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Abstract

We prove that the sharp interface model for a three-phase boundary motion
by surface diffusion proposed by H. Garcke and A. Novick-Cohen admits a unique
global solution provided the initial data fulfills a certain symmetric criterion and is
also close to a minimizer of the energy under an area-constraint. This minimizer is
also a stationary solution of the present model. Moreover we prove that the global
solution converges to the minimizer of the energy as time goes to infinity.
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1 Introduction and main results

We study a sharp interface model for a three-phase boundary motion by surface diffusion
proposed by H. Garcke and A. Novick-Cohen [11]. Let Q C R? be a bounded domain.
We consider a situation that three phases of a ternary alloy system in a nonequilibrium
state are contained in {) and they are separated by evolving three interphase boundaries
I'%(t), i = 1,2,3, where t > 0 denotes the time variable. Three interfaces are connected
by a triple junction m(t) € 2 at their one end points and are almost perpendicular to the
boundary of €2, 12, at their another end points. It is known that a Cahn-Hilliard system
with a concentration dependent mobility describes this situation as a phase field model.
H. Garcke and A. Novick-Cohen [11] discussed a formal singular limit in this system to
derive a sharp interface model for T'(t) = U, I'(t) with a triple junction m(¢) in the



following: for i =1,2,3,and ¢ > 0
(A) along T(t); V'= —l‘o'k}, surface diffusion flow equation,
(B) at T(t) N O
Ii(t) L 89 :contact angle is /2,

k% = 0 mo flux condition,

> (1.1)
(C) at m();
L(DME), T2(1) = 6%, £(T%(1),T%(t)) = 6%, L(T3(t),I*(¥) = 67,
o'kl = 20%k? = [303k3 :balance of fluxes,
olk! + 02k% + 03k® = 0 :continuity of the chemical potential
with the initial condition
0)=Ty= Qrg, m(0) = my. (1:2)

Here, V¢ and &' stand for the normal velocity and the curvature of [(t) respectively,
and s denotes the arc-length parameter of I"(¢). The sign convention used here is as
follows: s runs from m(t), at which s = 0, to the point of intersection of I'(t) with 91, at
which s = L[I%(t)], where L[["(¢)] denotes the total length of I'(t); V*(, s) and *(t, s) are
computed to the direction of the unit normal Ni(¢, s) to '(¢) at s, where (T"(t, s), N(t, 5))
makes the orthogonal coordinate system and T"(t,s) is the unit tangent to [i(t) at s.
Moreover i, o*, and % are positive constants with the constraints 6* + 6 + 6° = 27 and

o! o? o3

sinf! sinf2 sinf3’

The latter condition is called Young’s law which is well-known among material scientists.
£(T(t),T9(t)) stands for the angle between I'(t) and I(¢) for 4, j = 1,2,3, ¢ # j. In [11]
Garcke and Novick-Cohen also mathematically studied (1.1)-(1.2) to obtain both a local
existence result for Ty € C*** (0 < o < 1) with a suitable compatibility condition and a
uniqueness result in a geometric sense.

Our purpose in this paper is to obtain a unique global solution I'(t) with a triple
junction m(t) of (1.1)-(1.2) for I'y € C® with a suitable compatibility condition in a
symmetric framework and also to show its convergence to a stationary solution determined
by the initial data as ¢ — oo. As far as we know this is a first contribution to global
results for the problem (1.1)-(1.2).

Let us explain our framework for the problem (1.1)-(1.2) which is devoted to study a
symmetric evolution of T'(t) with respect to the z-axis. For this purpose let Q = {(z,y) €
R? —a < z < 0, —b < y < b}, where a and b are positive constants large enough. We
consider the evolution such that T'’(t) always stays a segment on the z-axis, and I'*(¢)
and T'3(t) are symmetric with respect to the z-axis and I'*(t) is in {(z,y) € Q;y > 0}.
Let 8 € (0,7/2) and set ' = 20 and §% = §° = w — §. For simplicity we put 0? = 0® =1
and I! = [2 = [®* = 1. Then Young’s law and the condition on the balance of fluxes
are simplified to o' = 2cosf and k! = k2 = k2 = 0 at m(t), respectively, and by

the symmetry the condition on the continuity of the chemical potential is automatically
fulfilled. Moreover for brevity we introduce the following terminologies.
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Definition 1.1 (i) We say that a family of three curves I" belongs to Sy, if there are
¢ € (0,a) and nonnegative function u € C3[—¢,0] with u(—¢) = 0, uy(—£) = tané,
uz(0) = 0, and (uge(1 + u2)™%/?), = 0 at z = —¢ and 0 such that T = Aly,£] and
m = p[é].

(ii) Let A > 0 be a given constant. We say that a family of three curves I’ belongs
to Co,4 if there are £ € (0,a) and nonnegative function u € H?(—¢,0) with u(—¢) = 0,
uz(—€) = tan6, u(0) = 0, and ffg u(z)dz = A such that I’ = Afy, ¢] and m = p[¢].

Here we set

plé] = (= E 0): triple junction,

{(x,o) —a <z < ¢},
Az[u,f] = {(z, —u(z)); —¢ <z < 0},
? {(z,u(z)); -§ <z <0}

d

Note that a family of three curves in Sy or in Cg 4 is symmetric with respect to the z-
axis. In view of the structure of the evolution problem (1.1)-(1.2) it can be expected
that if I'y € Sp, then the solution I'(t) of (1.1)-(1.2) also belongs to Sy for all t > 0
as long as it exists. So we go to work the evolution problem (1.1)-(1.2) on Sy and set
I'(t) = Afu(t,-),£(t)] with m(t) = p[€(t)] for ¢ > 0 and Ty = Afug, &) with mg = p[é].
Then (u(t,z),£(t)) for t > 0 and —£(¢) < z < 0 is the unknown function to be looked for
and the equation (1.1) for ¢ > 0 is reduced to

( 1 rT
=0 (e (s ) €@ <= <0
ug(t, —€(t)) = tand, wu,(t,0) =0,

Uga
8;,; (m) = 0, at z = —f(t) and 0,

\ u(ta _é(t)) =0

and the initial condition (1.2) is reduced to

u(0, z) :uo(:c) for =& <z <0, £(0)=¢&. (1.4)

Now our task is reduced to solve the problem (1.3)-(1.4).

In the study of the global-in-time solvability of the evolution problem (1.3)-(1.4), the
variational analysis for the energy associated with (1.3)-(1.4) plays an essential role. To
explain this let A > 0 satisfy &, 4 < a, where we put

EQ,A = TB,A sin9, (15)

24 )1/2. (1.6)

re.4 = (0 — 8in @ cos 8



(This choice of A is only to ensure that 'y 4 defined below is completely contained in Q)
For such A, we also set

ug,a(z) = —ro,ac080 + (1] 4 — )2,z € [~&pa,0] (1.7)

and define
Lo a = Aug a, s a)- (1.8)

Then I'y 4 belongs to Cg 4 and it consists of one segment I‘é,A = A'fug 4,&p 4] On the z-axis
and two circular arcs 'y 4 = A'[ug 4,&,4), ¢ = 2,3, which are symmetric to each other
with respect to the z-axis. [y 4 is also the unique stationary solution of (1.3) such that
the area enclosed by T'§ 4, the z-axis, and the y-axis is equal to A. Now we define the
energy F on Cy 4 associated with the problem (1.3)-(1.4) by

El = (a—¢&)cosf + /_Z(l + ui)l/zdaz for T = Afu, €] € Ca. (1.9)

Then it will be shown in Theorem 2.1 that I'g 4 is the unique minimizer of F for I' =
Alu,€] € Cp 4. It is possible to say that this minimizing problem is an extended version
of several kinds of isoperimetric problems with account of various boundary conditions,
which were studied by many researchers by applying abstract methods such as the geo-
metric measure theory. We especially refer the reader to [20]. But in Theorem 2.1 we shall
give a direct proof, since our case can be treated by means of piecewise smooth graphs
in one dimension. Owing to one-dimensionality, we have no extra difficulties to show
the uniqueness and the existence of the minimizer of E on Cy 4, though many technical
difficulties to be overcome arise due to the presence of the triple junction. The result in
Theorem 2.1 is a key to investigate the global-in-time solvability of the problem (1.3)-(1.4)
for T'y in C?*® with 0 < a < 1/2. In fact the L%-estimate of the first derivative of the cur-
vature of I'*(¢), which is the key estimate for the global solvability, needs the lower bound
of E[T'(t)]. The reason why the range of « is restricted to (0,1/2] is, roughly speaking,
due to the estimate of the C®-seminorm of ug; by the L2-norm of ug,,. Here we recall
that Garcke and Novick-Cohen [11] previously presented the local existence theorem for
(1.1)-(1.2) for Ty in C*™* with 0 < @ < 1. So when we try to construct a global solution
by extending a local solution, we are forced to improve their result to reconstruct a local
solution for Ty having at most C?*™-regularity with 0 < o < 1/2. This issue can be set-
tled by applying the optimal regularity result for parabolic problems as comprehensively
studied in [15].

Next we should mention that there are two remarkable features of the evolution prob-
lem (1.1)-(1.2); one is the area-preserving property and another is the energy-decreasing
property [11]. The former means that each area of the ‘A’-shaped domains enclosed by
I (t) UT2(t) U AN and by () UT3(¢) U AN is preserved for all ¢ > 0 under the motion by
(1.1). The latter means that the energy associated with (1.1) for the solution I'(¢) of (1.1)
is nonincreasing function of ¢. It will be shown in Section 4 that these two properties as
well as the results in Section 2 enable us to obtain a priori estimate of the first derivative
of the curvature of T'3(t) in L? when the initial curve T’y and ['g 4, are close to each other
in some sense, where Aq denotes the area enclosed by I'§, the z-axis, and the y-axis. This
procedure originates in X. Chen [3] and C. M. Elliott and H. Garcke [5] where the motions
of closed curves are treated. In our case the motions of the triple junction and the end



points of I'(t) at 9 must be also taken into account. When 8 € (0,7/2), we can settle
this issue to establish a modified version of their estimates.

Thus one can expect that if Ty is close to T 4., then a global solution I'(t) with a
triple junction m(t) of (1.3)-(1.4) exists and converges to I'g 4, as t — oo. This is in fact
the case and we shall show it in our main theorem. To do so it is convenient to introduce
the following notations.

