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Abstract. A new notion of solution (ca]led L-solution) is introduced so that the
Cauchy problem for the Hamilton-Jacobi equation with semicontinuous initial data
is globally solvable. No convexity assumptions on Hamiltonié.ns are imposed. The
solution is interpreted as the level set of an auxiliary problem. It turns out that our L-
solution is consistent with a classical discontinuous viscosity solution and a bitateral
viscosity solution. Moreover, our L-solution is unique and enjoy the comparison

principle. The condition that initial data is really attained is also discussed.

1. Introduction

We are concerned with semicontinuous viscosity solutions of the Cauchy problem
for the Hamilton-Jacobi equations or more general degenerate parabolic equations. _
Our rﬁain goal is to find a suitable notion of a solution when initial data is discon-
tinuous.

The idea of viscosity solution was first introduced by M. G. Crandall and P.-L.

Lions [CL] to first order fully nonlinear equations. A viscosity solution is a kind of
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weak solution which is not based on variational structure but on order-preserving
structure of the equations. The theory of viscosity solutions yields the unique exis-
tence of a global continuous (not necessarily differentiable) solution of the Cauchy
problem for various kind of first and second order degenerate parabolic equations
when initial data is at least continuous. For the development of the basic theory we
refer to [L], [B2] for the first order equations and [CIL] for the second order equa-
tions. For example, it is well-known [CL], [L] that the initial value problem for the

Hamilton-Jacobi equation of form

us + H(z,uz) =0 in (0,7) xR" (1.1a)
u(0,2) =up(z) zeR” (1.1b)

admits a unique global (uniformly) continuous viscosity solution when g is bounded,

uniformly continuous and H is enough regular; for example,

|H(z,p) — H(z,q)| < Clp—q (1.2a)
|H(x,p) — H(y,p)| < C(1+|pl)lz -yl (1.2b)

with C' > 0 independent of z,y,p,q € R"; see also [I1]. Here u; = 0u/8t, u, =
(Ou/Bzxq, ..., Ou/0x,) and T > 0. The notion of viscosity solution has been ex-
tended to semicontinuous functions rather than continuous functions. This exténsion
is important to prove the existence of solutions without appealing hard estimates.
Such a method was first introduced by H. Ishii [I2] which is regarded as an extension
of Perron’s method for the Laplace equation. However, if ug is, for example, merely
upper semicontinuous, it is not clear that a classical semicontinuous viscosity solution

is unique. For example, it is known [BSS] that solution of
ur+(z—t)ug,| =0, zeR, t>0

starting with a characteristic function of some closed interval is not unique.
In [BJ1] E. N. Barron and R. Jensen introduced another notion of viscosity

solutions for semicontinuous functions when the Hamiltonian H = H(z, p) is concave
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in p and proved the existence and the uniqueness of their solution for (1.1a), (1.1b)
for bounded (from above), upper semicontinuous initial data ug. Their solution is
called a bilateral viscosity solution in [BC] and the idea has been extended in various
settings by G. Barles [B1] and S. Koike [K]. The theory applies to optimal control
problems [BJ2]; however, their theory is limited for concave H. (In [BJ1] H is
assumed to be convex but they consider the terminal value problem which is easily
transformed to the initial value problem with concave Hamiltonian by setting T -1
by t.) As explainéd in [BC] (and in Bardi’s article of [BCESS]) there are several
other approaches to handle viscosity solutions with discontinuous data ]ikeienvelope
solutions. However, definition of such a solution contains sup or inf operation of
a family of solutions or limiting procedure. So it is not directly checkable whether
a function is such a solution. One of advantages of bilateral solutions is that its
definition is direct without containing sup or inf operation of a family of solutions
nor limiting procedure.

In this paper we introduce a new notion of a solution which does not contain sﬁp
or inf operation ofa family of solutions nor limiting procedure for the Cauchy problem
with upper semicontinuous initial data. Our notion does not require convexity of
H(z,p) in p when we consider (1.1a). We call our solution an L-solution since it
reflects the idea of the level set method ([CGG1], [ESp], [BCESS]|, [G]) of surface
evolution equations. We shall prove the unique existence of solutions for i/arious
initial value problems and compare with other notion of solutions. For simplicity we

explain our L-solution for (1.1a), (1.1b). We consider an auxiliary problem

Pe — Yy H(x, =z /thy) =0 in (0,T) x R"H! (1.3a)
¥(0,z,y) = Po(z,9), (z,9) €eR" xR. (1.3b)

The equation (1.3a) is called the level set equation for the evolution of the graph
of (1.1a). In fact, if a level set of a solution of 1 of (1.3a) is given as the graph of
a function u(t,z), then v must solve (1.1a). (The equation (1.3a) has already been
proposed by A. I. Subbotin [S, Chapter I, Section 4.2] for a different purpose.) Let

1o be an upper semicontinuous function on R™ with values in R U {—o00, 400}, i.e;,
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ug € USC (R™). We define 15 by

Yoz, y) = — min{dist((z,y), Ko), 1} (L4a)

with
Ko = {(z,y) € R™ xR; y <wugp(x)}. (1.4b)

We solve (1.3a), (1.3b) with initial data 1o defined in (1.4a), (1.4b). We define our
L-solution by ' |

u(t,z) = sup{y € R; ¢(t,z,y) >0},

where 1 is the continuous viscosity solution of (1.3a), (1.3b). The solution 1 uniquely
exists globally in time under suitable assumptions on H. For example, if (1.2a), (1.2b)

is fulfilled, and the recession function
Hoo(z,p) =lmAH(z,p/A), = €R”, peR”

exists, then the singularity at 1, = 0 in (1.3a) is removable if we restrict 1) satisfying
1y < 0. It turns out that the monotonicity of ¢ in y is preserved for ¢ > 0, so under
the above assumptions on H (1.3a), (1.3b) admits a unique uniformly continuous
solution 1) = (¢, x,y) which is nonincreasing in y for a given 1)y defined by (1.4a),
(1.4b).

We also notice that one may replace 9y by é.ny other uniformly continuous
function 4o which is nonincreasing in y and Ky = {(z,y) € R® x R; 1)o(z,y) < 0}.
This follows from well-known properties of the level set equation as uniqueness of
the level set of solutions ([CGG1], [ESp|, [G], [IS]). If ug is uniformly continuous,
this guarantees that one may take vo(z,y) = uo(z) — y. This observation shows
that our L-solution % agrees with classical viscosity solution u when ug is uniformly
continuous, if we notice that ¥ (¢, z,y) = u(t,z) — y. |

We shall also prove that an L-solution % is a viscosity solution even if @ is not
continuous (Theorem 3.7 (i)). For this purpose we recall a variant of the slicing lemma

in [GG] and prove that T is a subsolution. To prove that %, is a supersolution we
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need the monotonicity property of 4 in y as well as the slicing lemma. Here u* denotes
the upper semicontinuous envelope while u, is the lower semicontinuous envelope.

