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ON AFFINE PARALLELS OF GENERIC PLANE CURVES

TAKASHI SANO

Department of Mathematics, Faculty of Science,
Hokkaido University, Sapporo 060-0810, Japan

Dedicated to Professor Takuo Fukuda on his siztieth birthday

ABSTRACT. We introduce the notion of affine parallels to convex plane curves and study
these bifurcations.

1. INTRODUCTION

The parallel to a curve in Euclidean plane has been classically known and studied in
many articles (cf., [4,5]). The main tools in these articles are distance-squared functions.
Applying ordinary techniques of the singularity theory to these functions, it has been
studied how singularities of parallels bifurcate if we alter the distance from the original
curve. In this paper we define the notion of affine parallels to convex curves in Affine plane
under the framework of equi-affine geometry. We adopt affine distance-cubed functions of
convex curves which have been introduced in [10] instead of distance-squared functions.

On the other hand, it is well known that the notions of the Voronoi diagram is applied
to various kinds of fields in mathematical science. One of the applications of the Voronoi
diagram is given in the theory of the computer vision. We understand that the Voronoi
diagram is deeply related to the symmetry sets of curves in the singularity theory. It is
known that the symmetry set is the self intersection locus of parallels of plane curves. So
one of the start lines for the study of the computer vision is to consider the symmetry
sets. However, there are no definition of the Voronoi diagram in Affine plane. When we
make the new definitions of the affine Voronoi diagram, it is natural to start the study of
affine parallels by using the similar argument as in the case for Euclidean plane curves.

In [7,8] P. J. Giblin and G. Sapiro studied the affine symmetry sets of plane curves.
We remark that the affine symmetry set of a plane curve is the self intersection locus of
affine parallels of the plane curve.

This paper is divided into four sections. The main result is Theorem 2.2 which is
formulated in Section 2. The proof of Theorem 2.2 is given in Section 3. We give some
examples with pictures which illustrate the results of Theorem 2.2 in Section 4.

The basic techniques we use in this paper depend heavily on those in the paper of
J. W. Bruce [4] and the book of J. W. Bruce and P. J. Giblin [5].

All curves and maps considered here are of class C*™ unless otherwise stated.

1991 Mathematics Subject Classification. 53A15, 58C27.
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2. BASIC NOTIONS

We now present basic concepts on affine differential geometry of plane curves. For
more details on classical results, see [2,11,13].

Let R? be an affine plane which adopts the coordinate such that the area of the
parallelogram spanned by two vectors a = (a1, az2), b = (b1, b2) is given by the determinant
ofaand b, that is | @ b | = a1ba —agb;. Let S* be the unit circle in R?, and v: S — R?
be a smooth plane curve with | (¢) 4(¢) | # 0, where 4(¢) = %}(t).

By the similar arguments as those of in Euclidean differential geometry, we have the
followings. The affine arc-length parameter of a curve vy, measured from ~(to), to € S?,
is s(t) = fti | 4(t) 4(¢) |% dt, then the curve satisfies that | v'(s) 7"(s) | = 1, where
v'(s) = %}(s). So we say that a curve « is parameterized by affine arc-length if it satisfies
that | 7v/(s) 7"”(s) | = 1. We call a new parameter s the affine arc-length parameter or
the affine parameter. We call v/(s) the affine tangent vector and " (s) the affine normal
vector of . The affine curvature is defined to be x(s) = | v'(s) v"(s) |. Then we have
the Frenet-Serret type formula v (s) = —k(s)7/(s).

Suppose that k(sg) # 0, then the point y(so) + n(so)7” (so) is called the affine center
of curvature of v at sg. The affine evolute is defined to be the locus of affine center of
curvature which has been classically known, see [2,13].

We define the notion of affine vertices as follows. We say that the point (sq) of curve
v is an affine vertez of order n — 1 if k) (s0) = 0 forall 1 < p < (n—1) and (™ (sq) # 0.
We also say that the order of the affine vertezx is n — 1. In particular, the affine vertex of
order 1 is called the ordinary affine vertez and the affine vertex of order greater than 1 is
called the higher affine vertex.