Notation. Let I =[0,1]. For 0 < tg < t; < co we set Ryy;, = (to,t1] x I. For 0 < o < 1
we define spaces of functions v(t,n) for (t,7) € [to,t;] x I and £(t) for ¢ € [t, t1] as

Y (Rip ) = C¥(Ryy 1) 0 CH2([to, 1] c*(1)),
V4 (Ryprn) = {v € V(R )N CY4*%(Ry, 4); Hv’|y4+a(m) < oo},
2o, t1] = {€ € Clto, 1] N C(to, t1]; 1€] 21{t0,2) < 00},

where the norms with which the latter two spaces are equipped are defined by

4
I'v'|y4+"(Rt0,t1) = ”U“yz"'“(Rto,tl) + 0<Js<utli)—t0 5,1/ HUWUUHCO’“(RtO,,_g,tl)

1/2 -
+ 0<JS<‘L11‘111)_t0 ] H”nnnn”COv“(RtoH,tl)

+ sup 82 vel o

R ]
0<d<t;—1tp t0+5’t1)

||5||zl{to,t1] = H5||C[to,t1]+ sup 51/2Hfllcl[to+<§,t1]-
0<d<t; ~to

Here the spaces such as C/**#([to, 1] x I) (0< j < (k+)/4,k=0,1,---,0< B < 1)
used here are defined in the usual manner; for their complete descriptions, see [16] or [15].
O

The manner of the establishment of the above spaces is somewhat complicated but it will
be seen in Section 3 that they are quite reasonable when they are devoted to the study
of the local-in-time solvability for (1.3)-(1.4) with Iy € S;. We also remind the reader
that the indices of V-spaces measure the space-regilarities, whereas the index of Z-space
measures the time-regularity.

Now we are in position to state our main result.

Theorem 1.2 Let § € (0,7/2) and let Ty = Afug, &) € Sp. Assume that Ty and Lo 4,
are close to each other in the sense that

”f{g’s”%z(rg) + Co,4,(E[To] — E[Tg 4,]) is sufficiently small, (1.10)

here K3 (s) is the curvature of IS with the argument of its arc-length parameter s and Co 4,
is a positive constant depending on 0 and Ay. Then,
(i) the problem (1.8)-(1.4) admits a unique global solution T'(t) = Alu(t, ), &(t)] with
a triple junction m(t) = u[{(t)] for t > 0 satisfying
(v,€) € Y**(Ror) x 2Y0,T] for any T > 0
with o € (0,1/2], where

vt m) = ult, —(1=n)¢(®), (tm) €[0,00) x I.

(it) Moreover the solution T'(t) converges to T'g 4, uniformly and E[['(t)] also converges
to E[Tg a,] ast — oo.



Note that E[I'g] — E[Tg,4,] is positive, since 'y 4, is the unique minimizer of E on Cy 4,
as mentioned above.

Remark 1.3 (i) For the surface diffusion flow equation
V =—kss onT(t),t>0, (1.11)

(here I'(t) is a single (possibly closed) curve), it is known that a loss of embeddedness [12]
([17] for higher dimension) and a graph-breaking [4] for I'(¢) may occur for a class of the
initial curves. Hence (1.10) seems necessary.

(i) For closed curves there are several results related to Theorem 1.2. X. Chen [3]
showed for the Hele-Shaw problem that if the initial closed curve Ty is close to a circle,
then the global solution I'(¢) of the Hele-Shaw problem exists and converges to a (possibly
another) circle with the same area enclosed by Ty as t — oco. Elliott and Garcke [5]
also obtained the same results for other area-preserving and curve-shortening motions
including (1.11). Escher, Mayer, and Simonett [6, 7], Escher and Simonett [8, 9], extended
their results to higher dimensional versions by means of both Amann’s sophisticated
theory for analytic semigroups and a center manifold analysis. For further informations,
see the references cited in [8].

(iii) For second order case there are several results related to the present problem. D.
Hilhorst and J. Hulshof [14] showed for the heat equation with similar angle condition
to our problem that the solution T'(¢) exists in [0,7] for a finite time T > 0 and is
asymptotically equal to a self-similar shrinking solution which vanishes at T'. V. A.
Galaktionov, J. Hulshof, and J. L. Vazquez [10] extended the result of [14] to the radially
symmetric multi-dimansional case. For three-phase problem with a triple junction, L.
Bronsard and F. Reitich [2] dealt with the mean curvature evolution for phase boundaries
which are coupled by an angle condition, known as Young’s law, at a triple junction. They
showed the local-time existence of that problem. i

This paper proceeds as follows. In Section 2 we study a variational analysis for the
energy E in (1.9) to give a direct proof that the minimizer of E on Cg 4 is I'g 4. Next,
by means of an optimal regularity result for parabolic problems (as studied in [15]), in
Section 3 we show a local existence result of (1.3)-(1.4) depending on the magnitude of
[y € C?™ (0 < a < 1), Theorem 3.1, which is an improvement of the result obtained
in [11] since Garcke and Novick-Cohen [11] treated C**-initial data. This improvement
is necessary to obtain global solutions I'(t) of (1.3)-(1.4) by means of a priori estimates
of solutions in C?** with 0 < o < 1/2. For reader’s convenience we show an essential
part of calculations employed in the proof of Theorem 3.1 in Appendix. By virtue of the
results in Sections 2 and 3 and the assumption (1.10) as well as both area-preserving and
energy-decreasing propoerties, in Section 4 we obtain a priori estimate of the solution
['(t) in C** (0 < @ < 1/2) for t > 0 and consequently get a unique global solution of
(1.3)-(1.4), which proves Theorem 1.2 (i). Finally, in Section 5, we prove Theorem 1.2 (ii)
in Theorems 5.5 and 5.6.

Acknowledgement. The authors are grateful to Professor Y. Giga for suggesting them
the present problem and continuing encouragements. The first author is partially sup-
ported by The Japan Ministry of Education, Science, Sports, and Culture through Grant
No. 10740079.



2 Variational analysis for the energy

In this section we carry out a variational analysis for the energy E in (1.9). Our aim here
is to show that there is a unique minimizer of F under an area-constraint. The result
obtained in this section is useful not only in itself but also in view of a key to investigate
the global solvability for the problem (1.3)-(1.4).

As stated in Section 1, we shall give a direct proof without using any sophisticated
theory such as the geometric measure theory because the present issue can be settled
by describing I'' U I'® by means of a piecewise smooth graph in one dimension. Main
technical difficulty arises from the triple junction, which makes the setting of the set of
curves somewhat complicated. In fact the graph of ' UI'® has less regularity at the triple
junction than at any other point.

Let 6 € (0,7/2) and A > 0 be given with £ 4 < a, where & 4 is in (1.5). We study
the follwing energy-minimizing problem under the area-constraint:

minimize E on Cy 4.
The result is stated as follows.

Theorem 2.1 (Ezistence of the unique minimizer). The functional E : Cg 4 — R has a
unique minimizer in Cg 4, which coincides with T'g 4 in (1.8).

Proof. (i) (Uniqueness). Assume that I'y = Afus, ;] € Cp 4 is a minimizer of E. Set

Coat = {I = Alu, €] € Cou;€ = &}

Since T'y € Co,at C Cq,4, we have E[I'{] = infe, , B < infe, , . B, which means that Ty is
also a minimizer of E on Cg 4,;. From this fact we shall show that I'; is unique and T
coincides with I’y 4.

In order to show this, let us consider the functionals defined by

folw) = (a — &) cosf + = / (1+ w?)%dz,

fi(w) = ; wdz, folw) = wy(—& +0)

forw € W := {w € (H®> N Hy)(—&;,&);wis even}. Put wy = @ € W, where i;(z)
for z € [~¢&;,&;] is the even extension of ut(z) to the interval [—¢;,&;]. Then, since I'y
is a minimizer of E on Cg 4+, w; gives the minimum of f; on W under the constraints
fi(w) = A and fo(w) = tan 6. Hence there is a Lagrange multiplier (Ao, A1, A2) # (0,0,0)
such that 327 A f/(w;) = 0, which yields

ET sz
)\0/61 mcwdm"')‘l/ Cdz +2X2(z(—& +0) =0 for (e W.

Clearly Ag # 0. Setting A = A /Ao, we get

/&Lcd—l-)\/&(d o g e
L (rwl et A e =0 forany even € C(~4, &)
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or

Wi,z
— (W)z +A=0, z¢€ (—fT,fT).
This implies that the graph of y = wy(z) is a circular arc with the radius |A|™!. Further-
more it must follow from the constraints fi(w) = A and fo(w) = tané that & = &4
and w;y = T 4, where Gg 4(z) for £ € [—&p 4,&p,4) is the even extension of ug 4(z) to the
interval [—&p 4,&p 4]. Thus we have proved that the minimizers of E : C 4 — R are unique
and must coincide with 'y 4 = Afug 4, 4] in (1.8).

(11) (Existence). Put Mg’A = 2Hu0,A||H2(

—¢9.4,0)- We decompose Cg 4 as
Coa= U Bu, (2.1)
M>Mg 4
where
By = {F = A[’U,,f] S Cg,A; [|UHH2(——£,O) < M} for M > MQ,A. (22)

The one reason why we introduce the artificial decomposition (2.1) for Cy 4 is that we

can gain several compactnesses guaranteed by the artificial bound M to get a minimizing

sequence. Another reason is to ensure the pointwise value of the function u, at z = —¢&.
Now once the fact that

ETg 4] = ianE for any M > M 4, (2.3)
M

is verified, then it follows from (2.1) that

Elg 4] = Clglﬁ E,

which gives the desired result. So we shall prove (2.3) via four steps.

Step 1. We are going to find a candidate of a minimizer of E on By,. Since £ > 0 on
By, by the property of the infimum one can find a sequence T'y, = Aluy,, &) € By such
that

lim E[T',] = inf E. (2.4)
By

n—r00

In the following we will subtract a number of subsequences of {I'; } one after another; the
sequence appeared later, whose explicit notation is unchanged, is whenever a subsequence
of the previous one.

Since {&,} is bounded, one can find a subsequence of {I',} (again denoted by {I'y}
with Ty, = Afug, &,]) such that lim, ,o &, = o € [0, a]. Hereafter, in general, we write
the zero-extension of a function w on (—¢,0) with 0 < € < a to (—a,0) by

7 ‘_ 'U)(JJ), S (—6,0),
o(e) = { 0, z € (—a,—£).