When H(z,p) is convex in p, it turns out (Theorem 3.8) that an L-solution of
(1.1a), (1.1b) agrees with the bilateral viscosity solution in [BJ1]. To show this fact
we notice the property that an L-solution and a bilateral viscosity solution are given
as a monotone decreasing limit of continuous viscosity solutions (Lemma 4.4).

It turns out that an L-solution of (1.1a), (1.1b) is given as the supremum of the
family of all subsolution v such that v(0,2) < ug(z) at least when H satisfies (1.2a),
(1.2b) and sup,, , |H(z,p)|/|p| < oo as well as the existence of H,. In other words,
the L-solution is a maximal subsolution Which is initially less than uo (Theorem 5.1).
Thus our L-solution is closely related to envelope solution defined for the Dirichlet
problem for infinite horizon problem as explained in [BC]; see also [S].

It is not clear in what sense the initial value is attained for L-solution (unless u
is continuous up to ¢ = 0.) Since the set {TP‘Z 0} is closed in [0,7) x R™ xR, T is
upper semicontinuous at ¢ =0, i.e.,

uo(z) > E;Loxﬂ(t,y)-
However, it is not always clear whether there exists a sequence t,,, — 0, ¥, — 0 such
that

uo(z) = 1t Wkm,Ym). (L5)
As in [CGG2|, we say that u is right accessible at t = 0 if for each x € R"™ there

exists {,, — 0, xm — x that satisfies (1.5) with @ = u. Here is an example that ¥ is

not right accessible at ¢t = 0. We consider
ut+ugy| =0 in (0,7) xR"

with u(0,2) = 0at 2z =0, ©(0,z) = —oo for z # 0. Then our L-solution @(¢, z) = —o0
for £ > 0 so W is not right accessible (Corollary 6.4). We shall give criteria of right
accessibility when H depends only on u, in this paper (Theorems 6.2, 6.7).
Although we mainly restrict ourselves for first order equations with time-
dependent Hamiltonians, many assertions are still valid for second order equations.

We mention these points at the end of related sections.



Main results of this paper have been announced in [GS]. After this work was
completed, we were informed of a recent work of M. Bardi related to ours. He devel-
oped the theory of envelope solutions for the Cauchy problem for general parabolic
equations. He proved, among other results, that the maximal subsolution u is an infi-
mum of all lower semicontinuous supersolution which is initially greater than u(0, z)
where u(0,z) is bounded and upper semicontinuous. Such a property is implicitly
proved in our paper, since our L-solution is the maximal subsolution, approximated

from above by continuous supersolution.

2. Level set equations

We consider the Hamilton-Jacobi equation of form
ug + H(t, z,u,uy;) =0, (2.1)

where u = u(t, z) is a real-valued function of ¢ € (0,7),T>0and z = (21, - ,z,) €
R™; u, denotes the gradient in the spatial variables z, ie., u; = (8u/dzy, ---,
Ou/0z,) and u; = Ou/0t. (This is more general than (1.1a) since it allows time-
dependence in H.) Suppose that the graph of u is given by the zero level set of an
auxiliary function ¢ = 9 (t, z,y) defined on (0, T") x R" x R and that ), = 0+/dy # 0
on the zero level set of . Differentiating (¢, z,u(t,z)) = 0 in ¢ and = we get
P +1by up = 0, Pz + 1Py ugy = 0. We thus observe that (2.1) is formally equivalent to

'¢t - "nby H(t,l‘,y, —%:/'Py) =0 (22)

on the zero level set of 1, i.e., {¢ = 0}. We consider (2.2) not only on {¢) = 0} but
also in whole (0,7) x R™ x R and say that (2.2) is the level set equation of (the
evolution law of the graph of u given by) (2.1).

We first recall comparison principle for

¥+ F(t,z,4,9,) =0 in (0,7) xRN, (2.3)



which is contained in {I1] and [GGIS]. We list a standard set of assumptions on F'.
(F1) F is continuousin Z = [0,T] x RN x R xR¥ ie., F € C(Z).

(F2v) There exists a modulus m; (i.e., m; € C[0, o) is nondecreasing and m; (0) =0)
such that

\F (¢, 2,7, &) — F(t,2',r,§)| < ma(lz — 2/|(1¢] + 1))
for all (t,z,7,£) € Z and 2’ € RV.

(F3) For each C} > 0 there exists a modulus m; such that

|F(t,z,7,8) = F(t, 2,7,¢)| <mg(l§ - ¢'l)

for all (t,z,7,&) € Z, & € RN satisfying ||, |¢']| < C;.

(F4) r— F(t,z,7,&) is nondecreasing.

Theorem 2.1 (Comaprison principle).  Assume that F satisfies (F1)-(F4). Let ¢
and 5 be, respectively, viscosity sub- and supersolutions of (2.3) in (0,T) x R¥.

Assume that

sup su t,z)/(1+|z]|) < oo, inf inf t,z)/(1+z]) > —o0.
U sup (6, )/ (L+1al) <oo, int i, ya(t,2)/(1+ 2]

If
ldiﬁ)lsup{z,l)f (t,2) —ax(s,2'); 0<t,8<8, |z—2/| <6} <0, (2.4)

then there exists modulus m such that

$i(t,2) — . (t, 2) < ml|z = 7)) | (2.5)
fort € (0,T), 2,2/ € RN. In particular 1} < 1o, on [0,T) x RV,

Here 1)* denotes the upper semicontinuous envelope of ¥ and ¥, = —(—)*.

The condition (2.4) is fulfilled if (0, 2) < 13(0,2), 2 € RN provided that ¢; and
1y are uniformly continuous on [0,T") x RN for some T” € (0, T). The next existence

result is contained in [I1].
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Theorem 2.2 (Existence).  Assume that F satisfies (F1)-(F4). Assume that v
is uniformly continuous in RN (shortly v € UC(RY)). Then there is a unique

viscosity solution v of (2.3) with 9|t=o = o such that v is uniformly continuous
[0, T"] x RN for each T € (0,T), (so that

sup sup |¢(t,2)|/(|z] +1) < o0.)
t€[0,T"] zERN

If 4 is bounded, then v is bounded in (0,T) x RV .
The uniqueness follows from Theorem 2.1 since such solutions v; and v, satisfy

(2.4) and the growth condition in Theorem 2.1 if 1)1 < by at t = 0.
We apply these theorems for (2.2) by setting

—qH(ta Iy, _p/Q) qg< 0

P58 = Fhoypg={ 500 #0020

(2.6)
where H, is the recession function:
Heo(t,2,y,p) = lgngH(t,w,y,p/A), zeR", yeR, peR™

Here z = (z,y) e R® x R=R" and £ = (p,q) e R* x R = R". Since F in (2.6) is .
independent of r, (F4) is automatically fulfilled. We shall rewrite conditions for H
" so that F defined by (2.6) fulfills (F1)-(F3).