We now define the affine parallel to a plane curve 7. Let v: S' — R2 be a smooth
plane curve parameterized by affine arc-length and r € R be a fixed real number. Then
the affine parallel to v is given by

APy(s,7) = 5(s) +7"(s).

1

See Figure 1 in Section 4.

In Euclidean differential geometry, we adopt the unit normal vector instead of the
affine normal vector 7'/ (s), so we can consider that the Euclidean parallel is the envelope
of circles centered on v(S!) and having a fixed radius » > 0. However, the affine normal
vector v (s) is not a unit vector in affine differential geometry, so we can not obtain the
affine parallel as the envelope of circles.

An affine parallel to v has the following property.

Lemma 2.1. The affine parallel to v is a regular curve except for values of sy where
k(s0) #0 and r = A~ '

k(s0) "
Lemma 2.1 means that the singular point of the affine parallel is the affine center of
curvature of v at sp. '
Here, we have the following question : If we alter the real number r, how will affine
parallels and singular points of affine parallel change 7

We assume that v has the following property, which is satisfied generically (cf., [6]).
(A) There is no conic having greater than six-point contact with v(S1).



We remark that v satisfies the condition (A) if and only if v does not have higher affine
vertices (cf., [10]). '

Let F;: (R™,0) — (R,0) be smooth functions germs and (X;,0) be set germs in
(R™,0), where ¢ = 1,2. We say that (F1, X1) and (F2, X5) are R-equivalent if there exists
a deffeomorphism germ ®: (R",0) — (R™,0) such that ®(X;) = X3 and F} = F50 ®.

For any v: S' — R, we define the set AP, as

AP, ={ (AP,(s,7),r) eRZxR | s € S* }.

The main result in this paper is the following theorem.

Theorem 2.2. Let mr: R? x R — R be the canonical projection. Then we have the
following :
(1) If v does not have an affine vertex at so and ro = n_(iﬂ’ then the pair of germs
(mr, AP~) at (AP,(s0,70),70) is R-equivalent to the pair of germs (m1,C) at
(0,0).
(2) If v has an ordinary affine vertex at sy and ro = E(—io—)’ then the pair of germs
(mr, AP,) at (APy(s0,70),70) is R-equivalent to the pair of germs (m1,'T) at (0,0).
where C = { (t,z1,z3) |22 =23 } T ={ (t,21,22) | 1 = 3u* +u?v, 25 = 4ud + 2uv,t =
v } and m1: R?2 x R — R is the canonical projection given by my(t,z1,x2) = t.

We say that the R-equivalence class represented by (73, T) is the swallowtail bifurca-
tions. We give an answer to the previous question as a corollary of Theorem 2.2.

Corollary 2.3. Let v: S' — R2 be a smooth plane curve parameterized by affine arc-
length satisfying the condition (A). Then the affine parallel through the affine center
of curvature at sq has ordinary cusp there provided v does not have an affine vertex.
Moreover, if v(sg) is the ordinary affine vertez of vy, the affine parallel has the swallowtail
bifurcation at AP,(sg,70). (See Figure 2 in Section 4.)

3. Proor oFr MAIN THEOREM

In this section we give the proof of Theorem 2.2. In order to give a proof of The-
orem 2.2, we prepare the following : Let v: S' — R? be a smooth plane curve with
| v'(s) v"(s) | = 1. We consider the affine distance-cubed function D of a plane curve.
This function is quite useful for the study of generic properties of invariants of extrinsic
affine differential geometry on convex plane curves (cf., [7,8,10,12]). The affine distance-
cubed function D: S x R2 — R is defined by D(s,u) =| v'(s) v(s) —u |.

Using the affine distance-cubed function of =y, we define a three parameter family of
smooth functions F: S' x R2x R — R by

F(s,u,r) =] u—7(s) 7'(s) [

We also define a smooth function f = f,,: ST — R by £(s) = fur(s) = F(s,u,r),
for each (u,7) € R x R.



