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Abstract. An essentially bounded function ¢ on the unit circle gives a continuous
linear functional Ty on the Hardy space H'. p(¢) denotes a set of all complex numbers s
such that there exists at least one function which attains the norm of Ty_,. In a previous
paper, we showed that C\m is empty or an open disc. Unfortunately we did not know
when p(¢) is open or closed. In this paper, we study when p(¢) is open or closed. Moreover
the functions in the Smirnov class N, whose real parts are nonnegative on the unit circle
are described and studied. Then we give new characterizations of exposed points in the
unit ball of H' and we determine when the sum of two inner functions is outer. As an
result, we can describe all functions which have their Denjoy-Wolff points on the unit
circle.



§1. Introduction

Let D be the open unit disc in the complex plane and let D be the boundary of
D. An analytic function in D is said to be of class N if the integrals / log® |f(re®)|d6

are bounded for r < 1. If f is in N, then f(e*), which we define to be lim,_,; f(re®),
exists almost everywhere on 0D. If

limg | log* |(re*)ld0 = [ log* |1(e")lds

then f is said to be of class N,. The set of all boundary functions in N, is denoted by
N,. For 0 < p < 00, the Hardy space H?, is defined by N, N L*.

For ¢ in L*, we denote by T, the correspording functional defined on H', that
is,

T(f) = [ £(e%)p(e)d/2r.

Let S4 be the set of functions in H' which satisfy Ty(f) = ||T4|| and || f||: < 1. For each
positive integer n, p,(@) denotes the set of all complex numbers s for which the dimension
of (S4-s), the linear span of Sy_;, is n. Put

p(¢) = Q pr(®) ;

then p(@) is the set of all complex numbers s for which S4_, is nonempty. In the previdus
paper [7], the author used the set E(¢) in order to describe p(¢), where

E(¢) ={f(0): ¢ = fllw = ¢+ H”|| and fe H}.

In fact he showed that C\E(¢) C p(¢). Hence if E(¢) = {s} for some complex number s
then p(¢) = Cor p(¢) = C\{s}. In this paper we show the converse. In the previous paper
[7], the author did not consider p,(@). In this paper we show that p(é) = p1(¢) U pn(9)

for some n with 2 < n < oo when | pn(¢) # @. In the previous paper [7], the author

showed that n= :
C\E(4) C p(¢) C C\E(9)°

when p(@) # C ; here E(¢)° denotes the interior of E(¢). In this paper we show that
p(¢) = C\E(¢)° under a certain condition on @. This depends on a well known theorem
of Adamyan, Arov and Krein (cf. Theorem 5.3 in [3, Chapter IV]). Our argument has
some connection with a theorem of Sarason in [10]. We give a proof of a weakened version
of a Corollary in [10].

There exist a lot of functions in N, which are real valued on dD. Moreover
Ny<1H? has nonconstant functions that are real valued on dD. On the other hand, the
Hardy space H' does not contain such a function. Put ArgN, = {f/|f| : f is a nonzero



function in N,} ; it is not difficult to see that ArglV, is just the set of all unimodular
functions in L*°. In this paper, we are interested in

ArgH' = {f/|f|: f is a nonzero function in H'}.

If k is a nonegative nonzero function in Ny, f is a'nonzero function in H! and g = kf,
then g/|g| belongs to ArgH?*. / :

We call ¢ in Ny an inner function if |¢| = 1 a.e. on dD. A function g in N,
is called outer if it is not divisible in N} by a nonconstant inner function. When g is in
H', g is outer if and only if f/g belongs to H® whenever |f| = |g| a.e. on 8D and f is
a nonzero function in H'. Then f = qg for some inner function ¢q. A function g in H?! is

called strongly outer if and only if f/g belongs to H* whenever i =2 4e ondD

Il gl

and f is a nonzero function in H'. Hence then f = ag for some positive constant a. It is
easy to see that if g is strongly outer then it is outer. If g has norm 1, g is outer if and
only if g is an extreme point in the unit ball in H*, and g is strongly outer if and only if
g is an exposed point in the unit ball.

For a function F in H?,

f(z) = ‘1‘/1r - +ZIF(6“)Idt‘ (z € D)

is called the Herglotz integral of | F'|. Then f is an outer function in N, and Ref = |F| a.e.
on 8D Put

L} = {Ref: f is the Helglotz integral of |F| and F € H'}

and '
Ly ={Ref: f isouterin N; and Ref >0 a.e. on 0D}

Then L},_gL.,. and L} ={u€L':u>0 ae on &D and logu € L}.