Then, since {%,} is bounded in H'(—a,0), one can find a subsequence of {I',} (again
denoted by {I',} with T';, = Afup,&,]) and a T'oy = Altie, €] such that

Uy, — e weakly in H'(—a,0), (2.5)
U, — e strongly in L?(—a,0), 2.6)
Un(z) = t(z) a.e. z € (—a,0), (2.7)

8



| as n — oo. Moreover it can be proved that there is a positive integer N such that for
n > N, u, are uniformly extended to %@, on (——%500, 0) and satisfy the estimate

1nll 2~ 300 0y < Cllunllprz-ga0) forn >N,

where C > 0 is a constant independent of n. Then, since T,, € By, we see that {t,} is
bounded in H?(—££4,0). So we can find a subsequence of {i,} (again denoted by {i,})
and a v € H?(—3£4,0) such that ,

ip — v weakly in H?(—3£,,0) as n — oo.

Then

V=1Uo 0N (—€u,0). (2.8)
Indeed, recalling the embedding H?(—3¢(,,,0) C C*Y/2[—2¢, 0], we see that {i,} is
bounded in C***/2[—3¢,,, 0], and by the Ascoli-Arzela theorem we obtain

Uy = v in C'[-3£,0] as n — oco. (2.9)

Now (2.7) and (2.9) shows (2.8).

Step 2. We are going to show that ', = Afuwo,£x] Obtained as above belongs to By,.
First it it not difficult to check that I'o, € Cy 4: for example, the equality seg z(—€oo +0) =
tan ¢ can be verified by virtue of (2.9) and u, z(—£, + 0) = tanf. So it remains to show

[tooll B2(~gen0) < M. (2.10)
Since ||un | m2(—¢,0) < M for n=1,2,- -, we have
h%I_l)glf “unHﬂl(—-En,O) + hrll’l’_l)glf ”un,mmHLz(——En,O) < M

It then follows from (2.5) that
[ttoo | Fr1 (g0 0) < 1i,{g§;1f l|unl| 1 (~ .0

So if the inequality
[[o0,2 | L2(~600,0) < HMIDS [|tin 5| £3(~g,,0)- (2.11)
is verified, then we get (2.10).
We show (2.11). Put
f un,:zxc fOI‘ _é‘n S z S 0,
" 0 for —a <z < -¢,,

f Ueo,zz for "é-oo S r S 0’
© 0 for —a <z < —¢.
Then if
frn = fo weakly in L?(—a,0) as n — oo (2.12)



is verified, then we get || foollr2(=a,0) < liminfy oo || fnllz2(~a0), Which shows (2.11). We
show (2.12). Let ¢ € C*®[—aq,0] be arbitrary. Then

0 0
frpds = / 6 Un 2o 0dT
Y _

n

0
= —tanf - o(—&,) —/ Un 2Pz AT

n

0
— —tanf - p(—fw) — / UoopPzdT @S M — 00,

where we have used (2.5) and the equalities uy, o(—&, + 0) = tanf and u,;(0) = 0. An
integration by parts in the last term yields

0
/ uoo,m(Pwdm
_500
0
=—tanf - p(—¢x) — /_£ Uoo,zzPAT,
since Ueoz(—€oo + 0) = tan b and uy (0) = 0. Thus we get

0 0
/ fopdz — | fopdz as n — oo.

Since C*®[—a,0] is dense in L?*(—a,0), we have proved (2.12) and hence T'o, € By is
proved.
Step 3. We shall show that ', is a minimizer of E : By — R, i.e.,
El'w]) =inf E. (2.13)
By
The sign > is obvious, for ', € Bys. To show the opposite sign, we may check that

E[Te) < liminf B[] | (2.14)

(recall (2.4)). Observe

n-—o0

liminf B[I';] > liminf(a — &) cos§ + lim inf /_O;w 1+l ) da
+ lim inf /_ :‘”(1 + 2 )2 de
= L1+, +Is.
Using lim, ,00 &n = € and I'y, € By, one may easily check that
I =(a—&x)cosf, I3=0.

For I, we observe that the functional

0
H'(~a,0) 5 u / (1+u2)%dz € R
_Eco
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is convex and continuous in H'(—a, 0), so that this functional is lower semicontinuous with
respect to the weak topology in H(~a,0). Thus we see that I, > [%, (1 + v, ,)"/?dz
and (2.14) is verified. '

Step 4. Now a similar discussion employed in (i) leads to the fact that £ = &g,4 and
U = Ug,4 and thus we have proved (2.3). The proof is complete. o

A similar argument can be valid for the length of I'* = A®[u, €],
0
L[] = / (1 +u?)?d.
-

Thus we get the following result.

Corollary 2.2 The functional L : T + L[[%] with T = U}, T* € Coa has a unique
manimizer Ly 4 defined by (1.8).

3 Local existence

In this section, we study a local existence result for (1.3)-(1.4) for the initial data I'g €
C?t® with 0 < o < 1. We once again point out that H. Garcke and A. Novick-Cohen
[11] previously obtained a local existence result for (1.1)-(1.2) when the initial data T
belongs to C*™* with 0 < & < 1. Our result is an improvement of that of [11] in the
sense that the existence time of the local solution depends upon the magnitude of I'y in
C?+e with 0 < @ < 1. This improvement is useful in investigating the global solvability
for (1.3)-(1.4), which will be clarified in Section 4. In order to obtain our local existence
results for the less regular data, we shall use the optimal regularity theory for parabolic
problems as in [15] instead of the theory by V. A. Solonnikov [18] used in [11].

We shall first obtain the £’s equation. To do so we assume that (u,€) is a solution
of the problem (1.3) without the equation u(t, —£(¢)) = 0 and (1.4) under the condition
uo(—&) = 0. Then the equation u(t, —£(t)) = 0 and the one ’

E(t) - CYl (g)uzmmm(ta ——f(t)) + CZ(G)uiw(t’ _g(t)) (31)

are equivalent, where Ci(f) := 1/[(1 + tan?6)%tan@], Cy() := 3(1 + 5tan?6)/[(1 +
tan? 0)* tan 0]. Here and hereafter, for simplicity of the notation we often use ¢ instead
of d¢/dt. In order to see this equivalence, we first assume that the equation u(t, —£(t)) =
0 is satisfied. We differentiate it with respect to ¢ and use the boundary conditions
ug(t, —€(t)) = tan6, and 9,(uze/(1 + u2)¥?) = 0 at = = —£(t). Then we get (3.1).
Conversely, if (3.1) is satisfied, then we integrate it with respect to t. By virtue of the
condition ug(—&) = 0, we then get the equation u(¢, —£(t)) = 0.

From now on, we shall study the problem (1.3) without the equation u(t,—£(t)) =0,
(1.4) and (3.1) with £(0) = & for the initial data (uo(z),&o) satisfying uo(—&) = 0,
uoe(—&o) = tan @ and up,(0) = 0.

In order to normalize the coordinate z, we perform the change of variables for each
t > 0 as follows:

n=1+ D)’ v(t,n) = u(t, — (1 — n)é&(?)).

11



Then, the problem (1.3) without the equation u(t, —¢£(¢)) = 0, (1.4) and (3.1) become the
form for (¢,7) € (0,T) x (0,1):

Uy = f(naUna”nm”nnm'”nnnmfaé% (3.2)
vp(t,0) = £(t) tan 6, (3.3)
Ufl(t, 1) = Oa (34)
3tanf v (¢,0
Um(£,0) = 7 +t::n2 A Umé((t) g (8:5)
Uy (2, 1) = 0, (3.6)
v(0,1) = vo(n) = uo(—(1 — n)&o), (3.7)
" U (£,0) s (£,0)
g(t) - Cl (9) nngZ( ) + 02<9) nge(t) 3 (38)
£0) = &, (3.9)
where
F(n, 09, Van, Vngns Vnnans & 5)
_ ! 100y vy 3(€” — bug)vg, (1 n)&v,
@R T @ @t €

Thus our task is reduced to solve the problem (3.2)-(3.9) locally in time.
Now we are in position to state our local existence theorem.

Theorem 3.1 (Local existence). Let o € (0,1). Let us assume that vy € C*T*(I), and
that vy satisfies vp(0) = 0,v0,(0) = & tanb, vo,(1) = 0. Let us also assume that & > 0.
Then, there exists a Ty = T1(&, 1/||v0||cz+a (ry) > 0 such that the problem (3.2)- (3 9) has
a unique solution (v,&) € Y***(Ryr) x 20, Ty].

Before proving this theorem, we need some preliminaries. We shall first linearize (3.2)-
(3.9) about the initial data. For later convenience, we introduce a parameter 7 > 0, which
is regarded as initial time. If a pair of functions (7,£), which has a suitable regularity, is
given, then, for C*-function U : [0,1] 3 n — U(n) € R, we define a differential operator
A, by

— 1 4 UU(T n)vrm("' n) 3
AV = ~@oramnpr? Y@ +wmnypoY
| + CL(6)(1 - n) “g_gzg)?) 8T (0).
In addition, we set
Fotn) = —{ . . Vot 7)
WS T @y ) (@) +anmp et

) _ /Dn(T, 77)1—)7777(7—a 77) U
@)+ R @+ amnp e
_ v (t,’l’]) o 1—)77(7-) 77) 7
+ 01(9)(1 77)( e ( ) 55(7_) ) rmrm(tao)
3@ 5T M) (L= m)at)
Oz

+
—
o
——
]
3
VS
o+
R |
SN
<
3
=3
—~
o+
=

3, (t,0).



In the proof of Theorem 3.1, we use 7 = 0. Let T" > 0. Then, for given (7,6) €
V*e(Ryr) x 210, T) with (9(0,-),£(0)) = (vo(+), &), we consider the linearized problem
of (3.2)-(3.7) as follows:

vy = Apv ‘tFO(t, n) in Ror,
vp(t,0) = £(¢) tan 6,

vy(t, 1) =0,

(t,0) = 3tanf o, (t,0) (3.10)
Ym0 0) = 7 +tan?8  £(t)
Unnn(t,1) = 0,

{ ’0(0,77) = 00(77)-

Moreover, for v satisfying (3.10), we consider the equation of the form

S\ — U (£, 0) Uf;n(t, 0)
{ E() = 01(0)——_54(75) + Cs(6) o)
£(0) = &.

