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Abstract. Let B be a von Neumann algebra and P a selfdjoint projection. For A
and B in B, set S4p = AP + BQ where Q = I — P. The operator Sa,p will be called a
singular integral operator. When B = L*(T') where L*(T) is the usual Lebesgue space
on the unit circle and P is an analytic projection, in [6] we established formulae for norms
of Sa,p and (S4,5)7". In this paper, if A = {D € B: PDP = D} and (B, A, P) has a
lifting property, then we will establish formulae of norins of Sy and (S 4,8)"L. These
formulae are operator theoretic and different from the previous ones. There are several
examples such that (B, A, P) has a lifting property. As result, we give several interesting
inequalities.



§1. Introduction

Let m denote the normalized Lebesgue measure on thé unit circle T'. For 1 <p <
oo, LP(T) denotes the usual Lebesgue space on T' and H?(T) denotes the usual Hardy
space on T'. The canonical example of a singular integral operator is the operator defined

by
(5.57)(0) = L1EHO gy 1 LO=HD gy )

on L*(T) ; here, a(¢) and b(¢) denote functions in L*®(1") and

11 f)
F)¢) =~ [\ e.
P60 =4 [ L @ecen,
the integral being a Cauchy principal value (cf.[4]). Then P = (I + S)/2 is a selfadjoint
projection from L*(T') to H*(T),Q = (I — S)/2 is a selfadjoint projection from L*(T) to

e"®H2(T), and P + ) = I where I denotes the identity operator. Hence
Sap = aP + Q.

The following inequalities are well known and not difficult to establish.

max{|aljoo, |6llec} < [ISapll < [1y/laf* + [B]*[lco-

AL 1o} < eas ipf(min{laf?, 7)),

and
In the previous paper, the author and T.Yamamoto [6] showed the following theorems.

Theorem A. Let a,b € L*(T). Then

al? + 182 J b4 k74 <|a|2 - :b:2)2

[Sasll? = inf

keH®(T) 2 2

o0

Theorem B. Let a,b € L™(T). Then

inf Ay alk:
ez ps 1SapF |5

o |a|2 + |b,|2 - . (|a|2 — |b|2)2
— u e £ = b+ k24 | ———L .
= kes p( )( 8s1in ( 5 ]a l 5




In this paper, we give formulae which are similat to those of Theorems A'and B.
In fact, we prove them for more general situations.

Let K be a complex Hilbert space and H the closed subspace of K. Let P be a
selfadjoint projection from K to H and @ = I — P where I denotes the identity operator
on K. B denotes a von Neumann algebra on K which contains I and A denotes a (perhaps
nonselfadjoint) weakly closed subalgebra of B which has H as an invariant subspace. For
A and B in B, set

Sap = AP + BQ.

The operator Sy p is called a singular integral operator. [n this paper, we give formulae of
norms of Sy 5 and (S4,8)7". The formulae are little bit complicated. However, as result
we give the following simple inequalities.

AF|]? + ||BG)?
IAF|? +|BGI?

o, o { ((E4+ D)F.G) |

DeA  fpgek 2
[|1F(=1G||=1
< |15l
< inf  sup {max(|AF|? ||BG|*) + |(B*A+ D)F,G)|}
DeA  pgek
[|1F={1Gl|=1
and
. AF|? BG|?
sup Flcl}efK {” || _;“ v “ _ |<(B*A _{’ D)F, G)!}
IFII=lIGll=1
> |IS5BI° :
> sup inf {min(|AFIF,IBGIP) - (B4 + D), G)1)

IFl|=lG|I=1

In §2, we give a definition of a lifting property of (B, A, P) and several examples
which have such a property. In §3, we study the norm of Sa,B when (B, A, P) has a lifting
property. In §4, we study the norm of S35 when (B, A, P) has a lifting property. In §5,
we give several remarks.



