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Optimal control for absolutely continuous stochastic processes

and the mass transportation problem

Toshio Mikami
Department of Mathematics
- Hokkaido University
Sapporo 060-0810, Japan
mikami@math.sci.hokudai.ac.jp »

ABSTRACT

We study the optimal control problem for R-valued absolutely continuous stochastic
processes with given marginal distributions at every time. This can be considered as a
generalization of Monge-Kantorovich problem in which they fix marginal distributions
bnly at an initial and a terminal times. When d = 1, we show that there exists a
minimizer which is a function of a time and an initial point, that is, an optimal mass
transportation. When d > 1, we only show that minimizers satisfy the same ordinary
differential equation. ‘

0. Introduction.

Monge-Kantorovich problem (MKP) plays a crucial role in many fields and has been
studied by many authors (see [5]-[7], [9], [12], [14]-[16], [20], [22], [23], [25], [26] and
the references therein). | , S

Let h : R¢ — [0,00) be convex, and Qo and @y be Borel probability measures
on R%. As Monge’s problem, consider the following: find the minimizer of

Vi Qo Q@) =inf({ | hlpla) ~2)Qalde): Qo™ = Q). (01),

As Kantorovich’s approach to (0:1), the following is known: find first the mini-
mizer of

inf{ | | R = 2uldedy) : p(de x RY) = Qo(dw),u(Rd x dy) = Q1(dy)}, (0.2).

and then show that the minimizer has the form of Qo(dz)d,(z)(dy) for some Borel
measurable function ¢ on R4

Under the following condition, (0.1) has a unique minimizer. ,
(H.0). Qo(dz) is absolutely continuous with respect to dz. (0.2) is finite.



(H.1). h:R% [0, 00) is strictly convex.
(H.2). For any r > 0 and 6 € (0, ), there exists M > 0 such that the following holds:
for any = € R? for which |z| > M, there exists y € R% such that L takes a maximum
. at z over the set {z € R%: |z — z|ly|cos(8/2) <<y, 2z — z >< rlyl}.

(H.3)limyy |00 h(u)/|u] =
Theorem 0.1. (see [12, Theorem 1. 2]) Suppose that (H. 0) (H 3) hold. Then (0.1)

has a unique minimizer and is equal to (0.2).

The 1nﬁmum in (0.2) is equal to the followmg

' .mf{E[/o h(dd)(t)/dt)di] : {¢(t)}0<t%1 is absolutely continuous, a.s., (0.3).
P = Qut=0,1)

(see e.g. [11, p. 35, Example 8.1]), and the minimizer {¢°(t)}o<¢<1 is a function of ¢
and ¢°(0) under (H.0)-(H.3). In this paper we use the same notation P for different
probability measures, for the sake of simplicity, when it is not confusing.

Suppose that we are given a solution to the following PDE: for any infinitely
differentiable function f: R% — R with a compact support and any ¢ € [0, 1], '

f(x)pt:cdx—/ Sz O:cdx*-/ds/Rd<Vf()b(sx)>p(sx)dx,

/Rd (tra:)dx =1,

Cp(t,z) >0 dz—ae.,
where b(t,z) € L*([0,1] x R%;R? : p(t, z)dzdt). Let L(t,z;u) : [0,1] x R% x RE

[0, 00) be convex in u. In this paper we study the minimizers of

inf{E‘[/ L(z, ¢(t); dp(t)/dt)dt] : {¢(t)}o<i<1 is absolutely continuous, a.s., (0.5).
| N - P(t)t =p(t,z)dz(0 <t < 1)},
which can be corisidered as a generalization;of MKP.
Remark 0.1. (0.4) is the conservation equation for the mass transportation on the

probability space (Rd?B(Rd'), Py(dz) = p(0,z)dz) by a nonrandom {X (¢, z)}o<t<a,
serd for which. - - - - . -



X(t, m) = a:—i—/t b(s,.X(s»,.m)-)ds,’ : 7 (0.6).
., 0

provided that it exists. But as examples of (0.4), we would like to point out the
Fokker-Planck equation and the porous medium equation, etc. (see e.g. [8]), that is,
b(t,z) in (0.4) can depend on p(t, z). .