Remark 3.2 When we linearize (3.2)-(3.7), we should take care that the initial data I'g
is given in C?7*, and that the singularity of £ at ¢ = 0 is expected to be equal to that of
Upgnn- S0 we first plug (3.8) into (3.2) and use f as

(3.11)

T Vs Vs Vs Vs €5 V(45 0)5 Vg (-, 0))
1 10 3(£2 — 52)vd
= =75 g Vmm T __1}17_'0_’7_"_%" + < 2 ;’)4 =
(€2 +v2)? (&% +v7)3 (&2 +2)
(1 —n (1-nv
+ 01(0)—)55-—%,,,,,7,7(-, 0) — CQ(Q)T"U;%(-, 0). (3.12)
Then we linearize f in (3.12) with respect t0 Vyyn, Ungon, Vgnnn(+, 0) around (vg, &) to get the
linearized equation v; = Aqv + Fy(t,n) in Ror. We should note that, owing to the third

term of Agv, which is a contribution of the triple junction, the operator Ay is different
from usual elliptic operators. For details, see the first half of Appendix.

For the unique existence results of the problem (3.10) and the problem (3.11), we have
the following lemma.

Lemma 3.3 Let o € (0,1) and let us assume that (9,&) € Y***(Ror) x Z[0,T] with
(9(0, ), £(0)) = (vo(+),&0), which satisfies the assumption of Theorem 8.1. Then,

(i) there exists a unique solution v € Y***(Ryr) of (3.10),

(%) for v obtained in (i), there ezists a unique solution & € Z*[0,T] of (8.11).

This lemma is essentially obtained by the first half of Appendix. Indeed, by virtue of
that, we can apply the optimal regularity theory of analytic semigroups to the linearized
problem (3.10), and (i) is proved (see [15]). We omit its detailed proof. Once (i) is verified,
then (ii) is obvious.

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. We explain an outline of the proof. We shall carry out detailed
calculation in Appendix.

13



In order to obtain local existence result for the full problem (3.2)-(3.9), we shall use a
fixed point argument. So we let

D = {(v,€) € Y (Ror) x 210,T] ;
(v(0,),€(0)) = (wo(-),&)s [[Vllyaramzmy + 1€l 220 < KT

for positive bounded parameters K, T satisfying KT'/? < £/4. Here we note that, if
¢ € D, then £ satisfies
€o/2 < E(t) < 3&/2 forte[0,T] (3.13)

by virtue of KT'/? < &/4. Moreover we define the map & as

®:D 3 (3,8) = (v,€) € Y™ (Ror) x 20,7,

where (v, ) is the unique solution of (3.10) and (3.11) established in Lemma 3.3. We shall
show that, for a suitable constant K and small enough T depending on & and ||vo|c2+=(1),
the map ® is contracting in D. Once this is verified, then the map ® has a unique fixed
point in D. Of course, this fixed point is a unique solution of the full problem (3.2)-(3.9)
in D.

We shall first prove that ® maps D into itself when we choose suitable K and T'. By
means of Appendix, if v satisfies the linearized problem (3.10), we get the estimate below;

[0llys+emyz) < Mo+ NT”, (3.14)

where M; is a constant depending on &y, ||vo||c2+«(1),8, and N is a constant depending
on &, ||vollczre(r), 0,7 (0 < @ < v < 1), K (throughout this section any constant
depending on the preceding quantities will be denoted by N whose value may be different
in each occasion), and v = min{a/4, (v — a)/4} € (0,1/4). In particular, we emphasize
the dependences of My on &, ||vo||c2+«(zy and of N on K. By virtue of Appendix and
the basic theory of elliptic equations, we can eventually check that M, is an increasing
function of 1/&y, ||vg|/c2+«(1), and that NV is an increasing function of K. Then, according
to (3.11) and (3.14),

4
€]l 5210 < G0 + C1(6) (%) M, + NT".

Hence, choosing

K =2{& + (14 16C1(0)¢5*) Mo}, (3.15)
and y .
BN &
Ty = mm{(2N) , <4K) 1 (3.16)
we obtain that '
|[’l)”y4+a(m) + Hé-“Zl[O,T] _<_ K fOI' T S To. (317)

That is, ® maps D into itself.
Next we prove that the map @ is a contraction on D for a suitable choice of T

Let (91,&),(9:,&) € D with T < Ty, and put (v1,&) = ®(01,&), (v2, &) = (02, &)

14



Moreover, let V =v; — vy, E=§& — &, V=7 — 0y, ==& — &. Then the function V
satisfies
( V; V —_f" ( ) in RO,Ta
V,,(t,O) = =(t) tan 6,
W)(t7 1) - O) ( )
3tand _ = 3.18
Vamn(¢,0) = 1+ tan? 9( 1(8)Van (8, 0) + ba()E(2)),
V,,m,(t, 1) =0,
[ V(0,n) =0,
and, for V satisfying (3.18), the function = satisfies
d_ C1(6
d20) = —z_;((—))mm(t 0) + bs () Vi (£, 0) |
= 3.19
+ [b4(t)v2nmmy (2, 0) + bs(1)]Z(2), (
2(0) =0,

where

F(t,n) = (Fp, evaluated at 7, and £;) — (Fp evaluated at ¥, and &)

1 1 _
= _{ _ - _ }V
(EHt) +02,)2 (& +0g,)2) ™
+ 6 (gza 'l_)in)'l_)2nmmv;7 + 92(&', T}"”?)EZWWWE +oey

and by (t),- - -,bs(t) are functions of &(t), in,(¢,0) (i = 1,2) without significant singulari-
ties. Here, applying Appendix again, we obtain

Vilyera@moz) < NT”(IV |lysra@mm + 11 220,2)- (3.20)
Then, by means of (3.19) and (3.20),
1€l 22021 < NT(|V [l yssaiezy + I1El 2210,1)-

Thus we derive

Vllysse@mm) + 122027 < NTY(IV ] pasa@ez) + I1El 230,1)- (3.21)
Consequently & is a contraction on D for T' < T}, where
. 1 1/v
T, = min{<ﬁ> Ty}, (3.22)
This completes the proof of Theorem 3.1. O

Remark 3.4 According to (3.15), (3.16) and (3.22), T} is an increasing function of its
arguments. So, if we choose (v(to,),&(ty)) (where ty > 0) as the initial data, T} is an
increasing function of {(t), 1/||v(to, -)||c2+e(r). Thus, as long as there exist constants vy, v,
such that

0 <v <&(to), lv(to,")|lcrre(ry < vo < o0,

T does not shrink to 0. In fact,

Ti(&(to), 1/llv(to, )llez+aqny) = Ti(wn, 1/1n) >
This property is used in Section 4.
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In the same way as we obtain the inequality (3.21), we can derive a uniqueness result.
Since the proof can be done identically as in the derivation of (3.21), we only show its
statement without the proof.

Proposition 3.5 (Uniqueness). Let 7o (> 0) be a given constant, and let (vy, &) be
a given data satisfying ||vy||cate(ry < 00 and &, > 0 for a € (0,1). Then, solutions of the
problem (8.2)-(3.6) and (3.8) on the time interval 1,70 + T| with T > 0 for the initial
condition (v(7o,),&(10)) = (v (), &) are unique in Y*T*(Rey o) X Z 10,70 + T

In the following we show that the solution obtained in Theorem 3.1 has a further
regularity for ¢ € (0, Ty].

Theorem 3.6 (Regularity). Let o € (0,1) and let (v,€) be the solution obtained in
Theorem 8.1. Then, (v,&) also satisfies

(v,€) € CH5T((0,Ty] x I) x CYHE/4(0 1),

Proof.  Let 6§ € (0,7}) be arbitrarily fixed. Then we study the problem (3.2)-(3.6) and
(3.8) on the time interval [§,§ + T with 7' > 0 for the initial data v(4,-) € C***(I) and
£(6) > 0, where (v,&) is the solution obtained in Theorem 3.1. Now we set Rsicsir =
(0+¢&,d+T])x1Iforee (0,T), and define the spaces as

V(R sir) = {w € CY* (R 5,.7) N CY*(Rs 517) ; [wllyesa @y < oo}

ZORE, 54 T) = {¢ € CH6,6 + TN CHE4(E, 6+ TT 5 [IC | gierarragsguay < 00},
where the norms are defined by

Hw|l3’6+°‘(R5,s+T) = |Iw”Cl’4+°‘(Ra,5+T)+ SU‘p e/t Hasw“CO"‘M)

1/2 |56
+0i1£T ¢ ”aT’wHCO"'(RHs,HT)
+ sup e/?|

w
0<e<T [wellgoare

Rsyes+T)

||C||z<6+a>/4[5,a+fr] = [|C”cl[a,a+:r]+ sup &'/? [<]0(2+“)/4[5+E,J+T]‘
0<e<T

We shall obtain the further regularity result via three steps.
Step 1. We shall first linearize the problem (3.2)-(3.6) and (3.8) about (v(d, )
For given (w,{) € Y5 *(Rs547) x ZEFT/4[6,6 + T with (w(6,-),{(d)) = (v(s,-), &(

consider the linearized problem as follows:

or,v

N

S
=
@

[ w; = Asw + Fs(t,n) in Rsr,
wy(t,0) = ((t) tané,
wy(t,1) =0,
q 3tand u‘)%n(t, 0) (3.23)
W (£, 0) = 1 +tan28 ()
Wy (¢, 1) =0,
[ w(d,n) = v(d, n)
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Moreover, for w satisfying (3.23), we consider the problem

Sy Wy (£, 0) Wyy (£, 0)
{ ¢(t) = - 01(9)*“5:;(5)—— + C2(9)T(t')—’ (3.24)
¢(8) = £(6).

Then, using the same argument as we obtain Lemma 3.3, we can show that there exists a
unique solution (w,¢) € Y¥*(Rsser) x Z6+2/4[5, 6+ T of the linearized problem (3.23)
and the problem (3.24).

