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Characterization Of Bloch Space And Besov Spaces
By Oscillations

Rikio Yoneda

Abstract

We characterize the Bloch space and the Besov spaces on the open unit disc ) by using
many kinds of oscillations. We give new characterizations with known ones. For example,
we use the oscillation and the mean oscillation as the following :

a2V (1 a8 f(2) — f(w)
L (=l - e [

and
1

| D(2,7)| Jpiz

(1 — 32[2)0‘(1 _ [‘U)|2)ﬂ M

w

dA{(w) .
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§1. Introduction

Let D = {z € C;|z| < 1} denote the open unit disc in C' and let 9D = {z € C;|z| = 1}

denote the unit circle. Let H(D) denote the space of analytic functions on D. For 1 < p <
+00, the Lebesgue space LP(D, dA) is defined to be the Banach space of Lebesgue measurable

functions on the open unit disc D with

I f llzr(aa):= (/D If(z)l”dA(z));—' < 400,

where dA(z) is the normalized area measure on D. The Bergman space LE(D) is defined to be
the subspace of LP(D, dA) consisting of analytic functions. For 0 < p < +o00, the Hardy space

HP is defined to be the Banach space of analytic functions f on D with

1 27 O %
17 1= sup o= [ IrtreiPde)” < oo

O<r<l
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For z,w € D, let 8(z,w) := 1 1log ifﬁi(ﬁg:, where @, (w) = £5%. We will repeatedly use the

following properties of ¢, :

(1121 - [wf)
11— zw|?

1- |‘Pz('w)|2 =

0(2) =0 :(0)=2 , @z 0 pz(w) = w .

For 0 < 7 < +oo, let D(2) = D(2,7) = {w € D ; B(z,w) < r} denote the Bergman disc.
|D(2,7)| denotes the normalized area of D(z,r) and |D(z, )] is comparable to (1—]2%)2. The
Bloch space B of D is defined to be the space of analytic functions f on D such that

I £ 15:=sup{(1 ~ %) |§V(2)|; 2 € D} < +o00 .

This defines a semi-norm and it is Mébius invariant in the sense of || f o ¢ ls={ f |l for all
f € B and ¢ € Aut(D), where Aut(D) is the Mobius group of bi-analytic mappings of D. The
Bloch functions form a Banach space with the norm || f ||= [f(O)| + || F ||z. If f is an analytic
function on D, then f € B if and only if sup,cp, || fow. — f(2) l72(a4)< +00 {[7, p101]). The
little Bloch space of D, denoted By, is the closed subspace of B consisting of functions [ with
(1 -2 fW(z) >0 (le] = 17). If f is an analytic function on D, then f € By if and only
if imyp1- || fows ~ f(2) llLz@ay=0 ([7, p101]). The space of analytic functions on D of
bounded mean oscillation , denoted by BMOA, consists of functions f in H? for which

I f lemoa = sup{l f o p. — f(2) ll2; 2 € D} < +c0 .

It is clear that [g()(0)| <|| g ||2 for every analytic function g on D. Applying g = f o, — f(2),
it follows that (1 —|2|?)|f(2)| <|| f o, — f(2) ||2 for an analytic function f on D and z € D.
Thus it follows that the inclusion BMOA C B.

For 1 < p < +oc, the Besov space B, of D is defined to be the space of analytic functions
f on D such that ‘

dA(2)

1 £ 5= { [ (1= 1ePP 0@ a2} < 400 ,where D) = 5 5

We will also use the following property :
dMp:(w)) = dA(w) .

It is easy to show that || % ||p, is a complete semi-norm on B,. Moreover, it is Mébius invariant

inthe sense of || foyp ||g,=|| f ||s, for all f € B, and ¢ € Aut(D). For convenience of notation,

we also write B, = B, the Bloch space. Note that Bs is the classical Dirichlet space. The
40

Besov space Bj consists of analytic functions f on /) such that f(z) = el Uy, (2) with
+2 lan| < 400, where A, € D. Put

-+-00 +4-00 i
1S 1Be=inf{}_ lan| : f(2) = " anpr,(2)} -
na=l n-=1



It is clear that By ¢ H.
Let a > 0. Then «a-Bloch space B* of D is defined to be the space of analytic functions f
on D such that
I/ llmi== sup{(1 = |2} |/P(2)] 12 € D} < oo
And the little a-Bloch space of D, denoted B, is the closed subspace of B® consisting of
functions f with (1 — |2[%)2fM)(z) — 0 (Jz] — 17). And for 1 < p < 400, pa > 1, the a-Besov
space By of D is defined to be the space of analytic functions f on D such that

[ a1z |10 dr(e) < +oo
D

Note that B!, B} and B; are the Bloch space, the little Bloch space and the Besov space,
respectively.
Let 0 < r < +00. Then for a function f on D, let

Filz) = —

Do) Jpgey 1A (€ D)

For a function f on D, the following is called the oscillation of f at z in the Bergman metric
(I8 , p327)) :
sup |f(2) — f(w)] ,

we D(z,r)
and the following is called the mean oscillation of f at z in the Bergman metric :
‘ ) R
— z) — f(w)|dA(w) .
B S 17— 1) dAw)
In this paper, we also call the following the oscillation of f at z in the Bergman metric : For

O[-F,[)):l, a’ﬂ6%7

sup
weD(2,r)

@)= f@)], sup 1=z -]wf)°

weD(z,r)

w)l

And we also call the following the mean oscillation of f at z in the Bergman metric : For
a+pB=1apchR,

1 1 2 g|f(z (w)
— f(2) - f(w)|dA(w) , —— 1-]z]")?(1—|w
D] oo 1)~ FON A oy [ lal oy [FE 2

Then by elementary calculation, we see that there are some constants Cp,Cs, K1, K2, K3 > 0
such that

sup |fo(2) = f(w)] < Cu sup |f(2) = f(w)]
weD(z,r) weD(z,r)
< G sup (1= 231 - juf?) }f “’)'
weD(z,r)
e [ |R@ - fw)|dAw) < s [ ()~ ()] dA(w)
Dz Jp(en) = D(z0| Jnen
< Ko (1= a1 - )P L2210 )

|D(2,7)| Jp(z)

Kz sup |[f(2) = f(w)] .
weD(z,r)

zZ—w

iN
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Using these oscillations and mean oscillations, in Section 2 we characterize the Bloch space B
as the following :

Theorem 1.1. Let p>0and o+ 3 =1, o, f € R Then for an analytic function f on
D and for r € (0, +00), the following statements are equivalent :

(1) feB;
(2) sup( sup |f(z) — f(w)] > < 400 ;
z2€D \weD(z,r)
@ < (2,7)] / z'r) (w)[PdA(w )) < +00;
@ jgg <|D (z,7) |/ D(z7) log™ (|f(2) = f(w )l)dA(w)) < 400 ;
(5) < sup |fr(2) — f(w)| ) < 400 ;
weD(z,r)
(6) [I; (|D , D(zr) lfr(z) — f(’w)lpdA(w)) < 400 :
(7) (|D (z,7)] D(;,r) og™* (lﬁ(z) —f’(w)l) dA(w)) < foc ;
(8) sup{ sup (1~|z*)(1- |1|)ﬂ'f f(w ‘ s z€D, z#w } < +o0;
weD(z,r) .
: @ ap | f(2) = [(w) P 7 .
(9) SEB <W)—I D(z,'r)( 'ZI ) p( |,w| ) ’ Z—w dA( )> < +00

zZ€ED

1 . Na flz) = fw)
(10) sup <m /D(”) log™* ((1 — 1231 - |w[?)? }_—_—;—_w—b dA(w)) < +00.

