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CONSTRUCTION OF UNRAMIFIED GALOIS EXTENSIONS
OVER MAXIMAL ABELIAN EXTENSIONS OF ALGEBRAIC
NUMBER FIELDS

SACHIKO OHTANI

ABSTRACT. We construct unramified Galois extensions over maximal abelian
extensions of algebraic number fields by using division points of abelian
varieties which have everywhere semistable reduction. Further, by using
division points of elliptic’ curves, we construct infinitely many linearly inde-
pendent unramified Galois extensions of Q({y~)*® having SLy(Z,) as the
Galois group over Q((pe )?P :

0. INTRODUCTION

Our purpose in this paper is to construct unramified Galois extensions over
maximal abelian extensions of algebraic number fields by using division points
of abelian varieties.

Let A be an abelian variety over an algebraic number field K and p > 5 a
prime number. Suppose that the pair (A, p) satisfies the following conditions:

(A0) A has everywhere semistable reduction over OK, Where Ok is
the ring of integers of K..
(A1) A has bad reduction at all extensions of p to K.

Note that, if we replace K by a suitable finite extension L of K, then the
abelian variety A ®x L over L satisfies the condition (A0) by the semistable
reduction theorem (cf. Grothendieck [8], Proposition 3.6).

For a place v of K, we denote by A2 the identity component of the special
fibre of the Néron model of A at v. For an algebraic number field &k, we denote
by k2 the maximal abelian extension of k.

Our main result is the following

Theorem 0.1. Let A, K and p be as above, and F the field obtained by ad-

joining to K the coordinates of all p-power division points on A.

(a) If AY is a split torus for every place v of K such that A has bad reduction

at v, then FK (peo)?® is an unramified Galois extension of K((peo)2®, where
(Cpoo) is the field obtained by adjoining to K the p-power roots of unity.

(b) If AS is a split torus for every place v of K lying above p, then F(K Q2b)ep

is an unramified Galois extension of (KQ?°)2°,

Further, by using division points of elliptic curves (i.e., abelian varieties of
dimension one), we obtain the following
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Theorem 0.2. Letp > 5 be a prime number. Then there exist infinitely many
linearly independent unramified Galois extensions of Q({p)?® having SLa(Z,)
as the Galois group over Q((pe)?®

Here, for a sequence of extensions Ki, K, --- of an algebraic number field
k,if KpyiNK1Ky--- K, = k for any n > 1, then we say that the extensions
are linearly independent over k.

We shall now explain the background of these results. Unramified abelian
extensions over maximal abelian extensions of algebraic number fields have
been investigated by many people, e.g., Cornell [4], Brumer [3] and Kurihara
[10]. Uchida [19] and Horie [9] determined the structure of the Galois group
of the maximal unramified solvable extension over maximal abelian extensions

- of algebraic number fields. For unramified non-solvable extensions, Asada [1],
[2] gave some results. First, Asada [1] considered elliptic curves over Q whose
modular invariants are integral and which have good reduction at a supersingu-
lar prime p, and then constructed unramified Galois extensions over maximal
abelian extensions of algebraic number fields by using their p-power division
points. Second, Asada [2] constructed an infinite family of elliptic curves over
Q@ which have multiplicative reduction at a prime p and of which the order at p
of the modular invariants are divisible by p, and then constructed unramified
Galois extensions over Q*® having PSLy(Z/p"Z) as the Galois group over Q2"
by using their p"-division points. Further this paper contains an example of
unramified Galois extensions having SL,(Z,) as the Galois group using results
of [1]. Asada’s family in [2] is chosen so carefully that it appears very special.
Also his elliptic curves in [1] have everywhere potential good reduction. So we
would like to find more general phenomena. In this paper, we give a general
construction, at the expense of enlarging the base field, using abelian varieties
which have everywhere semistable reduction.