Step 2. In order to use a fixed point argument, we let

£ = {(w,¢) € Y (Rosyr) x 25,6 +T); )
(w(3,-),¢(6)) = (v(3,-),£(8)), lwllyora@ars) + ¢l zerarrspssery < K}

for positive bounded parameters K, T satisfying KT < £(6)/2. Here we note that, if £ € £,
then & satisfies £(6)/2 < &(t) < 3£(6)/2 for any t € [6,0 + T by virtue of KT < £(6)/2.
Moreover we define the map ®; as

®s5: £ 3 (0,0) — (w,¢) € YH*(Ryppr) x 20445, 6 4 T7,

where w and ¢ are the unique solutions of the problems (3.23) and (3.24) respectively. We
claim that, for a suitable constant K and small enough 7', the map ®; is contracting on
E. Once this is verified, then a unique fixed point of &4 exists in £. Of course, this fixed
point is the desired solution of the problem (3.2)-(3.6) and (3.8) with the initial condition
(w(d,-),¢(8)) = (v(4,-),£(8))-

We verify this claim. Let us choose

K = 2(£(6) + My), | (3.25)

T, — min{<%>l/y,€2—(f‘f<—), (%)UV}, | (3.26)

where Mj is a constant depending on £(6), ||v(6,-)||gs+a(n), 8, and N is a constant de-
pending on £(6), ||v(5,*)|lcs+e(n), 8, @, v, K. By the same argument about constants Mj,
N of the inequality (3.14), we can eventually check that M; is an increasing function of
1/€(8), |v(3, ) || os+=(r), and that N is an increasing function of K. Then, in the same way
as we obtain the inequality (3.17), we are led to

le|y6+u(_————R6’6+T) -+ ||C||Z(6+a)/4[§’5+T] S K forT S Tz.
That is, s maps € into itself. The next task is to see that ®; is contracting in €. To do

so, let (Wi, ¢;) € € (i = 1,2) with T < Ty, and put (w;, ) = ®4(@i, () (3 = 1,2). Then,
in the same way as we obtain the inequality (3.21), we derive, for T' < Ty,
Jwy — w2’|y6+a(m) + 161 = Gall srarapsoimy
1, _ - -
< 5(”“’1 — Wollyetra(msrr) T 16 — Cllzerersapssim),

which shows that ®; is a contraction on £. Thus the above claim is verified.
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Consequently, for T € (0, T3], there exists a unique solution (w,() € € of the problem
(3.2)-(3.6) and (3.8) with the initial condition (w(é,-),¢(d)) = (v(4,+),£(8)). Then, by
virtue of Proposition 3.5, we see that this solution (w, {) coincides with (v, &) obtained in
Theorem 3.1. Thus, (v, &) has the desired regularity in [6, 8 + T3] for any ¢ € (0,T1).

Step 3. As far as § + Ty < Ty for § € (0,T1), we repeat the same procedure as in Step
2. Then we need an estimate concerning the infimum of 7. In order to see this, we use
(3.13) and (3.17) to get, for Ty obtained in Theorem 3.1,

g(t) > = > 0, ||’U(t, ')“C"H'"‘(I) S K5—1/2 fort € [5,T1], (327)
where K is the constant established by (3.15). So, by means of (3.26), we obtain
Ty (£(1), 1/lv(t, lesran) > T (60/2, §Y2/K) >0 fort € [5,Ti). (3.28)

That is, as long as t € [§,T1], T> evaluated at £(t) and 1/||v(t, -)||cs+e(r) does not shrink to
0. Consequently, (v,¢) has the desired regularity in (0,7}] since § is arbitrary in (0,71).
This completes the proof of Theorem 3.6. O

Remark 3.7 Repeating the same way as we obtain Theorem 3.6, we see that the solution
obtained in Theorem 3.1 also belongs to C12m+2+e((0,Ty] x I) x CCm+2+e)/4(0, Ty] for
any positive integer m and « € (0, 1).

4 Global existence

The purpose of this section is to obtain global solutions of (3.2)-(3.9) and consequently of
(1.3)-(1.4) when the initial data I'g and I'g 4, are sufficiently close to each other in some
sense. The precedure to prove this is as follows. First we show that if the above condition
is fulfilled, then the derivative of the curvature k of I'*(¢), ks, is always small (in this
and the remaining sections, for simplicity, we omit the upper indices 3 of x* and V?3). In
this step we need C®-regularity for solutions of (3.2)-(3.9). Of course this requirement is
fulfilled by virtue of Theorem 3.6. Next, using this result, we derive a priori estimates of
the solutions (v(t,n),&(t)) of (3.2)-(3.9) in a suitable norm and we then obtain the desired
global existence result.

In order to derive a priori estimate we employ a similar method to those of X. Chen
[3] and C. M. Elliott and H. Garcke [5] but they only studied the motion of closed curves.
In our case the point is how to deal with the motion of the triple junction. We shall settle
this issue to establish a modified version of the estimates obtained in [3] and [5].

First we mention the energy-decreasing and the area-preserving properties found by
Garcke and Novick-Cohen [11]. Let I'(¢t) be the solution of (1.3) with the initial data
I'y € Sp, which has an enough regularity such as at least ['(¢) € C® up to t = 0. Let
A(t) be the area enclosed by I'*(¢), the z-axis, and the y-axis, and also let Ay be the area
enclosed by T'3, the z-axis, and the y-axis. In the following we set for simplicity

L(t) = LIT3(¢)). (4.1)

Then we have:
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Lemma 4.1 [11] There hold for t > 0

dE['(¢)]
dt -

_ L(t) 9
= Kks(t, 8)“ds, (4.2)
0

A(t) = Ao. | (4.3)
Next we show a priori estimates for E[I'(t)] and L[T3(¢)].

Proposition 4.2 There hold

L(t) < BTy (45)
fort > 0.

Proof. We show (4.4). The first inequality is due to Theorem 2.1 and the second inequality
is due to (4.2), which shows (4.4).
Next we show (4.5). The first inequality is due to Corollary 2.2 and the second
inequality follows from the inequality L(t) < E[I'(¢)] and (4.4). 0
In the following let I'(¢) be the solution of (1.3)-(1.4) with the regularity in Theorem
3.6. We investigate the boundary values of the derivatives of the curvature x.

Lemma 4.3 There hold fort > 0

(i) kss(t,0) = _% sin 6,

dt
(1) Ksss(t,0) = -m(t,O)ﬁ cos b,

dt
(i) Kes(t, L(2)) = 0.

Proof. (i): Differentiating the equality u(t, —£(¢)) = 0 with respect to ¢ and using the
condition u,(t, —£(t)) = tan 6, we get

d
w(t, —E(t)) = d_f tan . (4.6)
On the other hand, from the equation V = —k,, we have
Ut
lﬁ?ss(t, 8) = —m(t, .’L') (47)
Here the relation between s and z is
5= / o (L) (1) (4.8)
—g(t

Now, evaluating (4.7) at s = 0 and using the equality u,(¢, —£(¢)) = tanf and (4.6), we
obtain (i).

(ii): Differentiating (4.7) with respect to s and using 8/8s = (1 + u2)~%/29/dz, we
have

mm(t,s)=< Yz “t“w“m)(t,x). (4.9)

1w 1+ u2)?
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On the other hand, differentiating the equality um(t —&(t)) = tan @ with respect to ¢, we
get

dg
utiﬂ(t’ *é(t)) = Umm(t, f(t)) dt” (410)
Evaluating (4.9) at s = 0 and using (4.10) and the condition u4(t, —£(t)) = tanf, we get
(ii).
(iii): It follows from the condition u,(¢,0) = 0 that ug(t,0) = 0. With this in mind
we evaluate (4.9) at s = L(t) to get (iii). O

We are going to obtain an a priori estimate for &, in L?(I*(¢)) by taking care of the
boundary values obtained in Lemma 4.3 and employing the method as in [3] and [5]. For
this purpose we use a new parametrization of I'3(t) as

I*(t) = {F(t,p) € R%p € [po(t), ()]}
satisfying

¢ : [po(t),p1(t)] 2 p— z € [=£(¢),0] : monotone increasing,

F(t,po(t)) = (—f(t),()), F(t’pl(t)) = (O,U(t, 0))’
Fy-F,=0 fort>0andp e [po(t),ps(t)],

where - denotes the standard inner product in R?. We write the curvature (¢, s) and the
normal velocity V (¢, s) in this new coordinate as

k(t,p) = k(t,s), V(t,p)=V(,s).
Here p and s are linked via ¢ and (4.8). Then &(¢,p) satisfies the identity
ke = AV + (R)?V,
where

. 1 1g . > a
AV .= E(Vpp 2§ fJV) 9(t,p) = Fy(t,p) - Fy(t,p)

(see [13]). Since the equation V = —k,, is equivalent to the one V = —A#&, we get the

equation
ki = —A%k — KAk for t > 0 and p € [po(t), p1(t)]. (4.11)

We multiply (4.11) by —2Ak and integrate it on I'3(¢). Then a straightforward computa-

tion gives
p1(t) L(t)
_/ 2AR - ntfdp— dt/ fds—i—/o KK2Kssds,

pl(t) L(¢)
/ 2AR(A%R + 1%2A/%)\/§dp = / 2655 (Kgsss + K2 Kgs)ds.
0

po(t)

Thus we have

d L(t) L(t)
E”K’S(t)ng - —/ KK K:ssds + 2/ Hss’issssds
+2/ K’K2.ds
= Ji+ Lo+ Js.
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Here and hereafter we set for simplicity

-z =1 Hzzeens N lloo = 11 - [lzo(oeey-
We estimate J;, i = 1,2, 3.
Lemma 4.4 There hold fort > 0

[ 1] < (L2 Mlms (8)113 + 0L ()21, () 2) | s ()13, (4.12)
L(t)%/? 0 )
Jo < AL @l + — = Dl ()13 (4.13)
s < 2(L() [k (13 + 20L(t)>2|s (8) 12 + 61) [ 655 () 13
+C(8)0 L) *|ms (8)]13, (4.14)

where 61 > 0 is arbitrary small constant and C(61) is a constant depending on 6,.