In this paper, we show the following : For an outer function G in N, G/|G| €
ArgH" if and only if |G| € L,.. For a nonzero function F in H!, F is strongly outer if and
only if |F/(1 + q)?| ¢ L, for any nonconstant inner function ¢. Sarason [10] conjectured
that F' is strongly outer if and only if |[F//(14¢)?| ¢ L for any nonconstant inner function
q. However Inoue [5] gave a counterexample for this conjecture. Thus our result seems to
be interesting. A function whose real part is positive on D is in Ny<1 H? and is an outer
function. Such functions are very important and well understood. For example, they
are Herglotz integrals of positive measures. On the other hand, a function in N, whose
real part is nonnegative on 8D is not necessarily outer. Such functions also seems to be
important. In this paper, we study them. We show that if f is a nonzero function in N,
with Ref > 0 on 0D then f = (¢+k)/(q— k) where ¢ is inner, k is a contractive function
in H*® and ¢ — k is outer. Helson [4] proved this when Ref = 0 on dD. Moreover we
determine when q — k is outer, using the parametrization theorem of Adamyan, Arov and
Krein (cf. Theorem 5.3 [3, Chapter IV]). Sarason [11] consideved the cace where ¢ = z



and k is inner using different methods. As a by-product, we describe all functions whose
Denjoy-Wolff points are on dD.

Throughout this paper, for a function F in H!, we write the Herglotz integral f
of |F| in the form :

; 1+QF(2)
&)= T4m)

where Qr is a function in H*® with ||Qp||oo <1.

(2 € D)

§2. p(¢)=C

In the previous paper [7], the following were proved :

(1) If || + H*|| 3 l¢ + H® + C|| then p(¢) = C and hence if ¢ is a function in

H*> + C then p(¢) = C. Here C is the set of all continuous functions on dD.
(2) If S; contains at least two functions then p(¢) = C.

In this section, we study the set p(¢) = | J pn(4) in detail.

n=1

Theorem 1. Let ¢ be a function in L®. Then, p(¢) = C or C\{s} if and only
if E(¢) = {s}, where s is in C.

Proof. The ‘if’ part is known i in the previous paper [7, (3) of Theorem 3]. We will
prove the ‘only if’ part. Suppose p(¢) = C. If ¢ € H*® then E(¢) = {¢(0)} clearly and so
we may assume that ||[¢ + H®|| =1. If | — F|lc =1 and F € H*® then F = F(0) + zk
and k € H®. Put s = F(0), then ||¢ — s + zH®|| = 1 and S,_, is not empty because
p(¢) = C. Hence ¢ — F'is an extremal kernel of T,_, [2, p132] and so

¢—F=¢—3—zk=|f7|

for some nonzero function f in H' [2, p133]. Then'
56— = E6-= £ ().

Suppose E(¢)° # @ and so E (|f|) # @. Then we may assume that s belongs to

f
E(¢)° andso0 € E (';I) Since F (I‘;l) # @, there exists a nonzero complex number
te E (l%l-) such that |—;:—| -——t——zhll = 1 for some h € H*®. Since t + zh # 0, f~!




belongs to H! by Lemma 5.4 in [3, Chapter IV]. We may assume that ||f~!||; = 1. Since
“% + H°°” =|l¢+H=|| =1, |fl/f =|f"|/f"' and f~' is an exposed point of the unit
ball in H', by Lemma 5 in [7]

7 e
(f)—{zec = I <)

[EiAY

f
@. By Proposition 6 in [7], if E(4) is not a single point then E(¢) is a closed disc and so

E°(¢) is not empty. This implies that E(¢) = {s} for some s € C.

Suppose p(¢) = C/{s}. If s # F(0) = s’ in the proof above, then we can show
E(¢) = {s'} as when p(¢) = C. By the ‘if’ part, p(¢) = C\{s'} because p(¢) # C.
This contradicts that p(¢) = C\{s} because s # s'. This contradiction implies that

E(¢) = {s}.

This implies that 0 does not belong to £ . This contradiction shows that E(¢)° =

Theorem 2. Let ¢ be a function in L. If Gpn(¢) = @ then p(¢) = p1(4). If

Gpn(¢) # O then the following (1) ~ (3) are valid.

T W)=
(2) Uﬂn(¢ (¢) = {s} for some s in C and p;(¢) = C\{s}.
() (@) = P1(¢) U pn($) for some n with 2 < n < co.

Proof. By definition p(¢) = p1(9) if Upn = (. Suppose Upn(cﬁ) # 0. (1)

was proved in the previous paper [7, Theorem 4]. (2) (1) and Theorem 1 imply that
E(¢) = {s}. If t # s then t € C\E(¢) and so by definition of E(¢) there exists k € H*

such that ||¢ —t +2zH®|| = ||¢ —t + 2k||, and I|¢—-t+zk||oo>||¢+H°°|| Ift € Upn

then S,_; is not a single point and so by Theorem 9 in [1], ng ¢ O zh for some h G H.
Hence ||Ty—s|| = ||Tu(4-5ll and so ||¢ — ¢t + zH°°|| |¢ — ¢+ H*|. This contradicts

that ||¢ — t + zk||co > ¢ + H®||. Thus t ¢ Upn and t € p1(¢). This implies that

n=2

p1(¢) 2 C\E(¢) = C\{s} and Upn(¢) = {s}. Now (2) follows. (3) is clear by (2).

n=2



§3. p(¢ )#C

In the previous paper [7], the following were proved :

(1) I p(¢) = C then ¢+ H*|| = ||¢ + H* + C|;.