Next we shall explain the contents of this paper. In Section 1, we give
the proof of Theorem 0.1. In Section 2, we give examples of abelian varieties
and algebraic number fields which satisfy the conditions of Theorem 0.1. In
Section 3, by using division points of elliptic curves over Q which satisfy the
conditions of Theorem 0.1 and some additional assumptions, we construct
infinitely many unramified Galois extensions over Q({p=)*® having SLy(Z,) as
the Galois group over Q((,~)?®, and we give the proof of Theorem 0.2. In
Section 4, we consider elliptic curves of prime conductor p of Setzer [17], and

. construct unramified Galois extensions over finite extensions over Q having

SLy(Z/p"Z) as the Galois group.

The author would like to express her sincere gratitude to Professor Yuichiro
Taguchi who suggested her to consider this problem and gave her many valu-
able suggestions. The author also thanks Professor Iku Nakamura for enjoyable
discussions on degeneration of abelian varieties.

In this paper we use the following notation:
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Q: the field of rational numbers.
Z: the ring of rational integers.
For a rational prime number p,
Qp: the field of p-adic numbers,
Zy: the ring of p-adic integers,
Fp: the prime field of p elements.
For an algebraic number field K,
K?®P: the maximal abelian extension of K,
K,: the completion of K at a place v of K,
Ogk: the ring of integers of K,
G the absolute Galois group over K.
For a positive integer m,
(m: a primitive m-th root of unity,
A[m]: the group of m-division points of an abelian variety A

1. DI1viSION POINTS OF ABELIAN VARIETIES
In this section, we shall give the proof of Theorem 0.1.

1.1. Key lemmas. In our construction of unramified Galois extensions over
maximal abelian extensions of algebralc number fields, a key is the following
lemma due to Y. Ihara.

Lemma 1.1 (Asada [1], Proposition 1). Let k be an algebraic number field,
k®® the mazimal abelian extension of k, and K a finite Galois extension of k.
Then Kk /k®® is unramified if and only if its decomposition group in K/k is
commutative for any prime divisor of K.

Next we shall give an application of Mumford’s construction of degenerate
abelian varieties (cf. Faltings-Chai [6]). Let A be an abelian variety of dimen-
sion g over an algebraic number field K and p > 5 a prime number. Suppose
that the pair (A, p) satisfies the following conditions:

(A0) A has everywhere semistable reduction over Og.
(A1) A has bad reduction at all extensions of p to K.

Let v be a place of K such that A has bad reduction at v, and G the identity
component of the Néron model of A at v. By the condition (A0), G is a semi-
abelian group scheme over Spec (Ok,). If the special fibre A of G is a split
torus, then there exists a group isomorphism

(KA = G(K,) = A(K,), A~Z2,
by Faltings-Chai [6], Ch.III, Proposition 8.1. Hence we obtain the following

Lemma 1.2. (a) Let m > 2 be an integer and AV™ = {z €. (KX) | 2™ € A}.
Then the group isomorphism ¢ induces an isomorphism of Gk, -modules

Al/m/A ~ A[m].
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(b) Further, AY™/A fits into the following exact sequence of Gk, -modules:
1 — p,,d —— AV™/A —— (Z/mZ) —— 0

where ., is the group of m-th roots of unity.
(c) Let (g:)1<icg be a basis of A, and put ¢; = (gi1,qi2, 1 Gig) € (KX)¢ for
each 1 <1< g. Then

Ky (Alm]) = K, (Gm {8} "hisisss)

where K,(A[m]) is the field obtained by adjoining to K the coordinates of m-
division points on A.

Proof. The group isomorphism ¢ above induces a homomorphism
é: AY™ —, Afml],
and the kernel is equal to A. Let (g;)i1<i<y be a basis of A, and put ¢; =

(qi1, iz, -+ 1 Qig) € (KX)9 for each 1 < 4 < g. If z € AY™, then z may be
written as follows:

* o= ( mH G Hqsﬂf'”>,
i=1

where ry, -+, 19 € Z/mZ, s, - , 84 € Z. Since the order of the group AY™/A
is equal to the order of the group A[m], we see that ¢ is surjective. Further
if z € AY™, then we see that ¢(o(z)) = @(x)° for any o € Gk,. Hence we
obtain an isomorphism of Gg,-modules AY™/A —s A[m]. From the equation
(*), we see that AY™/A fits into the exact sequence of the statement of (b),
and we obtain the followmg isomorphisms:

Ko(Alml) = KoM/ /8) = Ko (G ) Mhrsiass).
' O

1.2. Proof of Theorem 0.1. Let A be an abelian variety of dimension g over
an algebraic number field K and p > 5 a prime number. Suppose that the pair
(4, p) satisfies the conditions (A0) and (A1) in 1.1. Let r be a positive integer,
and F, the field obtained by adjoining to K the coordinates of p™-division
points on A. Theorem 0.1 (a) follows from the following

Theorem 1.3. Suppose that AD is a split torus for every place v of K such that
A has bad reduction at v. Then F.K({r)® is an unramified Galois extension

of K(Gr)™.

Proof. By Lemma 1.1, it suffices to show that F.K, is an abelian extension
of Ky({pr) for every place v of K. If v is unramified in F,, there is nothing
to prove. Hence we only have to verify it for the places which are ramified in
F,. By the criterion of Néron-Ogg-Shafarevich (cf. Serre-Tate [16], Theorem
1), such places are the bad places of A. (Recall that we assumed that A has
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bad reduction at all extensions of p to K.) Let v be a place of K such that A
has bad reduction at v. By Lemma 1.2 (c), we have

F'rK'u = Kv (Cpﬁ {qilj/pr}lsi,jfg) :

Hence F.K, is a Kummer extension over K,({yr). In particular, it is abelian.
O

Theorem 0.1 (b) follows from the following

Theorem 1.4. If AY is a split torus for every place v of K lying above p, then -
F.(KQ?)? is an unramified Galois extension of (KQ®)2b.

Proof. It suffices to show that F,.K,Q?% is an abelian extension of K,Q% for
the places v of K prime to p such that A has bad reduction at v, using Lemma,
1.1 again. ’ '

Let v be a place of K prime to p such that A has bad reduction at v,
and T,(A) the p-adic Tate module associated to A. We have the following
representation ‘

pp: Gx, — Aut (Tp(A)) ~ GLoy(Zy).

Since A has semistable reduction at v, we see that the image of the absolute
inertia subgroup of Gk, by p, is isomorphic to Z,(1) by Grothendieck [8],
Preposition 3.5, Corollary 3.5.2. Hence F,. K" is abelian over K", where K*
is the maximal unramified extension of K,. Since K" is cyclotomic over K,
we see that F.K,Q% is an abelian extension of K, Q2. - O

2. EXAMPLES

In this section, we shall give examples of abelian varieties and algebraic
number fields which satisfy the conditions of Theorem 0.1.

2.1. The case of dim A = 1. Let F be an elliptic curve over an algebraic
number field k£ with modular invariant j = j(F) and p > 5 a prime number.
Suppose that v(j) < 0 for any places v of k lying above p. Then the pair
(E,p) satisfies the condition (A1) of Theorem 0.1. Further there exists a
finite Galois extension K of k such that the elliptic curve E ®; K over K
satisfies the condition (A0) of Theorem 0.1 by the semistable reduction theorem
(cf. [8], Proposition 3.6) and the assumption of Theorem 0.1 (a) by Tate’s
theory (cf. Lang [11], §15).

In particular, if £ = Q then we can see a field K explicitly such that
FK ((p)?® is an unramified over K((p)?*. We shall prove that we can take a
solvable extension of QQ as such a field K, and if K/Q is solvable and E satis-
fies an assumption, then we can also determine the Galois group of F K ((pe)?®
over K ({p)* which is unramified Galois extension of Theorem 0.1.
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Proposition 2.1. (a) Let E be an elliptic curve over Q, p > 5 a prime num-
ber. Suppose that the modular invariant j(E) is non-integral. Let r be a
positive integer and F,. the field obtained by adjoining to Q the coordinates of
p" -division points on E. Then there exists a finite solvable extension K over Q
depending only on E such that F,K((,)® is an unramified Galois extension
of K (Gr)™. ‘ |

(b) Let Fy be the field obtained by adjoining to Q the coordinates of p-division
points on E. If Gal (F1/Q) is isomorphic to GLo(Fp), then

Gal (FLK (G )™/ K (Cr)™) = SLo(Z/7Z).

