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Abstract

We consider a class of representations {(Hv,Fy)}y of the Heisenberg
commutation relation (Hy Fy — Fy Hy = —1) which are deformations of the
Schrédinger representation, where the index parameter V is in a class of real-
valued C'°-functions on R. The Schrodinger representation is given by the
case V = 1. We classify the representations in terms of properties of V' and
show that they are divided into three subclasses. All elements of one of these
subclasses are unitarily equivalent to the Schrédinger representation. But the
others contain no elements unitarily equivalent to the Schrédinger represen-
tation. In particular a subclass consists of representations in each of which
Hy has no self-adjoint extension. Moreover, we obtain exact solutions to the
Heisenberg equation and the Schrodinger equation associated with Hy. We
show that, even in the case where Hy has no self-adjoint extension, exact
solutions local in time can be constructed.

1 Introduction

Let H be a Hilbert space and D be a dense subspace of H. Let P and ) be symmetric
operators on H satisfying (i) P C D(PQ)ND(QP) (D(-) denotes operator domain)
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ucation, Science, Sports and Culture, Japan.



and (ii) the Heisenberg commutation relation (HCR)

[P,Q] := PQ — QP = —i (1.1)

on D. Then the triple {H, D, (P, Q)} is called a representation of the HCR. A stan-
dard representation of the HCR is the Schrédinger representation {L?(R), C*(R), .
(p7 (I)}, where '

p=—1D;, q=uz, (1.2)
with D, being the generalized differential operator in the variable z € R. The
operators p and ¢ are called the momentum operator and the position operator
respectively.

In this paper we present a class of representations 7y := {L*(R),C(R),
(Hv, Fy)} of the HCR which are deformations of the Schrédinger representation,
where the index parameter V is a real-valued C*-function on R and Fy; is a multipli-
cation operator essentially self-adjoint on C§°(R). The Schrodinger representation
is given by the case V' = 1. We classify the representations in terms of properties
of V. We show that the family {nv}v contains three kinds of represnetations. One
of them consists of representations unitarily equivalent to the Schrodinger represen-
tation. But the others contain no elements unitarily equivalent to the Schrédinger
representation. In particular, a subclass of representations appear in each of which
Hy has no self-adjoint extension. In this sense the family {ry }y contains a class of
singular perturbations of the Schrédinger representation. The family {7y }v is not
so complicated and rather tractable. But it is interesting to see that, even in such
simple deformations of the Schrédinger representation, a variety of representations
appear.

One of the motivations for this work comes from a paper [1], which formally
discusses a method using representations of the HCR to construct exact operator
solutions to the Heisenberg equation associated with a given quantum mechanical
Hamiltonian. To explain the idea of the method briefly, let H = H(p,q) be a
symmetric operator on L?(R), which may be a quantum mechanical Hamiltonian.
Then one can consider the Heisenberg equation

dAY _am Ay (13)
dt .
associated with H, where A(t) is an unknown operator to be sought for (¢t € I; T
is an interval of R) and the equation should be taken as an operator equation on a
suitable domain D of L*(R) [D C D(HA(t)) N D(A(t)H) and, for all ¥ € D, A(t)
is strongly differentiable in ¢]. Suppose that H is self-adjoint. Then we can define

gu(t) := e"Tqe™™,  pp(t) = *Fpe™™H, teR,

the Heisenberg operators of the position and the momentum operators. Under suit-
able conditions, gg(t) and py(t) satisfy (1.3). Moreover, suppose that there exists an



operator F' := F(q,p) such that (H, F) is a representation of the HCR:[H, Fl=—
on a-dense domain. Then, formally,

dF(qu(t), pu(t))
dt

Hence we have a formal solution F(gg(t), pa(t)) = F(g,p) +t. On the other hand,
H(qw(t),pu(t)) = H(p, q). Solving these two equations, one may obtain exact forms
for qu(t) and pg(t). Of course, this discussion is only heuristic. The present paper
examine this method with the class {wy}y and construct exact solutions to (1.3)
with H = Hy. In particular, we show that, even in the case where Hy has no
self-adjoint extension, exact solutions local in time to (1.3) with H = Hy can be
constructed. To our best knowledge, the concept of a solution local in time to
Heisenberg equations is new (usually only solutions global in time are considered).
We also present exact solutions to the Schrédinger equation associated with Hy .