When (0.4) contains a linear second-order differential operator, Markov control
problem that can be obtained from (0.5) with $(t) and de(t)/dt replaced by continu-
ous semimartingales and progressively measurable functions, respectively, was studied
in [17] where the minimizer satisfies the Ito-type stochastic differential equation.

In this paper we show that the set over which the infimum is taken in (0.5)
is not empty, and study the existence, the uniqueness and the time evolution of the
~ minimizer of (0.5). We would also like to know if the minimizer is a function of a time
and an initial point. This problem can be considered as a modification of Salisbury’s
~ problem (see [4], [10], [24]): '

(SP) Is a continuous strong Markov process which is of bounded variation in time a

. function of an initial point and of a time?

If T(t)g<;<; is a R-valued strong Markov process, and if there exists a Borel measur-
able function f, on R, such that z(t) = z(0) + fg f(z(s))ds (0 <t < 1), then SP has
been solved positively by Cinlar and Jacod (see [4]). When d > 1, a counter example
is known (see [24]). , .. ‘ |

' Theorem 0.1 suggests us to consider SP in the framework of the variational
problem: ‘ i’

(SPV) Does there exist a minimizer, of (0.5), which is a function of an initial point

and of a time?

When L(t, z;u) = |u|? and p(t, z) satisfies the Fokker-Planck equation with suf-
ficiently smooth coefficients, the optimization problem (0.5) was considered in [18]
where the minimizer exists uniquely and is a function of a time and an:initial point,
and Where we used a different approach which depends on the form of L(t, z; u) = |ul|?.

Tn this paper, in case where d = 1, we give positive answers to SP for time-
inhomogeneous stochastic processes and to SPV (see Theorem 1.1, and Theorem 1.2
and Corollary 1.5, respectively). In particular, we show that an absolutely contin-

uous stochastic process {#(t)}o<t<1 which satisfies an.ordinary differential equation



(ODE) and for which P¢(t)~! equals to p(t,z)dx for all ¢ € [0,1] is unique, by the
representation formula of the stochastic process, from which one concludes that a
minimizer, of (0.5), which satisfies an ODE is unique. (In this paper we say that a
function {¥(t)}o<t<1 satisfies an ODE if and only if it is absolutely continuous and
dip(t)/dt is a function of t and ¥(¢) dt-a.e..) Theorem 1.1 is a slight generalization of
[4] where they made use of the result on time changes of Markov processes, in that
the stochastic processes under consideration are tlme-lnhomogeneous and need not
be Markovian.

Let (2, B, P) be a probability space, and {B:}:>0 be a right continuous, in-
creasing family of sub o-fields of B, and X, be a R%valued, Bg-adapted random
variable such that PX;!(dz) = p(0,z)dz, and {W(t)};>0 denote a d-dimensional
(B.)-Wiener process (see e.g. [11] or [13]). For ¢ > 0, a R%-valued (By)- progresswely
measurable {u( )}o<t<1, and ¢ € 10, 1], put ‘

XoU(t) = X, + /t u(s)ds + eW(t). | (0.7).

“As € — 0, the infimum of

E[/ L(t, X**(t <>>dt] | ()

over all'{u( t)}o<t<1 for which PX® “(t) lis equal to p(t, z)dz for all t € [0, 1] seems
to converge to (0.5), which will be rlgorously discussed in section 1 (see Theorem
1.3). | | | | |

We also show that the minimizers of (0.5) exist and satisfy the same ODE when
L is striclty convex in u (see Theorems 1.3 and 1.4). In partlcular, when d = 1,
we show that the minimizer of (0.5) exists uniquely and is a functlon of a time and
an initial point (see Corollary 1.5). In Corollary 1.6, we give the existence of an
absolutely continuous stochastic process, with given marginal distributions, which
satisfies an ODE (see [2], [3], [17], [21] and the references therein for the construction
of a Markov diffusion process with given marginal distributions).

SPV for d > 2 is our future problem.

~Our main tool in the proof is the weak.convergence method, the theory of Cop-
ulas, and the result on the construction of a Markov diffusion process from a family
of marginal distributions.