Note that it is well-known that Gal (F1/Q) ~ GL, (Fy) for almost all primes
p in this case by Serre [14], Théoréme 2.

Proof. (a) Firs_t we shall find a finite extension K of Q such that E ®q K has
everywhere semistable reduction over Q. Suppose that E is defined by the
following equation:

E : y*=(z—e)(z—e)(z — e3), e1, e, €3 € Q,

where e;, eq, e3 are distinct. Then the change of coordinates

T=(ey—e)r' +e, y=(ea— 61)3/2?/

gives the following form: _
Ey: @)=2("-1)@" —)), A=(es—ei)/lez—e)cQ.
Let L be the Galois closure of Q(/e2 — €1,€e1). Then L is solvable over Q.

Since F is isomorphic to Ey over Q(y/e2 — €1, €1), so is over L. Hence we may
regard E as defined over L and given by the following equation:

E : y’=z(z—1(z-N\).

Note that A € L. Now we shall use the notation of Silverman [18]. Then we
see the quantity ¢4 = 16(A\?> — A + 1) and the discriminant A = 16A2(\ — 1)2
by simple calculations. ' '

Now we put S = {v : aplace of L|v()\) < 0}. If S = @, then E has
everywhere semistable reduction over O. In this case we can take L as the
field K of the statement of (a). Next suppose that S # @. Let H be the
Hilbert class field of L and p, a prime divisor of L corresponding to v € S.
Since the extensions of all prime divisors of L to H aré principal, there exists
an element , in Oy such that p,Of = (m,). Further, for any v in S, there
exist positive integers 7, such that v(A]],cq75?) = 0 for any v € S. We put
7= [],cs 7 and u = Ar. Then the change of coordinates '

r=n"l y= W—s/zy/'
gives the following form:
E : ()? =2 —u)(z —n).

Let w be the extension of v € S to H(y/7). Then we see that the equation of
E’ is minimal and E’ has multiplicative reduction over H(/T),, by Silverman
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[18], Ch.VII, Remark 1.1, Proposition 3.6. Since FE is isomorphic to E’ over
H(y/7), E also has multiplicative reduction over H(4/7),. In this case we
can take H(y/m) as the field K of the statement of (a). Thus we see that
there exists the solvable extension K of Q such that F ®g K has everywhere
semistable reduction over Og.

Next we shall show that F.K((,-)* is an unramified Galois extension of
K ({r)®. Let v be a place of K at which E Qx K, has bad reduction. By
Tate’s theory (cf. Serre [13], Appendix, A.1.1), over the unramified quadratic
extension K of K,, we see that E ®x K, is isomorphic to a Tate curve E(q)
over K, with modular invariant j(E). Let F(q), be the field obtained by
adjoining to K, the coordinates of p"-division points on F(g). Then F(q),
is equal to K,({pr, q*/?"), where q is the,elemerit of K0 which corresponds to
j(E) by Tate’s theory (cf. Lang [11], Ch.15, §2). Hence F(q),K, is a Kummer
extension over K ({pr), in particular, it is abelian. Then F,. K] is also an abelian
extension of K,({,r). Hence we see that F; K, is also abelian over K,((yr).

(b) By the assumption, we have

Gal (F/Q(G) 2 SLa(Fy).
Since SLy(FF,) has no non-trivial abelian quotients, we see that

K(Gr)® N Fr=Q(6).
Hence we see ’
Gal (F1K ($r)?/ K (Gr)?®) = SLy(F,).
The proposition follows from the following

Lemma 2.2 (Serre [13], Ch.IV, 3.4, Lemma 3). Let X be a closed subgroup of
SLy(Zp) whose image in SLy(IFp) is SLo(F,). If p > 5, then X = SLy(Z,).