The outline of the present paper is as follows. In Section 2, we define the class
{mv}v and prove basic properties of it. Section 3 concerns a classification and a
structure of {my}v. In Section 4 we discuss self-adjointness of Hy, giving a complete
characterization of its essential self-adjointness on C§°(R) (resp. existence of self-
adjoint extensions, non-existence of self-adjoint extensions) in terms of properties
of V. In Section 5 we introduce a concept of regularity (resp. semi-regularity,
singularity) of representations of the HCR as well as a continuity of 7y in V and
classify my by these concepts. We see by some examples that regularity (resp. semi-
regularity, singularity) does not necessarily continue to hold under deformations of
V. In Section 6 we construct exact solutions to the Heisenberg equation (1.3) with
H = Hy. In the last section we give exact solutions to the Schrédinger equation
associated with Hy.

=ie"H[H, F]e'IitH =1.

2 A Class of Representations of the HCR

We denote by Co(R) the set of real-valued infinitely differentiable functions on R.
For each V € C2;(R), we define an operator

Hy := ﬂ%ﬁ (2.1)
acting on L?*(R). This operator is symmetric v_ﬁth
HyC3(R) C C&(R). (2.2)
If V is the constant function
Vi(z)=1, z€R, - (2.3)

then Hy, = p. Hence Hy is a perturbation of the momentum operator p.



Lemma 2.1 Let F be an absolutely continuous function on R such that its gener-
alized derivative F' is in L3 (R). Then, for all € CFP(R), [F, Hy| =1 if and
only if V(z) # 0 for a.e. t € R and F' =1/V.

Proof. 1t is easy to see that C°(R) C D(HyF) N D(FHy) and, for all ¢ €
C&(R), [F, Hy ¢ = tF'V1, from which the assertion immediately follows. [ |

In view of Lemma 2.1, we introduce a class of C*°-functions on R:
Vi={V e C(R)| 1/V € L (R)}. (2.4)

and, for each V € V, we define a function
A ’
- R = / ——d 2.

on R. This function is real and continuous on R. Hence it defines uniquely a
self-adjoint multiplication operator on L?(R). It is obvious that

Ce(R) C D(Fy). (2.6)

Note that
; FV =dq (27)

Hence Fy is a perturbaiton of q |
Proposition 2.2 Let V € V. Then:
(1) CSO(R) C D(Fvﬂv) N D(HvFv) and

[Fy,Hy] =i on C(R). (2.8)
(ii) For all ) € CP(R) and t € R, ¢Vep € D(Hv) and
Hye™Veop = 'V (Hy + 1)y, - (2.9)

Proof. (i) This follows from Lemma 2.1. ,
(i) Let ¥ € C(R). Tt is easy to see that ¢"*fv¢) is differentiable a.e. and

D7) = Set vy 4 VD, € IU(R),
from which it follows that eV € D(Vp) with
VpetfVap = teFvep + eV Vpip.
Similarly we see that vy € D(pV) with

pveith¢ — teith,L/) + 6ithpV1/).



Thus e*vy) € D(Hy) and (2.9) follows. S m
Proposition 2.2-(i) shows that, for all V € V, the triple
v = {L*(R),C5°(R), (Hv, Fy)} (2.10)

is a representation of the HCR with my, being the Schrédinger representation.
Hence {nv}yey gives a family of representations of the HCR as perturbations of
the Schrodinger representation.

For a linear operator T on a Hilbert space H, its numerical range ©(T') is defined

by
O(T) = {(u, Tu)n|u € D(T), ||ullx =1}, (2.11)
~where (-, « )3 (resp. || - ||#) denotes the inner product (resp. norm) of H (we often
omit the subscript H in them).

Proposition 2.3 Let V € CZ,(R). Then

O(Hy) = R. “ (2.12)

In particular, Hy is not semi-bounded (i.e., neither bounded ffom above nor é)ounded
from below).

Proof. For a real-valued function f € C(R) (f # 0), s € R, and ¢ > 0, we
define .
V1se(@) = (V(z)? + )74V f(a).
‘Then v;,. € D(Hy) and
i e
2V?2 4 g2
Using this fact and the reality of f, we obtain

Hyvg,e = 80f50 — Vihae — iV(V? 4 &2)WAeioFv 1

(100 Hvhsse)r2®) = sl$ssellz2m)-
Since s € R is arbitrary, (2.12) follows. - [

We want to make a remark on a property of Hy which may be related to Propo-

sition 2.3. Let A '
' Vi :={V e C®R)|V(z) >0, Vz € R}. - (2.13)

Then V. C V. For each z € C and V € V., we define a function

ez'zFV ()

¥(z) = : | (2.14)

which is in C*(R).
Let :
Hyp := Hy|C5°(R). (2.15)



Proposition 2.4 Let z € C and V € V.. Then:
(i) For all f € C(R),

/zbz(x (Hv f)(z :c—z/ ¥, () ~(2.16)

(ii) If e Fv )V € L}(R), then 4, € D(Hyg) and

Hygb. = 7. (2.17)

Proof. (i) This follows from direct computation using by integration by parts.