Proof. We use the following inequalities, which are easily derived by the fact that k;, = 0
at s =0 and L(t):

105 = e (B)loo < L(8)*? 155 (2)]2 (4.15)
1955()ll < Z(£)1103 A ()2, (4.16)
1676(t) oo < L()™2)185 £ (1) 5 (4.17)

for j = 1,2, here Ko, (t) is the averaged curvature of (¢, s) defined by

1 L(t)
Kaol®) = 715 /0 K(t, 5)ds. (4.18)
We also note the fact 0
awlt) = ———=. :
Kay (1) 10 (4.19)

Indeed, if we let w(t, s) be the angle of the unit normal of I'3() from the z-axis at s, then
k(t,s) = Ow/0s(t,s). It then follows from (4.18) that

(®) = 175 [ %= £t L) ~ w0,

Note that the boundary conditions u,(t, —¢(t)) = tané and u,(¢,0) = 0 mean w(t,0) =
7/2+ 6 and w(t, L(t)) = 7/2, respectively. Thus we obtain (4.19).
To show (4.12), we use (4.19) to get

L(t) , L(t) \
A< [ I ol Plraalds + [ ol Pl ds

6
< (”"5 - HavHOOH"%||§”’i55||c>o + "L“||’§3”3||’<'88H00)(t)-

Now (4.15)-(4.17) yield (4.12).
We show (4.13). An integration by parts and Lemma 4.3 imply

J2 = —2sinf cos 0&(15,0)(2—5)2 — 2||&sss ()3 (4.20)
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1t also follows from Lemma 4.3 (i) and (4.17) with j = 2 that

L(t)
sin’ @

(_d_g_)2 — __1_
dt sin’ 6

Then the above inequality together with (4.15) and (4.19) yields

| sin 6 cos Ok (t, O)(%)%

dt
L(t
IO 15(4,0) — o8] + Dl (1)1
1
< (Ll + )l sass D
We plug this into (4.20) to get (4.13).
We show (4.14). We split J;3 as

K,ss(t,O)2 S H""fsss(t).l%‘

<

L(t) ) L(t) )
J; = 2/ |k — Kap|“K5,ds + 4I<&av/ (K — Kay)Kssds
0 0
L(t)
+2n§v/ K2.ds
0
=: Jy1+ Jz2+ J33.
Applying (4.15), (4.16) with j = 2, and (4.19) to Js; and J32, we have

T3 < 2L(8)3|| s (8) 131 esss (1) 13,
Js2 < 49L(t)3/2HKS(t)H2”"stS(t)”g-

An integration by parts in J3 3 employing the condition that x; = 0 at s = 0 and L(t)
yields

9 L(¢) 9
J3,3 == _ZHav(t)/O HsﬂssstSZHav(t) [I"’is(t)|]2“"§sss(t)”2
1 {6\
< — | —= 2 2
< 5 (L(t)> I (81 + 281 ses (13

Thus (4.14) is proved. O

It is observed that 1 — 6/ tan @ > 0 when 6 € (0,7/2). Hence we can choose d; > 0 so
small so that 1 — 6/tan§ — 6, > 0. We fix such a §; and put

_ 4 312 2 132

Then from Lemma 4.4 we get

%|\,€s(t)||§ + HL(t), || s (£)]]2) | sss (8115

< C(800°L(t)*|lms(®)]]5-
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Integrating this on [0,¢] and using Proposition 4.2 and (4.2), we arrive at

s (2t |!2+/ E[To), |55 (7)ll2) | 5sss (7)1 307
< ||k, 13 + Co,4, (E[Lo] — E[Lo,4,))- (4.21)
Here we put
Co,a, = C(61)0*LIT} ,,17%. (4.22)

Now we are ready to show a priori estimate of x, when I'y and T'y 4, are sufficiently close
to each other. To make the statement precise, we put

Po = llko,slls + Co,a0(E[To] — E[To,a,))- (4.23)

Then we say that I'g and Ty 4, are close to each other if H(E[['], po) > 0. The following
proposition establishes a modified version of a priori estimate presented in 3] and [5].

Proposition 4.5 The following two statements hold.
(i) If E[Ty] = E[Tg 4,], then T'(t) =Ty 4, fort > 0.
(i) If E[T'y] > E[Tyg 4,] and H(E[Ty], po) > 0, then

t
(&)1 + H(EITo], po) [ llssss(r)3dr < g fort 2 0. (4.24)

Remark 4.6 Proposition 4.5 together with (4.15) and (4.5) shows that if I'y and T'g 4,
are close to each other, then (¢, s) is close to kg4, (¢) for t > 0 and s € [0, L(t)].

Proof of Proposition 4.5. (i): If E[I'g] = E[I'g 4,], then it follows from (4.4) that E[T'(t)] =
E[lo] = E[lg4,] for t > 0. By (4.2), (4.15), and (4.19) we see that k(t,s) = Key(t) =
—f/L(t) for t > 0 and s € [0, L(¢)], which shows that I'*(t) is a circular arc with the
radius L(t)/6. Moreover, recalling the condition u,(¢,0) = 0, we see that the center of
I3(t) is on the y-axis. Now the condition u,(t, —£(t)) = tan@ together with the above
fact implies £(¢) = L(¢)sin8/0. Then

El(t)] = (a—&(t))cosf + L(t)
sin 6 cos 6
0

Thus L(t) is a constant and I'(t) must be stationary and coincide with Ty 4, for ¢ > 0,
otherwise a contradiction to (4.3) occurs.

(ii): If E[To] > E[lg4,], the proof can proceed as in [5] by virtue of the boundary
condition k; = 0 at s = 0 and L(t), so we omit the details. a

= qcosf+ (1— VL(¢). (4.25)

By virtue of Proposition 4.5 we can obtain a number of a priori estimates. The
contributions arised from the motion of the triple junction emerge as various functions of
6. Throughout the remaining part of this paper we always assume the following conditions
on initial data I'g:

E[FO] > E[FG,A0]7 H(E[PO]’pO) > 0,

4.26
0+ E[[o]*?pg < m/2,  L[I3 4 ]sin/8 — LE[To]%2p > 0. (4.26)
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The reason why the third and fourth conditions are imposed will be clarified in Remarks
4.8 and 4.12.

We begin to show a priori estimate of w(t,s), the angle of the unit normal of T'*(t)
from the z-axis at s.

Proposition 4.7 There holds

s T
3 = ELo"?po <w(t,s) < 5 + 0+ E[Lopg (4.27)

fort >0 and s € [0, L(t)].

Remark 4.8 Owing to the third assumption in (4.26), the right hand side of (4.27) is
less than 7, which means that I'3() is prevented from a graph-breaking.

Proof of Proposition 4.7. We only show the estimtate from below. The estimate from
above can be checked almost identically.
Since Ow/ds = K, we have

w(t,s) = %+9+/Osfi(t,0)da

= T 0+ ralt)s+ [ (5lt,0) = an(8))do

We use (4.19) in the third term and (4.15) in the last term. Then,

S

m
> — — ) = L(t)*?|| ks (t) | 2-
o(t,8) 2 5 + 601 = 7o) = L 0)]
Now (4.5) and (4.24) yield the desired result. O

Lemma 4.9 There holds
0

~(E[To]po + I, S Ko BILo e~ Frry (4.28)
fort >0 and s € [0, L(t)].
Proof. We write
k(8 5) = (K(t, 8) = Kao(t)) + Kan(t)-
Now a similar argument employed in the proof of Proposition 4.7 gives (4.28). O

Now we shall derive a priori estimate for £(¢). For this purpose, we need some observations.
Let (X,Y)(t,s) be the parametrization of I'*(¢) with respect to its arc-length parameter
s. Then the unit tangent of I'3(t) at s is given by (sinw(¢, s), — cosw(t, s)). Thus we have

(X,Y)(t,s) = (—£() —|—/ sinw(t,a)do,—/ cosw(t, o)do). (4.29)

0 0
Let I'3 (¢) be the circular arc in {(z,y);z < 0, y > 0} with the radius |ka, (t)|™" = L(t)/6
and with the center on the y-axis and with ('3, (t), z-axis)|,=—¢,, () = 0, where —&4(t)

is the z-coordinate of the point at which I (t) intersects to the z-axis. Then it is easily
seen that the total length of T'® (¢) is also equal to L(t). Let (X4, Yay)(t,s) € R? be the
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parametrization of I'3 (¢) with its arc-length parameter s € [0, L(t)]. Let way(t, s) be the
angle of the unit normal of '} (¢) from the z-axis at s. Then as in (4.29) we have

(Xav, Yau)(t,8) = (=&au(t) + /Os Sin wgy (t, o)do, — /Os COS Way (t, 0)d0o). (4.30)

The following lemma enables us to relate I'3(t) with I'3 (¢).

Lemma 4.10 There hold for t > 0 and s € [0, L(t)]
1

X (t:8) = Xan(t, )] < SLE 2[5 (D)2 (4.31)
1
Y (t:8) = Yao (£ 8)] < 5 L) [|rs (1) ]2 (4.32)
Proof. We employ the method as in [3]. Note the facts that
in @
Wan(t,0) = g 0, Ewlt) = L(t)%, (4.33)
which are easily seen by an elementary geometric observation. Since
X(t,L(t)) = Xaw(t, L(2)) = 0,
we have
L(t) L(z)
£(t) = / sinw(t,o)do, Eu(t) = / Sin wao (£, ') dor. (4.34)
0 0

On the other hand, we integrate the identities dw/ds = k and dw,,/8s = K4, With respect
to s. By virtue of the first of (4.33) and (4.15), we have

W(t, s) — wanl(t, 8)] < /0 T |k(t,0) = Ko (£)|do
L(t)?| ks l2s. (4.35)

IN

Then, by (4.34) and (4.35),

| X(t,8) — Xau(t,s)| = | sinw(t,a)da—/ Sin wey (t, 0)do|
L() L()

IN

L(t)

/ lw(t,0) — wey(t,o)|do
L(t)

< LWV k)lz [ odo

< L@@

Thus we have proved (4.31). Similar argument as in (4.31) gives (4.32). |

The following proposition establishes a priori bounds for the triple junction.
Proposition 4.11 There holds

singd 1
L[TG 4] =5~ — 5 B0 %00 < £(2) < BID]

singd 1
20 BT (436)

fort > 0.
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Remark 4.12 Owing to the fourth assumption in (4.26), it is assured that £(t) > 0 for
t>0.