In section 1 we state our main result, for a cost function L = h(u) whend =1
and for L(t,z;u) which grows at least of order of |u|? as-u — oo when d > 1, which

will be proved in section 2.



We give notations in the following. S
= {{Y (t)}o<t<1 : {Y(t)}o<e<1 is absolutely continuous, a.s. and PY(t) L=

p(t,ac)d;c for all ¢t € [0,1]}. - E

An = {{Y () }o<t<1 : {Y () }o<t<i is absolutely continuous, a.s. and PY (¢)~! =
p(t,z)dx for all t =0,1/n,---,1} (n > 1). o

R(h,6) = sup{(L(t,z;u) — L(s,y;u)) /(1 + L(s,y;u)) : |t —s| < h, |z —y| < d,u €
R4} (h, § > 0). : .

OuL(t,z;u) = {z € R® : L(t,z;v) ~ L(t,z;u) >< z,v —u > forallv € R%}
(t € [0,1], z, u € R%). | o

47 = ({u(®)}osisr - PX(0) = p(t,)da(0 <t < 1)},

o = inf(B[f, L(t Xfu( >; u(t))dt] : {u(t)}ose<r € A%},

inf{E[f; L dY (t)/dt)dt] : {Y (t)}o<i<a € A}
21 = {{B(t, x)}(t 2)el0 1]XRd c R%: (0.4) with b replaced by B holds }.
O =inf{fy fe L(t,y; B(t,y))p(t,y)dydt : B € A}.

A® = {{B(t,2)}¢x)cpayxre C R : (0.4) with < Vf(z),b(s,z) > replaced by
e2Af(x)/2+ < Vf(z), B(s,z) > holds}.

& = inf{ fy [a L(t,y; B(t,y))p(t, y)dydt : B € A°}.

When d =1, put _

e = inf{E[ [y h(dY (t)/dt)dt] : {Y () }ose<1 € A},

e, = inf{E fo Y (t)/dt)dt] : {Y'(t)}o<t<1 € An} (n > 1),

Fi(2) = [ _ooa) tydy (t € [0,1],z € R),

Fluw)=sup{y e R: Fy(y) <u} (t€[0,1],0<u<1).

III
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1. Main result.

In this section we give our main result.

We first consider the one-dimensional case.

Under the following condition, SP can be solved positively even for R-valued,
time-inhomogeneous stochastic processes. - :
(H.0). d =1 and Fi(x) is differentiable with locally bounded partial derivatives on
[0,1] x R. '

Theorem 1.1. Suppose that (H 0) holds, and that there exists {Y (t)}o<t<1, € A,
which satisfies

Y(t) = Y(0) +/t bY (5,Y(s))ds (0<t<1)as. | - (1.1).

for some b¥ (t,z) € L*([0,1] x R; R : p(t,z)dzdt). Then the following holds:

Y= _dn  FAYO) tebl) s (1.2).

Remark 1.1. If Fy is not continuous, then SP does not always have a positive answer.
For example, put Y (t) = tY (w) for a R-valued random variable Y (w) on a probability
space. Then dY (t)/dt = Y (t)/t for t > 0. But, of course, Y (¢) is not a function of ¢
and Y (0) = 0.

Under the following: hypothesm by the theory of Copulas, we give a positive
answer to SPV.
(H.0). d=1, {en}n>1is bounded, and F'(u) is absolutely continuous in -t € [0, 1],
du-a.e.. ’ 4 ' ‘
(H.jl)’. h(u) = h(|u|), where h: [O,LOO) — [0, 00) is convex.

Theorem 1.2. Suppose that (H.0)-(H.1)’ hold. Then the set A is not empty and
{F7YFy(z))}o<i<1 on (R, B(Rd-),VPO) is a minimizer of e. Moreover if (H.0) holds,
then {F7 ' (Fyo(x))}o<i<1 is the unique minimizer, of e, that satisfies an ODE.

Remark 1.2. {X(¢t) = Ft;l(»Fo(x))}ostél in Theorem 1.2 satisfies the following: for
any t and s for which 0 < s <t < 1, '

V}i(-) (p(s,':v)d;v,'p(t, x)da:) = Ep [h(X(t) — X(S))]a (1'3)'

since

XO=FEXE) (1.4)



(see e.g. [23, Chap. 3.1]).