(ii) If e72%2Fv/V € L'(R), then ¢, € L*(R). Hence (2.16) can be written as
(%25 Hvo f)r2m) = (292, f)12(R) for all f € D(Hy,). This implies that 1, € D(Hy,)
and (2.17). [ |

Schmiidgen introduced a class of representations of the HCR:

Definition 2.5 [5, Definition 1 in §2] Let P be a symmetric operator defined on a

dense domain D of a Hilbert space H and Q be a self-adjoint operator on H such
that D C D(Q). The triple {H,D,(P,Q)} is said to be in the class I(H) if the

following conditions are satisfied:

(i) QD c D, PDCD.

(ii) The Opx-algebra generated by Q|D, P and identity I is closed on D.
(iii) €@y € D and Pe'™@yp = e™@(P + t)yy for all th € D and t € R.

For a closable operator A, we denote its closure by A.

Proposition 2.6 LetV € V, and Ay be the Opx-algebra generated by Hy,, Fy|CZ(R)
and I. Let

Dy := Npca, D(A). (2.18)
Then {L2(R), Dy, (Hyo|Dy, Fy)} is in K(LX(R)).

Proof By (2.2), C°(R) is a dense invariant domain of Hy. For V € V,, Fy is
C>(R), so that FyCP(R) C CP(R) and efFVCP(R) C CP(R). By these facts
and (2.9), we can apply [5, Lemma 2 in §2] (cf. also [6, p.671]) to establish the
desired results. ~ ]

Remark 2.1 By Proposition 2.6, all the abstract results established in [5, 6] can
be applied to to the representation (Hy,|Dv, Fyy). But here we do not go into the
details. In the present paper we want to discuss aspects the abstract theory does
not cover.



3 A Classification and a Structure of the Repre-
sentation 7y

We may classify the family {7v}y ¢y, in the following manner:

Cy := {mv|V € V., Fy is not semi-bounded}, (3.1)
Cy := {nv|V € V4, Fy is bounded from below, (3.2)
but not bounded from above}, (3.3)
Cs := {mv|V € V4, Fy is bounded from above, (3.4)
but not bounded from below}, (3.5)
Cy = {mv|V € V4, Fy is bounded}. (3.6)

We want to identify these subclasses more concretely. For each V € V., we can

define
ovim tim [yt b=t [ oo @1

with 0 < by < 00 and —o0 < ay < 0. For a linear operator A, we denote its
spectrum by o(A).

Proposition 3.1 Let V € V. Then:

(i) The function Fy is strictly monotone increasing and

{Fv(z)|lz € R} = [av, by], - (3.8)
where [ay,by] := (—00,by] for ay = —oc0,by < oo, [ay,by] := [ay,c0) for
dy > —o0,by = oo, and [ay,by] := R for ay = —00, by = co0. In particular,

O'(Fv) = [av, bv] (39)

(ii) The operator Fy is bounded if and only if 1/V € L*(R).

(iii) The operator Fy is bounded from below if and only if [°,_ V(z) 'dz < co.

(iv) The operator Fy is bounded from above if and only if [5° V(z)*dz < co.
Proof. An easy exercise. ' [

By Proposition 3.1, we have the following characterization of each subclass C;:

Ci:={my|V € V+,/ )Mz = oo / )l = oo}, (3.10)
0

Cy:={my|V € V+,/ )tz < oo/ )7ldz = 00},  (3.11)

Csy = {my|V € v+,/ )z = oo / )ldz < o0},  (3.12)

Co:={nv|VeVy1/V e LI(R)}. (3.13)



In p@ri:i’cxila;r, each subclass C; (7 = 1,2,3,4) is not empty. It is obvious that each
representation 7y € Cy U C3 U Cy is not unitarily equivalgnt to t’he Schrédinger

representation (p, q).
In connection with this classification, we recall a definition:

Definition 3.2 [2, Definition 1.1] Let P,Q be symmetric operators on a Hilbert
space H and D be a dense subspace of H. The pair (P, Q) is said to be in the class
Kpp(H) if the following conditions are satisfied:

(D.1) D C D(P)N D(Q) and PD C D,QD C D.
(D.2) PQ — QP = —i on D.
(D.3) P=P[D,Q =Q[D.
(D.4) Q is bounded.
Remark 3.1 The class Kpp(H) is included in K(H) [5, §2.5].
The following proposition follows from Proposition 2.2-(i), (3.6) and (3.13):

Proposition 3.3 Let V € V, and

Hy = Hy,. a (3.14)
Then the pair (Hy, Fy) is in ICDD(LZ(R)) with D = C(R) if and only if 1/V €
L*(R).