The above equivalences of (1) , (2) , (3) , (6) were proved by K.Zhu ([8, p328]) in the case
of p> 1. Similarly, in Section 3 we also characterize the Besov spaces B, as the following :

Theorem 1.2. Let o + 8 =1, a, € R. Then for an analytic function f on D and
p > 1 and for r € (0, +00), the following statements are equivalent :

(1) fe By ;
P
2) /D ( Sup 1f() = f(w)l ) dA(2) < +00 ;
(3) / . 1f(2) = f(w)[P dA(w) | dX(z) < +30;
D ID(Z17)I J D(z,r) ’ C Y
1 P
(4) / ('D(z, )I D) |f(2) — f(w)| dA(w) ) d\(z) < +o0;

4



p
fr(2) = fw)) ) dA(2) < 400 ;

fr(z) = f(w) pdA(w)) dM(z) < +00 ;

( 1 i p ) .
(7) /D <|D(z,7’)| D(er) fr(2) = f(w)}dA(w) ) d\(z) < 400 ;

sup (1= [#f(1 - oy | L2100 >pd)\(z) < oo
weD(2,7) Z—w
1(2) = fw) P

1 — [212)2P(1 — |w|?)PP
(L= =) (1~ fuwf?)?? | 2

|D(2,7)| JD(z,r) dA(w)) dA(z) < 400 ;

1 f(z) = f(w)

Z—Ww

(1= 121 = [wl*)?

S|
~

)| JD(zr)

dA(@) )pd)\(z) < +00 .

The above equivalences of (1) , (2) , ( , (4) , (6) . (7) were proved by K.Zhu ('8, p328j)

Remark 1.3. ForanyzEDletg(u)-‘ L2 h(u) = |f(u) — f(2)] (u€ D) be
subharmonic function on D. Then we can prove that the iollowmo qua.ntltles are equivalent :

(@)  sup |f(2) = f(w)] ;

weD(z,r)

1
|D(2,7)| JD(z,r)
(@ sup (1-[z)*(1-

weD(z,r)

L L1231 — w]?)?
@ B o, @ 170 = o)

1f(2) - fw)| dA(w) ;
] )a'f f(w)

’

( {U() (w) .

The following Theorem A explains why B; as defined above is compatible with the other
Besov spaces B, (1 < p < 0o).

Theorem A.([7, p90]) If f is an analytic function on D, 1 < p < -+oo and n > 2 is an
integer, then f & B, if and only if ’

(1~ |2[)"f™(2) € LP(D,d)) .

On account of Theorem A, we would like to give characterizations of the Besov spaces B,
(1 < p < o0) using the n times derivative of a function on D by the oscillations which are used
in Theorems 1.1 and 1.2. In Section 2 we give Theorems 2.3 and 2.7 generalizing Theorem 1.1.
And in Section 3 we give Theorems 3.3 and 3.5 generalizing Theorem 1.2. We should note that

<



Theorem 1.2 does not hold for p = 1 while Theorems 3.3 and 3.5 do for p = 1.
Finally, we define the spaces B(™), B(()"), B{',n) (p > 1) as the following : Fix n > i; integer,
then

B™ .= {f e H(D);
n lf('.n—-l)(z) — f=D) ()

sup{(1 — |2|*) 5 (1 ~ |w[*)? z—w

s L, wWeED, w#z}<+o00 },

B :=={f e H(D) ;
fOD(z) — [ (w)

zZ—=Ww

Jim_sup{(1 - 2% (1 - |wf*)# sweD, wtz}=0 },
Z|— 17

B{™ = {f € H(D) ;

/D/D(l — |22 BP(L - [uw]?)3P

Forn =1, BY = B s Jjust the result which was proved by F. Holland and D. Walsh [3], and
B(()l) = By is just the result which was proved by K.Stroethoff [6]. We prove B(¥) = B and
Bé2) = By in Section 4 ( Theorem 4.2 and Corollary 4.3 , respectively). However for n > 3,
B™ = B does not hold because the function f(z) = log(1l — 2) is in B but it is not in B™
(Example 4.1). As a result we see the following : For n > 3,

P

FPD() - F D ()

dA(z)dMw) < +o0  }.
z—w

B cBP =B" =By, B c B® =B =B, B#BM .

Moreover it holds that BMOA ¢ B = B = B, but it does not hold that BMOA c B™

for n > 3 because the function f(z) = log(1 — z) is in BMOA. On the other hand, for n = 1,

' ,(,1) = Bp(p > 2) is just the result which was proved by K.Stroethoff [6]. For n > 2, we could

not prove B,g") = By, but we see the following : For n = 2, B,(,Z) C Bp (p > 1). For any n > 3,
B c B, (p>1). \

In Section 5 we will also characterize the a-Bloch space B* and the little a-Bloch space

B§ and the a-Besov space By as well as the Bloch space B and the little Bloch space By and

the Besov space Bp, respectively.

‘Throughout this paper, C; , K; fori=0,1,2, C', K will denote positive constant whose
value is not necessary the same at each occurrence.

The author wishes to express his sincere gratitude to Professor Takahiko Nakazi for his
many helpful suggestions and advices.

§2. Criteria for membership of the Bloch space



In this section we shall use the following Theorems A , B, C, D to prove Theorems 2.1,
2.3 and 2.7 and Corollaries 2.2, 2.5 and 2.9. Theorem 2.1 and Corollary 2.2 were proved by
K.Stroethoff [5] in the case of n = 0.

Theorem B.([4, p409]) Let n > 1 ; integer. If f is an analytic function on D, then
the following quantities are equivalent :

(A 1 Fls;

(B) sup{(1—|2)" [£™)(2)

-1

;z€ D} + Z lf(k)(O)‘ .
k=1

Corollary C([4 , p410]) If f is an analytic function on D and n > 1 ; integer, then
f € By if and only if
(= 1) fM(z) =0 (jo] = 17).

Theorem D.(|7, p83]) If f is an analytic function f on D, then f € By if and only
if
I f=fels—0 (1 —-17),
where fi(z) = f(tz) for all z€ D and t € (0,1).

Thoerem 2.1. Let 0<r <1 and fixn >0 ; integer. For an 'ana.lytic function f on D,
the following quantities are equivalent :

4 I1fls;

(B) suwp sup (1— AP () - FO0)]
AED 2eA(A )

where A(\,r) = {z € D; |pa(2)] < r}.

proof. When n = 0, it was proved by K.Stroethoff [5, p129]. Since the proof of the case
n = 1 is simpler than the proof of the case n = 2, we shall prove it only for the case n = 2. In
the case of n > 3, because it is proved easily by induction, we shall omit to prove it.

When n = 2, fix 0 <7 < 1, and let f be an analytic function on D. The following identity
is easily proved by a direct calculation : '

F®(0) = 34/ 2P (2)dA(2) .
™™ JA@O,r)
Hence we have 2
_ |
0]<2 mp 0]
r ZGA(OJ‘)

Replacing f@ by f@ o ¢y — f)()), we have the following inequality :

(1- ) |[fO)] < 2

sup |f®(z) - fAW)| .

T 2eA(N7)



Hence we get

- sup sup

sup(1~ A2 r9 ()] < 2
AeD T XeD zeA(, 1)

By Theorem A, it follows that f € B.
To prove the converse, let |w| < r. Then for all w € D

‘f<1>(u,) _f(n(o)l < /1 w| 'f@) (tw) ldt
= nr '“l" :
< Clile s
Replacing f by f o), we get
’ 2 [fO@®@) Lyl pn T
(1= 127 = )2 — Bz f ”B 1,2
We have also for all w € D » ;
l FO ) - f<2)(0)‘ < / 1 |w| ] FO(tw) ldt
< Ol =
Replacing f by f o ¢y, we get
(2) ) .
rgsda- ey el 188 pe o
,
<C|fls =2

Hence we get the following estimation by (2.1.2)

~ NP2 -

(L= N2 @) - fAN)|

- (2.1.1)

22 DN (AP - 1)

f
(1-IAPY? (Tf—”;‘—))l 790
W (s (w

<ON Sl gtz +2 (- ) (LBl gy
I ) Vo) | [Voaw) _
= O b g + 2= ) () - Fs) « T oy

’ 1 fD(ea(w)

< €ISl g + 2P 0= ) | G — 19 ou )

r2 (- ) (L)

<Ol (g + 2 G B0 )] 42 1 s
<CK| s -



Hence we get for |w| < r
(1= X2 | £ (pa(w)) - FA)]

£ (pr(w)) (1 ~

(1 —dw)4

(50/\ (w)) f(2) (\)

T

< @1-PP)?