§2. Lifting theorem

In this section, we recall a special case of a lifting theorem which was proved in
[5]. The classical case was proved by Cotlar and Sadosky [1]. '

Suppose T = (T;;) is a 2 X 2 operator matrix on K @ K where T;; € B (i,] =
1,2), Ty > 0, Ty > 0 and Ty = Ty,. [B] denotes the set of such operator matrices
7. [A]o denotes the subset of [B] such that Ty; € A and Ty; = Ty, = 0. Let us denote

2

Tf, fal = D (Tiifi, i)

,7=1

If T satisfies T[f1, fo] > 0 for all f; in H (resp.K) and f, in H* (resp.K), then T is
said to be positive on H @& H* (resp.K & K) where H' is the orthogonal complement
of H in K. When 7 in [B] and 7 is positive on H @ H*, if we can find 7 in T +[A4]o
which is positive on K @ K then we say that 7 has a lifting 7. If any positive 7 in [B]
on H @ H*' has a lifting 7, we say that (B, A, P) has a lifting property where P is a
selfadjoint projection of K onto H.

Example. We give several examples of (B,.4, P) which have a lifting property

(ct.[5]).
(1) Let B = L(I) be the set of all bounded linear operators on K, P a selfadjoint

projection from K to H and
A={A€ L(K): PAP = AP}.

(2) Let U be a bilateral shift operator on K with UP = PUP, where P is a
selfadjoint projection from KX to H. Suppose (|U™(H) = {0} and | JU*"(H) is dense in

n=0 n=0
K Lt B={T € L(K); UT=TU} and A={A€B; PAP = AP}.

(3) Let By be a factor with faithful semifinite normal trace 7 and let € be a
complete nest of selfadjoint projections in B;. Let I = LP(B,7) (1 < p < o), be
the usual noncommutative Lebesgue spaces and define the noncommutative Hardy space
H? = H?(B,,&,7) to be the closed subspace of L? of elements A for which (1—-P,)AP; =0
for all P; € £. Suppose that B = L>°, A= H® K = L[? and H = H*.

(4) Let A; be a weak-+Dirichlet algebra of L*(u) where u is a probability mea-
sure. The abstract Hardy space H?(;), 1 < p < oo, associated with A; are defined as
follows. For 1 < p < oo, H?(u) is the LP(u)-closure of A;, while H*(u) is defined to be
the weak-xclosure of A; in L*(u). Suppose B = L>®(u), A = H*®(u), K = L*(x) and
H = H*(p).

In the latter section, when (B, A, P) has a lifting property we study the norms
of the sigular integral operator and its inverse.

5



§3. Inequality for norm of S, p

In this section, we assume that (B, .4, P) has a lifting property. Assuming that
|AP| = ||A|| and ||BQ|| = || B]|, we give a formula and inequalities for the norm of S, 5.
In general,

Si.8Sap = (PA*+ QB*)(AP + BQ) = PA"AP + QB"BQ + QB"AP + PA"BQ.
If B*Aisin A, then ||S4,8]| = max(||A]},||B]|). Not assuming that B*A is in A, Proposi-

tion 1 gives a formula similar to Theorem A.

Proposition 1. Let A and B be in B. If max(||A|, ||B]|) < ||Sa,sll, then

l|Sa,I" ‘
_ [AF|? + || BG]? . ., [IAF]2 =BG\
= ll)léa F,S(;lglx’ { 5 +4[[((B*A+ D)F,G)|* + 2 .
IFlI=lGlI=1

There ezists at least a D in A which gives the infimum.
Proof. Put v = |[S4 5|, then

IAf + Bg|* < +*||f + glI®
where f € H and g € H. Hence
((v* — A*A)f, f) + ((+* — B"B)g,9) — 2Re((B*"A~~*)f,9) 2 0

for all f € H and g € H*. Suppose T = [T};], where T}y = 42 — A*A, Ty, = v* — B*B
and Ty, = T5, = B*A — 4%, By hypothesis on A and B,T}; > 0 and Ty, > 0. Hence 7 is
posmve on H@® H*. Since (B, A, P) has a lifting property, there exists D in A such that

[T”] is positive on K @ K where T1; = Ti1, Ta2 = Tsy and Ty = T g =T+ D.