Schmiidgen established a general structure theorem for each representation of the
HCR in the class K(H) (Definition 2.5) [5, Theorem 1 in §4]. It may be 1nstruct1ve
to see what it is like in the present representation 7y .

Let V € V, and define a linear operator Uy : L*(R) — L*(ay, by ) by

(Uv)(y) ==V (F @) (Fy(y), aey € (ay,by), (3.15)

‘where Fy;'(-) is the inverse function of Fy. Then it is easy to see that Uy is unitary
with

L HEG)
UV (é—— \/‘7 y (]5 e L ( V,bv). (3.16)
and

Proposition 3.4 Let V € V. Then, for all ¢ € CP(ay,by),

(v Fy Uy 6)(y) = yé(y), (3.18)
(UvHyUy'6)(y) = —id'(y), yE€R. (3.19)



Proof. It is straightforward to show (3.18). For all ¢ € Uy C(R), we can show
that

Ul 00) = e (-9 W) + 5V )W)}
(UvVUF'$)(y) = V(F (), ve(nb).

Using these relations, we obtain (3.19). |

Proposition 3.4 shows that the unitary operator Uy transforms (Hy,Fy) to
(=tDy,y) such that the V-dependence of the representation is with the Hilbert
space L*((ay,by)) and boundary conditions of —iD, in the interval (ay, by ).

4 Self-Adjointness Qf HV

In this section we consider self-adjointness of Hy. For each V € V., we define
functions

1 - , S
G‘j} = \/—VeiFV. : ' - (4.1)‘

We introduce subsets of V,.:

Vi = {VeWL|Gy ¢ L*(R)},

( (4.2)
V, = {VeV,|G} ¢ L*(R),Gy € L*(R)}, (4.3)
Vs = {V eV,|G} € L*(R),Gy ¢ L*(R)}, (4.4)
Vy = {VeV,|GEe L*(R)}). (4.5)

Theorem 4.1 Let V € V. Then:
(i) Hy 1s essentially self-adjoint on C(R) if and only V € V.-

(i1) Hy is not essentially self-adjoint on C§°(R) and has self-adjoint extensions. if
and only V € V4.

(ii1) Hy isa n'on-self-adjoz'nt-ma:ciﬁwl symmetric operator if and only V E’v VU V3
To prove this theorem, we establish a lemma. | |
Lemma 4.2 Let V € V.. Then:
(i) ker(Hygo* +1) # {0} if and only if G € L*(R). In that case,
ker(Hyo" +1) = {aGH|a € C). (4.6)

(ii) ker(Hyo* —1) # {0} if and only if Gy, € L*(R). In that case,
ker(Hyp* — i) = {aGy|e € C}. (4.7)



Proof. Let ker(Hyo* 1) # {0} and ¢1 € ker(Hy,c" £1) \ {0}. Then we have

Y 11 :
Dy = 2V P (4.8)

in D'(R) (the space of distributions on R). Note that

:l:l
V

which implies that D1+ € Li_.(R). Hence v, can be indetified with continuous
functions on R. It is not difficult to show that every solution of (4.8) in D’ has the
form 14 = c+G¥ with ¢y € C being constants. Hence G5 € L*(R).

Conversely, let GE € L*(R). Then it is easy to see that G& € ker(Hy,o" £1).
Hence ker(Hyg* £ ¢) # {0}.

The proof just given above implies (4.6) and (4.7) too. |

’L/)i € Lloc(R)

Proof of Theorem 4.1

(i) By a general criterion (e.g., [3, p.257, Corollary]), Hy is essentially self-adjoint
on C(R) if and only ker(Hy," +¢) = {0}. By Lemma 4.2, the latter condition is
equivalent to G ¢ L*(R).

(ii) By a general criterion (e.g., [4, p.141, Corollary]), Hy is not essentially
self-adjoint on CP(R) and has self-adjoint extensions if and only dim ker(Hyo* +
i) = dlrnker(HVo - z) # 0. By Lemma 4.2, the latter condition is equivalent to
GE € L*(R).

(iii) By a general criterion (e.g., [4, p.141, Corollary]), Hy is a non-self-adjoint
maximal symmetric operator if and only either dim ker( Hy,o*+¢) = 0, dimker(Hy,"—
1) # 0 or dim ker(Hyp*+i) # 0,dimker(Hyo"—%) = 0. By Lemma 4.2, the latter con-
dition is equivalent to either G3 € L*(R), Gy € L(R) or G§ € L*(R), Gy € L*(R).
|

Remark 4.1 Theorem 4.1 can be proved also by using Proposition 3.4.
We can identify the set V; (j = 1,2, 3) more explcitly.

