ gpo); HM(| V |U(=2) (o + iw™ ebo); H|| = 0
for any u = sg, s, where w = /—A. Therefore by the unitarity of U(t), w
conclude ¢g = 99 = 0.

(4b) For any 7s > 0 and any data (¢_,%_) € A*(Ys9, Yo, 7s), by the
argument before the proof of (1), ®_, has a unique fixed point » in

Xso (R’ R307 RO’) Rs),

where R, > 0, 4 = so,0,s, are chosen to satisfy R, = 2Cv,, u = so,0,s,
with the same constant C' appearing in (2.16). Let (¢,%) and (¢4,%.) be
defined by the equations (2.22). Then, as in the argument on (2.23), we
have (¢,%), (¢4,%4) € H N'H*. Now u is rewritten as

u(t) = K+ K@+ [ Ko~ 9)7((s)ds,

which implies exactly that u is a solution of (NLW) in X, (R, Ry, Ro, Rs)
with the data u(0) = ¢, du(0) = 9. u is also a unique solution of (NLW)
in X,y (R) which satisfies

1(u(t) — v-(2), Be(u(t) — v-(1))); H** N H®| - 0 (2.26)

as t — —oo, where v_(t) = K(t)¢- + K(t)p_. Indeed, let v be a solution
of (NLW) in X, (R) which satisfies (2.26) with u replaced by v. Then v
satisfies v = $_,(v) and for sufficiently small ¢y < 0,

J[v; Xso ((—o00, tol)|| < 2C,,
for any p = sg, 0, s, since

o (®); E#) - llo-(2); £#
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converges to zero as t — —oo and |[v_(t); H*|| < 7, by the conservation of
the energy of the free propagator, namely

10— (2), o (8)); H¥|| = Nl (¢, % ); H¥| (2:27)
for any t € R. Here (2.27) follows from
lo—(2); H*|)?
1 .
= S{I@— )|
+Re(wH (¢ — iw M), wh exp(—2itw) (¢ + iw~ p_))},
||3tv (®); H*7H))?
= —{||(¢ =) HH|?
—Re(w(¢— —iw 1p_),w* exp(— 2ztuJ)(¢ +iw )}
Therefore v is also a ﬁxed point of ®_, in
Xso((_oo7t0]a R-SO?RO" RS)'

Since ®_oo has a unique fixed point in X, ((—00, to], Rsy, Ros Rs), we have
u(t) = v(t) for any ¢ € (—o0,t]. Especially we have u(tp) = v(tp). Since
for any tg € R and any given data at t = ¢y, local solutions of (NLW) are
unique in X,,([to — T, to + T)) for some T' > 0, where T is determined only
by the H*-norm, y1 = sg, o, of the data, and the norms of (u(t), Su(t)) and
(v(t), Bpv(t)) in H¥, = sg, 0, are bounded with respect to the time variable,
we conclude v = v in X, (R).

Similarly to the argument on (2.24) we have (1.7) for these u, (¢, %),
(¢—,%_), and we also have the uniqueness of (¢4, %) for (¢—,9_) with
(1.7).

By the above argument, for any v, > 0, we are able to define the scatter-
ing operator S on A*(7sy, Ve, ¥s) to M0 NH® as S((—,9_)) = (¢4,%4) by
way of a unique global solution u of (NLW) in X,,(R) with (1.7). Moreover,
the correspondence is given by (2.22) or equivalently by

br=pt [ K(s)f(u(e)ds, by =v-+ [ K(=5)f(uls))ds. (228)
We show the continuity of the operator S. For any
{(¢J—’ 1/}.7—)};11 - As(fysw Yo 75)
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Whlch satisfies (1.8), let {u7}32; be the fixed points in X (R, RSO, Rs, Rs)
of the operators {®7 .} %21 given by

& (v)(t) = K(t)¢. + Kyl + /_t K(t — s)f(v(s))ds
for j > 1. Then by Lemma 2. 4 we Have, as in (2.14),
d(® o (1), B2 oo (u?))
< Cl(d- — 47,9 — 97 );H| + M(Rso V Ry) RELd(u, uf)

for any j > 1. Since (2.17) holds with |I|* replaced with 1, we conclude that
d(u,w’) — 0 as j — co. On the other hand, by (2.28), we have

I+ — 97 11
< g 475 E%)
H [ K= 9)(F () - 0 ()ds; L R; )|

for any j > 1. By Lemma 2. 4, the same argument used on (2.15) shows
that the last term on the RHS of the last inequality is estimated by