Differentiating f with respect to s and applying the Frenet-Serret type formula, we
have,

3.1) flis)=1u=(s) ¥"(s) |
(3.2) f'(s) =—k(s) | u—n(s) ¥'(s) -1
(3.3) f(s) ==k'(s) [ u—(s) ¥ (s) |~ k(s)|u—(s) v"(s) |
(3.4) FO(s) = (k(3)? = K"()) | u = () ¥ (s) |
—26'(s) [ u—(s) 7"(s) | +(s)
It follows from these formulae that we have the following proposition.

Proposition 3.1. Let v: S' — R? be a conver plane curve parameterized by affine
arc-length. Then

(1) f'(so) = 0 if and only if there exits A € R such that u = (s ) ’y '(s0)-
(2) f'(s0) = f"(s0) = 0 if and only if (o) # 0 and u = ¥(s0) + 77537 (S0)-
(3) f(s0) = f"(s0) = f"(s0) = 0 if and only if K(so) # 0, u = ( ) ey 7" (s0)

and k'(s¢) = 0.

(4) '(s0) = f"(s0) = f"(s0) = fW(s0) = 0 if and only if K(s¢) # 0, u = v(s¢) +
L-~"(s0) and &' (s0) = k" (s0) = 0.

x(s0)

Proof.

(1) By the formula (3.1), f'(so) = 0 if and only if v"’(so) and u — v(so) are parallel.
(2) By the formula (3.2), f"(so) = 0 if and only if x(so) | v"'(s0) u—v(so) | = 1.

f'(s0) = f"(s0) = 0if and only if 1 = k(so)| 7v"(s0) AY"(s0) | = —Ak(so)
because of (1 ) The last condition is equivalent to the condition that k(sg) # 0
and A = _n—(s_o—

(3) We also assert f'(so) = f"(s0) = f"'(s ) = 0 if and only if x(sg) # 0, u =
¥(50) + sfoey"(s0) and 0 = f"'(s0) = —+(s )‘ 7'(50) ey 7"(8) \ =~

The last condition is equivalent to k'(sg) = 0.
(4) The assertion follows from the similar arguments as the proof of the assertion (3).

This completes the proof of Proposition 3.1. QED R

We now introduce some basic notions of singularity theory. For more details on the
results, see [1,3,4,5,9].

Let G: (R x R",(0,0)) — (R,0) be a function germ. We call G an unfolding of
g(t) = G(t,0). We consider the extended unfolding G(t,u,r) = G(¢t,u) — r, where r € R.
The discriminant set ® 5 of G is defined by

©§={(u,r)eRan G(t,u)—r,aa (t, u)—O}

The unfolding G gives rise to families of discriminant sets obtained by fixing the parameter
r. We have natural projections 7: R” x R — R and we want to consider the restriction
to Dg. We say that g(t) has an Ag-singularity at ¢ if g®?)(¢) = 0 for all 1 < p < k and
gP*t1(t) # 0. For the definition of the versal unfolding of a function germ, see [5].



Theorem 3.2. (cf., [3]) Let G(t,u) be the unfolding of the function g(t) with the Ag-
singularity at 0. If 1 and —g—uG:(t, 0) (1 <i<n) span R[t]/(t*) as the R-vector space, then
G is a versal unfolding of the function g(t). In this case we have the following.

(a) If gfi—(t,O) span R[t]/(t*), (m,D5) is R-equivalent to the trivial projection onto
one factor of a product discriminant set.

(b) If G is of minimal dimension k — 1 and 2 (¢,0) span R[t]/(t*) then (m,D5) is
R-equivalent to the projection of the standard discriminant set of H above onto
the a1-coordinate,

where H(t,a) = £t*+1 + a1t*=1 + .- + ap_1t + az.
We have the following simple corollary of Theorem 3.2.

Corollary 3.3. Let G be as the above and assume that g has Ak -singularity at 0 (k > 1).
Write the (k—1)-jet with constant of 2< ~(¢,0) at 0 as a01+23 L ajit? . If the k x I-matriz
of coefficients (ajs,€) for j =0,1,-- ,k 1,i=1,2,---,1—1 has rank k, then G is the
versal unfolding of the function g(t), where e = (—1,0,---,0)*.