Proposition 4.3

V, = {Ve v+|/ )~1dz = oo / )" da = oo}, (4.9)
V, = {Vev, / V(z) ldz < oo / ) lde = 00},  (4.10)
Vs = {Ve v+|/ )ldz = oo / )y lde < 00}, (4.11)
Vi, = {VeVyl/Ve Ll(R)}. (4.12)



Proof. By the change of variable y = Fy(z), we have

£0,\(2 Vot
J G @) = [ e=vay,

ay

from which the assertion immediately follows. ||

5 Regularity

We intrpduce a definition on representation of the HCR.

Definition 5.1 Let 7 := {H,D,(P,Q)} be a representation of the HCR.

(i) We say that = is regular if P and @ are essentially self—adjoint on D.

(ii) We say that 7 is semi-regular if both P{D and Q|D have self-adjoint extensions.

(i) We say that 7 is singular if one of P|D and @Q|D has no self-adjoint extension.

The following classification of the representation 7y immediately follows from
Theorem 4.1.

Proposition 5.2 Let V € V... Then:

(i) vy is regular if and only V € V.

(il) wy is not regular, but, semi-reqular if and only V € V.
(iii) my is singular if and only V € Vo U V3.

The following proposition shows that the representation my with V € V; is
unitarily equivalent to the Schrédinger representation.

Proposition 5.3 Let V € V,. Then Uy defined by (8.15) is a unitary operator on
L*(R) such that UyCP(R) = C(R) and

UyHyUi' =p, UyFyU;' =q. (5.1)

Proof. Since V € Vq, we have ay = —o0, by = oo so that Uy is a unitary operator -

on L*(R). It is easy to see that UyCP(R) C CP(R) and Uy 'CP(R) C CP(R).
Hence Uy C(R) = CP(R). By Proposition 3.4, (5.1) holds on Cg°(R). Since
C°(R) is a core of ¢ and p, (5.1) follows. [ |

We consider continuity of 7y in V. |



Proposition 5.4 Let V,,V €V, (n € N) and, for all R > 0,
lim sup |Va(z) — V(z)| =0, lim sup |V,i(z)— V'(z)| =0. (5.2)

n— |1I<R n—0 |4I<R
Then, for all f € CP(R),
lim ||Hv, f — Hv f||12®) =0,

n— 00

dim [|Fy, f — Fv fl|r2r) = 0,
Proof. Let f € C°(R). Then
Lo, ‘
|Hv, f = Hv fllewy < 51V f = V' fllezy + (Ve = V)ofllemy-

Hence (5.3) follows.
We have

: . R
1B f = Fofllimy = [ Gale)lf(@)da,
where R > 0 is a constanf such that supp f C[—R,R] and
V) -V, [
(y

We have for all z € [~ R, R]

Gn(z) < (sup [Va(y

ly|<R

Let Vo := minge_gr .z V(z). Then V5 > 0. For each ¢ € (0,V,/2), there exists an
ng € N such that, for all n > ny,

[Va(z) = V(2)| <e, =z €[-R,R]
Hence

Vo

V(z)>V(z)—e> >

from which it follows that

G < (.2}2%"”(” V) WRZ n> no, © € [—R, R].

Thus (5.4) follows. ’ | [ ]

We mean by 7y, = 7y (n = oo) that (5.3) and (5.4) hold. This defines a con-
tinuity of my. As the following examples show, this continuity does not necessarily
preserve regularity of my.



Example 5.1 Let

T

V(w)z e”, Vu(z) = n€N, zeR.

Then V' € V3 and V,, € V; for all n. Hence, by Proposition 5.2, y, is regular and
Ty is singular. It is easy to see that (5.2) holds. Hence v, — 7y (n — o0o0). This
shows that a regular representation of the HCR can change to a singular one under
a continuous deformation. ’

Example 5.2 Let
Vi(z)=e ™™, neN, zeR:

Then V,, € V5. Hence, by Proposition 5.2, wy, is singular. Let V_ be the constant
function defined by (2.3), so that =y, is the Schrodinger representation. It is easy to
see that (5.2) holds. Hence 7y, — 7y, (n — 00). This shows that a singular repre-
sentation of the HCR can change to a regular one under a continuous deformation.

Example 5.3 Let

14 22

V(iz)=1+2% Vy(z)=
Then V € V4, V, € V;. Hence, by Proposition 5.2, my is semi-regular and wy, is
regular. It is easy to see that (5.2) holds. Hence mwy, — mv (n = oc0). This shows
that a regular representation of the HCR can change to a semi-regular one under a
continuous deformation.