<K|fls -

)

Thus we have

sup sup (1= [A%)? |2 (2) — FA()
AeD zeA(\,r)

Corollary 2.2. Let 0<r < 1andfixn >0 ;integer. For an analytic function f on
D, the following statements are equivalent : '

(A) feBy;
(B)  sup (1—PP)"|f(2) = FMO)| -0 (A —17)
2€AAr)

where A(A,7) = {z € D;|pr(2)| < r}.

proof. When n = 0, it was proved by K.Stroethoff [5 , p131]. When n > 1, this is an
immediate consequence of Theorem 2.1. a

Theorem 2.3. Let p > 0 and fix n > 0; integer such that n = o + 8, o, € R. Then
for an analytic function f on D and for r € (0, +00), the following statements are equivalent :

(1) feB;
@ wp(sw “"Vﬁ%rwwﬁﬂwwa~ﬂmwn><+m;
zeDD \weD(z,r) |
@ (ID(z )| /b, r)( = )P (1~ )11 (2) - f(">(w)|PdA(w)>" < 400 ;
@ <Wzﬂlmmbf“ =120~ [l () ﬂWmemﬂ<+m;
(5) ( sup ]z|2)a(1 — |u’|2)ﬂlf/(;)r(z) _ f(n)(w)l ) < 400 ;
weD(z, r)

==

|D Z, 1 |/ (1 e |z| )ap(l |wl )ﬂp'f(n) (2) f(n)(w)lpdA(w)) < 400 ;

(7): (

ID(Z r | D(z " log ((l - |Zl “ 1 - |U)| )ﬁlf(n)r(z) - f(n)(U))l)_dA(u’)) < 4o00.



proof. Firstly, we prove that (2) implies (1). Fix 0 < r < 400, and let f be an analytic
function on D. The following identity is easily proved by a direct calculation :
g
2
fo(0) = = / M (W)dA@w) , - (23.0)
§* JD(0,r)

where D(0,7) = {u € D;|u| < s} , s = tanh r € (0,1). Hence we have
2
s

<

(o)

sup If('n)(u)'.
ueD(0,7) *

Replacing f™ by ™ o, — f(z), we have

(1 _ |Z|2) lf('n,-1~1)(z)‘ < g sup
§ weD(z,r)

S (w) - f™()| .
Since (1 — |2|?) is comparable to (1 — lw|?) for w € D(z,r),

sup(1— (=)™ [0 () < % sup s (1 — 2P [ £ (w) - f™(2)|

z€D 8 z€ DweD(z,r)
< Csup sup (1= |2*)*(1— [wf’)? |f™ (w) - 1(2)| -
€D weD(z,r)
By Theorem- A, it follows that f € B. Thus we have proved that (2) implies (1). _

To prove that (1) implies (3), assume that f € B. Then by Theorem 5.6 in {2] and by
making a change of variable formura and by using j'D(w,r) dA(z) £ C < +oo and the fact that
(1 - |2|?) is comparable to |1 — wz| , (1— |w|?) and | D(z, 1)|% when w € D(z,r), there exists
a constant K > 0 ( independent of f) such that

1 ) | n n, P %
20 (BT o1~ 70 = |00 = £ )
up | eln {1 P(l—ll) , %
< Oflelg (/D(m)(l — |22)P lf( Nw) = fM (2 )‘ T (u))
= C'sup (/ (1 - |z|2)np ‘ © ‘Pz(w) f(n) © @z(o)}p dA(w)) ’
zeD \JD(0,r)

z€D

< Kisup ( Lo (L 12 = 2P |77 0 ) V) dA<w>)

= Ki sup ( Lo L 1Y =l )2 [0 0 s ) dA<w>) "

zeD

=R (/D(z,r)(1 B Ile)np(l B le?)p 'f("*'l)(“_v)l (|1 -- |:|_|)4 dAw )) p

z€D

1
p
< Kpsup | sup (1-— jw|?)"H! lf("’“)(w)‘ / I_Zui'dA(’w)
2€D \ weD(z,r) D(z) |1 — 2w’

< C1Kssup(1 ~ w?)D | D )]
zeD ;

10



Hence we have by Theorem A

[

(1= 2221 = |w[*)?? | 1) (w) — £(2)

1
su ———
seb (|D<z,r>| Diz)

Thus we have proved that (1) implies (3).

p 7
dA(w) ] < +o0.

We prove that (3) implies (2). In fact, since |g(u)|P is subharmonic for all analytic function
gon D for 0 < p < +00,
C‘f

90 < 537 Jown

|g(u)|PdA(u), - (2.3.2)

for all analytic function g on D . Replacing g by f™ — f(®(z),
C

|D(w, )| JDtw,r)

£ w) = £ (2)

I’ £ ) = f™ () dAw) |
Since D(w,r) C D(z,2r) for w € D(z,r) and there is a constant K > 0 such that

c___K
|D(w,7)| = [D(z,2r)] ’

and that (1 — |2|2) is comparable to (1 — |w|?) for w € D(z,r), we have
sup (1= [2)*(1 = [w])? | ™) (w) - f(2)|
weD(z,r)

<C; sup (1-— |Z|2)n If(")(w) - f(")(z)l
. we€D(z,r)

Al

'—Kl ‘ n n n) .\ |P
s (lD(z, 57 Sy 1 10 = 10 dA(u))

i~

p

K ' Q; n)(, n P c
< <m D(z’2r)(1_|z|2) P~ )P ™) (w) - ¢ >(z)| dA(u)) L+ (2.3.3)

Thus we have proved that (3) implies (2).
Next we prove that (2) implies (5). Since (1-—|2|2) is comparable to (1—|w|?) and | D(z, r){%
for w € D(z,r), we see v

sup (1= [2")(1 = |wf*)?| 70, (2) — [ (uw)))
weD(z,r)

: . r | , . :
< (1= 25" sup (m,—”—' '/D(”) (j'("'-)(w) - f(“)(u)) dA(u)

weD(z,r)

F () - f("”(U)D
<C-1lz" sup { sup (|f™(w) = fD )|+ | (z) - f(w)])}

weD(z,r) ueD(z,r)

<C(—[2)" sup | sup
weD(z,r) \ueD(z,r)

<CQA - |2 ( sup

weD(z,r)

™ () — f(")(z)' + sup
u€ D(z,r)

f™ @) - f(")(Z)D .

11



Hence we have

sup (1= [2)(1 = [w[)P| 70, (2) — £ (w)))

weD(z,r) .
<20 sup (1= [ (w) - 109(2)]
weD(z,r)
<2CK sup ((1——|z|2)°'(1—|w|2)ﬂ‘f(”)(w)— f(”)(z)’). e (2.3.4)
weD(z,r)

Thus we have proved that (2) implies (5). That (5) implies (6) is trivial.
Next we prove that (6) implies (5). Applying ¢ = f(™ — f() (2) to (2.3.2),

¢ (M) () — fF(m) P
’ = [D(w, )] Jpgws F™(w) = 1t ),.(z)I dA(u) .

Hence we have the following as well as (2.3.3) :

7)) FO, (2

sup (1 —|2|%)*(1 — |w[?)? ‘f(n) f(”) (2 )'
weD(z,r)
__..](1— _ 2 . 2 (n) _ A’n Y4 1_17
= (ID(z,QT)[ D(z,m(l |21%)°P (1 = ul)P | £ () ~ £ ) (2)] dA(u)>

'Thus we have proved that (6) implies (5).
Next we prove that (5) implies (1). In fact, we also get the following equation as well as
(2.3.1) : For all analytic function g on D,

2

Mo
g () 54 D(0,r)

ug(u)dA(u) ,
where D(0,7) = {u € D;|u| < s}, s = tanh r € (0,1). By using the above equation, we get

|90 ]< /D(O NEQIEZIORERCES

Applying g = fMop,— f Fm) ~(z) and usmg Hoélder’s inequality and using the fact that (1 —|2|?)
is comparable to |1 — Zu| and |D(z, 7)]2 for v € D(z,r), for p> 1

I R

“(/
D(z,r)

< (lD(z - ,/ o) ™ () - f(") (2 )l dA.(u)) - (2.3.6)
1)~ J,(2)]

1

1™ 0 o u) = F,(2)| dA(m) "

- 7o G )