(2) I p(¢) # C then C\E(9) C p(4) € C\E(9)°.
In this section, we study E(¢) in detail and using it we show that p(¢) = C\ E(¢) for some
special ¢ with p(¢) # C. If E(4) is a single point we need to study nothing. Suppose
E(4) is not a single pomt Then there exists an exposed point f in the unit ball of H?
such that f ¢

e HHE”
|1

where a = ||¢+H|| (see Theorem 5.3 in [3, Chapter IV]). Then

B () + b and ot) = oo (1

Proposition 3 is an easy result of known deep results.

|—f—|+H°°“ 1, B(g) =

) + b for some complex number b. The following

Proposition 3. Let ¢ be a unimodular function in L. Then the following (1)
~ (3) are equivalent.

(1) $ = 7= for some nonzero function f in H*.

| £l

(2) There exists a nonzero function g in H® such that ¢+ gllc < 1.

(3) E(¢) # {0}.

Proof. (1) = (2) is a result of Lemma 5.5 in [3, Chapter IV]. (2) = (1) is a result
of Lemma 5.4 in [3, Chapter IV]. (2) = (3) is a result of Lemma 5.5 in [3, Chapter IV].
(3) = (2) is clear.

~ Proposition 4. Suppose ¢ = f/|f| for some exposed point f in the unit ball of
H' and ||¢ + H®|| = 1. Let (1 + Q;)/(1 — Qy) be the Herglotz integral of |f|. Then the
following (1) ~ (8) are true.
(1) B($) = {z: |z - FO)] < [FO)]}.
(2) If s € E(¢) then there ezxist an inner function q and an outer function g in
H*® such that _
f1-Q1-Qg

PTITIT0 Toq
and g(0) = f(0)(1 —¢(0)) = s where @ = Q. Moreover there exists an outer function F,
in H* with § — g = F,/|F|.
(8) In (2), if s € OE() then q is just constant. The converse is also valid.
Proof. (1) This is known from [7]. We give a proof for completeness. Let
Ky ={9 € H” : ||¢ — gllo <1} and K4(0) = {g(0) : g € Ky}. Since ||¢p + H®|| =
1, K4(0) = E(¢). Since ||f|ls = 1, @4(0) = 0 and so by Lemma 4 in [7] K4(0) =




{f(0)(1 = w(0)) : w € H*® and ||w]|ec < 1}. This implies (1) (see Lemma 5 in [7]). (2) If
s € E(¢) then by definition there exist a nonzero function g in H* such that ||¢—g|lc <1
and ¢(0) = s. Then by Theorem 5.3 in [3, Chapter IV]

_ -1 ~—w)
9= 1—-Quw

where w € H*® with ||e0|| oo S 1 and @ = Qy. Then g is an outer function in H. Since
Rs(0) = 0, g(0) = f(0)(1 — w(0)). Since there exists an inner function ¢ such that
q(0) = w(0), we may assume w = ¢q. Hence

1-Q)(1-gq)

;oo
P9 = g,
_ fo_l—mFﬂ—@U—ﬂ>
AU T-er  1-0q
_ f1-Q4¢-0
T f11-Q 1-Qq

because |f| =(1-]Q%)/11 - Q|%. By Lemma 5.4 in [7, Chapter IV], there exists an outer
function F, in H' such that ¢ — g = F,/|F,|. (3) If s € OE(4) then |s — £(0)| = |£(0)] by
(1) and hence |f(0)q(0)] = |f(0)|. Therefore g is constant. .

Theorem 5. Suppose ¢ = f/|f| for some exposed point f in the unit ball of
HY, ||+ H°°|| =1 and p(¢) # C. Let (1 +Q;)/(1 — Qy) be the Herglotz integral of |f].
If (1 — |Qy?)7! is in L, then p(¢) = C\E(@)° and f~! belongs to H'.