Example 5.4 Let
V(z)=e? Vy(z)=e/" neN, zeR.

Then V € V,,V, € V,. Hence, by Proposition 5.2, 7y is singular and 7y, is semi-
regular. It is easy to see that (5.2) holds. Hence 7y, — ny (n — o0). This shows
that a semi-regular representation of the HCR can change to a singular one under
a continuous deformation.

6 Exact Solutions to a Heisenberg Equation

“In this section, by applying the results in the previous sections, we solve the Heisen-
berg equation
dA(t . ,
A0 _ v, 40 s
associated with Hy in the cases A(0) = ¢,p. We do this in two cases: (i) V € Vy;

(i) V € Vo U V.



6.1 The case V eV,

In this subsection we assume that V € V;. Then, by Theorem 4.1-(i), Hy is self-
adjoint. Hence the Heisenberg operators

q(t) := e Vge ™ Hv  p(t) 1= v peitHy (6.2)
of ¢ and p with the operator Hy can be defined for all ¢ € R. Obviously we have

g(0)=¢q, p(0)=p. | (6.3)

In the present case, we can define for all ¢ € R the following function on R:

®,(z) := Fy' (Fy(z) +t), z€R. (6.4)
We set V() ,
Wi(z) := V0,0)) r € R. (6.5)

Lemma 6.1 Let V € V;. Then, for allt € R, W; € Vy. In particular, Hy, is
essentially self-adjoint on C°(R).

Proof. Tt is easy to see that W; € V.. We have

d®,(z) 1
= I/Vt(w) (6.6)
Hecne
0 1 )
/ de = 0,(0) — lim &;(—R) = oo,

/ m(x ———do = Tim @,(R) — ,(0) = oo.

Thus, by Proposition 4.3, W; € V,. By this fact and Theorem 4.1, Hyy, is essentially
self-adjoint on C§°(R). |

Theorem 6.2 Let V € Vy. Then

In particular, q(t)C’g"(R) C CP(R),p(t)C(R) C C(R) for allt € R.



Proof. By Proposition 5.3, we have
q(t) = U;leitpUVqUx;le;itpUV.
It is easy to see that
UvqUy' = Fy'(q).
Hence, by the functional calculus and the well known fact that
eitpqe—itp =gq + t,
we have
9(t) = Uy'Fy'(g+t)Uv
= Fy'(Uy'qUv +1)
= Fy'(Fv(g) +1).
Thus (6.7) follows.
By direct computation, we have

V_1HV + HyV-1
p= 5

on C§°(R). Since C°(R) is a core of p, we obtain

V-1Hy + HyV-1
p prosees 2 .

Hence
p(t) D %{e”HVV"lﬂve'”HV + eV Hy V=lemtHvy

= V(O By + HyV(a(®)™}

D Hw,|C5°(R).
By this fact and Lemma 6.1, we obtain (6.8). ) u

We next show that ¢(¢) and p(t) satisfy the Heisenberg equation (6.1).
Theorem 6.3 Let V € V,. Then,
Co°(R) C D(Hvq(t)) N D(q(t)Hv) N D(Hyp(t)) N D(p(t)Hy) (6.9)

and, for all f € CF(R), q(t)f and p(t)f are strongly differentiable in t € R satis-
fying

WOT — itay, a(o))s, (6.10)
PO~ itay, plo)s (6.11)



To prove this theorem, we establish lemmas.-

Lemma 6.4 Let V € V; and f € C(R). Then:

(i) ®,f is strongly differentiable in t and

d?f=ﬂd¢Jﬂ teR. (6.12)
i
(i1) For allt € R, ’

i[Hy, ®]f = V(®,)f. (6.13)

Préof. (i) Let supp f C [-R, R] (R > 0). Then we have forallt € R and h € R
with 0 < |h| < 1 '

¢ - B
, L2(R)
R & 2
= [ [P 22 v ) e
-R h o
It is easy to see that :
d®;(z)- :
19— @) (6.14)
Hence ® ® '
wa(2) = ®ule) | max _|V(®,(z))| < co.
' h t—1<s<t+1,z€[-R,R]
Therefore

Dipn(z) — Pu(z)
h

where Cypr is a constant independent of h. Hence, by the Lebesgue dominated
convergence theorem, we obtain the desired result.