(H1) H € C([0,T] x R* x R x R™) and H(t,z,y,p) exists for z € R"*, y € R,
peR™ te[0,T)].

(H2) There exists a modulus m; such that
9H (¢, 2,9, —p/q) — qH 2"y, —p/@)| < ma((lz — 2| + |y — v/ (Ip| +lql + 1)
forall z,2’ e R", y,y € R, peR", ¢<0,t€[0,7].

(H3) For each C; > 0 there exists a modulus my such that

lqH(t, z,y,—p/q) — qH(t,z,y,—P' /) <ma(lp—p'|+ g — ')
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forallze R*, y € R, ¢t €[0,T], p,p’ € R", q,q' < 0 satisfying |p|, |p'|, l9],l¢| < Ch.
Note that condition (H1)-(H3) is weaker than (1.2a), (1.2b) provided that H, exists.

Lemma 2.3.  The condition (H1)-(H3) is equivalent to condition (F1)-(F3) if F is
of form (2.6). |

Clearly, the condition (F'1)-(F3) implies (H1)-(H3). By the existence of H,, in (H1)
it is easy to derive (F2)-(F3) from (H2)-(H3). Since H is continuous, F' is continuous
for ¢ < 0. The continuity q = 0 follows from (H2), (H3) and the existence of He.

Example 2.4. (i) H(p) = (1 + |p?)'/2 so that F(p,q) = (¢ + |p|?)'/2 for ¢ < 0,
F(p,q) = |p| for ¢ > 0. By definition (H1) and (H2) are fulfilled. Since F' is globally
Lipschitz, (H3) follows. o

(i) H(p) = [p|*, 0 < & < 1 50 that F(p,q) = |g||p|* for ¢ < 0, F(p,q) = 0 for ¢ >
0. The condition (H1), (H2) is trivially fulfilled. Since F’ is locally Holder continuous,
(H3) follows. This example does not satisfy (1.2a) so (H1)-(H3) is actually weaker
than (1.2a), (1.2b) provided that H, exists. ’

(ii) H(t,z,p) = a(z,t)|p| satisfies (H1)-(H3) provided that a is continuous in RY x
[0,T] and that a(z,t) is Lipschitz in z € RY uniformly in ¢ € [0,7]. Thus the
equation u; + (z —t)|uz| = 0 in the Introduction is of form (2.1) satisfying (H1)-(H3).

Remark 2.5.  The procedure to derive (2.2) from (2.1) can be easily extended
even if (2.1) is replaced by a general second-order equation:
u; + G(t, 2, U, Uy, Ugg) = 0, (2.7)

where 1, denotes the Hessian matrix of u. Differentiating (¢, z, u(t,z)) = 0 twice
in ¢ we get

Ve +42¢my ® ugz + '()Dyy Uy @ Uy + ";by Uge = 0,

where @ denotes the tensor product of n-vectors. Thus the ‘level set equation’ (cor-

responding to (2.2)) of (2.7) is

"pt - wyG(ta z,Y, _¢x/¢ya “{Tl)mz - 2'¢)my @ Q/)a:/"/)y =+ 'Qbyy'(/)m @ %/%}/%) = 0. (28)
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If (2.7) is the mean curvature flow equation for the graph of u, i.e.,

ur — /1 + |ug|? divy(uzs//1+ jug|?) =0, | (2.9)

it is easy to see that (2.8) is nothing but vy — |D+| Div (Dy/|Dy|) = 0 which is
the level set equation for the mean curvature flow equation in the level set method
developed by [CGGl], [ESp]; see [G] for review. Here Dy = (¥z,%y) and Div is the
divergence in R**!. This justiﬁ;as the name of ‘the level set equation’.

In general (2.8) has strong singularity at 1, = 0. For example, if (2.7) is the
heat equation, as observed in [E] the second term in (2.8) is singular as ¢, — 0 of
order 1/ 1/)5. So, it.is not clear whether the comparison principle like Theorem 2.1 is
still valid. Moreover, such an equation is difficult to solve for arbitrary initial data
Yo as pointed out in [E], [CGS].

3. L-solutions

We introduce a new notion of a solution called an I-solution for the initial value

problem

us+ H(t,z,u,u;) =0 in (0,7) x R" (3.1a)
u(0, ) = up(x), z R, : (3.1b)

where H(:,p) is not necessarily concave in p € R"™.

3.1 Construction of initial auxiliary function.
Let USC(£2) be the space of all upper semicontinuous functions defined in Q with

values in R U {—00, 400}, where 2 is a metric space. For ug € USC(R"™) we set

Ko ={(z,y) € R* xR; y < wo(z)}. (3.2)
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The set K is closed since ug is upper semicontinuous. Thus if we set

¢0($7 y) == lnin{diSt((ma y): KO)a 1}7
then

Ko = {(z,y) € R" x R; o(x,y) > 0}
= {(z,y) € R" x R; 9o(z,y) = 0}.

Since (z,y0) € Ko implies (z,y) € Kj for all y < yo, we see that y — (2, y) is

nonincreasing. Since )y is Lipschitz continuous, we have proved:

Proposition 3.1.  For K, defined by (3.2) with ug € USC(R™) there exists a
bounded, uniformly continuous function 13 on R™ xR (shortly, 4o € BUC(R™ xR))
such that y + 1o(z,y) is nonincreasing and Ky = {(z,y) € R® x R; 9o(z,y) > 0}.

3.2 Monotonicity preserving

We consider the initial value problem for the level set equation of (3.1a), i.e.

Yo+ Flt, 2,9, 45,%,) =0 in (0,T) xR" xR (3.3a)
$(0,2,9) = Yo(a,), (2,5) €R* xR (3.3)

where F’ is defined by (2.6).

Lemma 3.2.  Assume that H satisfies (H1)-(H3). For ¢ € UC(R™) there is a
unique viscosity solution of (3.3a)-(3.3b) with ¢ € UC([0,7'] x R"™) for and T’ €
(0,T). Iftyg is bounded, then 9 is bounded on (0,T) x R™. In addition to (H1)-(H3)

assume that
(H4) y+— H(t,z,y,p) is nondecreasing.