S =

IA

‘1
./

sup
u€D(z.r)

Multiplying the both sides by (1 — |2|2)", we see that
(1 _ Izl2)(n-+—1) "f(n+])(z)’

<Ky sup (1-|22)°(1 - [u[?)? }f(m(u)_f(?)r(z)‘.
u& D(z,r)
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By Theorem A, that (5) implies (1) is proved.
To prove that (4) implies (2), suppose that

sup

1 . 1al2yar1 2\B} r(n) __g(n)
w09 (577 oy 8 (L= 2P0 = P10 =1 () 4(w)) < oo

Since log* [g(w)]| is subharmonic for all analytic function g on D,

n C
log* |g(w)| < Dlw, )|

gt dA(u) .
'LU, 7,)| ] [)(‘w"r) loo |g(’U,)| (ll/)

Applying g = (1 — |2|*)" (f(") - rf(")(z)), there is a constant C' >.0 such that

CY

T (n) w) — (n) .
1D(w, )] g f™(w) = £™(2)]) dA(w)

log™ ((1 = [2%)" | f™ (w) - f™(2)]) < log* ({1 [#f%)"

Since D(w,r) C D(z,2r) for w € D(z,r) and there is a constant K > 0 such that

¢c . __K
|D(w, )| = |D(z2r)] 7

log™t (( ( 1—|z%)*1 - |w ’f(" w) — fM( z)l
< Crlog™ ( ‘f(") — f™(2) D
(

G log* (1= [2)" |/ (w) - f™)(2)|) dA(w)

|D(’Ll) 'f‘)| D(w,r)
(lD(z 2| / 22,)1"% K(1—|2/%)%(1 - Iulz)"{f(")(u) ——f(")(z)DdA(u,)> e (2.3.7)

IA

IN

= I,
<|D<z, 2r)] /(e 2

=M < +oc .

tog ™ (1= s)"(1 = uf2)? [/ w) = £™)(2)]) dAw) +log* K)

Since z < exp (log* ) (z > 0), for any z € D

sup (1= [2)°(1 = [w2)? [f™(w) - f(2)]) < exp M < +0 .
weD(z,r)
Thus we have proved that (4) implies (2). That (2) implies (4) follows from logt z < z (z > 0)
easily. We can also prove the equivalence of (5) and (7) as well as the equivalence of (2) and
(4). This completes the proof of Theorem 2.3. O

Remark 2.4. Carefully examining the proof of the above theorem, we see that they
also hold for (4*) and (7*) instead of (4) and (7), respectively : For a rmonotonically increasing
convex function ¢ on R' such that »(0) = 0 and for some constants C, K > 0,

() supso-*(lDK o (ca- 1P —-|wl2>*’_{f-<")<z>—f<“><w>|)dA<w)><+oo,

2€D (z,7)| JD(zm)
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(™) supy? (W—K* so(C(l—1212)"‘(1—lw|2)ﬁ}f/(;)r(z)—f(")(w)])dA(w))<+00-

zeD (zv 7‘)| D(z,r)

Corollary 2.5. Let p> 0and fix n>0; integer such that n = o+ 3, a,3 € R. Then
for an analytic function f on D and for r € (0, +00), the following statements are equivalent :

(1) febBy;
(2) lim ( sup (1—Izl2)"(1—lez)"lf‘-"’(z)—f‘")(w)l>=0;
lz]—1~ wED(z,,r)

C122YP(1 — ol2)PP[ £ () — () (g _0.
B Joey 1= 170 = P17 - 1 <u>|pdA(w>) 0;

(4) lim ( sup (1 —|2)%)*(1 - |w|2)ﬁ|f/(’7'),.(z) — ™ (w)] ) =0

IZI~*1‘

|zf—1= weD(z, 'r)

(5) lim

2| =1~

| D—;;—‘ ey (L 1 = )10, (2) f<""><w)|m<w>> =0

proof. This is an immediate consequence of Theorem 2.3. In fact, let 0 < r < +00 and
fix n > 1; integer such that n = o + 8, @, € R. For an analytic function f on D and for
2r > 0, suppose that

|z|—1—

: 1 o ) . )
lim (]D(z )] Jar )(1 — 2)2)P(1 — |w]?)PP| £ (2) — J¢ )(w)lpdA(w)) —0.
Then by (2.3.3)

sup (1~ [2*)*(1 ~ [w[*)°|f ™ (2) - 1 (w)]

w&D(z,r)
L

<c (,—D—(l— (L= 14221 — [w?)??] £(2) - f("’(w)l”dA(w)) ’

Z, 27)] D(z2r)

Thus we proved that (3) implies (2).
To prove that (1) implies (2), suppose that f € By. Let fi(z) := f(tz) (0 <t < 1). Then
for f(z,w) < r, by Theorem 2.3 .

sup (1= [2%)%(1 = )P |(f = £)(2) — (F ~ )P ()| < C 1L F = fe s -

wED(z,r)

Hence
sup (1= [#)(1 = [ul?) |1() — £ w)|
SONS=Lells + sup (1= ()1~ ) |£7(z) ~ £7(w)

eD(z,r

2\n
<CII=fills +K G sup (1 Jeaf)e(1 = o) £02) - 1))
weD(z,r)

<olr-nls +ie G 1,
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In the above inequality, letting |z| — 17, the second term on the right side converges to 0, and
moreover letting ¢ — 17, by Theorem D the first term on the right side also converges to 0.
Thus we have proved that (1) implies (2). That (2) implies (3) is trivial. That (2) implies (4)
follows from (2.3.4). That (4) implies (5) is trivial. That (5) implies (1) follows from (2.3.6).
That (4) implies (2) follows from (2.3.7). That (2) implies (4) is trivial. This completes the
proof of Corollary 2.5. ]

Remark 2.6. Carefully examining the proof of the above corollary, we see that the
following are also the equivalent conditions : For a monotonically increasing convex function
@ on R! such that ¢(0) =0 and for some constants C, K > 0,

o K ) N )
© Jfm_e 1<|D(z,r)[ D(z,,,)‘f’(c(l"" |2%)2(1 = Jwf?)? |1 (2) - f¢ ’(w)|)dA(w)> =0,

i B K_ | ) 2ya (n) n .
@ lz}gg‘ o (lD(z,r)i D(zr) ¥ (C(l — 2%t = [w[*)? '/( ).(2) - ff )(w)’) dA(w)> =0.

Theorem 2.7. Let p > 0 and fix n > 1; integer such that n = e+ 3, a,8 € R. Then
for an analytic function f on D and for » € (0, +00), the following statements are equivalent :

(1) feB;

(2) sup{ sup (1—|z*)*(1-|w)”
weD(z,r)

SO D(z2) — f("‘”(w)l

s 2€D, z£w } <400
z—w .

(1= [2*)°P(1 — Jul?)*

1
3) sup| ——
) zeB<|D<z,r)| Der)

1 . e ,
W §2g<|D(z ). I)zr)l og” <(1‘lz| )*(1 = w] )ﬁ.

proof. This theorem can be proved in the same order with that of Theorem 2.3, but
we prove it in different order. Firstly, we prove that (1) implies (2) by using the induction.
Suppose f € B. By Theorem B, we have

f () = fr D (w) [

z—w

dA(w)) ’ < 400

F0(2) = [ D (w)
)

z —

) dA(w)) < +oc .