O
From Proposition 2.1, we obtain the following

Corollary 2.3. (a) Let E and p be as above, and F the field obtained by
adjoining to Q the coordinates of all p-power division points on E. Then there
exists a finite solvable extension K over Q depending only on E such that
FK (o) is an unramified Galois extension of K((peo)?®.

(b) Let Fy be the field obtained by adjoining to Q the coordinates of p-division
points on E. If Gal (F1/Q) is isomorphic to GLy(F,), then :

Gal (FK ((pe ) / K ({peo )??) ~ SLy(Zyp).

2.2. The jacobian variety of the modular curve of level p. For any
integer m, and a subgroup H of GLy(Z/mZ), we have an algebraic stack proper
over SpecZ, which may be interpreted over SpecZ[1/m] as the fine moduli
stack classifying generalized elliptic curves with level H-structure (cf. [5], IV,
(3.1)). Its associated coarse moduli stack (cf. [5], I, (8.1)) may be denoted
by My. If H =To(N) = {(2%) € SL2(Z) | c=0 (mod N)}, then we write
My = My(N).
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Lemma 2.4 (Mazur [12], Appendix, Theorem (A.1)). Let p > 5 be a prime

number, J the jacobian variety of dimension g of the modular curve My(p), J

the Néron model of J at p. The identity component jo of the fibre at F, of J

zs a group scheme of multiplicative type, in other words if we consider zt over
p then J7 ®p, Fp ~ GY,. :

Note that J has good reduction outside p. From this lemma, we see that
there exists a finite extension k over F, such that J? ®r,k ~ GY,. Hence there
exists an finite Galois extension K over Q such that the abelian variety J over
K satisﬁes the condition (A0), (Al) and the assumption of Theorem 0.1 (a).

Now we shall describe k and K explicitly. We put X (7)) = Homg, (J7, Gm).
- We see that X(JO) Hom (G¢,, Gy) =~ 27, since we have J? ®r, F, ~ G,
by Lemma 2.4. Further Gr, acts on G,. Hence we obtain a continuous
representation
p : Gp, — Aut (X(jI?)) =~ G Ly (Z).
Note that the image of p is finite. Hence we see that there exists a positive
integer N such that p factors through a finite quotient Gal (F,~ /F,) ~ Z/NZ.
Thus J? ®r, F,~ is a split torus. We can take as k the field Fov = Fp(Cpn—1)-
Further we may take as K a field such that the residue field of v contains F v
for every place v lying above p, for example, Q({,v_1).
Thus we obtain the following

Proposition 2.5. Let J and p be as above, and F the field obtained by adjoin-
ing to Q the coordinates of all p-power division points on J. Then there exists
a finite solvable extension K over Q such that FK((y=)® is an unramified
Galois extension of K((pe)?P. :

3. DivisioN PoOINTS oF ErLLiPTIC CURVES

In this section, we shall give the proof of Theorem 0.2. Throughout this
section, let k be the field obtained by adjoining to QQ the coodinates of all
p-power roots of unity, k. the field obtained by adjoining to Q the coodinates
of p"-th roots of unity.

3.1. Unramifiedness over Q((y~)?*. In this subsection, by using division
points of elliptic curves over Q, we construct unramified Galois extensions
over k2b.

Let E be an elliptic curve over Q, p > 5 a prime number. Suppose that the
pair (E, p) satisfies the following conditions:

(E0) E has everywhere semistable reduction over Z
(E1) E has bad reduction at P '

Proposition 3.1. Let E and p be as above. Let r be a positive integér and
F, the field obtained by adjoining to Q the coordinates of p"-th power division
points on E.Then F.k?® is an unramified Galois extension of k2°..

—

[
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Proof. We can prove this proposition in a way similar to the proof of Proposi-
tion 2.1. In this case, we can take QQ itself as the field K in 2.1. O

From Proposition 3.1, we obtain the following

Corollary 3.2. Let E,p,k and F be as above. Let F be the field obtained by
adjoining to Q the coordinates of all p-power division points on E. Then Fk?P
s an unramified Galois extension of k2P.