For d > 1, we study the minimizers of e for a cost function L(t,z; u), under the
assumption on the square integrability of b for which (0.4) holds.

Let us state assumptions before we state the result. |
(H.0)”. &° is finite. ' , , : .
(H.1)”. L(t,z;u) : [0,1] x R x R? 1= [0,00) is convex in u, and R(h,§) —
0 as (h,8) — (0,0). ' _
(H.3)". There exists ¢ > 2 such that the following holds:

lu|—o0

0 < iminf(inf{L(t, 55u) : (t,2) € [0, 1] x RE})/[ulf, (1.5).

sup{ sup |z|/(1+[u)?t: (t,z,u) € [0,1] x R x R} = Cyr < oo, (1.6).
2€0, L(t,x;u) ' : .

(H.4). p(t,-) is absolutely continuous \dt—a.ea, and for ¢ in (H.3)’,
/ / |Vep(t, x)/p(t, 2)|9p(t; z)dedt < . ' (1.7).
0 JRd . : . .

Remark 1.8. (H.1)” implies the continuity of L(, s u) for each u € R% We need
(H.4) to make use of the result on the construction of a Markov diffusion pfocess of
which the marginal distributions are {p(t, :b)dx}ogts 1in (0.4). (1.7) holds if b(t,z) in
(0.4) is twice continuously differentiable with bounded derivatives up to the second

order, and if p(0, z) is absolutely' continuous, and if the folldwing holds:

/ IV2p(0,2)/p(0,2)]p(0,2)ds < oo. s
R Al g
The following theorem implies the existence of a minimizer of €°.

Theorem 1.3. Sﬁppose that (H.0)”; (H.1)”?, (H.3)’ and (H.4) hold. Then the sets
A® (e > 0) and A are not empty, and the following holds:

~lime® =e° =_é:0'. ' (1.9).

In particular, for any {u®(t)}o<i<1, € A%(e > 0), for which



e—0

lim E| /0 1 L(t, X5% (), us (t))dt] = €, (1.10).

{{XE;“E (t)}o<t<1}eso is tight in C([0, 1]; R%), and any weak limit point {X (¢)}o<t<1,
as € — 0, of {{X*" (t)}o<i<1}eso is a minimizer of €°.

The following theorem implies the uniqueness of the minimizer of €° and that of

an ODE which is satisfied by the minimizers of €°.

Theorem 1.4. Suppose that (H.0)”, (H.1)”, (H.3)’ and (H.4) hold. Then for any
minimizer {X (t)}o<i<1 of €%, b*X (¢t,z) = E[dX (t)/dt|(t, X (t) = z)] is a minimizer of
&Y. In particular, if L is strictly convex in u, then &° has the unique minimizer b°(t, x)
and the following holds: for any minimizer {X (t)}o<¢<1 of €°,

dX(t)/dt = b°(t, X (t)) dtdP — a.e.. (1.11).

By Theorems 1.1, 1.3 and 1.4, we obtain the following.

Corollary 1.5. Suppose that (H.0), (H.0)”, (H.1)”, (H.3)’ and (H.4) hold, and that
L is strictly convex in u. Then e° has the unique minimizer {limseqnio,1),5—t F7Y(Fo(
X(0)))}ose<t-

By Theorems 1.3 and 1.4, we easily obtain the following.

Corollary 1.6. Suppose that (H.0)” with L = |u|? and (H.4) with q = 2 hold. Then
there exists a stochastic process { X (t)}o<t<1, € A, which satisfies an ODE.

The following‘is an example of the minimizer of &°.

Proposition 1.7. Suppose that L = |u|?, and that (H.0)” and (H.4) hold, and that
for any M > 0,

ess.inf{p(t,z) : t €[0,1],|z| < M} > 0. - (L.12).

Then the unique minimizer of & can be written as V.V (t,z) for V(t,-) € H} (R?)
dt-a.e. ‘



2. Proof of the result.

In this section we prove the result given in section 1.