Hence

(" — A*A)F, F){(v* - B*B)G,G) 2 |((B*A+ D)F, G)|*
for any F' € K and G € K, and so

YIEIPNGI = Y*(JAFIIGI® + IF 1P BGI?)
IAFIPIIBG|* — [{(B*A + D)F,G)[* 2 0

for any FF € K and G € K. If ||F| = ||G|| =1, then
7' =Y (IAF|* + |BGI*) + | AF P BG]* — [{(B*A+ D)F,G)[* > 0.

Therefore

s < JAFIP +1BGI? J (BA+ D)F, G + ( JAF| - IIBGIJ2>2
- 2 ’ 2

6



or

2 . JAF|? + || BG|? |AF|2 — | BG|2\?
72 .
= 2 2

The first inequality above is not valid because y* > max{||AF||?, || BG||?} for any F,G €
K with ||F|| = ||G]| = 1. Thus

+J|<<B*A+D)F,G>|2+ ('

7>
AF|2 + | BGI? ] I BO
o {” I+ 15 +Jl<(B*A+D)F,(,)|2+(I|; ATy }
IF|I=lIG =1
Conversely if
% =
i |AF|? + || BG|]? )  arF—BGY
S Sup { 5 +4||((B*A+ DYE, G2 + 2 |
(FII=]IG] =1

for any ¢ > 0 there exists D in A such that
(70 +€)* = (v + )’ (IAF|” + | BG|I*) + |AF || BG|* - [{(BA+ D)F,G)|* > 0
for any F,G € K with ||F|| = ||G]| = 1. Hence
(o +€)* = (v + &) (IAfII* + I1Bgll®) + 1 AFI*II Bgll* — |(B*Af,g)| > 0

for any f € H and g € H* with [|f|| = |lg]l = 1 because (1 — P)DP = 0. This implies
Yo +¢€ 2 ||S4,8|| and so vy > ||S4 g|| because € is arbitrary.

Corollary 1. Let A and B be in B. If A*A = |a|*] and B*B = |b|*] where a

and b are complex numbers, then

154,58])?

S J B4+ Al + <———'“'2 " ""2)2.

2 2

Proof. Since (AP)*(AP) = PA*AP = |a|*P, ||AP|| = ||A||, Similary ||BQ| =
I1B]-

Corollary 2.Let A be in B and B=1. Then
1S a,1l)®

= inf sup {M;f_i_l + \] |(A+ D)F|? + (”A;ng;l> }

[1Fl=1




Proof. It is a corollary of the proof of Proposition 1. In fact, noté that -
(= D4 = A4, F) 2 [(A+ D)F,G)P
for any G € K with ||G|| =1 if and only if
(v = (2" = A"A)F, F) > ||(A+ D)F|.

Theorem 2. Let A and B be in B. If max(||All,||B]l) < |Sa,z]|, then

. [AF|* + || BG| .
Jnf, P { 5 +[((B"A + D)F,G)|
IIFli=lIGlI=1
< |Sa5]*
< inf  sup  {max(|AF|%||BG|*) + [((B*A+ D)F,G)|}
re Mttt
F||=]|G||=1

Proof. This is an immediate consequence of Proposition 1. In fact, it can be
shown by the following elementary inequality :

IAPIZ+IBGIE | B4+ D)F.GF

lAri+1B61E [ o . (IAFIP = 1BGI)?
< IAREs +JWBA+mRGM+( —
S|Mﬂﬂ?W®P+w«9A+MRGW+JCMNP?WGW>

§4. Inequality for norm of (S45)7?

In this section, we assume that (B, A, P) has a lifting property. Under some
conditions on A and B, we give a formula and inequalities of inf{||Ss s F|| ; F € K, ||F|| =
1}. Asin a formula of ||S4 5|, even if (B, A, P) does not have a lifting property, in general
it is easy to see that

inf{||Sa,sF| ; F € K,|F|| = 1} = min(inf || AF|, inf || BF|)).

when A and B* are in A. Proposition 3 implies that if B*A is in A, then the same thing
is true when (B, A, P) has a lifting property.