3.2. Determination of the Galois group. Let E be an elliptic curve over
Q, p > 5 a prime number. Suppose that the pair (E, p) satisfies the condisions
(E0), (E1) of 3.1 and the following conditions:

(E2) E has three rational 2-division points.
(E3) p does not divide the valuation at p of the modular invariant
J(E) of E. :

In this subsection, for such F and p, we shall prove that the unramified
extention Fk?® over k* which we constructed in Corollary 3.2 has SLy(Zy)
as the Galois group over k£**. By Corollary 2.3 (b), it suffices to prove the
following

Proposition 3.3. Let E and p be as above, and Fy the field obtained by ad-
joining to Q the coordinates of the p-division points on E. Then

Gal (F1/Q) = GLy(TFp).

Proof. In general, let E be an arbitrary elliptic curve defined over Q. Let [ > 5
be a prime number, and E[l] the group of the I-division points of E. Then we
obtain a representation : :

2/ ‘GQ -—> Aut (E[l]) = GLz(]Fl)

Now we denote G; = Imp;. To show this proposition, we shall verify the
conditions of the following lemma (cf. Serre [13], Ch.IV, 3.2, Lemma 2).

Lemma 3.4. If G, satisfies the next three conditions (a), (b), (c), then G; is
equal to GLo(Z/IZ). : o
(a) det G, = F}.

(b) G\ contains the element ((1) i) with respect to a suitable basis of E[l].
(c) E[l] is irreducible as a G)-module. -

Apply this to our E and I = p. The condition (a) is satisfied for { = p since
Fy contains (. The condition (b) is also satisfied for | = p, by the condition
(E3) and Lemma 1 of Serre [13], Ch.IV, 3.2. Hence we shall show that the
condition (c) is satisfied for [ = p

Assume that this is not the case, i.e., E[p] is reducible as a Gp-module.
Then E contains a subgroup X whose order is p and which is stable under the
action of G,. Since E has everywhere semistable reduction and multiplicative
reduction‘at p, by Serre [14], p.307, the action of Gg) on X is described by
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two characters x’ and x” as follows: x' =1, x" = x or X' = x, x” =1, where
x : Gg — F,; is the cyclotomic character.

In the first case, E has a Q-rational point of order p. Since E has three
rational 2-division points,

}E(Q)tors ‘ > 4p > 20.

Here E(Q)tors is the torsion subgroup of the group E(Q) of Q-rational points
of E. But this is impossible by Mazur’s Theorem (cf. Mazur [12], Theorem 8).

In the second case, the quotient curve E' = E/X has Q-rational points of
order p. Further, since p # 2, the curve E’ also has three rational 2-division
points. Hence we can apply the argument in the first case to E'. ThlS completes
the proof of Proposition 3.3 , O

3.3. Infinite existence. In this subsection, we shall give the proof of Theo-
rem 0.2. Let p, p; > 5 (i = 1,2, --) be distinct prime numbers, and E® the
elliptic curve over Q defined by the following equation

EY .y’ = z(z —p)(z +p).

" By Serre [15), 4.1, the elliptic curve E®) has everywhere semistable reduction
over Z, and multiplicative reduction at p, p; and the prime divisors of p + p;.
Let 5(E®) be the modular invariant of E®. Then, by simple calculations, we
see that

j(E(z‘)) — o8 (p2 + pp; +pz2)3
p*p}(p + pi)?

Hence E®™ satisfies the condition (E3). Thus we obtain an infinite family of
elliptic curves over Q which satisfies the conditions (E0), (E1), (E2) and (E3).
Let F®) be the field obtained by adjoining to Q the coordinates of all p-power
division points on E®. Then, by Proposition 3.1 and 3.3, we see that the
extensions F(k®® over k*® are unramified Galois extensions having SL,(Z,)
as the Galois group over k®® for any i > 1.