In this case we have the following :

(a) Ifthe kx(I—1) matriz of coefficients (avj;) forj =0,1,--- ,k—1,1=1,2,--- ,1-1
has rank k, then (m,D5) is R-equivalent to the trivial projection onto one factor
of a product discriminant set.

(b) If G is of minimal dimension k — 1 and the k x (I — 1) matriz of coefficients
(eji) for j = 0,1,--- ,k—1,4=1,2,---,1 — 1 has rank k — 1, then (1,Dg) is
R-equivalent to the projection of the standard discriminant set of H above onto
the a1-coordinate, where H(t,a) = £t*+1 4 t*=1 4 ... 4 ap_1t + ax.

By definition and Proposition 3.1, the discriminant set of F is
Dr={ (v(s) +ry"(s),r) eR* xR | s € S*}.

P is precisely the family of affine parallels of v.

Since F(s,u) = v1(s)(72(s) — u2) — ¥4(s)(v1(8) — u1) — r, we should like to show that
F(s,u) is the versal unfolding of f(s ), where v(s) = (71(3) v2(8)), u = (uyg,uz). We
calculate the 2 -_]ets with constant of 2L —(s,u) and g—(s u) at so as follows :

oF oF 1

——(80,%0) + 52 (5— (5, %0))(50) =74(50) + 74 (s0)s + =5 (80) %,
Ouq Ouy 2
OF ., OF 1,
%(So,uo) + 3 ((9 ” (s,20))(s0) = — 71(s0) — 71 (s0)s — F (s (s0)s>.

We distinguish into two cases.

(a) When f has the Aj-singularity at sg ;
Clearly F is always the versal unfolding of f, when f has the As-singularity at sq.
(b) When f has the As-singularity at sg ;
We put

%a(s0)  —7il(s0) -1

N=1 7(s0) —’Y1 '(s0) 0
373'(s0) —37"(50) O



We want to prove that rank(N) = 3. So it is enough to prove that det(N) # 0. By the
direct calculation, we have

1 1 1 |
det(N) = —(—575'(80)’7:';"(50) + 571/(30)75”(30)) = —51 7' (s0) ¥ (s0) | = '2‘5(30)-
Applying Proposition 3.1, if f has the As-singularity at sg, then we have k(sg) # 0. So
we have det(IN) # 0. Therefor F is the versal unfolding of f.

Thus F' is always the versal unfolding of f under the assumption.

We consider the projection g : R x R — R. If f has the Aj-singularity at sg, then

the matrix
: ( Y3(s0)  —71(s0) )
¥3 (s0) —71(s0)

has rank 2 by | ¥/(s) +"(s) | = 1. By Corollary 3.3, projection g is trivial one.
On the other hand, if f has the As-singularity at sg, then the matrix

has rank 2 by | 7v/(s) +4”(s) | = 1. The assumption for the assertion (b) in corollary 3.3
is automatically satisfied.
This completes the proof of Theorem 2.2. Q.ED R

4. EXAMPLES

In this section we give some examples of affine parallels of plane curves and the bifur-
cation of singular points of affine parallels.

In Figure 1, we consider 7,(t) = (cost + cos2t + 1,sint + sin2t), v,(t) = (cos 3t —
cos 2t, sin 3t 4 sin 2t), v.(t) = (cos 2t — cos(t + 3) — sin 3t, sin 2t + sin(t — 3) + cos 3t), and
their affine parallels and affine evolutes. The original curve is drawn by the dotted line,
the affine parallel is draw by the real line and the affine evolute is drawn by the real line
of a light color.




In Figure 2, we consider 7, (t) and the one parameter family of affine parallels of «y for
the parameters r = 0.70, 0.65, 0.60, 0.55, 0.50 and 0.45. These pictures 1llustrate the
situation described in Theorem 2.2. We ﬁnd the swallowtail bifurcations.

r=070 r=0.65 r=0.60

Figure 2
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