1 FOD(y) - f<n—1>(0)} < /0 1 |ul }f‘")(t“)‘ dt
< Ol [ et
= CIIfIIB/OW| (Tjiiz)n
< O ba e

for allu € D . For any z,w € D), replacing f by f oy and applying u = ¢, (2), we have

(0 0™ Dlu(a) = (7 0 )™ DO < C | Fo 0wl it -



;

Moreover by an elementary calculation, we get

23 | 220) "V (u(2)) = (f 0 2u)"(0)

<—wW

(L=12)8(1 - Ju|

1 |w—z| [1 - @z|2(n-1)

28 ‘
) = e T e s 2D (1 = ) (nD

o |1 — EEIZ’H-—B

=C| fls T e
(1= [2) (1~ [wf?)E-D

<CIf s 11 -a™

The last inequality follows from the fact that |1 —z| is comparable to (1 —|z]?)
(1- |w| ) because B(z,w) < r. By an elementary calculation, there are some constants

{Cr}?21 such that

(1-]2})% (1—|w| )2
|z —

SCII/IlBll—wZI" 1,

nzl{f o %%k‘f‘k)(w (jwl? - 1)*}@)~*-1¢y

where (5,1 = 1. Dividing the both sides by |1 — wz|""!, we have

~ |22 g |nd F : ,72—-l‘k N pm ke
(1 |Z|,i_(w| |U’| )2 Z{f(k) (w — 11)2L_1 —f(k)(w)((ﬁl)tl_ 1)n)*1}(w) k e}
<Clfls-
Moreover

n—1

n— 2 k+n—1
w|® —1 .
(l | ) ) }(w) k ICk

Z{f k) (wz )I.,—n--l»l - f(k) (’LU) (7172 - 1)2(n—l

(1= 1231 = jw’)? [@z—1
|z —w} (1 — [w|?)n—1

Since —@z—lﬁl—-i > C for B(z,w) < r, we get
(1—|w|*)n—1

n

)L«i n—1

—nt N
Z{f(k) )k 1 _ f(k)(w) (@7~ DTD

1- |z|2)’-3(1 ~ [wl?)

o Ha) i |

<C| fls
By the way, we put
n—-1 2 ktn—1
. _ N : wj”—1 o m—k—
N = Z{f“”)(z)(wz- 1)kt p(R) (4 ((lwlz* 1))‘2(n~1) Y@)" G
L (’w| — 1 Al n—k—1
P e Y@ G

— 1)2(n-1)
(1), _ pln-1) lwl 1)
+f (Z) f ( ( Wz — 1)2(" 1)

)12 - 1)2(n-1)
= M+ f(n_l)(z) - f(nwl)(w) ((’;'z _ 1))2(n—1) )

- Z{fk) z) )k n+1
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Then we have

(11281 - |w|25# [ 0(z) = D (w)

2
Z—w

< —w

L O LT Vil Ry R CSS TO

; Y a Wz—1)2(n—1)
<C| flle+1=2*)2 (1 - |w?)? (wz—1) T

=Cllfls +L.
The triangular inequality shows that

(L)~ w2
|z — w]

(juf? = e

L<
(mz . 1)2(n—--1)

- 1' ‘f("—l)(w)l + M|} .

The following inequalities are proved by using an elementary induction :

(L— 122 (1~ w2
|z — w|

(jwf* — 1)V

(@z — DD

D) <l s -

(1123 (1 - [wl*)?
|z — w|

M <C | fls -

Hence we have that

D) - 10D w)

Z—=Ww

sup{ sup (1—]2/)Z(1-|w/®)?

weD(z,r)

\‘; ze€D, z#w } < +00.

Since 1— |2|? is comparable to 1— |w|?> for w € D(z,7), we have

F () - f D (w)

< — W

sup{ sup (1—|2*)*(1 - |w[*)”
weD(z,r)

; 2€D, z#w <400,

Thus we have proved that (1) implies (2). That (2) implies (3) is trivial.
We prove that (3) implies (1). In fact, since |g(z)|P is subharmonic for all analytic function
gon D and p > 0, we have

By

¢ lg(w)[? dA(w)> ’

9g(2)| £ | =
|( ) > <|D(Z,7')| D(z,)

(n—1)(5)— fln—1)
o SO W) e

z—w

for all analytic function g on D. Applying g(w)

(n) c S D(z) - fO D (w)
s (”‘§<uxAmuéuﬂ

Z—w

P -
dA(w)) e (27.0)
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Multiplying the both sides by (1 — |2]?)", we have

sup(1 — |22)" | £™)(2)
zeD
) i
c 2 2y | £V (2) = SO D () [ P
< — [2]2Y2P(1 — [p]2)5P dA )
< sup <|D(z,r)l D(w)(l [2]%)*P(1 — |wl|®) p— (w) | < +oo

By Theorem A, we have f € B. Thus we have proved that (3) implies (1).
To prove that (4) implies (1), suppose that

: (1= 2~ [w]?)?
fev(u)(z, N o (“' 12157 = fwl)

Since log™ |g(w)| is subharmonic for all analytic function g on D,

F D) — [V (w)

< —w

> dA(w)) < 400.

08" 19()] < iy [ o lgtwldA(w)

Applying g(w) = (1 — [z|2)"f(n_”(z)_'f("—l)(w), there is a constant C > 0 such that

zZ—w

log™ ((1— |2 |f™(2)))

c + [ ayn | S 0(2) = fO D (w)

f(n—] ) (z) _ f(n—l.) (,w)

Z—w

) dA(w))

1 ) .
< (Csu logt [ K(1 - |2]2)2(1 = jw|?)”
o0 ([ o 8" (U= 0 - iy

_ 1 ' + 2\ | S% D (2) = [ D (w) _—_—
= C’:lelg (I—D(—Z’T)—I Do) log* ((l - 12]%)*(1 - |w|?)? P dA(w) | + Clog™ K
= M<+x

Since z < exp (log* z) (z > 0), we have
" ’f(")(z)1 <expM < +o0o (z€ D).

By Theorem A , we have f € B . Thus we have proved that (4) implies (1).
That (2) implies (4) follows from the fact that log® = < z ( > 0) easily. This completes
the proof of Theorem 2.7. O

Remark 2.8. Carefully examining the proof of the above theorem, we see that the
following are also the equivalent conditions : For a monotonically increasing convex function
@ on R! such that ¢(0) = 0 and for some constants C, K > 0

(5) supy™! (———K— so(C(l—IZIz)a(l oty [0 = S 1)(“”DdA( ))

z&D |D(Z, 71)' D(z,r) Z—w
< 400 .

18



Corollary 2.9. Let p > 0 and fix n > 1; integer such that n = a + G, o, 3 € R. Then
for an analytic function f on D and for » € (0, +00), the following statements are equivalent :
(1) febBo;

p . (n—1) __ p(n=1)
(2) lim { sup (1 — |z|2)a(1 _ |,w|2)/3 lf (Z) f (7.1))
jz]—1— weD(z,r) | Z W

(r f£(n— s
s ).

i 2€D, z#£w}=0;

. 1 . b
3 lim | ——r 1 — {2|5)°P(1 - |w|?)PP ==
3) lz|_>1-(|D<z,r>| [ A=) =

proof. This is an immediate consequence of Theorem 2.7. In fact, let 0 < r < 400 and
fix n > 1; integer such that n = « + 3, o, 3 € R. For an analytic function f on D, suppose
that

S D(z) = f0=D(w) ' swe D, Bzyw) <r,z#w}=0.

lim sup{(1 —|2/%)*(1 = |[w|?)?
[zj—1— Z—w

Then we have
(1= 123" f™(2)]

= lim (1 - [2[)*(1 = Jw|*)”

£ () = f D w)

w—z Z—w
r(n—1) . f(n-1)
< sup{(1— [2)(1 ) |20 ¢ D (e ) <z £ )

-0 (Jz2] = 17) .
Hence Thorem C implies that f € By. Thus we proved that (2) implies (1).
To prove that (1) implies (2), suppose that f € By . Let fi(z) := f(¢z) (0 <t < 1). Then
for (3(z,w) < r, by the proof of Theorem 2.7
(f = 0™V (2) = (f =~ f)™ D (w)

=W

<Clf-fels -

I
(- Je)7 -

Hence we have

F () — f D (w)

zZ—w

(1= |21 = jwl*)?

tn_lf(n—l)(tz) _ tn—lf(n—l)(t,w)
Z—w

SO =Fellp +(1 =12 - |wf’)?

Next estimating the second term on the right side of the above inequality, by the proof of

Theorem 2.7

1l fn=D g2y — -t pn=1 (gqp)
z—w

(1 =121 - w|?)?

f O (te) - fO D (tw)
tz —tw

(= )1~ )
(1= jtl?) (1 — [w[?)®
t’n

< K(f‘_tT)n(l ~ 2@~ )| S lls

(1= [t2)*(1 ~ [tw]?)?
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Since (1 — |2|2) is comparable to (1 ~ |w|?) for B(z,w) < r, we see that

rn=1)7.y _ pln—=1)(,. 1
alf \22 qu (w) 1 sw € D, B(z,w) <ryw # 2 }

I

sup{(1 — [2[*)*(1 - [w]?)