(Proof of Theorem 1.1). The following is true:

F(Y (1) = Fo(Y(0) (€ [0,1]) as., (2.

since, by the assumption, (0.4) with b replaced by b¥ holds, from which we obtain

OF,(x)/0t = —b* (t,z)p(t, ), -dtdr — a.e.,
and henceforth |

E[Oiggl |[Fy(Y'(t)) — Fo(Y(0))]]

1
< [ BUOR.(Y(5))/0s -+ pls, Y ()8 (5, (s))ds = 0.
0
Here we used the absolute continuity, of {Fi(Y (¢))}o<t<1 in ¢, which can be obtained

by the assumption. - ‘
Since {Y (t)}o<t<1 is continuous, the proof is over by (2.1) and by the following:

P(FTH R M) =Y(®)(e[0,1]nQ)) =1. (2

(2.2) is true. Indeed, for (¢,z) € [0,1] x R for which Fi(z) € (0, 1),

FyY(Fy(x)) < =,

and for t € [0,1], the set {z € R : F; ' (Fy(z)) < z, Fy(z) € (0,1)} can be written as a
union of at most countably many disjoint intervals of the form (a, ] for which P(a <
Y(t) < b) = 0, provided that it is not empty. This is true, since if F; ' (Fy(z)) < z
and if Fy(x) € (0,1), then there exist a and b for which a < z < b (a < b) and such
that Fy(a) = Fi(b). This implies P(a < Y (t) < b) = 0, since PY ()~ = p(t, z)dz.
Q. E. D.

(Proof of Theorem 1.2). Put for t € [0,1}, z € R and n > 1,

Y(t,2) = F 1 (Fo(2)), | (2.3)
Y™ (t,x) = Y([nt]/n, z) + n(t — [nt]/n)(Y (([nt] + 1) /n,z) — Y ([nt]/n, z)).(2.4).



Then {Y (¢, 2)}o<i<1 on (R, B(R), Py) belongs to the set A, and the following holds
(see 23, Chap. 3.1], [6], or [19]): for n > 1 and « € (0,1), by the discussion in (0.3)
and (1.3)-(1.4),

00 > sup ey, > e, = Z Vh(n.)‘(p((k —1)/n,z)dz, p(k/n,z)dz)/n (2.5).
m21 k=1

— By /0 (Y™ (6, 2) /de) ]

> By /O s / T @y, 2)db)dt o

> Eo| /O _»a.dsh((Y”(s +a,z) = Y™s,z))/ )]

by Jensen’s inequality (see e.g. [1]). (Notice that h is convex by (H.1).) Let n — oo
and then o — 0 in (2.5). Then the proof of the first part is over by Fatou’s lemma,

since

lim Y"(t,z) =Y (t,z) (0<t<1),Py(dz)—a.s.,
n—co .
and since SUPp>1 €m < €.

The following together with Theorem 1.1 completes the proof:

dY(t,z)/dt = OF Y (F,(Y (t,z)))/0t,
since Ft(Ft;l(u)) =u(0<u < 1) (see e.g. [19]).

' Q. E. D.
Before we give the. pfoof of Theorem 1.3, let us state and prove three technical

lemmas. - ,
Lemma 2.1. Suppose that (H.0)”, (H.3)’ and (H.4) hold. Then for any B € A

for which fol Jre L(t, z; B(t, z))p(t, z)dzdt is finite and for any € > 0, there exists a
Markov process {Z®2(t)}o<¢<1 such that the following holds:

2O =Ko+ [ EVals 2P0 00 270 )  (26)
o N + B(s, Z58(s)))ds + eW (t),
S PZEBM) T =p(t,x)dr (0<t<1). E (2.7).



In particular, {e>Vp(t, 255 (t))/(2p(t, Z5 B (1)) + B(t, Z5B(t)) }o<i<1 belongs to the
set A°. ‘ :
(Proof). The proof is done by the following (see [2, 3] and also [17, 21]): for any
infinitely differentiable function f : R4 — R with a compact support and any t €
[0, 1],

/ flx)p(t,x)dx — | . f(x)p(O,x)dd
- /0 ds /R (EAf(@)/2+ < V§(z),¥Vap(s,7)/ (2p(s,2)) + B(s,2) >)p(s,a)de,

and by (H.3)’ and (H.4),

, /0. /Rd |V.p(t, x)/(Zp(t,.a:))_ +B‘(t,x)[2,p(t,$)d$dt < 0.