(ii) We have : '

= V(®(2))| < Cir, z€[-R R

i

Hy, @df = Z{lp. @IV +Vp, @}

2"
1 [d%, dd,
= 3 {E{V * V?.;} 5
which, together with (6.6), yields (6.13). o |

Lemma 6.5 Let V € Vy and f € CP(R). Then:



(1) Hw,f is strongly differentiable in t and

‘%?ﬁ:%@mw@g+mw@my,tea (6.15)
(ii) For allt € R,
i[Hy, Hwlf =~ {pW.V'(8) + W,V (2)p} . (6.16)

Proof. (1) We have ’
Hy.f = —5Wif + Wip/.

In the same way as in the proof of Lemma 6.4-(i), we can show that each term on
the right hand side is strongly differentiable in ¢ with o -

dwif _ (th> 5

a — \a
thpf o th f
dt - @ P

Hence Hw, f is strongly differentiable and
dHy,f 1 {pdm aw, } f'

a2 at TTa P

It is easy to see that

dW;
dt

— W, V(). (6.17)

Thus (6.15) follows.
(ii) We have

i[Hy, Hw]f = i{[pV, pWi] + [pV, Wipl + [Vp, pWi] + [Vp, Wepl} [
=~ {p(V'W, = WV) + (WiV" = WiV )p} .
It is straightforward to see that
V'W, — W[V = W,V'(®,). (6.18)
Thus (6.16) follows. : ‘ ‘ u

Proof of Theorem 6.3
The domain property (6.9) is due to Lemma 6.1 and Theorem 6.2. The other
statements immediately follows from Lemmas 6.4 and 6.5. [ |



Example 6.1 Consider the case where V(z) = 1/cosh(az), z € R with a > 0 a
constant. Then V € V; and ,

Fyl(z) = ;ll—a,rcsinh(aac).
Hence

q(t) = ladrcsinh (sinh(aq) + at),
a
1 {pcosh (arcsinh(sinh(aq) + at)) N cosh (arcsinh(sinh(ag) + at)) }
b

p(t) = 2 cosh(aq) cosh(aq)

on C(R).

6.2 The case V eV,y,UV;

In this subsection we assume that V € V, U V5. In this case f{\v is not self-adjoint
[Theorem 4.1-(iii)]. Hence we can not define the Heisenberg operators ¢(t) and
p(t) in the manner as in (6.2). Nevertheless, as is shown below, we can construct
solutions to the Heisenberg equation (6.1) with A(0) = ¢, p locally in time .

We first consider the case V € V; so that ay = —o0, by < 00, and

Fy(R) = (—o0, by). (6.19)

Hence, if t < 0, then Fy(z) +t € (—o0, by] for all z € R. Therefore we can define
the operators

q-(t) == @y, (6.20
p-(t) = Hw, (6.21)

for all ¢ < 0. We have
q-(0) =g, p_(0)=p. (6.22)

Proposition 6.6 Let V € V3 and f € C°(R). Then:
(1) g-(t)f and p_(t)f are strongly differentiable in t < 0 with

T itay, gy, (6.23)
-0 _ ity o) (6:24)

(i) For allt <0, {L?*(R),C$(R), (p- (t),q_(t))} is a representation of the HCR
[p-(t), ¢-(O)If = —if. (6.25)

For all t < 0, this representation is singular.



Proof. (1) The proofs of Lemmas 6.4 and 6.5 work in the present case too yielding
(6.12), (6.13), (6.15) and (6.16) with ¢ < 0. Hence the desired result follows.

(ii) By direct computation, we have

[p-(8),g-()]f = —i®; WA,

which, together with (6.6), yields (6.25). It is easy to see that, in the present case,
W; € V3. Hence, by Proposition 5.2, the representation (p-(t),¢—(¢)) is singular for
all t < 0. [

Remark 6.1 It is easy to see that, for all f € C°(R),

1}{3”(]—(75)]” - qfll2r) =0, 1tilfgl||P—(t)f —ofllzm) =0.

Hence (p_(t),q-(t)) is a continuous deformation (perturbation) of the Schrédinger
representation (g,p). Proposition 6.6-(ii) shows that (p_(t),q_(¢)) with £ < 0 is an
example which drastically changes the property of the unperturbed representation
of the HCR.