If the function y — o(z,y) is nonincreasing, then so is the function y — (i, 2,y),
zeR™ tec (0,T) for allz € R™.
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Proof.  The unique existence of solution follows from Theorem 2.2 and Lemma 2.3.
For 1o we set Y% (z,y) = vo(z,y + h) for A > 0. Similarly for the solution ¢ we

set
(L, 2,y) = ¢(t, 2,y + h).

We observe that 1" solves
8t80 +F(t,$,y + h,QDz,QOy) =0

in the viscosity sense. By the monotonicity assumption (H4) we see ¢* solves

8t90+F(t7‘T7y1(pm7goy) S 0

in the viscosity sense. Thus /® is a subsolution of (3.3a). Since z,bg < ¢ and uniform
continuity, by the comparison principle (Theorem 2.1) we have ¢* < 4 for all time.

This implies that y — 1 (t, z,y) is nonincreasing. [

3.3 Definition of L-solutions

We are now in position to introduce a new notion of solutions for (3.1a)-(3.1b).

Definition 8.3. (i) Let @ € USC(I x R™) where I is an open interval. We say
that @ is an L-solution (in I x R™) if there is ¢: I x R® x R — R nonincreasing in
the last variable y that solves the level set equation (3.3a) of (3.1a) in 7 x R™ in the
viscosity sense with iy € UC(J x R™ x R) for any compact interval J and that

u(t,z) =sup{y € R; ¥(t,z,y) >0}, tel, zcR" (3.4)

We interpret that (¢, z) = —oo if the set {y € R;9(¢,z,y) > 0} is empty.

(ii) Assume that I = (0,T) and that ug € USC(R"™). We say that u is an L-solution
of (3.1a)-(3.1b) if @ is an L-solution in (0,7") X R™ and moreover the function % in
(3.4) is uniformly continuous [0, 7"] x R” xR for any T € (0, T') such that 1|,—o = o

as in Proposition 3.1.
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Since the solution u is defined via the level set equation, we call 7 an L-solution.
For a given initial data ug there is a huge freedom to choose ¢y € UC(R"™) such
that Ko = {(z,y) € R® x R; v¢o(z) > 0}. As usual level set method we have the
uniqueness of {3 > 0} (= {(¢,z,y) € [0,T) x R® X R; ¥(t, z,y) > 0}) that implies

the uniqueness of L-solution for a given uy € USC(R™).

Theorem 3.4.  Assume that H satisfies (H1)-(H4). For a given uy € USC(R™),
there is a unique L-solution of (3.1a)-(3.1b).

If ug is bounded and periodic in = and g is restricted as functions periodic in z,
then the uniqueness of {4 > 0} follows from the invariance lemma (Lemma 4.1) and
the comparison principle provided that 1 is constant for large |y|. For general case

we further need monotone convergence result as in [IS].

Sketch of the proof.  Assume that {1y < 0} = {¢o < 0} for 1, %o € UC(R"). We
would like to prove that {1 < 0} = {¢ < 0} if ¢ and 4 is the solution of (3.3a)-(3.3b)
with initial data 1o and 1, respectively. By the invariance (Lemma 4.1) we may
assume that ¢ <0, 15 < 0 by taking minus part of ¢ and 1/3 Let ,, be the solution
(3.3a)-(3.3b) with initial data Yom = max (i, mio) for m = 1,2,.... Since my) also
solves (3.3a), we see, by Theorem 2.1, that {#,, < 0} C {¢) < 0}. Since 9om > 9o, by
Theorem 2.1 we have 1, > 1. Moreover 1,0 | 19 asm — 00. By ¥no | ¥ we mean
the monotone convergence, i.e., Ymo(Z) > Ymi10(z) and lim,, o0 Ymol(x) = o(x)
for all z € RM. The next monotone convergence lemma implies 9., | 1. Since
{m < 0} C {3 < 0}, this implies that {1 < 0} .C {4 < 0}. A symmetric argument

implies the reverse inclusion. [

Monotone Convergence Lemma.  Assume that F satisfies (F1)-(F4). Let ¥,
be the solution of (2.3) with initial data 1, € UC(RY). Assume that o | 1o €
UC(RN) as m — oco. Then v, | 1 as m — oo and v is the solution of (2.3) with
initial data . ‘

Sketch of the proof of thé lemma. It is not difficult to prove that inf, > ¥, = @ is
a subsolution. By Theorem 2.1 it is clear that 1,,, > 1 so that ¢ > 1), where 1 is the
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solution of (2.3) with 1|;=0 = 1. It suffices to prove ¥; = ¢, 15 = 1 satisfies (2.4)
- to get ¢ <1 by Theorem 2.1 since 1); and 1 fulfill the growth condition (Theorem
2.2.). We use a barrier argument suggested by [IS].

To show (2.4) it suffices to find a family of supersolutions {w¥(¢,z); 0 < € <
1, y € RV} such that

o(t,z) <wi(t,z) +ale), te,T), z,yecRY,
ging)sup{wé’(t,w); lz—y| <6, 0<t <6 <voly)+P6(), yeRY,

for some o and 3 depends only on € and a(e) — 0, B(¢) — 0 as € — 0. Indeed, if
such w¥ exists then
lim sup {p(t,2) —ho(y)} < lim sup {wf(t,z)+ ale) —uo(y)} < afe) + B(e).

600 1z_y|<6 60 |z_y|<5
0<t<s 0<t<o

Since 7 is uniformly continuous on [0,7"] x R, T" € (0,T) and since 0 < ¢ < 1 is
arbitrary, this yields (2.4).

It remains to construct w¥. Such wY is constructed by Ishii to show the exis-
tence (Theorem 2.2) by Perron’s method developed in [I2]. For reader’s convenience
we reproduce its construction since it has not been written in English. Instead of

considering (2.3) we may consider
ve+v+ F(t,z,v,v,) =0 (*)

by changing v = e~ %4 with different F' but satisfying (F1)-(F4). For large A, B > 0
it is easy to see that
g*(2) = A(l2* +1)V/2 + B

is a supersolution of (). We may assume that g* > 1,0 in _RN for all m by taking
A, B larger since Yo | %o and sup,cpw~ [¥mo(z)|/(|z] + 1) < co. Let mg be the

modulus such that

1/)(I‘("B) - ¢0(y) < m0(|:1: - yl)) z,y € RN
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We set
v¥(t,z) = Yo(y) + mo(e) + Be|z —yl+ Cet

A = sup{g™ (2); |z| < 2+1/e}, B. :=max{me(e)/e, 24.}
Ce = Ac +sup{|H(t, 2,7, 8); 0 <t < T, |z| <24 1/¢, |r| < Ae, |p| < B}