< - _ e
In the above inequality, letting || — 17, the second term on the right side converges to 0, and
moreover letting ¢ — 17, by Theorem D the first term on the right side also converges to 0.
Thus we have proved that (1) implies (2). That (2) implies (3) is trivial. That (3) implies (1)
is clear by (2.7.1). This completes the proof of Corollary 2.9. O

Remark 2.10. Carefully examining the proof of the above corollary, we see that the
following is also the equivalent condition : For a moénotonically increasing convex function ¢
on R! such that ¢(0) = 0 and for some constants C, K >0,

(4) tim gt (—’i~— 90(0(1—|ZI2)°‘(1~IwI2)"’ f("wl)(z)—f(n—l)<w))dA(w))=0.
|

2] =1 ID(z,7)| JD(z,r) zZ—w

§3. Criterior for membership of the Besov space

The following Lemma 3.1, Lemma 3.2 are used to prove Theorems 3.3 and 3.5.

Lemma 3.1.([7, p75]) Let 0 < r < +o0o. For any p > 1, there is a constant Cp > 0
such that

[ f@PdAG) <G, [ 2P dAG)

for any analytic function f on D , where sD = {w € D;|w| < s} = D(0,7) , s = tanh r.

Lemma 3.2. Let 0 < < +oc. For any p > 1, there is a finite constant ' > 0 such
/ g(z) — 9(0)
sD

z
for any analytic function g on D, where sD = {w € D;|w| < s} = D(0,r) , s = tanh r.

that
P

dA(z) < C / ) o0 (1 - |22)PdA(2)

proof. Let g be an analytic function on D and let

sD = {w € D;|w| < s} =D(0,7), s=tanhr.



"Then for any p > 1, there is a constant C,, > 0 such that

o

M'n dA(z) < G / ,19(2) = g(O)P dA(2)

< K [_oO@f a-letraa)

The first inequality above follows from Lemma 3.1, and the second inequality follows from
Theorem 5.6 in [2]. | .

Theorem 3.3. Fixn > 0; integer such that n = a+ B, a, 8 € R. Then for an analytic
function f on D and for r € (0,+00), for p > 1 in the case of n = 0, and for p > 1 in the case
of n > 1, the following statements are equivalent :

(1) f€By;

(2) L(wesgg,r)(l—lzlz)( — [w)? | (2) - f‘"’(w)\) dA\(2) < +00 ;

®) /p(| (‘i‘m D(Zﬂ.)(l—lzlz)"”(1~le"’)””}f‘"’(z)—f‘"’(w)I”dA(w)) dA(z) < +00 ;
(4) /D (l—l—?—(i,.v_')"l D(m(l—|z|2)°‘(1_|w|2).8 |f(")(z)—f(")(’w)|dA(w) )pd/\(z) .
(5) /D <w§2>18,,.,(1"'z|2)a(1‘|“’| 817, (2) - £ “’)l) dN(2) < 4o

) / (ID(i M Joger 1= 1e?)?(1 ~ )’ ”lf"\‘)r(z)—f‘"’(w)[pdA(w)> dA(2) < +00 ;
0 /D(wé,r)n ey~ 11 = 0P | 79,2) = 1) )| dA ) )pdx<z><+og.

pI‘OOf Let 0 < r < +oc and fix n > 0; integer such that n = a + 8, a,8 € R. Let
0 < s < 1 such that s = ;T: L =tanhr € (O, 1). In the case of n = 0, this theorem does not
hold for p = 1 because of the definition of B, but in the case n > 1 it does for all p > 1.

Firstly, we show that (1) implies (3). Assume that f € B,. Then by Theorem 5.6 in [2]

and by making a change of variable formura and by using j'D(wJ) dA(z) < C < 400 and the fact

that (1 —|z|%) is comparable to |1 — Wz| , (1= |w]?) and |D(z, 1)[% when w € D(z,r), there
exists a constant K > 0 ( independent of f) such that

1 N . N
Jo <|D<z 57 ey (L 17 = ) |1 w) - 1) dA(w)) d(2)
n p n- p

<]\C/ /D(z N z| P(1— |w|2)P lf( H)(w)’ dA(w)dA(z)

= KC [ [ xpn(@(1 =121 - [ [ w)[" dA(z)drw)
JDJD

< ClKC/ (1 _ |w|2)(n+1)l’ |f(n+l)(w)r’d)\(’w) '
D
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The first inequality follows from the proof that (1) implies (3) in Theorem 2.3. And the second
equation follows from xp(uw.,)(2) = XD(z,r){(w) and Fubini’s theorem. Thus we have proved
that (1) implies (3). That (3) implies (4) follows from Holder’s inequality easily.

To prove that (4) implies ( 1), we assume that :

1 _ 9 203 | o b
e 1—129)*(1 - |w ™) (2) — ™) (w)| dA(w dA(z) < +oc .
_/D(w(z,,,)l/mm( #1°0  l)? [1) — /)] dA(w) ) dAz)
By an elementary calculation , we have the following
s* [P0 <2 [ lo(w) - g0} dA(w)
8
for all analytic function g on D , where sD = {2z € D;|2| < s}. Replacing g by f™ o ¢,,
S 1P 0E <2 [ o g (w) ~ £00(e)| dAw)
JD(0,r)
By making a change of variable formura, we have
[ a=leyeror | fomn )P axe)
D !
P
<c| ( Lo A=l £ 0, ) - £02) dA(w>) ax(2)
D D(0,r)

— |2]2)2 P
=C /D ( /D <z,r>(1_ |2f2)" | F™(w) = f™(z) (—lll—flzl_)—lldA(wo d\(z)

_1___ ‘1 1,12yar1 281 () oy . £ln)¢.,
SCK/D (ID(z,r)l D(zﬂ.)(l [2%)*(1 ~ Jw|?) ‘f (w) = f™(2)

P
dA(w)) dA(z)
<400 .
By Theorem A, we have f € Bp. Thus we have proved that (4) implies (1). That (2) implies
(4) is trivial. That (4) implies (2) follows from (2.3.3). That (2) implies (5) is clear by using
(2.3.4). That (5) implies (6) is trivial. And by using Holder’s inequality, that (6) implies (7) is
proved easily. .
It remains to prove that (7) implies (1). In fact, applying g = f™ o, — f(™), () to (2.3.5)
and multiplying the both sides by (1 — |2[?)" and making a change of variable formula, we get

(1 _ |z|2)(n+-l) lf(n-i-l)(z)

_¢ 1 2121 — Wl [ Fm) () — 7 u
sm(,D(m)I/D o L 0 = ) [ 1)~ >,.(z>|d.4(,>).

Thus we have proved that (7) implies (1). This completes the proof of Theorem 3.3. 0O

Remark 3.4. Carefully examining the proof of the above theorem, we see that the
following are also the equivalent conditions : For a monotonically increasing convex function
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@ on R! such that ¢(0) = 0 and for some constants C, K > 0,

(8) A (QO_I (ID(I‘:—:r)l - 7] (C(l — |z|2)a(1 _ |w|2)ﬂ

p
F™ () = f™(w))) dA(w))) dA(2)

< +o0
_ K \ " =~ " P
(9) /D <¢ ](I_D—(m D(M)go(cu-- |2]?) (1A-' |u)’2)ﬂ‘ FO_(2) — f )(w)l)dA(w))) d)\(z)b
< 400 :

Theorem 3.5. Fixn > 1; integer such that n = @+ B, a,8 € R. Then for an analytic
function f on D and for » € (0, +00) , for p > 1 in the case of n =1, and for p > 1 in the case
of n > 2, the following statements are equivalent :

(1) feBy;

® [ ( sup (1= [2[2)°(1 - fw[?)?

weD(z,r)

1 13
3 / - 1 — 2\ap 1~ 2\8p
® [ (lD(N)| a1 - o)

(n—1) 2) — (n—1) P
@ [ (Tn(_lﬂ A CEY, (w)l dA(w)) 50 < to0.