Proof. Since C\E( ) € p(¢) € C\E(9)° by [T7], it is sufficient to show that if
s € OE(¢) then s belongs to p(4). If s € IE(¢) then by Proposition 4 there exist an outer

and

function ¢, a constant ¢ and an outer function. F, in H* such that —

-5
A 70
g(0) = f(0)(1 — €) = s. Then p ('fl) (|F |) In order to show that s € p(¢)

it is sufficient to show that 0 € p lil We will write Q=Q; H1-|QP) el
then there exists an outer function P such that |P|* + |Q|*> = 1. Put
P pP
h = - .
=0 and h; [ —eig '

then [B? = (1 — |QP)/IL — QP = |f] and [ = (1 - |QP)/|1 — ¢*QP%. Then hy is a
function in H? [10]. Hence we may assume that f = h? because h and f are outer (Change
P to € P if necessary). Therefore by Proposition 4 '



h? P 1-eQ
B - P 1—etQ ,
f1-Q1-e™Q _,; F
fIT-Q 1-¢@ ° TR

LW _P1-Q

171 1P~ P1-@Q |
If (1—|QJ*)~! € L* then P~! € H? and so Q/P belongs to H? because Q is in H*. Hence
h;! belongs to H? because h;' = P! — ¢Q/P. Now this implies that F; ! belongs to

H* because hi/|h,|* = e~"F,/|F,|. This is equivalent to that 0 € p (|§8| .

because

§4. Argument

If f is a nonzero function in H' and f = gh where ¢ is inner and h is outer, then
g = (1 +¢)%h is outer and f/|f| = g/|g| a.e. on D. Hence ArgH' = {f/|f]; f is outer
in H'}. It is interesting to note that ArgN, is a very big set. In fact, ArgN; is the set of
all unimodular functions in L*. For, by a theorem of Douglas and Rudin (cf. Theorem
2.1 in (3, Chapter V}), if ¢ is a unimodular function in L* there exist inner functions ¢,
and ¢, such that ||¢ — GTqz)lc < 1. and so ||gi¢ — ¢2]|lec < 1. Hence by Lemma 5.4 in [3,
Chapter IV] there exists an outer function f such that ¢1¢ = f/|f| on 0D. Therefore

F
¢ =01 — = —
| | AT T
where F' = f/(1+ ¢1)*. This implies that ¢ belongs to ArgN,.

Lemma 1. Let G and F be outer functions in Ny and G/|G| = F/|F| on 8D. If
there exists an outer function f in Ny with |F| = Ref on 0D, then there exists an outer
function g in N, with |G| = Reg on 0D. Moreover G/g = F/f and g/f > 0 on 8D.

Proof. If |F| = Ref on 8D and f is outer, then put £ = 2F/f on 0D. Then k
belongs to H* and

_f'f__k2=|_1_”‘___2_£2_
|| F 7
FF_IFP ( |F| |F|2)
= 1—4Re— —+4=L 1 4 (Re 1L
“TF 7T TP
Y P T
=1 4|f|2(Ref |F|) = 1.



If G/|G| = F/|F| on 0D, then |g| k‘ =1 where k = 2F/f. Hence 1 — 2Re|g|k+|k|2
1 and so |k|? = 2Re%k Therefore
Gk G _ 2G

Put ¢ = 2G/k then g is outer because k= 2F/f is outer. Moreover G/g = F/f and
g9/f 20o0n dD.

Lemma 2. If G is an outer function in N, and there exists an outer function
g in Ny with |G| = Reg on 8D, then there exists an outer function F in H' such that
G/|G| = F/|F| on 0D.

|g| _E) =1 on 0D and 2G/g is a nonzero
g

function in H*. Hence by the proof of Lemma 5.4 in [3, Chapter IV] there exists an outer
function F in H' such that G/|G| = F/|F| on dD.

Proof. By the proof of Lemma 1,

Theorem 6. Let G be an outer function in N,. There exists an outer function
F in H' such that Q 7

G| |F|
if and only if there exists an outer function g in N, with |G| = Reg a.e. on dD. Moreover
then G/g = F/f a.e. on 0D where f is an outer function with |F| = Ref a.e. on dD.

Proof. The ‘if’ part follews from Lemma 2. For the ‘only if’ part, let f be the
Herglotz integral of |F| ; then |F| = Ref on 0D and f is outer in N;. By Lemma 1,
there exists an outer function g in N, with |G| = Reg on D. "

a.e. on 0D

§5. Strongly outer functions

Several characterizations of strongly outer functions are known. When g is an
outer function in H?, the author [8] showed the following are equivalent :

(1) g is a strongly outer function. 7

(2) If fis an outer function in N, and |g| < Ref a.e. on 0D, then |g| < Ref on
D.

(3) If f is an outer function in N, and lg| < Ref a.e. on 0D, then |g(0)] <

(Ref) (0)-



In this section, we give some new characterizations of strongly outer functions
which are related to the ones above.

Lemma 3. Suppose f and g are functions in N, whose real parts are positive
on D. If f/g is nonnegative a.e. on 8D, then g is a scalar multiple of f. '

Proof. Since Ref and Reg are positive on D, Re(f + ¢) is also positive on D.
Hence f + g is outer and f/(f + ¢) is in Ny N L*. Then f/(f + g) is a positive constant
because Ny N L™ = H*® and f/(f + g) is nonnegative on 0D.

Theorem 7. Let F be an outer function in H'. Then the following (1) ~ (3)
are equivalent. v

(1) F is a strongly outer function.

(2) If |F| = Ref a.e. on OD and f is an outer functzon in N,, then Ref is
positive on D.