M(Rso \4 RU)\R.Is)g—ld(U) uj)'
Therefore we have ||¢ — qﬁi; H*%|| - 04as j — co. By the convex inequality

6+ — ¢; B |
< o+ — ¢2H ]l]-?o”(S—V)/(S—ré*o)”qg+ -.(ﬁ_; Hsl'(V—so)/(S—so),

we have |¢4 — i,H”H — 0 as j — oo for any v with sg <'v < s. Anal-
ogously we also have |[¢oy — ¢%; H*"1|| — 0 as j — oo for any v with
89 < v < s. Therefore we obtam ( 1.9).
(5) Let po,so be as in the proof of (1) or (4). Let ¢y = 0 and let T =
[T, T for (1), I =R for (4). Since {u;}52, satisfies

i) = (00, + K0y + [ Kb~ 5)1(us(s)ds

for any j > 1, by Lemma 2. 4 and the embeddmg L7« BY for 1 <F<L2,
we have

d(u, u;) < Cll(¢ ~ @5, % — 5); H® || + C|| f(u) — f(uy); LT 7Y (2.29)
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forany j > 1, where the constant C'is independent of I, (¢, %), u, {(¢;, ¥;)}32,
and {u;}32;. As we have shown in the proof of (1) and (4), for any given ini-

tial data in A*(7sy, Ve Vs), (NLW) has a unique solution in X, so(R, Rsy, Ro, Rs),
where R, > 0, u = 59,0, s, are chosen to satisfy R, = 2C,, p = sg,0,s,
and C is the same constant appearing in (2.16), and the solution is also
unique in X, (I). Therefore wu, {u;}32, are in Xso(R, Rsy, Rs, Rs). So that
by the same argument on (2.15), we have

Cl\f () = fluz); LY LT)|| < M(Rso V Ro)|T|*RES ™ d(u, uj),

where |I|* is disregarded for (4). Since (2.17) holds for these Ry, p = so,0,s,
we conclude that d(u,u;) — 0 as j — oco. Especially we obtain

lu ~ uj; L®(I; H*)|| - 0 as j — oco.
By the convex inequality such as

llu(t) — u;(t); H|
< llult) = us(®); B C D ju(t) — uy(e); B0 o),

the bound [jw; L®(I; H*)|| < R, for w = u,u;, j > 1, we conclude that
lu —ug; L®(L; HY)|| — 0
as j — oo for any so < v < s. Concerning
10e(u — u;); LO(L; HY 1) — 0

as j — oo for any v with sg < v < s, the proof is analogously and omitted.
Consequently we obtain the required results. 0

Proof of Theorem 1. 2. To solve (NLW) by a contraction argument we
define the function space as follows. For any interval I ¢ R,s > 0,0 >
0,R,>0,u=0,0,s, let X(I, Ry, Ry, Rs) be a function space defined by

X(I, Ry, Ro, Rs) = {u; |lu; L®(I, H*)| < Ry, p = 0,0, 5}

endowed with metric dp. ;
We first consider the linear estimate on the operator K in the Sobolev
space.
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Lemma 2.6 For any u € R, any interval I = [-T,T)|, T > 0, and any ¢
with : :

1/2<1/L < (n+2)/2n A1,

it follows that ’

1K) + K (£)g; L®(I; HM)|| < O+ T)||(¢, %); H|),

t
| [ K= s)hls)ds; L1 14|
0
< C(L+T)T||h; Lo(1; B 0/120) (2.30)

for any (¢,%) € H*, h € L*(I; Bg‘“_l“"n(l/e_l/z)”), where the constant C
is independent of (¢, %), h and T..

Proof of Lemma 2. 6. By the following elementary inequality
Isin(t[E])I/1E] < C(L+ [t])/(€)

with constant C' independent of ¢ and £, we have
IK (t)y; L2|) < C(1 + T)|ob; HY.

As a simple superposition we have
t .
| [ K= 9)h(e)ds; 1=(1; L2)] < O(1+ D)7 L (1 B
0

By the embeddings B, (/=12 g1 for any ¢ with
1/2<1/£<(n+2)/2n A1,

and Bft < Bf forany p e Rand 1 <r < 00, we obtain the lemma for
p = 0. Since (1 — A)*? is an isomorphism on B} to B7# for any p,s € R
and 1 < r < 0o, we obtain the lemma. . -0

Let 1 < p < 00. Let pg be any number with
1<po<min{l+2/n,2,p}, po#1 if p#1.