It is not difficult to see that if |y] < 1/e, then v¥ is a supersolution of (%) in
(0,T) x By41/(0), where B,(z) is a closed ball centered at y € RY. Moreover
v¥ > gt on [0,T] x (RN \ By(y)). Furthermore,

vZ(0, z) = Yo(z) + mole), v¥(0,z) > o(z) for .m € RV,
By the construction if we set
wl(t,) = minfod(,2), ¢*(z)},
then wY is a subsolution of (%) in (0,7) x RN. The property
Jim sup{u(t,2); |2 — 9| <6, 0S¢5 6} < dofy) +mole)

immediately follows from the choice of v¥. Since 1y is continuous, the convergence
Ymo | Yo is uniform on Bg(0) for R > 0 by Dini’s theorem. Since v¥(0,z) > o(z),
z € RN and since v¢¥ > g% on [0,7] x (RN \ Bi(y)), we now observe that for any
e € (0,1) there is ko = ko(g) > 0 such that w? + ¢ is a supersolution of (). Since
wY and 1, are uniformly continuous on [0,7"] x RN, T" € (0,T), the comparison

principle (Theorem 2.1) implies
Ym <wd+e in [0,T) x RNV

for y € RV, m > ko (The growth condition in Theorem 2.1 is trivially fulfilled.)
Thus we have p < w¥ +¢e. U

Remark 3.5. For the level set-equation (3.3a) any constant is a solution so for

solution we see sup,, [¢(t,z)| < sup, [¢o(x)| for all t € [0,T). Since g is taken in



16

BUC for a set Ko = {30 > 0}, one may restrict a class of ¢ in Definition 3.3 by
restricting UC by BUC without restricting class of L-solutions.

Theorem 3.6 (Comparison).  Assume that H satisfies (H1)-(H4). Let u and
v be the L-solution of (3.1a)-(3.1b) with initial data ug and vg, respectively, where
Ug, Vg € USC(R™). Ifug < vg on R", thenu <wv on (0,T) x R"™.

This follows from the comparison principle (Theorem 2.1) for (3.3a) by choosing
initial data 1 as in §3.1.

3.4 Consistency with other notions of solutions.
Fortunately, our L-solution is consistent with classical notion of discontinuous

viscosity solutions.

Theorem 3.7. Assume that H satisfies (H1)-(H4).

(i) Let T be an L-solution of (3.1a) in I x R™. Then T is a viscosity solution in I x R™

of (3.1a) provided that u does not take *+oo.

(ii) Let T be the L-solution of (3.1a)-(3.1b) with initial data uq € UC(R"™). Then
U is the unique viscosity solution which is uniformly continuous on [0,T") x R"™ for

each T' € (0,T) and U|t=0 = uo-

Note that assumption (H1)-(H4) implies (F1)-(F4) with F = H,n= N,z =2, p=¢,
so for given ug € UC(RY) there is a unique viscosity solution for (3.1a)-(3.1b).
If we consider the initial value problem for H which is concave in p, @ is a

bilateral viscosity solution.

Theorem 3.8.  Assume that H satisfies (H1)-(H4). Assume that p— H(t,z,y,p)
is concave. Let u be the L-solution of (3.1a)-(3.1b) with ug € USC(R"™) and ug is

bounded from above. Then T is a bilateral viscosity solution with initial data ug.
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Since it is known that bilateral viscosity solution of (3.1a)-(3.1b) is unique, in this
case for given initial data ug the unique bilateral viscosity solution is the L-solution.
Thus, the existence of L-solution yields the unique bilateral viscosity solution.

We shall prove these properties in the next section.

Remark 3.9. Our L-solution %@ may take +co. However, if the initial data Ug is
bounded from above, % is bounded on (0,7") x R™ by comparison (Theorem 3.6) with

a spatially constant solution.

Remark 3.10 (Localization). It is possible to define an L-solution of (3.1a)-(3.1b)
in I x §2 by replacing R™ by an open set 2 in R®. However, it is not clear whether
or not ¥ is an L-solution in I x R™ if ¥ is an L-solution in I x 2 for an open
neighborhood €2 of arbitrary given point z € R®. We do not study this problem in

the present paper.

Remark 3.11 For a general equation (2.7) one can extend Lemma 3.2, Theorems
3.4, 3.6, 3.7 if the level set equation (2.8) enjoys monotonicity in y, comparison,
stability, monotone convergence and invariance properties (see Lemmav4.1 below).
Such properties are valid for example for (2.9). There are many other examples
for the second order level set equations that satisfies these properties as studied in
[CGG1], [GGIS], [IS}; for more examples see [G] and references cited there.

There is no notion corresponding to bilateral viscosity solutions for the second

order equations.

4. Consistency

We shall prove Theorems 3.7-3.8. We first prove a version of invariance lemma

which is a key for the level set method ([CGG1], [ESp], [G]).

Lemma 4.1 (Invariance).  Assume that F satisfies (F1). Assume that ¢ is a

subsolution (resp. supersolution) of (3.3a). Assume that @ is upper (resp. lower)
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semicontinuous and nondecreasing. Assume that 8 # —oo (resp. 6 # +00). Then o)

is also a subsolution (resp. supersolution) of (3.3a), where (8 o )(¢,z) = 0( (¢, ).

Proof.  This is standard if 4 is continuous ([CGG1], [ESp], [G]); see also [ESou]
for the first order equations. Even if 8 is merely upper semicontinuous so that right
continuous, there is a sequence {6,,,} of continuous functions on R such that 6,,(c) |
f(c) (monotone convergence) for all ¢ € R. To find such a sequence for # satisfying
6(c) > —oo for all o € R, it is enough to take 6, as a piecewise linear function
so that its jump of derivatives is contained in {k/2™;k: integer } and 0,,(k/2™) =
0((k + 1)/2™). If there is op such that §(dp) > —oco and 8(0) = —oo for o < oy,
then we may assume op = 0 by translation. We take 0,,(0) = mo + 6(1/2™) for
o < 0and 0,,(k/2™) = 8((k+1)/2™) for k = 0, 1,2, such that its jump of derivatives
is contained in {k/2™;k : positive integer}. If ¢ is a subsolution, so is 8, o 1.
Since 8, 09 | 0 0 9, by stability of subsolution (eg. [CGG1]), we see 6 o is also a

subsolution. The proof for supersolutions is symmetric.

Since 0 is allowed to be discontinuous, we may take 8 as

ro={", "% ro={l, 75,

-00 o<, 400 o>0.

As a corollary of Lemma 4.1 we have:

Proposition 4.2.  Assume that F satisfies (F1). Assume that v is a subsolution
(resp. supersolution) of (3.3a). Then I~ o (resp. It o) is also a subsolution (resp.
supersolution) of (3.3a).