(3) For each nonconstant inner functwn q, there does not exist an outer function

g in. Ny with
F

| )ﬂ+®2 -

Proof. (1) = (2). Let f, be the Helglotz integral of |F|. If |F| = Ref on 0D, then
by the remark preceding this theorem (see Theorem 6 in [8]), |F| < Ref on D because
F is strongly outer. Hence Ref is positive on D. (2) = (1). If F' is not strongly outer
then there exists an outer function G in H' such that F/|F| = G/|G| and G is not a
positive scalar multiple of F. Let go be the Helglotz integral of |G|. By Lemma 1 there
exists an outer function f such that Ref = |F| and F/f = G/go. By the hypothesis on
F, Ref is positive on D. Now Lemma 3 implies that f is a positive scalar multiple of
go because f/go is nonnegative a.e. on 8D. Hence G is a positive scalar multiple of F
because |F| = a|G| for some positive constant a, and both F and G are outer. (1) = (3).

= Reg a.e.on 0D.

F . .
f (—1—-_—{_—(;)—2 = Reg a.e. on 0D for some outer function g, then by Theorem 6 there exists
an outer function A in H! such that |
_F F |1+4+4¢* &
§— = = — on dD
IF| (1+4q)?* |F| |A|

and so F/|F| = qh/|gh| on dD. This means that F is not strongly outer. (3) = (1).

If F' is not strongly outer then there exist a nonconstant inner function ¢ and an outer

F
|g| on &D. Put B = F/(1+ ¢)* ; then B is outer

function G in H! such that q|F|
and B/|B| = G/|G|. By Lemma 1 there exists an outer function g with |B| = Reg on
dD. This contradicts (3).



Proposition 8. Let F be an outer function in H. Then the following (1) ~ (3)

are equivalent.
(1) F is a strongly outer function.
(2) For each nonconstant inner function g, there does not exist an outer function

- F
1tq7 < Reg a.e. on 0D.

(3) If g is a function in H*® and

g in Ny with

<1 a.e. on 0D, then g is an outer

F
{2

function.
Proof. (1) = (3). Suppose F' is strongly outer. If there exists a nonzero function

F . .
g in H* such that |-—= — g| <1 a.e. on 8D, then there exists a measurable function a

|F|
on 0D such that F
ol < 7/2 a.e. and a = arg -lj_,—'-g (mod 2r).
Let ¢ = €*~* ; then ¢g belongs to H! and ¢g/F > 0 a.e. on D (see the proof of
Lemma 5.4.in [3, Chapter IV]). Hence F = adg for some positive constant a because F
is strongly outer. This implies that g is outer. (3) = (1). If F is not strongly outer,
then there exists a nonconstant inner function ¢ and an outer function Fj in H! such that

% = ql§—0| a.e. on OD. Let fy be a Helglotz integral of |Fp| ; then |Fy| = Refy and
0 ,
. F
fo is outer. Let go = 2Fy/fo ; then by the proof of Lemma 1 I—FOT — go| = 1 and hence
Y .
% — qgo| = 1. This contradicts (3). (1) = (2). Let F be strongly outer. Suppose there

exists an outer function f such that |[F/(1+¢)*| < Ref a.e. on @D for some nonconstant
inner function ¢. Let G = F/(1 + ¢)® ; then by the proof of Lemma 1

2

K 1 4Gl Ref - (G < 1.

- \i___
[

Hence if ¢ = 2G/ f then g is outer and
F G '
— —qg| == —g| < €. D.
o] =[G o <1 e mo

This . contradicts that F' is strongly outer because (1) & (3). (2) = (1) is a result of
Theorem 7. : : ,



§6. Connection with a theorem of Sarason

Let f be an exposed point 6f the unit ball of H'. Put Q = Q¢ and let P be an
outer function such that |Q|?> + |P|? = 1. For a unimodular constant A, put

_r_.
1-2Q’
then h? = f. Sarason [10] showed that A2 is an exposed point of the unit ball of H', using

operator theory. In this section, we give a proof of a part of the resut, using results in the

previous sections.
For a function f in H* with || f||; = 1, put

S _fa-)-x

hy =

PEIRATT 1o
for each unimodular constant A where ) = @y. Then
f 1-Q 1-1Q
=L . <, A
P TER TR

and so |¢»] = 1. By Lemma 5.4 in [3 Chapter IV], ¢y = f,\/lf,\l for some function f) in
I-I1 with ||f>‘||1 =1.

Proposition 9. Let A be a unimodular constant.

(1) If f is an exposed point of the unit ball of H* then f) is also an e:z:posed one.

(2) If f is a strongly exposed point of the unit ball of H* then f) is also a strongly
exposed one.

(3) If (1 —|Q?>)~" is in L! then f;! belongs to H'.