Let so = 1—n(po—1)/2 and let f satisfy (N)(s_s), p- Let 1/7 = po/2. Let
1/r*=(po—1)/2(p—1) for p# 1, 1/r* = 1/2 for p = 1. Since 7,7* satisfy

1/7 = (p—1)/r* +1/2,
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for any p with 0 < p < s we have by Lemma, 2. 1
1£(u); BEN < M (Jlu; L= 0 B [ s B[P lu; B,

We continue the estimate on the RHS of the last inequality on the basis of
the convex inequality

llu; BRa |l < llu; B |lu; BY|I°
with 8 = (pp — 1)/(p — 1) to obtain the estimate of the form
1F () BEIl < M(Jlu; L= 0 BY 1) [lu; BSJIP~ |lu; B

Therefore for any p with 0 < 1 < s we have

1f (s L BE)| < M(Ro)RE ™ 1w, L=(L, BY)|| - (2.31)
for any u € Ug,>0X (I, Ro, Ry, Rs) N L°(I; BY), where we have used the
embedding H° — L*® N B, for any o> n/2. Similarly we also have

/) L2 L) < M(Bo)RE ™l L=(5 L) (2.32)
for any u € Ur,~0X (I, Ro, Ry, Rs). By (2.31) and (2.32), we obtain

1F ) LT BN < M(Ro)RE ™ us LO(L HY)|| - (2:33)

for any p with 0 < p < s and any u € Ug,~0X (I, Ro, Ro, Rs) N L°(I; HH),
where we have used B¥ = L™ N B,‘f for p > 0,1 <r < 0o, and L” < B? for
1 < 7 < 2. Since sq, satisfy sg = 1 — n(1/7 — 1/2), by Lemma 2.6 and
(2.33) for any p with 0 < p < s we have

| @(u); L= (1; H¥)|
CL+T)N($, ) ¥ + COL+T)T|| f(w); L2(1; B 00
C(l + T)’Y# + (1 + T)TM(RG)ngo—l “U, Loo(17 H“)”

for any v € Ug,>0X (I, Ro, Rs, Rs) N L°(I; H*), where we have used the

embedding By — Bé“ “%)+ for 4 > 0 at the last inequality. Similarly we

also have

<
<

do(®(u), ®(v)) < (14 T)TM(Ry)RE dy(u, )
for any u,v € Ug,>0X (I, Ry, Rs, Rs). So that if Vs By 1t = 0, 0, 5, satisfy

CA+T)y+ (1 +T)TM(R,)RX 'R, <R, (2.34)
(1+T)TM(R,)REP™ < 1/2, (2.35)
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then ® is a contraction map on X (I, Ry, R,, Rs) and the unique solution u
of (NLW) is given by the fixed point of ®. Now taking R,, p = 0,0, s, for
R, =2C(1+T)yu, 4 =0,0,s, (2.34) and (2.35) are rewritten as

L+ TPTM(A+ Do) <1 (2.36)

for some nondecreasing function M.

(1) For any 79, Yo > O there exists T' > 0 which satisfies (2.36). With this
T fixed, for any v, > 0 and any (¢, ) € A%(v0,Ys,vs) (NLW) has a unique
solution v in X (I, Ry, Ry, R,) for some R, > 0, p = 0,0,s, by the above
argument. v € C(I; H®) follows from Lemma 2. 6, (2.33) and the Lebesgue
convergence theorem. The uniqueness of solutions in Cy(I; H*) follows from
the fact that for any to € R and any data at ¢ = tg the existence time of
solutions are estimated only in terms of the H?-norm of the data such as
(2.36).

(2)  T* < oo and ||(u(t), Beu(t)); H| is bounded on [0,7*), then by an
argument similar to that in the proof of (2) of Theorem 1. 1, we are able to
show that the solution extends beyond T, which contradicts the definition
of T*. As for T, the proof is analogous and omitted.

(3) If p # 1, then py # 1. Therefore for any fixed v, > 0, T in (2.36) can
be taken sufficiently large by taking vy sufficiently small. So that for any
data (¢, 9) € H*® with ||(¢,¥); H°|| < 4+, T\ and T* can be taken sufficiently
large by taking ||(¢, 1¥); H®|| sufficiently small.

(4) The proof of (4) is similar to that of (5) in Theorem 1. 1. Namely
we have C

do(w,u;) < CU+TD(b =50 =i Kl
+OL+ )T f(w) = fug); L5 LT,

and the last term is estimated by
(1 +T)TM(Ry)RE ™ do(u, u;)

for some Ro, Ry > 0 which satisfy (2.35). Therefore we have do(u,u;) — 0
as j — oo, from which (1.11) follows on the basis of the convex inequality

s || < Jlay L2/ w; |/

for any v with 0 < v < s and any w € H®. O
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