8



Proposition 3. Let A and B be in B. If inf{||Af]|; f € H|fll = 1} =
inf{||AF|| ; F € K,|F|| =1} and inf{||Bg|l ; g € H*, |lgll = 1} = inf{||BG|| ; G €
K, ||G|| = 1}, then

inf ||SasF|*=
FeK ||F]j=1

sup inf {”AF“”“BG”CJ|<(B*A+D)F,G>|2+(HAF||2—HBG||2>}.

DeA . FGEK 2 2
€4 Fii=liGlI=1

There exists at least D in A which gives the supremum.

Proof, Put ¢ = inf{||Sa s F| ; F € K,||F|| = 1}, then
|Af + Byl > €% f + ¢l
where f € H and g € H. Hence
(WA= ) + (BB~ Y)g,9) — 2Re(B" A~ %) f,g) 2

for all f € H and ¢ € H*. Suppose 7 = [T};] where Ty = A*A — &2, Ty, = B*B —
and Ty, = Ty, = B*A — &% By hypothesis on A and B, Tj; > 0 and Ty > 0. Hence
T is positive on H & H*. As in the proof of Proposition 1, since (B, .4, P) has a lifting
property, there exists D in A such that

((A*A — e*)F, F){((B*B-— %G, G) > |((B*A + D)F,G)J?
for any F € K and G € K, and so
' — (| AF|I* + |BG|*) + | AF|*|| BG|* = |{(B*A+ D)F,G)|* > 0
for any F' € K and G € K with ||F|| = ||G|| = 1. Therefore

2 o JAF|® + || BGP?
= 2

[AF|? — IIBGII2)2

—\!((B*A+D)F,G)|2+ (l 5

or

. IAFIP +]BGI?
- 2
By hypotheses on A and B,A*A > ¢? and B*B > €%, and so
< (IAF|IP +1IBGI™) /2

T ((BA+ DIF G+ (”AF”Q - HBGI|2)2

2

for any F,G € K with ||F|| = ||G|| = 1. This implies that the second inequality is not
valid. Thus
e? <
AF|? +|BG|> | 2 —|BG|2\*
inf { IA7I+IEG -J (54 + D)F, Gy + LATEZIEER) }
FGex 9 . 2
IFli=lIGll=1



The converse can be shown as in the proof of Proposition 1.

Corollary 3. Let A and B be in B. If A and B satisfy the condition in Propo-
sition 3, then

F 2
. “F“ SasF| |
2 sup inf  {min(||AF|? || BG|*) - ((B*A+ D)F,G)}
DeA F,GeEK
IF|l= “G|| 1
> min( inf |AF|?, 1nf |BG|?) - |B*A+ Al
”F“ -1

Corollary 4. Let A and B be in B. If A*A = |a|>] and B*B = |b|*] where a
and b are complex numbers, then

2
FEI\ ||FH 1|| ABFII
2 4 |pl2 2 _ [p2\ 2
PR [ ey (PR
2 2
Cofollary 5. Let A be in B and B = 1. Then
inf ||S4 1 F||*
AF|? +1 AF||2 —1)?
= sup inf IAFIF+1 (A + D)F|]? + IAFIP =1 -
DeA |Fim 2 2

Proof. It is a corollary of the proof of Proposition 3 similarly to the proof of
Corollary 2.

Theorem 4. Let A and B be in B. If mf{||Af] ; f € HIf|| = 1} =
inf{||AF|| ; F € K,||F|| = 1} and inf{||Bg|| ; g € H*,||lg| = 1} = inf{|BG|| ; G €
K,||G|| = 1}, then

2 2
sup- inf {”AF” + 1BGIE [((B*A + D)F, G)I}
DeA FGEK 2
||F||=||G'|| 1

> i 2

- FeI HF“ 1|| ABF”

> sup _inf  {min(J|AF|?, ||BG|]®>)— [{(B*A+ D)F,G)|}.