Let Fl(') be the field obtained by adjoining to Q the coordinates of all p-
division points on E®.

Lemma 3.5. Let p, p1 > 5 be distinct prime numbers, and E®) as above. If
we take a prime number p; such that E@ has good reduction at py, then

FONF? = Q(¢).

Note that E(® has good reduction at p; if and only if p; Z —p (mod p;).
By Dirichlet’s theorem, there exist infinitely many prime numbers satlsfymg
this condition.

Proof. By the assumption and the criterion of Néron-Ogg-Shafarevich ([16],
Theorem 1), we see that p; is unramified in F1(2). Next we consider the rami-
fication of p; in Fl(l). EW ®q Qy, is isomorphic to a Tate curve over Qp, with
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modular invariant j(E®)) over the unramified quadratic extension L of Qy,.
Then we have
FOL = L(G, "),

where ¢ is the element of L* which corresponds to j(E®)) by Tate’s theory.
Since p; is unramified in L, if v,, is an extension of the normalized p;-adic
valuation of Q to L, then we see that

Up, () = —vp (G(EW)) = —ord , ((EW)) = 2.
Further since p; is unramified in Q((p), if v, is an extension of v,, to Q(¢),

then vy, (g) = 2. Let wy, be an extension of vy, to Fl(l) and ep, the ramification
index of wy, over v, . Then :

1 1,

1 L, s,
Wp, (g /p) = ; wplr(IQ) = 5%1%1 () = 5 €py-
Since p > 5 and wp,(q*/?) is in Z, we see that e,, > 2. In particular, p; is

ramified in Ffl). So we obtain Fl(l) # Fl(z). Let F’ 5") be the subextension of Fl(i)
of Q(¢p) corresponding to the normal subgroup {£1} of SLy(F,) (i = 1,2).

Suppose that F’ 51) = F’§2). Then the prime of F' ’(11) lying above p; must
be ramified in Fl(l) and the ramification index is equal to ep, because py is
unramified in F” §1) and ramified in Fl(l). However

B PP =250, < [ PO
It is impossible. Hence we see that F" §1’ # F' §2’. Since
Gal (F'}/Q(¢)) ~ PSL(F,),
which is a simple group, we have

FONF® = Q(¢6,).

Proposition 3.6. Let k and F® be as in Lemma 3.5. Then
F(l)kab N F(Z)kab —_ kab.
Proof. By Lemma 3.5 and Proposition 3.3, we obtain
Gal (F{VF{? /Q(G)) = Gal (F{"/Q(G,)) x Gal (F/Q(¢,))
~ SLy(Fp) X SLy(Fy).
Since there are no non-trivial abelian quotients of SLy(F,) X SLy(F,), we see
Gal (FVFP k2 [k22) ~ SLy(F,) x SLy(F,).
Byb Lemma, 2.2, we obtain
F(l)kab N F(2)kab — ka.b‘
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Now we can choose an infinite family of elliptic curves over Q inductively.
Suppose that we have taken p, - - - ,p, such that FWkgeb ... FMgab gre fin-
early independent over k*® having SL(Z,) as the Galois group over k?°.

Let pp+1 be a prime number different from py,--- , p, such that p, 1 # —p
(mod p;) and p; Z —p (mod py41) for all 1 < ¢ < n. By using Dirichlet’s
theorem again, we can take such a prime number. Then we see that EM™+D
has good reduction at p; (1 < ¢ < n) from the first condition for p,4;. In a
way similar to the above argument, we obtain

F(n+1)kab N F(i)kab — ka,b.

Further we see that FMY n FOR® ... ™ = Q(¢,). Indeed, assume that
M = Fn F(I)F(Z) . F™ is a non-trivial extension of Q(¢p)- Then the

group Gal (F{"*™ ) /M) must be isomorphic to the group {£1} or {1} because
Gal (F"+) /Q(&%)) ~ SLy(Fp). By the same argument as in the proof of
Lemma 3.5, the prime of Q({,) lying above p,; is ramified in M. However
Pn+1 is unramified in Fl(l)Fl(Q) e Fl(") by the latter condition for p,.;. Base
cases are impossible. Hence we obtain

Fojebn FOF@... prEs = b,
This completes the proof of Theorem 0.2.