Proof of Proposition 4.11. It follows from (4.33) and (4.5) that

sin® sin 6
L[Fg,Ao]—e— < an(t) < E[FO]T'

Evaluating (4.31) at s = 0 and using (4.5), (4.24), and the above inequality, we get (4.36).
O

Now we can show a priori estimate of v.
Proposition 4.13 Let o € (0,1/2]. Then we have
lv(t)||czte(y < Bo fort >0. (4.37)
Here By > 0 is a constant depending only on Ty through py, Ao, and E[T'].
Proof. First we differentiate v(t,n) = Y (¢, s) with respect to n to get
vy =Yy - (€2 + D)2 (4.38)
On the other hand, by (4.29), Y; = — cosw. Thus

2
s .9CO8" W
r=

v sinfw’
Tt then follows from (4.27) and (4.36) that there is a constant By; depending on I'g such
that
an(t)HC(I) S BO,l for t Z 0.
Moreover, since the condition v(¢,0) = 0 yields the estimate |v(¢,n)| < ||vp(t)llcw), we
obtain
H’U(t)”cl(]) S Bg’l for ¢ Z 0. (439)
Next we differentiate (4.38) with respect to . With the equality Y,;, = ssinw in mind
we obtain
Ksinw - (&2 +v2)
Uy = .
"1+ upcosw - (€2 +v2)7L2
Now (4.28), (4.36), and (4.39) imply that there is a constant By, depending on I'q such
that

v (Ollcy < Bo fort > 0. (4.40)
Finally we show that there is a constant By s depending on I'y such that
[Urm(ta ')]C“[O,l] S BO73 for ¢ Z 0 with o € (0, 1/2] (441)

Indeed, differentiating (4.38) twice with respect to 7 and using Yy, = &, sinw + x? cos w,
we have
Up COS W

(62 + ’U%)l/z )1)777777

= (Kkssinw + K2 cosw) (€2 + 'uf,)?’/z + 3KV Uy SiD W

(1+

2,2
£ vy, COSW .
CEPI
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We take the L?(I)-norm in the both sides and use (4.28), (4.36), (4.39), and (4.40).
Consequently we can find a constant By s depending on I'g such that

[[vgan(®)llz2ry < Bos  for £ 2 0.
Now (4.41) immediately follows from the above inequality when o € (0,1/2]. O

Now by virtue of Propositions 4.11 and 4.13 one can always solve (3.2)-(3.9) on the
time intervals [0, T.], [Ty, 2T%], [2T%, 3T%], - - -, for a T, > 0 which is determined only on T'.
Thus we arrive at the following global existence result.

Theorem 4.14 (Global existence). Let o € (0,1/2]. Assume (4.26). Then the equation
(8.2)-(3.9) admits a unique global solution (v,£&) € Y*+**(Ror) x 20, T] for any T > 0.
Consequently, the problem (1.1)-(1.2) admits a unique global solution in C'+e/44+< for
t > 0 provided the initial data belongs to Sy and is also close to I'g 4,.

Remark 4.15 The global solutions obtained in Theorem 4.14 also possess the additional
regularities guaranteed in Theorem 3.6 and Remark 3.7 with a € (0,1/2].

5 Convergence to the minimizer of the energy

This section gives the proofs that the global solution of (1.3)-(1.4) obtained in Theorem
4.14 converges to the minimizer I'g 4, of the energy E and the energy of the solution
converges to E[I'g 4,] as t = 0.

The fundamental tool to obtain this result is the following fact.

Lemma 5.1 Assume that T'(t) = U2 T%(¢) is a (at least) C®-global solution of (1.8)-(1.4)
with a C®-initial data Ty € Sp. Let k(t,s) be the curvature of [3(t). Then,

lks(t)|]2 = 0 ast— oo.

This lemma can be proved as in [5, Theorem 6.4] by employing the same argument to
derive (4.21), so we omit its proof.

Let I'(¢) be the global solution of (1.3)-(1.4) for the initial data I’y € Sy constructed
in Theorem 4.14. Put

mw=gmw, (5.1)

where

l

Tao(t) = {(2,0);z € [~a, —&a (1)},
Fczw(t) {(Xav, —Yau)(t, 8); s € [0, L(t)]},
L3 () = {(Xavs Yau) (8, 8); s € [0, L(1)]}
for ¢ > 0 and (X, Yau)(t, s) is given in (4.30).
Lemma 5.2 Put E, :=lim; o E[I'(t)] and L, := 6(E, —acosf)/(6 —sinfcosh). Then,
E[l'4 ()] — Ei, (5.2)
L(t) — L, (5.3)

I

as t — oo.
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Proof. Since E[Tg,(t)] = (a — &aw(t)) cos + L(t), we have
B[l (t)] — E[L(2)] = (£(t) — £av(t)) cos 6.
Then (4.31) at s = 0 implies

6) — & ()] < STl O)a < SO0

Moreover, from Lemma 5.1 it follows that the right hand side converges to 0 as ¢t — oo.
Thus we get (5.2).
In order to check (5.3), we observe, as in (4.25),

in 6 cos §
B[Tas(8)] = 0088 + (1 = === L(¢).
Using (5.2) and passing to the limit as ¢ — oo in the above equality, we get (5.3). 0

The next lemma shows that the large-time profile of I'(¢) is approximated by Ty, (¢).
Lemma 5.3
lim sup (|X — Xg| +1|Y — Yaul|)(¢,s) = 0.

£00 5¢cl0,L(t)]

Proof. Tt follows from (4.31) and (4.32) that

sup (|1X — Xao| + |V = Yau|)(t, 5) < L(2)*/?|| s (2) 2.

s€[0,L(t)]
Now (5.3) and Lemma 5.1 give the desired result. a
We put o

Define a circular arc in {(z,y);z <0, y > 0} by
(X, V) (s) = (=&, + /0 sin(% + 0 + k,0)dor, - / cos(3 + 8+ k,0)do)
0

for s € [0, L,] and set
3
I,=JT, € Sy,

i=1

where

1—‘}( = {(.’L’,O);CE € [—CL, '*f*]},
I = {(Xs, —Ya)(s);5 € [0, Ly]},
I} = {(Xs Ya)(s); s € [0, L]}

The next lemma shows that the large-time profile of I',,(¢) is described by T',.

Lemma 5.4
Fav(t) — F* as t — oo.
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Proof. Passing to the limit as t — co in the second equation in (4.33) and (4.19), we have

tli{& gav (t) = é*a tllglo K'av(t) = K-

Then, by the first equation in (4.33),

5 Owgy
Way(t,8) = wau(t,O)—i—/o 0

_ g+9+mav(t)s—+g+9+ﬁ*8 as t — 00 (5.5)

for s € [0, L,]. Now, passing to the limit as ¢ — oo in (4.30), we obtain the desired result.
O

(t,0)do

Thus we arrive at the desired result on the convergence of the solution as t — oo.

Theorem 5.5
I'(t) > To4, ast— oo.

Proof. By virtue of Lemmas 5.3 and 5.4 we get
L(t) =T, ast— oo. (5.6)

Let A, be the area enclosed by '}, the z-axis, and the y-axis. If ', # 'y 4,, then A, is
not equal to Ag. On the other hand (4.3) and (5.6) imply that A, must coincide with A,.
This yields a contradiction and we then conclude that I', must coincide with I'g 4,. This
completes the proof. a

We can also show the convergences of both the length and the energy of the solution as
t — 0o. The key point is to make use of the area-preserving property.

Theorem 5.6 We have

Jim LIF(8)] = LT3, 4,), (57)
lim E[F(t)] = E[PQ,AO]. (58)

t—oo
Proof. We first show (5.7). We use the following fact.

Fact. Let D C R? be a simply connected bounded domain with the piecewise smooth
boundary 0D with the total length L. Suppose that 8D is parameterized by its arc-length
parameter s running clockwise as D = {F'(s) € R?; s € [0, L]}. Let v(s) be the outward
unit normal field on dD. Then, ’

L
the area of D = %/ F(s)-v(s)ds. (5.9)
0

We apply the formula (5.9) to the domain enclosed by I'3(t), the y-axis, and the z-axis to
get

Alt) = %/OLU)(X, Y)(t,s) - (cosw,sinw)(t, s)ds
3 [ 09 0y + 3 0 @,0)- (0, ~1)d.
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The last two terms of the right hand side vanish. We use (4.3) in the left hand side
and use (4.29) with (4.34) in the first term of the right hand side. Moreover, after using
Fubini’s theorem, we have

L(t) s -
Ay = —/ </ cosw(t,o)da) sin w(t, s)ds. (5.10)
0 0
On the other hand, using (4.35), (4.5), and Lemma 5.1, we get
|w(t, $) — Wan(t, 8)| < E[Tg a,]%%|6s(t)ll2 = 0 ast — oo

for s € [0, L,]. Recalling (5.5) and (5.4), we have

T 6
Wap(t,§) = = +0 — —s ast— 00
2 L,

for s € [0, L,]. Consequently, we have

w(ts)—)w-i—@ 6 ast — oo
)Ty L’

for s € [0, L,]. Now we let ¢ = oo in (5.10) and calculate the integral to obtain
L* = Tg’Aoe, (511)

where 7 4, is defined in (1.5). This shows (5.7).
Now (5.8) is a direct consequence of (5.11) and the definition of L, in the statement
of Lemma 5.2. This completes the proof. O

A Appendix

In this section we shall prove the inequalities (3.14) and (3.20). To prove them, we use
the optimal regularity theory of analytic semigroups as comprehensively studied in [15].

Here we summarize a basic abstract framework used below. Let X be a Banach space
with norm || - || and let A: D(A) C X — X be a linear operator satisfying the following
condition: '

[ there exist constants w € R, p € (7/2,7), M > 0, which depend on A,'
such that
< (i) p(A) D Ruw=1{X€ C]{/[A # w,|arg(A — w)| < p},
(%) [|(A = A) |z < s for A € Ry,
where p(A) is a resolvent set of A.

\

If A satisfies the condition (A.1), A is said to be sectorial in X. Then A generates an

analytic semigroup e*4 in X for ¢ > 0. In addition, a family of intermediate spaces
between D(A) and X can be defined by

Da(B,00) ={$ € X ; [dlpaip.00 = SUP [P Aol < 00}, 0<f <1,
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They are Banach spaces under the norm

1¢1lD4(8,00) = |81l + [B]Da(8,00)-

Moreover the following estimate is known. For k € N, (1,02 € (0,1), there exists a
constant C' = C(k, 1, B2, A) such that

l|tk_ﬁ1+ﬂ2Ak€tA||L(DA(g1’oo)’DA(ﬁz’oo)) <C forO<t<1. (A2)
The statement holds also for £ = 0, provided 8; < (.