z—w
proof. Firstly, we show that (1) implies (3). This can be proved by using the induction
as well as the proof of Theorem 2.7, but we prove it in another way. Suppose that f € By. For

n— n— P
F () — f& D (w) ) dA\(2) < +00 ;
=W

f(""l)(z) - f(n---l)(w)

< —w

dA(w ) dA\(z) < 400 ;

any p > 1, the following inequality follows from lemma 3.2 :

/ () 9(0)|P
sD

for all analytic function g on D , where sD = {w € D ; |w| < s} = D(0,r), s = tanh r.
Applying g to f(®V o ¢,, we have

/ "D op.)(w) = (Vo p,)(0) [
D(0,r)

dA(w) < C / i |0 @) (1~ [uf?)PdA(w)

dA(w)

w

("o p)Ow)[ (1 - wl*PdAtw) .- (351)

<C

D(o,r)

"Then by using (3.5.1) and by making a change of variable formura and by using [ D(w,r) dA\(z) <
C < +00 and the fact that (1 — |2[?) is comparable to [1-wz|, (1~ |w?) and |D(z, 7)|%
when w € D(z,r), there exist constants C,Cy,Ce, Cs, K, K1, K5 > 0 ( independent of f) such
that

(n-1) (n—1)(,\ [P
/ (lD(i 7” Dz, r)(l —I | O/T’(l |Lu|2 Bp f ( - _1{7 (w) lel(w)) d/\(z)
_ 1 2vap | L7 (2) = D () )
< C/D (|D(z, r)| D(z,r)(l 1= . w lA(U’), d)(2)
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(n=-1) (n—l) P 1. 12\2
< C'(' pif (w) = (2) |1 - Zw|? gl———lzl—)_,i-(lA(w) dX(z)
[)(z 1) . <Pz(’U)) !1 —-TZ"U)I
(n—1) (n—1) p
— C(‘vl ( 'Zl ki IV C Yz ’UJ) f 0 ¢2(0) ‘ 11— E(pz(’w)lp dA(’LU)) d\(2)
D( ﬂ‘) w ’ '

<K/ </
-k [ ( o H)"""I s |)**" |f<">(so'z<@>>1”<1'—|w|2)”dA(w>) dA(2)

2 . P .
[ np%_l%l)’: (7" 0 ) D (w)|] (1~ |w|2)r’d,4(w)> d\(2)

= / (0 =1y lf‘")(cpz(w))lpdA(w)) dA(z)

= 1f)® | £ w I A2, (w))d/\(z)

(z, ) z'wl4

(1 ~ wf?)"?

f(")('w)‘ d,\('w)) dA(2)

=Gy / ( /D - )(1~|w| 7 1 ) dr(w)
<G5 [ (1= |17 w)[" drw) .

The last equation follows from x P(w,r)(2) = Xp(z,r)(w) and Fubini’s theorem. That (1) implies
(3) follows from Theorem A. That (3) implies (4) follows from Hélder’s inequality easily.
' To prove that (4) implies (1), we assume that .

__; 2\ar1 _ 1anl2)8 f(n—-l)(z) —f("_l)(w)
/D (ID(Z,T)I D(z!r)(l—-lzl ) (1 = [w]?)? |

z—w
By (2.7.1), we have

i 1
lf(’ )(z)' < m ./D(z,1’)

P
dA(w) > dA\(z) < +o0 .

f(n.—-l) (z) _ f(n—l)(w)

z—=w

dA(w) .

Hence we have

L= [ dxe
SC/D (( - |z Iz)nl (_z——1)| D(z,r)

1 ;
S(’“’/ 1—[z|2)%(1 = |w]?)?
(zDzuD(,,)( 2)(1 — )

< +00.

/(n—l) (z) — fln- D(w } w)

< =W

(n- l)(z.) _ (n 1)((1

P
dA ('w)) d\(z)

< —w

By Theorem A, we have f € Bp. Thus we have proved that (4) implies (1). That (2) implies
(4) is trivial.
It remains to prove that (4) implies (2). In fact, we have for all analytic function g on D

C
W) < T
lg(w)| [D(w, )| JDw,r)

|g(u)|dA(u)
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. (n—1) — f{n--
Applying g(u) = £~ (u&_f 2() then

[ D) - fr0E)| e
w—z = |D(w, )| JD(w,r)

D () — f0-1(z)

U—2z

dA(u)

for all analytic function f on D. Since D(w,r) C D(z,2r) for w € D(z,7) and there is a

constant K > 0 such that
1 K

D(w,n| = D]

Fo D (w) — F(2)

sup (1~ [<f2)" o]

weD(z,r)

J D () - fOD(z)

U—=z

CK
<
|D(2,2r)| JD(z,2r)

(1 |2)" dA(u) .

Since (1 — |2|2) is comparable to (1 — |w|?) for w € D(z,r) and that (1 — |z|2) is comparable to
(1 = [u}?) for u € D(z,2r),
P
) di(z)

F @) - f D (2)

U— 2z

fO D (w) ~ 0 (2)

w -z

) ( sup_ (1= [f%)7(1 - )’
D

weD(zr)

<c~/ 1 (1= |21 - Jul?)? dA()pdA()
= L\ —12]*)*(1 ~ |u u) | d\(z

2, 2’)' D(z,.21')

< 400 .
Thus we have proved that (4) implies (2). This cdmpletes the proof of Theorem 3.5. ‘ o
Remark 3.6. Carefully examining the proof of the above theorem, we see that the

following is also the equivalent condition : For a monotonically increasing convex function ¢
on R! such that ¢(0) =0 and for some constants C, K > 0,

(n=1)(5) — Fr-1(g p
(5) fD (90_1 <I_5(£z{v_)l D(“)go(C'(l—Iz]z)“(l—|w|2)ﬁ ! (z_fv ( )I) dA(w))) dA(2)

< 400 .

§4. The spaces B®, B{” and B

In this section we study the spaces B(™), B((,") and B,(,") .



Example 4.1. The function f (2) = log(1 — 2) is in B but it is not in B™ for n > 3.
In fact for n > 3,

FoD(z) — f*D(w)
Z—w

| TR () — w2 - 2

|1 -zl — w1t

(1122 (1 - wl*)?

= (1~ 1221 - w[*)2 (n -

Fix w such that |w| = s € [0,1) and let |z| = r € [0,1). Then we have
f0D(2) - f*D(w)
zZ—w

(L (") (A= 9)m 2k — )
(1—r)r1(1~s)n1

sup{(1 — |73 (1 - wf)3

%, w€ D,z # w}

— +00 (r—17). O

>(1-r)3(1-s)in- 1)

Theorem 4.2. For an analytic function f on D, f € B if and only if
() ~ [V (w)

z—w

sup{(1 — |2[*)(1 - [w[?) ;zwe D,z # w} < +o0.

pI‘OOf . Suppose that

o | FD(2) — £ (0
sup{(1 — |[?)(1 — fw|?) |22 = [(w)

;z,w € D,z # w} < 400 .

z—-w
Then for any 2 € D , we have
. . M(z) = £
A= 1eP2 | D)| = Jm - 1B - ) (2L Wﬂ
< sup{(1— o)1~ jwf?) [LEA L0 e p s 2 )
<400 . '

Thus Theorem A implies that fe€ B .
To prove the converse, assume that f € B. By (2.1.1),

||

lf(l)(u) - f(l)(O)‘ <Cllfls 1—|ul?

for all w € D. For any z,w € D, replacing f by f o, and applying u = @, (z) ,we see that

l(fO‘Pw)(l)(‘Pw(Z)) - (foso,w)(l)(o)l < Clfovwls _I_‘r’_w_(i)|_2

low(2)|
Iso (Z)I
Hence by an elementary calculation, we get
(1= 1231 = |w]) | (1-— |w| e \
<C .
o ()~ oy P < C 7l
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Thus we have

(1- Iz|lu — |wl*) |f(1)( f(l)(w)l
(l_lzillw.flzT le ) f(l)(z) ((1 Iw| ))2 j(l)( )+ ((1 |w| ))2 f(l)(,w) f(l)(w)
2 2 ) !
1—-|w?+1-w
< (DO f s+~ Jof) | £ [ LT
|1 —wz|
< 22 17 s 111"2] e
< (2C+6) | fls - :
Hence
sup{(1 — |2*)(1 - Juf?) |£ (1)(2 = f_:,(l)(“’) ;2w e D,z #w) < +oo. 0

Theorem 4.2 implies that B®) = B. The equivalence of (1) and (2) in Thorem 2.7, Example
4.1 and Theorem 3 of [3} imply that

BMcp®-pW =B B™£LB (n>3).