Proof. (1) By Lemma 5 in [7], K4(0) = {z : | — f(0)| < |f(0)|} where ¢ = f/|f].
Since

K4,(0) = K4(0) — £(0)(1 - A)

F(0)(1 — X) € 0K 4(0) because |f(0)(1 — A) = £(0)] = |f(0)]. Thus the interior of K,,(0)
does not contain 0 because 0 is not in the interior of Ky(0). By Proposition 14 in [7],
f» is an exposed point of the unit ball of H'. (2) By [12], f\ is a strongly exposed
point of the unit ball of H' if and only if ||¢y + H*® + C]| < 1. Since ||¢ + H®| =
lés+H®||, |6+ H®+C|| = ||és+ H® +C||. This implies (2). (3) Since f, = hL/||h2]|;

and hy' = P71 — )‘F’ it is clear that f;' € H*.

Now Theorem 7 and Proposition 9 give a weakened version of a Corollary in [10].
That is, h%/||h,||? is an exposed point of the unit ball of H' if 22 is an exposed point. For
h? B2 1-Q 1-2Q

a2 P 1-Q 1-)Q




and so 5 -

A A
=A- .
= A7 e

By [6], [|[A}]l < 1. By Proposition 9, A2 2 /||h2||; is an exposed point of the unit ball of H?.

Here we raise a natural question related to (3) of Proposition 9 : Does f;*
belong to H* for arbitrary A in D if f~'is in H' ? If the answer is yes, we can prove
an interesting theorem (related to Theorem 5 in this paper). That is, 0 € p(¢) if and
only if p(¢) = C\E(¢)° when ¢ = f/|f| for some exposed point f in the unit ball of
H', ||¢ + H*|| =1 and p(4) # C. For the proof, note that 0 € p(¢) if and only if f~!
belongs to H' when ||¢ + H®|| = 1.

§7. Function whose real part is nonnegative on 0D

~ In Sections 4 and 5, functions in L, were important. It seems that L, is a very
big set compared to LY. We understand well functions f with Ref in L. In this section,

we study functions f with Ref in L,. Three sets, I~{1, H,(D) and H,(0D) are defined
in the following : ' '
H ={FeN,; I%I € ArgH'},
Hi.(D)={f e Ny; Ref >0 on D},
and |
H,(0D)={f€ N, ; Ref >0 on 9D}.

Then ReH, (dD) = Ly, ReH,(D) D L} and H' > H'.

If F is a nonzero function in H', then |F| = Ref on 8D for some function f in
L, (D). If G is a nonzero function in f]l then |G| = Reg for some function g in H, (D).
For, by definition on G there exists an outer function F in H! such that G/F > 0 on 8D.
Put s = G/F then s is in Ny and so

G| = s|F| = sRef = Re(sf)

where g = sf is in H, (0D). If G is outer then g is also outer because s is outer. If F' is
a nonzero function in Ny and |F| = Ref for some f in Hy(D), then F' € ﬂH” If Gis

p<1
a nonzero function in Ny and |G| = Reg for some outer ¢ in L;(0D) then G belongs to

ik by Theorem 6.



A function f is in H, (D) if and only if f = (1 + k)/(1 — k) for some contractive
function k in H® with k # 1. Then f is outer and Ref = (1 — |k|?)/|1 — k|> on 6D. The
following Proposition 10 is a similar result for functions in H;(0D) instead of H, (D).

Proposition 10. f is a function in Ny whose real part is nonnegative a.e. on
AD if and only if there exist an inner function ¢ and a contractive function k in H* such
that '

. _qtk

Then Ref = (1 —|k[*)/|lg—k|* a.e. on OD.

Proof. If f € N, Ref >0 a.e.on 8D and ¢ = (f —1)/(f+1), then [¢] <1 a.e.
on 8D. Write f + 1 = ¢y and f — 1 = goh, where ¢; is inner and h; is outer (2 = 1,2).
Then

and q—k 1is outer.

-f_1+¢_q+k
T 1-¢ q—k 4

where ¢ = ¢; and k = q1¢ = ghy/h;. Since 2 = qihy — g2h2 = (¢ — k)hy, g — k is outer.

It is easy to see that the converse is true because (¢ + k)/(g — k) = (1 + gk)/(1 —gk) and

g — k is outer. :

If a function f has the form : f = sg for some g in H;(D) and some nonnegative
function s in N,, then f belongs to H (8D). The following Theorem 11 gives a partial
converse.

Theorem 11. Suppose q is an inner function and B is a contractive function in
H> such that log(1—|B|?) isin L'. If f = (q+ﬂ)/(q B) and ¢ — 3 is an outer function,
then there exist a nonnegative function s in Ny and a contractive function o in H* with
log(1 — |a|?) € L' such that ~
' g+8 _l+4o

¢—fB 1=«

where t is a function in N with Ret =0 a.e. on dD. : :

Proof. Since log(1 — |B|?) € L', there exists an outer function a in H* such that

1812+ |a]? = 1. Put F =a%/(¢— B)* ; then

1- |
lg - B |
By Lemma 2, there exists an outer function G in H! such that G/|G| = F/|F| on 0D.
Let ‘g be the Helglotz integral of |G| ; then Reg = |G|. By Lemma 1, there exists an

outer function fy in N+ such that Refo = Ref on 8D and fo/g > 0 on 8D Put s = fo/g
; then

s+t

|F| = = Ref and f € Ny.