For a given continuous function ¥ : Z X R — R we define functions f and f from Z

to R U {+o0} by

f(z) =inf{y € R; (2,y) € {¥ <0}}, z € Z,
f(z) =sup{y € R; ¥(2,y) >0}, z€ Z,

where {¥ < 0} = {(2,y) € Z x R; ¥(z,y) < 0} and Z is a metric space.
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Lemma 4.8.  Assume that y — ¥(z,y) is nonincreasing for all z € Z. Then

(f)x=FfonZ.

Proof. By definition it is clear that f < fon Z. Since f is lower semicontinuous,
we see f < (f)« on Z.

We observe that ¥ > 0 in some neighborhood of (2o, ¥o) if yo < (F)«(20), 20 € Z.
Assume that there would exist a sequehce (25,Y3) = (20,%0) in Z xR and ¥(z;,y;) <
0. Since (f) is lower semicontinuous and Yo < (f)«(20), we see that y; < (7)*(?.3)
for sufficiently large j. From the monotonicity of ¥(z,y) in y it now follows that
¥(2;, f(2;)) < 0 for large j. This would contradict the definition of f so ¥ > 0 in
some neighborhood of (20, %0) in Z % R for all yo < (f)«(20), 20 € Z.

| Thus if f(20) < (f)«(20) for some 29 € Z, then ¥ > 0 in some neighborhood of
(20, f(20)) which would contradict the definition of f. We have thus proved f = (f).

on/. O

Proof of Theorem 3.7. (i) We shall first show that @ defined by (3.4) is a viscosity
subsolution of (3.1a) in I x R™. This is a variant of the slicing lemma in [GG1,
Lemma 1], [GG2]. We reproduce the proof for completeness. By Proposition 4.2
I~ o1 is a subsolution of (3.3a) in I x R™ x R. Assume that

max (7 — ) = (@ - ) (£, £) =0

and ¢ € C1(I x R™). We set ¢(t,z,y) = (¢, z) — y, and observe that I~ o) — @
attains its maximum 0 over I x R” x R at (£, #,) with § = @(f,£). Since I~ o4 is

a subsolution of (3.3a) in I x R™ x R, we have

We have thus proved that @ is a subsolution of (3.1a) in I x R™.
We next prove that T is a supersolution of (3.1a). The proof is more complicated

than that for subsolution. We set

u(t, ) = inf{y; ({,z,y) e {$ <0}}, tel, zeR"



20

By Lemma 4.3 we see (%), = u. Thus it suffices to prove that u is a supersolution of
(8.1a). Since % is a supersolution of (3.3a) so is It o (¢»+1/m) by Proposition 4.2 for
m =1,2,---. Since the infimum of a family of supersolutions is a supersolution [CIL],
[CGG1], W(t,z,y) = inf{(I* o (¢ + 1/m))(t,z,y), m = 1,2,---} is a supersolution
of (3.3a). By definition |
W(t,z,y) = { too  if (t,z,y) € {¢ > 0}
0 if (¢2,y) € {¢ <0}
and
+oo if (t,z,y) € int{xp > 0}
0 if (t,z,y) € {¢ <0}.

Since W, is a supersolution of (3.3a), as in the proof of showing that % is a subsolution

We(t,z,y) = {

we observe that v is a supersolution of (3.1a).
We have thus proved that ¥ is a sub and supersolutions of (3.1a) in 7 x R"”, so

T is a viscosity solution of (3.1a) in 7 x R™.

(ii) If up is uniformly continuous, there is a unique viscosity solution  of (3.1a)-
(3.1b)‘which is uniformly continuous on [0,7”] x R" for any 1" € (0,T). If we set
P(t,z,y) = u(t,z) — y, then 1 solves (3.3a)-(3.3b) with {¢y > 0} = Kj. Since v is
uniformly continuous on each {0,7”] x R", we see that u is the unique L-solution of
(3.1a), (3.1b). O

Proof of Theorem 3.8. We recall thé property that the bilateral viscosity solution
is given as a monotone limit of continuous viscosity solutions as proved in [BJ1].

Let {uoc} be a sequence of uniformly continuous functions on R™ with ug. | ug
as € — 0. Let u. be the unique continuous viscosity solution of (3.1a)-(3.1b) (which
is uniformly continuous on each [0,7") x R™ with 7" € (0,T)). If u. | u, then w is
the unique bilateral viscosity solution of (3.1a)-(3.1b).

For ug € USC(R™) we take sup-convolution

up(z) = sup {uo(y) — |z —y[*/e’}, z€R"
yER"

and define up. = ug + &. Note that uge, > U, + (81 — &3) if 7 > €. Since us is

Lipschitz continuous on R"™, the next lemma completes the proof.
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Lemma 4.4. Assume that uge | ug € USC (R™) as € — 0 and that ug. is
uniformly continuous on R™. Assume that uge > Uger + € — ¢’ fore > &' > 0. Let
u. be the solution of (3.1a)-(3.1b) with ug = ug.. Then lim._,q u. is an L-solution of
(3.1a)-(3.1b) (so that it agrees with u).

Proof. We set

—{inf{e; y Swee(@)} AL}, (2,9) ¢ Ko,

Yo(z,y) = { 0, " (z,y) € Ky,

where Ky = {(z,y) € R®" xR, y < uo(2)}.
It turns out that 99 € BUC(R"™) which we shall prove at the end of the proof.
Let 1 be the unique viscosity continuous solution of (3.32)-(3.3b) with initial data

. Since

{0 > —e} ={(2,9); ¥ < uoe(2)}

for € > 0, the L-solution of (3.1a)-(3.1b) with u|t=0 = uge given by
ue(t, @) = sup{y; $(t,0,y) > —c}, ¢>0, z R

is the unique continuous viscosity solution of (3.1a)-(3.1b) with initial data ug. by
Theorem 3.7 (ii). The L-solution of (3.1a)-(3.1b) with u|;—¢ = ug is given by

u(t, z) = sup{y; $(t,z,y) > O}.