COl‘OH&I‘y 4.3. For an analytic function f on D, f € By if and only if

fP(z) ~ fO (w)

Z—w

swe D z#£w=0.

Jim_sup{(1 - )1 ~ [ul’)

proof. This is an immediate consequence of Theorem 4.2. |

Corollary 4.3 implies that B( D = By. The equivalence of (1) and (2) in Corollary 2.9 and
Theorem 2 of [6] imply that

BM cBP =B =By n>3) .

For the space B( ), we don’t know whether B, = B,(,z) holds or not. The equivalence of
(1) and (3) in Theorem 3.5 implies that B(") C B, (n>1). In the case of n = 1, B},l) = By
for any p > 2. In the case of n = 2, B(2) C By for any p > 1. In the case of n > 3, B(") C B,
for any p > 1. .

For p > 1, it is clear that B, C By C B (p > 1). And we also see that B(n) C B(S”’ c B®™
(p 2 1) for n > 1. As we stated in Example 4.1, for n > 3, the function f(z) = log(l — z)
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(z € D) gives an example that the implication B™ < Bis strict. Moreover it holds that
BMOA c B® = BW = B, but in the case of n > 3, BMOA is not contained in B™ because
f(z) = log(1 - 2) € BMOA is not in B™. Moreover for 2 > 3, we also see that the little Bloch
space By is not contained in B™ too. In fact, letting f(z) = (1 — 2)1, then

1 Iy
(1= 2P () = yithe )1 —2"E < S
Hence f € By, but

(1— 233 (1 - [w?)?

| 12) - [P (w) '

Z — uw
1 (1 —w)¥ — (1 2)i]

|1—z|%|1,~'w|§ |z — w

l 9, - P}
= 751~ 131~ )3
Fix w such that |w| = s € [0,1) and let |z[ = r € [0,1). Then we have

2| [P (2) — £ (w)
zZ—Ww
1 a-9i-1-1)i
(1-s)i(1—r) s — |

sup{(1 — [o)% (1 - |wf®)? ;2w € D,z # w}

[N

‘15(1 ~r)3(1- ) — 400 (r—17).
Hence f ¢ B®. And for n > 3, this also gives an example that the implication B((,") C By is
strict.

§5. The o-Bloch space B?, the little a-Bloch space B§ and the a-Besov
space By

In Section 2 and Section 3 we characterized the Bloch space B and the little Bloch space
By and the Besov space Bp, but similar characterizations also hold for the a-Bloch space B®
and the little a-Bloch space B§ and the a-Besov space By by using the following Theorem E
and Corollary F and Theorem G as well. Since most proofs are also similar to ones of the case
of a = 1, we'll only present results. For example, we give Theorems 5.1, 5.2, 5.3 and 5.4 which
are correspond to Theorems 2.3 , 2.7, 3.3 and 3.5 , respectively. On the other hand, we could
not characterize ones which are correspond to the results of Section 4.

Theorem E.( ]9, p1148] ) Let a > 0 and n > 2; integer. For an analytic function f
on D, f € B* if and only if

(1= 2% f™(z) € L(D, dA) |
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Corollary F.([9, p1148] ) Let o > 0 and n > 2; integer. For an analytic function f
on D, f € Bf if and only if

(1~ 2o () =0 (jo| = 17) .

Theorem G.([9, p1174] ) Let > 0 and n > 2; integer. For an analytic function f
on D and for 1 <p < +4o00,pla+n~1)>1, fe By if and only if

(1= |2 M (2) € LP(D,d)) .

Theorem 5.1. Leta > 0and p > 0and fix n > 0; integer such that n = a; + 6 —a+1,
a1,01 € R. Then for an analytic function f on D and.for r € (0, +00), the following statements
are equivalent :

(1) feB*;

(2) sup( sup (1 —[2%)% (1~ jw[*)?1|f09(2) — £ (w)] ) <400 ;

z€D \weD(z,r)

& -

(3) sup (

(1= [22) 1P (1 — [w[2)52| ;) () - f‘"’(’w)l"dA(w)) < too
zeD

)| JD(z,r)

(4) sup log™ (1= [2[)°(1 — Jw)™| f™(2) - f(”)(w)l)dA(w))<+oo;

zw(.m

(5) sup( sup (1 - |2)%)% (1 — |w]?) ﬁ1|f(n) (2) - f(n)(w)l ) < 400

zeD \weD(z,r)

S |

(1~ [£2)5P(1 ~ fwf2)P?| 7, (2) - f‘")(w)l”dA(w)> < 400

(7) sup
z€D

©) o (lDzr)l Dle)

|D(z7| iy 8 (1= )™ (1 = Jw)P |, (2 f<">(w)|)dA(w))<+oo,

Theorem 5.2. Let a > 0and p > 0and fix n > 1; integer such that n = ay + 61 —a+1,
a1,B1 € R. Then for an analytic function f on D and for r € (0, +00), the following statements
_ are equivalent:

(1) feB*;
(2) sup{ sup (1—[ef)a(1 ~ ity [L12E) = S0 w)
wGD(Zw"") . Z— W
f('n—l)(z) - ’/-(n--l)(w) p
z—w

F"0(2) — f*D(w)

zZ—w

i 2€D, 24w} < +00;

(3) sup (1 —_ |z’2)alp(1 _ Iw|2)ﬁlp

1
2€D ( |D(z,7)| D(z,r)

1 .,
4) sup | ———
( ) zeg (,D(z7 7‘)| J D(z,r)

1
14
dA(w)) < 400 ;

)dA(w)) < 400 .

log™ ((1 ~ [2%)71(1 — [w])*
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Theorem 5.3. Let @ > 0 and fix n > 0; integer such that n = oy + By —a+ 1,
a1, € R . Then for an analytic function f on D and for r € (0, +00), for 1 < p < +oo ,
p(a 4+ n) > 1, the following statements are equivalent :

(1) feBy;

© /

sup (1 —[2*)* (1 — w]?)"
weD(z,r)

2yay — {anl2yP1
(ID(Z T)l D(a,'r)(l_'ZI ) p(l lwl ) P

14
/() - f‘“’(w)]) d\(2) < +o00 ;

f™(2) = ™ )| dA(w)) d\(2) < +00 ;

(1= [=%)% (1 = w[*)*

p
1) = 1™ )| dA(w) ) d\(2) < +o0

[D(z7)] /o)

p
sup (L= [#f%) (1~ fuf®)* [F0), (=) 1) u)\) dA(z) < 400 ;

(1 = 2P (1 — fw|?)?>
D(z1)

™) /D TelexaT D(ZT)(I—-Iz!Q)’“(l—IwIQ)”‘ lf<n>,.(z>—f("><w>|dA(w)) dA(z) < +oo.

f(n) (2) - (n) w)l dA(w) )d)\(é) < 400

Theorem 5.4. Let o > 0and fixn 2 1; integer such that n = a1+ 6, —a+1, a1, 5 € R.
Then for an analytic function f on D and for r € (0, +o0), for 1 < p < 400, pla+n—1) > 1,
the following statements are equivalent :

1) feBy;

n— (n— Y4
(2) /D < up )(l —]2%)™ (1 ~ |w]?)* [ l)(zz - 5 D (w) ) dA(2) < +00 ;

weD(z,r —
p ) (n 1)
(3) /l; (__lD(i T')I PG 'r)(l — Izlz)nlp(l _ iwl?).ﬂlp (Zz L dA( ,)) dA(2) < 400 ;
(n—-1) (n— 1)

(4) /]) (lD(i T)l D(z',-)(l et 'ZI 0‘1 |u;| )/31 f ( ‘Zaf w)IdA w ) d/\(Z) < 400 .
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