Example 6.2 Consider the case where V(z) = * with a constant ¢ > 0. Then
V € V3 and

1 | ~ax
Fv(x)—g(l—e ),
so that Fy(R) = (—o00,1/a]. In this case we have by (6.20) and (6.21)
1
_(#)=—~log (e —at
¢-(t) = ——log (™ —at),
t
p_(t)=p— E12_ (pe®? + e*p), t<N0.
This example with a = 1 was formally discussed in [1, Example 1].
We next consider the case V € V, so that ay > —o0,by = oo, and
Fy(R) = (av, o). (6.26)

Hence, if t > 0, then Fy(z)+1t € [av,00) for all z € R. Therefore we can define the
operators

Q+(t) = (Dt, (627)
pi(t) = Hw,. (6.28)

for all t > 0. We have
g+(0) = ¢, p+(0) =p. (6.29)

In the same way as in Proposition 6.6, we can prove the following:



Proposition 6.7 Let V € V; and f € C°(R). Then:
(1) ¢+ (t)f and py(t)f are strongly differentiable in t > 0 with

‘M—ti(-:li = i[Hy, ¢ ()], (6.30)
BOF iy po)r. (6.31)

(if) For allt >0, {L*(R),C°(R), (p+(t), ¢+ ()} is a representation of the HCR:
p+(), g ®)f = —2f. (6.32)
For all t > 0, this representation is singular.

Remark 6.2 Properties similar to those stated in Remark 6.1 hold for (p,(t), ¢+ (¢))
(t > 0).

Example 6.3 Consider the case Where V(z) = e7** with a constant @ > 0. Then
V €V, and o

1
Fo(e) = e —1),
so that Fy(R) = (—1/a,00). In this case we have for all ¢t >0

1
g+(t) = ~log (™ +at),

p+(t) =p+ %t (pe‘“q‘ + 6‘“"p) :

7 Exact Solutions to the Schrodinger Equation
with the Operator Hy

In this section we show that the Schrédinger equation

LU S0 | (1.1)

with the operator Hy has exact solutions if V € V; UV,UV; (¥(t) € D(Hy)), where
the derivative di(t)/dt is taken in strong sense in L*(R).

7.1 Thecase VeV,

Let V € V; and ¢ be a Borel measurable function on R. Then, for each t > 0, we
can define a function ¥(¢) on R by

b(t)(z) == JV(F v %ggﬂ ~ ) y(F (Fi(z) - 1), ae z€R. (12)




Theorem 7.1 LetV € Vy and ¢ € D(pUy). Then, forallt-€ R, () is mD(fI\V)
and a solution to (7.1) with t € R. Moreover, if 1 € C°°( ), then ¥(t) € C(R)
for allt € R. : '

Proof. Let ¢ € D(Hy). Then, by Theorem 4.1-(i), the vector ¢(t) := e=itHv
is a solution to (7.1) with t € R. By Proposition 5.3, ¥ € D(Hy) if and only if
-+ € D(pUy) and we have for all t € R and ¢ € D(pUy)

e—itﬁv,(/) — U;le—itvaw'
By the well known formula (™ f)(z) = f(z—t), a.e. z,f € L*(R), one sees that

(U;le_itva'g/))(x) — \\ V(FV (‘/F(Vl() ) ))¢(FV (FV( ) ))

Hence the first one of the desired results follows. The assertion on the C§°-regularity
of (t) easily follows from (7.2). o |

7.2 The case V € Vo U V3

In this case we have exact. solutions to (7.1) local in time ?.
We first consider the case V € V3, so that ay = —o0,by < oo, and (6. 19) holds

Theorem 7.2 Let V € V3 and ¢ € CER) (k>1). We define for all ¢ € [0, c0)

b)) :=JV(F_V"' =Dy (o) - 1), s€R (1)

Then 4 (t) is strongly differentiable in t > 0 and is a solution to (7.1). Mo’reover,
for all t € (0,00), ¥(t) is in C*(R).

Proof. For t > 0, we define an operator S; on L?(—o00,by) by
(Stf)(m) = f(CE - t)7 a.e ¢c (_007 bV)'ff € L2(—OO, bV)

Then S, is bounded. We can write 1 (t) = U;;* S;Uy 1. 1t is easy to see that,. for all
f € CER) (k> 1), S;f is strongly differentiable in t > 0 and dS;f/dt = —S,f' =
—(S:f)". Thus the disired result follows. ]

We next consider the case V' € V,, so that ay > —o0, by = o0, and (6.26) holds.
Theorem 7.3 Let V €V, and b € CE(R) (k> 1). We define for all t € (—o0, 0]

b_(t)(a) :=\' AR =Dy (v - 1), weR. (1)

Then v_(t) is strongly differentiable in t < 0 and is a solution to (7.1). Moreover,
for all t € (—o0,0), ¥_(t) is in C¥(R).



Proof. For t <0, we define an operator T; on L%(ay,00) by

(Tif)(z) == f(z —1t), ae. z€ (ay,o0),fe€ L*ay,ox).

Then T; is bounded. We can write ¥_(t) = Uy TyUy . 1t is easy to see that, for all
f € CER) (k > 1), Tyf is strongly differentiable in ¢ < 0 and dIif/dt = =T, f" =
—(T;f)'. Thus the disired result follows. [ |
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