Remark 3.7. In Theorem 0.2 we have constructed unramified Galois exten-
sions over algebraic number fields of infinite degree having SL,(Z,) as the
Galois group. Then can we construct unramified Galois extensions over finite
algebraic number fields having SL4(Z,) as the Galois group ? If the Fontaine-
Mazur conjecture (cf. Fontaine-Mazur [7], Conjecture 5a) is true, then we can-
not do this. Now we try to construct unramified Galois extensions having
SLy(Z/p"Z) as the Galois group over smaller algebraic number fields. In the
next section, we shall give an example of this problem.

- 4. SUPPLEMENT

In this section, we shall construct unramified Galois extension over a finite
extension of Q having SL, (Z/p"Z) as the Galois group by using a family of
elliptic curves. of conductor p over Q.

Let p be a rational prime such that p = u? + 64 for some rational integer
u, and E an elliptic curve of conductor p over Q with a non-trivial rational
2-division point.

By Theorem 2 of Setzer [17}, if p is of the form u?+ 64, where u is a rational -
integer, and the sign of u is chosen so that =1 (mod 4), then there exist,
up to isomorphism, just two such curves. The two curves are connected by a
2-isogeny, and one of them is given by

y? = 23 + uz? — 162.
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Now we assume that E is given by this equation. The modurlar invariant j(E)
is p~!(p — 16)%. Then we see that E has no complex multiplication.

Proposition 4.1. Let E and p be as above, and F, the field obtained by ad-
joining to Q the coordinates of p"-th power division points on E. Then there
erists a finite solvable extension K, over Q of degree at most 2p(p")p" such
that F. K, is an unramified Galois extension of K, having SLy(Z/p"Z) as the
Galois group over K., where ¢ is the Euler funtion.

Proof. By the assumption, the extension F, is unramified outside p over Q.
Since E has multiplicative reductiuon at p, we have F,L = L((yr,q"?") in
a way similar to the proof of Proposition 2.1 (a), where L is the unramified
quadratic extension of Q, and g is the element of L*. Then there exists a finite
extension K, of Q such that K,Q, = L((yr,q"?"). In particular, F.K,Q, is
unramified over KTQ,,. Hence F, K, is unramified over K,. Note that, if we
take go € Q such that go is close to g enough, we may take a quadratic extension
~of Q(Grs qé/ P r) as the field K, of the statement of this proposition.

Next, to prove that Gal (F;K,/K,) is isomorphic to SLy(Z/p"Z), we shall
verify the conditions (a),(b),(c) of Lemma 3.4. The condition (a) is equivalent
to the fact that F; contains {,. The condition (b) is also satisfied by the
assumption and Lemma 1 of Serre [13], Ch.IV, 3.2. Next we shall show that
the condition (c) is satisfied for p. Assume E[p] is reducible as G,-module.
Then there is a one-dimensional subspace X of E[p] which is a cyclic group of
order p and stable under the action of G,. Now we put E' = E/X, then we
have an exact sequence

0 X v E 2 F 0.
Here ) is a separable isogeny of degree p. E' is not isomorphic to E, because E
has no complex multiplication. E’ has a non-trivial rational 2-division point,
and we see that £’ has conductor p by Serre-Tate [16], §1, Corollary 1. However
we know that there exist just two such curves up to isomorphism. Hence we
see that they are ' and E'. Since they are connected by a 2-isogeny X, we
have L .

E2,p X, F
Then X o ) is an endomorphism of E of degree 2p. But this is impossible since
E has no complex multiplication.
Hence we obtain

Gal (F1/Q(¢p)) & SLa(FFy).

Since K, N F} = Q((,) for any positive integer r, we see
Gal (1K, /K,) = SLy(F,).
By Lemma 2.2, we obtain
Gal (Fr K, /K,) = SLy(Z/D"Z.).
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