=59+ (f - fo)-



Put t = f — fo ; then Proposition 10 implies this theorem.

fq+ﬁ 1+a
- l1l-a
B (s+1a+(s—1)

¢ (s—Da+(s+1)

In Theorelﬁ 11, s then

where ¢ is the inner part of the function (s — 1)a + (s + 1). Proposition 10 describes the
functions s in N where s > 0 a.e. on dD or Res = 0 a.e. on 8D. In fact, if Res = 0 a.e.

on 0D, then by Proposition 10 s = +: and k is inner. This is a result of Helson
[4]. - In fact, he described the real valued functlons in N,. I s > 0 a.e. on 0D, then
Re(is) = 0 a.e. on dD. Hence is ='(q]‘+ll: and k is inner. Therefore s = z(‘f]+ ];c) and

Imgk < 0 (see [8]).

o It is known [10] that F' is an outer function in H' with norm one if and only if
F = o?/(1 — B)? where a and 8 .are in H*® with |a|? + |8]> = 1 on 8D, « is outer and
B(0) = 0. The following Proposition 12 is a generalization to & g

Proposition 12. F is an ‘Odter function in i if and only if
A 2, . A

and |a?+|8]>=1 a.e. on 0D

ey laf* + |B]

wheere o and q £ 3 are outer functions and q is an inner function.

Proof. If F € Jig , then by the remark above Proposition 10 there exists an outer
function f in H+(0D) w1th |F| = Ref.. By Proposition 10, f = (¢+ 8)/(q¢— B) aqd qxp8
are outer. Since |F| = Ref = (1 — |8]?)/|g — B/, there exists an outer function a such
that |a|? +]6|*> =1 on D. Hence F = o?/(q — B)2. Conversely if F = a®/(q — §)? then
|F| = Ref = (1 —|B)*)/|q — B|* where f = (¢ + B)/(¢ — B). Theorem 6 and Proposition
10 imply that F belongs to g .

§8. When ¢ — k is outer ?

In the description of H, (D), the function 1 —% is.important, where k is a contrac-
tive function in H*, and it is always outer. In the description of H,(8D) (see Proposition
10 and Theorem 11), it is important to know whether ¢ — k is an outer function. Such
functions have been studied by Sarason [11] (see [9]) when k is an inner function. In this



section, given an inner function ¢ we determine k such that ¢ — k is an outer function.
When ¢ = z and k is an inner function, using the Denjoy-Wolff pomt of k, Sarason [11]
determined k such that z — k is an outer function.

For an inner function ¢, put

E(q) ={k; q— k is outer and ||k|l < 1}.

If ¢ = 1, then £(q) is just the unit ball of H®. In general, £(q) is not empty. It is easy
to see that the following functions :

1-¢ 1l-gq (1+q)2
. 2 7 2 7\ 2 :
belong to £(g). By Lemma 1 in [11], if ||k||cc < 1 then k does not belong to £(q) for any

nonconstant ¢. In this section, given an inner function ¢ we determine k such that ¢ — k
is an outer function.

Theorem 13. Let ¢ be an li'nner function. The function k belongs to £(q) if and

only if .
k=g F(1-Qr)(1-w) ql—-QF w—Qp
1 -Qrw 1-Qrl-Qrw
where F' is an outer function in Hl évzth gF > 0 a.e. on 8D and norm one, w is a
F

contractive function in H*® and is the Herglotz integral of |F|. k is an inner

-QF .
function if and only if w is -inner. If v is a positive constant and w is a contractive
function in H*, then there exists a contractive function w., in H® such that

FA-Qr)(1 —w,) _yF1=Qr)(1-w)
1-— pry 1- Q.,p'w

Proof. This is essentially a theorem due to Adamyan, Arov and Krein (cf. The-
orem 5.3 in [3, Chapter IV]). If k£ € £(q) then there exists an outer function A such that
k =gq—h and so ||¢g— k||« <'1. By Lemma 6 in [7], there exists an outer function F in H*
with norm one such that ¢F' > 0 a.e. on'dD and h = F(1 - Qr)(1 — w)/(1 — Qrw) with
Q@r as above. This implies the ‘only if’ part. For the converse, by simple caluculations
(see the proof of Proposition 4),

FA-Qr)l-w) _ 1-Qr w—Qp.
1 - Qrw | ql—Qpl—pr
because gF = |F| = (1 — |Qr|*)/|1 — Qr|®. This implies that k belongs to £(g). The

second statement in the theorem is clear by the proof of Lemma 6 in [7].

bego

Corollary 1. The function k belongs to £(z) if and only if

_ (324 2a)w — (2 + 2a)
T (3 +2a2) — (1+2a2)w




where a is constant with |a| =1 and w is a contractive function in H*®. k is inner if and
only if w is inner.