By definition u. | u as € — 0. Thus u is the bilateral viscosity solution with initial
data ug. v

It remains to prove that 99 € BUC (R"™). The boundedness of g is clear by
definition. Suppose that 1y were not uniformly continuous in R". Then there would

exist sequences {(z4,95) 52, {(£5,95)}52; CR™ x R and n > 0 that satisfies

[W(zj,y5) —(&5,85)| =n forall j>1

Jim lz; — & =0, Jim ly; — ;] =0.
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We may assume that —1 < (z;,y;) < ¥(&;,7;) < 0. By the definition of ¢ (z;,y;) =

—€; we observe that

Y; < fe(z;) for € €(ej,1] and

Yj > fe(z;) for €€ (0,¢5),
where f = ug and f. = f°+e. We may assume that {¢;}%2; and {; ¥2, for
€ = —(&;,7;) converges to a and b € [0, 1] by taking a subsequence if necessary.
Since a > b+n, we may assume that there would exist a constant § > 0 (independent

of j) that satisfies ; — 6 > b+ 6. By the definition of ; it follows from monotonicity

of ug in ¢ that
Yi > fe;—6(25) > fors(z;) = folzs) +6.
By the definition of £; we also see that for large j
5 < fors(E;5)-

Combining these inequalities we observe that

Yi — Ui = fors(zi) — fors(T5) + 6

> —mpys(|z; — Z5]) + 6,

where m. is a modulus of continuity of f.. Since y; —§; — 0 and z; — ; — 0 as

Jj — oo, this yields a contradiction. [

5. Maximality of L-solutions

Our L-solution can be characterized as a maximal subsolution whose initial data
is less than the given initial data at least when the speed u; is controlled by the

gradient u, of u.
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Theorem 5.1.  Assume that H satisfies (H1)-(H4). Assume that sup,,, |H
“(z,7,p) /(Ip| + 1)} < 00. For a given ug € USC (R™) let u be the L-solution of
(3.1a)-(3.1b). Then | |

u(t, ) = sup{(v(t,x); v is a subsolution of (3.1a) in (0,T) x R™

with v* |t=0 S Ug on Rn} (51)
fort €[0,T), z € R".

Proof.  Since u itself is a subsolution of (3.1a) in (0,T) x R™ with ©* = ;=g < uo,

it suffices to prove that u is greater than or equal to the right hand side of (5.1).

We again use ug. = ug + € where ug is the sup-convolution of ug. Let u. be the

solution of (3.1a), (3.2b) with initial data wug.. If we prove that for e > 0
liﬂt_»% dist(K(t), graph u.(s,-)) >0, (5.2)

with
K(t) ={(z,v); y <u(t,2)},

then by comparison principle for the level set equation (Theorem 2.1), we see
v(t, z) < ue(t, z).

By Lemma 4.4 we see ue | u. Thus we obtain v < u.

It remains to prove (5.2). Since |H(z,r,p)/(|p| + 1)| is bounded, we see

lim sup dist(z, K(0)) =0.
=02k (t)

Since u, is uniformly continuous in R™ x [0,7") for each T” € (0,T), we see
]iII(l)Sllp{diSt(y, graph up:); y € graph u(s, )} =0.
S

By the definition of g it is not difficult to see that

dist(K(0), graph ug:) > 0.
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We have thus proved (5.2). O

6. Right accessibility
We give a simple criterion for right accessibility.
6.1. The Case H = H(p) is homogeneous

Lemma 6.1. Assume that F € C(R") is positively homogeneous of degree one.

Let A be a closed convex set in RY. Let w be the L-solution of

wy+ F(w,) =0, zeRY, t>0; (6.1a)
’UJ|t:0 = wg. (Glb)

with wo(z) =0, z € A and sup{wg(2); dist (2, A) > 6} <0 for 6 > 0. Then
| 0 zeA+tW,

<0 otherwise.

w(t, 2) = {

Here
Wo = {z € RY; |illlzpl(z -p—a(p)) <0}, alp) = —F(-p).

For sets A, B in RN by A+ B we mean the set of all vector sum a + b of & € A and
b€ Bin RY. If one of A and B is empty, we interpret A + B as an empty set. The
set W, is often called the Wulff shape with respect to a if a is positive. The set W,
is closed and convex but may be empty. For example if F(p) = |p|, then W, = 0.
On the other hand if « is convex, then W, is not empty. Since W, = Wy for the
convex hull & of a, W, = @ if and only if & = —oo (or equivalently & takes —oo at
some point.) (For example for a(p) = —|p|, we see & = —o0 so that W, =0.) As an

application of Lemma 6.1 we have:

Theorem 6.2. If H € C(R™) is positively homogeneous degree of one, and
independent of x and u, then an L-solution of (3.1a)-(3.1b) is right accessible for
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any up € USC (R™) if and only if W, # @, where a(p) = —H(—p) and N = n.
In particular, for concave H the L-solution is always right accessible for any ug €

USC(R™).
We shall prove Lemma 6.1 and Theorem 6.2 in the rest of this section.

Lemma 6.3. Let F ¢ C(RY) be positively homogeneous of degree one. For
zo € Wy with a(p) = —F(—p) let w denote a function of z € RN, t > 0 defined by

0 z = tzg,

wit, )= {

—00 z # tzg.

Then w is subsolution of (6.1a) in Q = (0,00) x RN,

Proof of Lemma 6.3. If o € CX(Q) and (£, 2) € Q satisfies
max(w —¢) = (w = ¢)(t,£) =0

then by definition of w we see that 2 = fzy. Since w(t,tzo) = 0, the function

p(t) = o(t, tzo) attains its minimum at ¢t = . We thus observe that
dp . . o o u . .
0= (1) = @e + 20~ 0 = 1 — [B:l(w0 - (=¢2)/10:1),

where @y = ¢4(t, 2), ¢, = p,({,2). By definition of W, the inequality zo - p < a(p)
holds for all p € RV satisfying |p| = 1. We thus conclude that

02 @y — |@z|a(—¢2/1¢:]) = Gt + F ()
so that w is a subsolution of w; + F(w,)=0. O

Proof of Lemma 6.1. By Lemma 6.3 we see that

0  z=txp+ 2

—00 zF# tzg+ 2o

w(t, 2 20) = {
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for zp € RN, 29 € W, is a subsolution of (6.1a) in . By the maximality of an
L-solution w of (6.1a), (6.1b) we have w(t, z; 29) < w(t, 2) for all (¢, 2z) € Q provided
that 25 € A. This implies

w(t,z) >0 for z€ A+tW,

and actually w(t, z) = 0 for z € A + tW,, since wo < 0 implies w < 0 for (¢,2) € Q.
It remains to prove that w(t, z) = 0 implies that z € A + tW,,. By assumption
on w there exists wy € BUC (RN ) so that wy S.’IIJO < 0 and the zero set of g
agrees with that of wp. Since the viscosity solution w of (6.1a), (6.1b) with initial
data Wy is always the L-solution (Theorem 3.7), we have, by comparison (Theorem
3.6) w < . Thus it suffices to prove w(t, z) = 0 implies that z € A + tW,. In other
words we may assume that wy € BUC (R™). By the uniqueness of the level set, the
set {w = 0} is determined by A and independent of the choice of wg (cf. the proof
of Theorem 3.4.).
| Suppose that wp, Wy € BUC (RY) such that wy < 0, Wp < 0 and A = {wy =
0} ¢ A’ = {@, = 0}. Then by the uniqueness of the level set and the comparison

principle (Theorem 2.1) we have
{w=0}c{w=0} in Q,

where w and W is the viscosity solution of (6.1a), (6.1b) with initial data wp and Wy,

respectively. Since A is convex, there exists a family S of half spaces that satisfies
A=S; Ses}.