We shall return to our problem. In the remaining part of this section, we use C,,
Cy, etc. to denote various constants. Here their subindices are written to emphasize
what they depend on. Let 7 > 0. We define two differential operators AWM and A®), for
C*-function U : [0,1] 2 n+— U(n) € R and given (3,€) € Y**(R,1r) X Z'[r,7 + T,
by '

1
(€(r) + 53(r, m))

ADU = Cy(0)(1 - 1) T’z_gz;’)?) BLU(0).

4 T’n(Ta 77)"_’1717(7) 77) 3
S0,U +10-= 30,0,

Wy — _
AU @)+ B2(rm)

If we define X := C[0,1] and
D(AD) :={U e C*0,1] ; 8,U(0) = 8,U(1) = 82U(0) = 83U (1) = 0},

then AN : X > D(AW) 5 U = ADU € X is the realization of A®) in X and satisfies
the condition (A.1) where constants w, i, M depend on &(7), ||5(7,-)||c2+apo,1) (see [19]).
Therefore, A1) is sectorial in X. In particular, we note that these constants increase with
1/&(r), |[9(7,-)||c2+apo,1]- Moreover, we obtain the following equalities:

C*0,1], if0< B < 1/4,
D, (8,00) = C[0,1], if1/4 < B < 3/4, (A.3)
C210,1], if3/4<pB<1.

with equivalence of norms (see e.g. [1], [16]), where

CyY10,1] := {U € C*[0,1] ; 8,U(0) = 8,U(1) = 0},
Cy200,1] :={U € C*[0,1] ; 9,U(0) = 8,U(1) = 82U(0) = B2U(1) = 0}.

It can be checked that constants, which assure equivalence of norms, increase with
1/€(7), ||9(7,")||c2+ap,1]- From now on we represent constants concerned with equiva-
lence of norms as C,,. Here § = 1/4 and § = 3/4 are sensitive cases. But these cases are
unnecessary in our paper, so we don’t make mention of them.

Now let A® : X > D(AW) 5 U — APU € X be the realization of AP in X. Then
we are led to the following lemma.
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Lemma A.1 Let A, := A®Y) + AR, Then,
(i) A; is a sectorial opemtor n X.
(i) there exists a constant C, which increases with 1/£(7), ||o(, )| c2+ap,1], such that

ML = A Hipxy <C for X e R,

where R,y ={A € C; A # w(AD), |arg(A — w(AD)N| < w(AM)}.

Proof. First, we prove that A, is a sectorial operator in X. As stated above, it is known
that A{) is a sectorial operator in X (see [19]). Moreover, according to [15, Section 2.4],
if A® is a bounded linear operator from D(A®M) to D,)(§,00) (=: X,) for e € (0,1),
then A, is a sectorial operator in X. Thus we shall prove

IAPU|x, < C|UlIpouem, for U € D(AD), (A4)

)
where C is a constant independent of U. In fact, one can prove

187UlIeo < CrllUl 50y,

where C, is a constant depending on &(7), ||9(,-)||c2+e01] - Then, by means of (A.3)
and using this inequality, we get

”A’(TZ)U”Xa < Ceq,f HA(Tz)U“C“[Ol]
= Cor GO = )27 3850 oo

‘ (1)
< Cro 1957 lowon 10300)
< Crp 10l peamy- (A.5)

In particular, we note that a constant C.,, increases with 1/£(7), ||5(r,-)||c2+ap,1). Thus
the inequality (A.4) is proved.
Next, we prove the second half of Lemma A.1. For A € R AW and g € X, we consider
the resolvent equation
' /\u—A )u—A(Tz)u:g.

According to [15, Section 2.4] again, we get

A +1
| +1 <1+||A HL (A1), Xa) ) +1 | gll

IAllul] < m

2 (M(A“))

Using this inequality and (A.5), we can verify the second half of Lemma A.1. Thus we
complete the proof of Lemma A.l. _ a

We first prove the inequality (3.14). Let v satisfy (3.10). In order to reduce the
inhomogeneous problem (3.10) to a homogeneous problem at the boundaries, we introduce
an auxiliary function 1 defined by

0)
) 1o

2
% 3tanf  T.,(t

e 7 A
w(t,n) == (775( )tanf + <5 31 1+tan%8  £&(t)
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where h € C*[0,1] satisfying h'(n) < 0 for n € (1/4,3/4), h(n) = 1 for n € [0,1/4],
h(n) = 0 for n € [3/4,1]. Then it is seen that v — ¢ is homogeneous at the boundaries.
From this fact and Lemma A.1.(i), we can represent v — v as the variation of constants
formula by means of the analytic semigroup e*4°. After a simple computation, this formula
finally takes the form, for 0 <¢ < T,

u(t,) = v () + vt ) + 0P, )
where
v(t,-) = €0 (v — (0, )),
vt = | e[ By (0,) + Agy(0, )ldo
Wt = Ao | eli= g5, ) — (0, do + (0, ).

Applying the theory of analytic semigroups (see [15]), we get

HU(1)||y4+a (For) = Co [lvo — %(0, ')”DA 52 00)
1| yasa ez < Coa sup §t/? sup, [ Fo (2, )+A01/’( a5 ,00)-
<6<T te[s,T

In particular, we can verify that a constant Cy increases with 1/&, ||vo||c2+e(o,1). Hereafter
any constant depending on these quantities will be denoted by Cj.
In order to obtain the estimate of ||v(® [|y4+a Toz) We set

2(0) = [ ofp(o, ) ~ (0, )]do. (A.6)
Then 2z satisfies
o(t,) = —Aor(t) + (0, ) = —2(8) + Bt ). (A7)

For the function z, we have the following estimates.

Lemma A.2 Let z be a function represented by (A.6). Then, there exist constants v €
(a,1) and N = N (&, ||vo|lc2+epp,1), @, 7, K, 0) such that

Load o

(@) N 2@)llp,, 25 )<NT‘7 ",

(@) sup 6" sup || 2()l g (22 00y S NTO-,
0<é<T t€[8,T dt 40

d
(i) sup 62 sup [| Ao 2(t)l|py(5.00) < NTU—V%,
0<6<T  te[6,T) 04

(i'U) “AO'ZHCUZ ([0,T}:D40 (%,00)) < NTO~e)/4,

Proof. ~ We shall prove the inequality (i). By means of simple calculation, we see

d

Zi—t_z(t) /ot Aoe(t—a)Ao ["/}(U’ ) - 1/)(75, )]da + etdo [%D(t, ) - 1/}(0’ )]

= Jl(t) + Jz(t)
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Moreover, for o,t € [0,7T], we get

Y(o,n) = 9(t,n) = nh(n)(€(o) - &(t))tand | 0)
3tand 3 U?;n(a’o _ 1772717 t,0
+(1+tan20)-3! k() ( £(o) £(t) ) .

First, we shall consider the estimate of || J; (t)||DA0(gJ£g’°o). Since n — nh(n) is in D4, (3, 00)
for any v € (0,1), we choose « in the interval (o,1). Then, using the inequalities (A.2)
and |€(t) — &(0)| < 2K (t — 0)Y/? (0,t € [0,T), o # t), we obtain

[ 1406 () (E(0) — EO) 252

< Gy [[(t = o) A g, 3 o E(0) — E(8) do

t

< Cox / (t — o)/ 414y
0

< Cokan T(r—e)/4

do

On the other hand, since 7 — n3h(n) is in D4, (32, 00) for any v € (0,1), we are led to

(
/||AetaAo[3h()<r2;( 0) (

,0)
(o) g ) pmreo®
52 (5,0) 2 (t0)
< ¢ oyt s L. (@0 T (t0),
<a [ (6-0) 17°8llo,y 252,00 5~ ~ 1%

< Cox /Ot(t - 0)(7_(1)/4—1(@7777(0’ 0) - 'Unn(t 0)] + |§(‘7) g(t)DdU

¢
S CO,K/ (t - 0-)7/4—1d0' . ([1_)17”(.,0)]001/4[0,71] + 2KT1/2—Q/4)
0
< Co,xyy /4
Thus we obtain
Hjl(t)HDAO(Z-I-Ta’OO) < CO,K,a,v,a T(r—a)/4

In the same way we also get the estimate of ||J2(t)”DA0(£J;—“-,oo)- Hence we obtain the
inequality (i).

We can also prove the inequalities (ii), (iii), (iv) in a similar way as above by using
technique in [15, Chapter 4] and leave the details of their proof to the interested reader.
0

Hence, by means of these estimates, (A.3) and (A.7), we obtain

Hv(a)]|y4+a(‘1‘z§;) < ||¢(0> ‘)llcz+a[0,1] + Ceg,a7,K .6 T4,

Consequently, we are led to

||U||y4+a(m) < H”(l)l|y4+a(m) + ![v(2)||y4+a(m) + ||U(3)||y4+a(ﬁg;)
< Collvo = 9(0, )l p, (2= o)
+ Coa sup 6% sup ||Fy(t, ) + Ae(t, )| Day (200
0<o<T te{o,T}

+ 1[0, )ller+epoa) + Cego,0m k.6 T/,
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In addition, since D 4,(%2,00) = C37*[0,1] and D4, (%, 00) = C*[0,1] with equivalence
of norms, we get

“,U”y4+a(R—0’—,1:) < Ceq,O IUO - ¢(0, ')”C“’“{O,l]

+ Ceg0,0 SUP g1/ sup ||Fo(t,-) + Aot(t, ‘)Hca[o,u
0<6<T tels,T)

+ ||1/)(0, ‘)”C”“[O,l] + Ceq,O,amKﬂ T/
S MO + Ceq,O,a,K,e Ta/4 + Ceq,O,a,'y,K,G T('y—a)/4

where My is a constant depending on &y, ||vo||c2+e[0,1), 6. In particular, we note that Mj

increases with 1/&g, |lvo||c2+ajo,1)- This completes the proof of the inequality (3.14).
Next, we prove the inequality (3.20). Let V satisfy (3.18). In order to obtain a

homogeneous problem at the boundaries, we introduce a function ¥ defined by

(t) = |20 tan 0+ - L (0 (1,0) + (20| HG)

Then, since Ay is sectorial, we can represent V as
t - t
V(t,) = [ e (B(o,) + Ash(o, do ~ Ao [ et40[8(0,) - (0, )]do.
0 0

In the same way as we have proved the inequality (3.14), we can also prove the inequality
(3.20). So we omit the details.
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