Proof. In Theorem 13, suppose ¢ = z. If.ZF > 0 or 0D and F € H1 is outer
then F' = v4(z + a)(1 + @z) where a is constant with |a| = 1. By the second statement of
Theorem 13, we can assume v = 1. The Herglotz integral of |z + a|? is 2(1 + @z) and so
Qr = (1 +2az)/(3 4 2az). By Theorem 13, k € £(z) if and only if

k= 1-QrF w- QF~ :
1-Qr 1-Qrw

where Qr = (1 + 2az)/(3 + 2@z) for some a with |a| = 1 and w is a contractive function
in H*. Then :

1—QF w— Qp
1 142az _ 242a
= 3+2az 32420
- 1 — 2t2e -1 _ 1422z
32+42a 3+2az

(3z 4+ 2a)w — (2 + 2a)
(3 +2az) — (1 4+ 2az)w

This implies the corollary.

Corollary 2. Supposeq is an inner function. Put

(3¢ + 2a)w — (¢ + 20)
(34 2aq) — (14 2aq)w

where a is a unimodular constant and w is a contractive function ; then k is a contractive
function in H*® and q — k is an outer function. If w is an inner function then so is k.

v ~ Proof. Since 3 + 2aq is invertible in H*, and (1 + 2aq)/(3 + 2aq) is contractive,
(3'+ 2aq) — (1 + 2aq)w is outer and so k belongs to H*. Put @ = (1 + 2aq)/(3 + 2aq)

; then
' 1-Q w—-0Q
-0 1-0Quw

and so k is contractive. If w is inner, then k is also inner. By a simple caluculation,

k=

_ %(g+aP(l-w)
(3 +2aq) — (1 + 2aq)w

g — k is outer.

When k is inner and X is its Denjoy-Wolff point, in Proposition 2 in [11], Sarason
showed that k € £(z) if and only if A € 9D. However the proof shows that his result



is true for arbitrary contractive k£ in H*. Hence Corollary 1 describes completely those
contractive functions in H* whose Denjoy-Wolff points are in dD.

§9. Connection with a theorem of Helson

In this section, we are interested in the set H,(0D) = {f € N; ; Ref > 0 a.c. on
0D}. When f is a function in H4(0D) and Ref = 0 a.e. on 8D, using operator theory,
Helson [4] showed the following : If the inner part of A + f is a finite Blaschke product
of degree n for some real constant ), then the inner part of ¢ + f is a finite Blaschke
product of degree n for any real constant {. We prove a theorem of this type for arbitrary
functions in H;(0D), using a theorem of Adamyan, Arov and Krein (cf. Theorem 5.3 in
[3, Chapter IV]).

Theorem 14. Suppose f is a nonzero function in Ny and Ref is nonnegative
a.e. on 0D. Let n be a nonnegative integer. If the inner part of X\ + f is a Blaschke
product of degree n for some positive constant A, then the inner part of t + f is a Blaschke
product of degree n for any positive constant t. '

Proof. When n = 0, by hypothesis A + f is outer. Hence k = (A — f)/(A + f) is
a contractive function in H* because Ref > 0 a.e. on dD. Since f = A1 — k)/(1 + k),
Ref > 0 on D. Thus t + f is outer for any nonnegative constant t. Suppose n > 1 and
b, is the inner part of ¢ + f where ¢ is a positive constant. By hypothesis by is a Blaschke
product of degree n for some A > 0. For any ¢ > 0, k; = b,(f —t)/(f +¢) is a contractive
function in H* and f = ¢(b; + k:)/(b; — k;) where b, — k; is outer, by Proposition 10.
Hence for any ¢ > 0,

bbbtk
I =6 ==k

Therefore

k; _ f—t _ Mby + kx) — t(by — k)

b; FHt A+ k) +t(by — k)
A =1)by+ (A + )k $5ba + Fa
(/\ + t)b)\ + ()\ - t)k)\ - by + ;—;:k}\

By Lemma 6 in [7],
A—t F1-@)(1-w)
b ky =
At A+t 1 - Quw
where F is a function in H*, byF > 0 a.e.on 0D, Q = QF and w is a contractive function
in H*. Since by is a Blaschke product of degree n and by F > 0 a.e. on 8D, the inner part




of F' is a Blaschke product of degree < n. Since b; — k; is outer, b; and the inner part of
k; are relatively prime. Hence b, is a Blaschke product of degree < n. If the degree of b,
is less than n, then by the proof above the degree of by < n. This contradiction implies
that the degree of b, is exactly n.
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