/ . . Q. E. D.
The following lemma can be shown by the standard argument and the proof is
omitted.

Lemma 2.2. Any {u®(t)}o<i<1, € A® (€ > 0) for thcb E[f0 ]u )|2dt] is bounded
is tight in -C([0,1]; R9). ’

Lemma 2.3. For any weakly convergent sequence { X" (t) = X*n¥™" “(t)}o<i<1 € A%
{(n>1) (e, — 0 as n — o) for which E fol |us (¢)|2dt] is bounded ‘the weak limit
“point {X (t)}o<t<1 in C([0,1]; RY) is absolutely continuous. '

(Proof). {X(t)}o<i<1 is of bounded variation in time. In fact, the following holds:

m—1 ;
E[sup sup{z | X (si+1) = X(s4); 0 <51 < < s < 1})] < oo (2.8).
=1 ) . : .

This can be proved by the monotone ‘convérgence' theorem, since for any m > 2, by
the continuity of {X (t)}o<t<1, ' ‘

Sup{ 3 PXsia1) = X ()0 S 33 < -+ < s 1)

=sup{ Y [X(si01) = X(s050 < 51 <+ < 3 S L5 € Q= Lo+, m)}

—11—



and since for any m > 2 and any 0 < s; <t; < spq1 < tix1 <1 (i=1,---,m—1), by

Jensen’s inequality,

E[(Z | X (t:) ~ X (s:)])7] (2.9).
< (Z [t: — Sil)E[Z (X (t:) — X (s3))/ (ts — s) ") (s — s4)

= 1
<l tmint B[ (o))
i=1

In particular, by (2.9), the following holds with probability one: for any sequence
{7 t7) tmyi>1 € Q x Q for which 0 < s < ¢* < 878 < 7%, < 1 and for which

limp o0 Z’iZl(tzm —s7") =0,

m—oo
=1

lim inf Z X (™) — X (sT)] =0. (2.10).
This implies the absolute continuity of {X (¢)}o<¢<1.

Q. E. D.

Let us prove Theorem 1.3 by Lemmas 2.1-2.3.
(Proof of Theorem 1.3). By Lemma 2.1, the set A® is not empty for € > O The proof
of (1.9) is divided into the following two inequalities: .

1in’lS(l)1p ef <&’ (2.11).
E—
lim inf e >e”. | (2.12).

We first prove (2.11). For B € A for which fol Jra L(t, z; B(t, z))p(t, z)dxdt is
finite and for € > 0, take a Markov process {Z°2(¢)}o<t<1 in Lemma 2.1. Then by
(H.3),

e < E[/l L(t, 258 (t);e*Vp(t, ZE’B(t))/(2p(:t, Z=5 (1)) + B(t; 748 (1)) dt] (2.13).

< E[/ L(t, 25B (8); B(t, 25 (1)) dt]



+ E| /0 Cw(ie%(t, Z=B(t))/(2p(t, Z5B (1)) + B(t, Z*"’B(t»l +1)7!
x [e?Vp(t, 255 () /(2p(t, 255 (1)))|dH]

- /01 /Rd L(t,z; B(t,z))p(t, z)dzdt (as e — 0),

where we used the following in the last part of (2.13):

(¢—1)/q+1/qg=1.

- To prove (2.12), by Lemmas 2.2-2.3, we only have to show the following: for any
weakly convergent sequence {X™(t) = X% (t)}o<i<1 € A% (n > 1) (e, — 0 as
n — oo) for which E| fol L(t, X™(t); u®~(t))dt] is bounded and the weak limit point
{X()}o<t<r in C([0, 1, RY), | : |

liminf B 1L(t,X"(t);u€"(t)')dt] > | / 1L(t,X(t);dX(t)/dt)dt] > el (2.14):
0 0 .

n—oo

(Notice that {X (t)}o<t<1 € A by Lemma 2.3.)
(2.14) is true, since, in the same way as in inequalities of (2.5), by (H.1)” and
Jensen’s inequality, for « € (0,1), .