A =1

10



Proof. This is an immediate result of Proposition 3 and the proof is similar to
that of Theorem 2.

§5. Applications and remarks

(I) Suppose (B, A, P) has a lifting property. For A in B, the Toeplitz operator T
is defined by Taf = P(Af) for f in H. Then we can give an operator version of Theorem
2 in [6). That is, if inf{||Af]|; f € H, ||[f|| =1} =inf{]|]AF| ; F € K, |K|| =1}, then

inf T flI?
serthe 1T f]

= AF|> - (A+ D)F
sup{, _int  (JAFI? = (4 + D)FI).
This has an application. That is, T4 is left invertible if and only if there exist D in A and
€ > 0 such that .
IAF|* 2 e + /(A + D)F|*

for any F in K with ||F|| = 1. This is equivalent to
A"A > e+ (A+ D) (A+ D).

It may be interesting that we did not use the factorization theorem in the proof of the
result above. When A is a unitary operator, T is left invertible if and only if there exists
a D in A such that ||A+ DJ| < 1. This implies Theorem 2 in {7] where B = £(K), that
is, Example (1) in Section 2, and Theorem 7.30 in [3] where B = L*(T), that is , the
classical case.

(IT) Suppose (B, A, P) has a lifting property, We give an application of Corollary
5. Let A be a nonzero operator in B with inf{||AF||; F € K, ||F|| =1} = inf{||Af||; f €
H, |[fll = 1}. Sar is left invertible if and only if there exist D in A and € > 0 such that

IAF|* > e + [|(A+ D)F|?

for any Fin K with ||F|| = 1.
We give a proof. If S, s is left invertible, by Corollary 5 there exist D € A and
1 > 6 > 0 such that

2 |2 2
Mf%ii—JMA+DmW+(kﬁ%—i)za

for any F' € K with ||F|| = 1. This implies that

(1= 8IAF|* = (1~ 8)6 + (A + D)F*

11



for any F' € K with ||[F|| = 1. Setting ¢ = (1 — §)é the necessity follows. Conversely if
there exist D in A and & > 0 such that

IAF|* > € + [|(A + D)F|?

for any F'in K with |F|| =1,

JAF| + 1 , . [IAF]? = 1)?
-———2——J||<A+D>Fn + (1401

AF|2 +1 AF||2 —1\?
> JAF]® +1 IAF|? - ¢ + | AF|
2 \" 2

IAF|2 +1 (“AF[P + 1)2 \
e ———————— — —— e —————— — e
2 2

) { nAF!?-H | \} <||AF!2 + 1) —52}

for any F' € K with ||F|| = 1. Now Corollary 5 implies that FeI"illl];l]—IHSA’IF” > 0.

In an abstract situation (see Example (1) in Section 2), Shinbrot [7] studied
singular integral operators.

(III) We don’t assume that (B, A4, P) has a lifting property. We can prove the
following :

(1) Let A and B be in B. Then

ISa,8]I*

. A 112 B 2 A 2 _ B 9 2
feH, geHt 2 2
Hfll ligll=1

Hence if A*A = |a|*] and B*B = |b|*I then

2 4 |p|2 2 _ |pl2) 2
54507 = LI +JIIQB*APII2+(————|G' ).

(2) Let A and B be in B. Then

1548 FI*

Fek ||F|| 1

—  inf {“Af Bl \) (BAf, o) + ( JAFI = IIBgIP) }

feH geHL 2
Hll=llgll=1

12



Hence if A*A = |a]*] and B*B = |b|*] then

al? + |b|? al2 — b2\ 2
inf nsA,BFn?:'——';#—JuQB*Anu(—' e

FeK ||F||=1

(IV) Let S be a set of unitary operators on K and suppose the set {Vf; V €
S,f € H} is dense in K. If A is in the commutant of S, then

Al = [|AP]|
and 7
AF inf Afll.
FEI\ |[FH 1|| ” Fel-}rhfﬂzl II f”

This can be proved as in the proof of (viii) of Theorem 4 in [2].
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