Thus to show that (¢,2) € {w = 0} implies 2z € A + tW, it suffices to prove the
assertion of Lemma 6.1 for a half space with some wy € BUC (RY).

We may assume that
A={z€RY; 2.py <0}
with some po € RN |pp| = 1. Since

u(t,z) = —z - po + a(po)t
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solves (6.1a), by the invariance (Lemina 4.1) w = min(u,0) also solves (6.1a). We

shall prove that
{zeRN; 2.py <ta(po)} = A+tW,, t>0 (6.2)

We may assume that py = (1,0,...,0) by a rotation of coordinates. By definition

fort >0

A+tWa = A+Wat 2{(21 + x1, 2z +IL',) eER x RN—I; 21 < 0, Z/ € RN_]'

and sup(z-p—ta(p)) <0 with == (z1,2')}.
lpl=1 '

Note that

sup (z-p—ta(p)) <0 for some z' € RV~?
lpl=1

is equivalent to say

sup (z1py — ta(p1,0,...,0)) <O0.
[p1|=1

Since 2’ is arbitrary, this implies
A+tWo ={(z1 + 21, ') e RxRV™Y 2, <0, 2 e RV

and sup (z1p1 — ta(ps,0,...,0)) <0}
lp1]=1

Since z; is an arbitrary negative number, we see

A+ tW, ={(z1+z1, ) ER xRN 2, <0, 2/ e RV
and z; <ta(l,0,...,0)},

which proves (6.2). By (6.2) we see that (¢, 2) € {w = 0} is equivalent to z € A-+tW,,.
We have proved the assertion of Lemma 6.1 when A is a half space and wg € BUC
(RN). Thus the proof is now complete. [J

Proof of Theorem 6.2. We consider u; + H(u;) = 0 with initial data
o z=a

(@) = {

=00 ‘T Fa.
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where a € RN, 0 € RU {+o0o}. Let u*° denote the L-solution of this initial-
value problem. Applying Lemma 6.1 for the level set equation (3.3a) with A =
{a} x (—o0,o](NR™*!) we see that

o r €a+tW,

a,0 (¢ —
u?(t ) {—oo z ¢ a+tW,.

(6.3)

Since W_p_.) = {(z,y); * € Wy, y = 0}, where F(p,q) = H(p). Evidently, u®’
is right accessible at ¢ = 0 if and only if W, = @. Thus to prove Theorem 6.2 it
suffices to prove the next lemma (Lemma 6.5) which holds without assuming the
homogeneity of H. [1

Our solution formula (6.3) immediately yields:

Corollary 6.4. Let u be the L-solution if (3.1a)-(3.1b) with H(p) = |p| and
up = Uy’ (defined in the proof of Theorem 6.2). Then u(z,t) = —co for z € R™ and
t>0. '

Lemma 6.5. Assume that H satisfies (H1)-(H4). Let u®° be the L-solution of
(3.1a)-(3.1b) with initial data ugy'’. If ug® is right accessible at t =0 for alla € R™
and o € RU {400}, then the L-solution u of (3.1a)-(3.1b) with any initial data ug €
USC (R™) is also right accessible at t = 0.

Proof. For a € R™ and o = ug(a) we see ug’® < ug. By the comparison principle

(Theorem 3.6) for L-solutions we have
u®?(t,z) <u(t,z) in (0,00) x R™.
Since u®? is right accessible, there is a sequence (¢, zx) — (0,a) (kK — co) such that
ug(a) = lim u®? (¢, xx).
k—oo
Since u*? < v and u is upper semicontinuous, this implies

uo(a) < limy_,  u(te, k) < Hmgeotu(ty, Tr) < uo(a).
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Thus v is right accessible. O

6.2 The case H = H(p) is inhomogeneous
Lemma 6.1 is important to study L-solutions with initial data ug® when H is

not positively homogeneous of degree one.

Lemma 6.6.  Assume that H € C(R") satisfies (H1) and is independent of z,t and
u. Let u be the L-solution of (3.1a), (3.1b) with ug(z) = 0 for z = 0; up(z) = —o0
for £ # 0. Then

u(t,z) =sup{y; (z,y) € A+tWs}, t>0, z€R"

with A = {0} X (—00,0] and B(p,q) = —F(—p, —q), p € R®, q € R where F is defined
by (2.6).

This follows from Lemma 6.1 with N = n + 1 for the level set equation (2.2). It is
not difficult to see that u is accessible if and only if W # 0. By using Lemma 6.5

we easily extend Theorem 6.2 to inhomogeneous H.

Theorem 6.7. Assume that H € C(R") satisfies (H1) and is independent of z,t
and u. Then an L-solution of (3.1a)-(3.1b) is right accessible for any ug € USC (R™)
if and only if Wg # 0. In particular, for concave H the L-solution is always right

accessible for any ug € USC (R"™).

Remark 6.8. For the second order problem the zero set of an L-solution with wg in
Lemma 6.1 is not explicitly written. Moreover, if G in (2.7) is geometric in the sense
of [CGG1] and strictly parabolic in the direction orthogonal to Vu, then the zero
set of the L-solution w always disappear when A is a point or {a} X (—00, ¢]. Thus,
the L-solution is not right accessible when initial data is ug’® given in the proof
of Theorem 6.2. A typical example is the level set mean curvature flow equation
wy — |Dw| Div (Dw/|Dw|) = 0. - We do not pursue the accessibility problem for the

second order problems in the present paper.
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Remark 6.9. In [BJ1, Theorem 3.8] the accessibility of their bilateral solution
is proved for fairly general Hamiltonian H(¢,z,p) which is concave in p. However,
it seems that their general approximating argument needs more explanation. In the
second paragraph of the proof of (BJ1, Theorem 3.8, p.1736] it is asserted that ‘By
diagonalization, at least on a subsequence, u$ | u® and g§ | g%, as ¢ — oo uniformly
in €,...” However, the uniformity in € is questionable. If such argument would work,
then we would get the accessibility always for our L-solution since L-solution is also
given as approximation from above as in Lemma 4.4. This is of course absurd. More
specific feature of the equation should be utilized and an alternative proof reflecting
underlying control problems is essentially given in [BC, p.351]; see also [BJ2]. Our

Theorem 6.7 also gives a direct alternate proof when H is independent of ¢,z and u.
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