Bl /O L X @) (0)de] - | (2.15)

_ -« . s+« : . -
> B /0 dsL(s, X"(s); / W (H)dt)a) /(1 + R(o, 6))
: sup |X"(t)fX"(s)] < 48] — R(a, 6)

0<t,s<1,|t—s|<x
> B / T L(s, X7(s); (X7 (s + @) — X7(5))/a)ds
o, sup X)) = X7 (s)] < 8)/(1+ R(e9))

0<t,s<1,jt—s|<x
11—

—E[/ Cor((X™(s +a) = X"(s))/a| + 1)77*
0 .

X |en(W(s + @) — W(s))/alds] — R(e, ).

Let n — oo and then a — 0 and § — 0 in (2.15). Then the proof'is over by (H.1)”,
(H.3)’, Skorohod’s theorem (see e.g. [13]) and Fatou’s lemma. Indeed, by taking
a different probability space, one can assume that {{X "(t)}o<i<i}n>1 converges,



as n — 00, to {X(t)}o<t<1: in-sup norm, a.s., and the following is true: for any

pe(0,6/3),

E[/O " L(s, X™(s); (X™(s + ) — X"(s))/c)ds; s s<81u|€—s[<a ]X”(t) -~ X"(s)| < 6]

> B / T L(s, X (8); (X™(s + 0) XM eds  sup X0 = X< 8
, sup |X(£) — X"(8)] < Bl/(1 + R(0, B)) — R(0, B).

0<t<1

The liminf of the right-hand side of this inequality as n — oo, and o — 0 and then
B — 0 is dominated by E-[fol L(s, X(s); dX(s)/ds)ds] from below.

(H.0)”, (1.9), Lemmas 2.2-2.3, and (2.14) complete the proof of the rest.

- Q. E. D.

(Prdof of Theorem 1.4). b* (¢, z) is a minimizer of &° by (1.9), since for any infinitely
differentiable function f : R? — R with a compact support and any ¢ € [0, 1],

 BIFC)] - BUCKO)] = [ BI< VAKX (6)),aX(5)/ds s
— [ i< VA0X(s), BlAX (9) sl (5, X (o) >l

which implies that bX (¢,z) € A, and since by Jensen’s inequality,

- B /0 UL, X (8); dX (8)/dt)dt] > B /O LG X (065, X(0))de] > 8. (2.16).

Next we prove the uniqueness of the minimizer of &°. Suppose that b(t, z) is also
a minimizer of &. Then for any A € (0,1), \bX + +(1 /\)b €A, and

(2.17).

1

/ L(t y;b (t y))p(t y)dydt+ 1- /\)/ / t , Y ( , ))p(¢, y)dydt =&

I/\

< / / ty,w%t Y+ <1—A>b<t D)t »)dydt

—14-



By the strict convexity of L in u, bX (t,z) = b(t, ), p(t, z)dzdt — a.e..
Finally we prove (1.11). Since L is strictly convex in u, the following holds by
(1.9) and (2.16): ' '

X (t)/dt = bX (1, X(t)) dtdP —ae.. ,' (2.18).
Hence ' '
Bl sup X() = X(0) = [ 4°(s, X(s))ds] (219).

< [ BIP (s, X(5) = 4005, X (5)) s = 0

because of the uniqueness of the minimizer of &°.
' ' Q. E. D.

(Proof of Proposition 1.7). From [17], & = e®, and the minimizer of €° can be written
as V;®°(t,x), where ®°(t,-) € HL (R%) dt-a.e.. Since {Vz®%}oce<t is strongly
bounded in L2([0, 1] x R%; p(t, z)dzdt) by (1.9), it is weakly compact in L2([0,1] x
R; p(t, x)dzdt) (see [8, p. 639]). Let us denote a weak limit point by ¥. Then ¥ is
the unique minimizer of €% by -(1.9) and Theorem 1.4, since ¥ € A, and since

e-—hn(l)// lV@Etyiptydydt>// ty)dydt>e

In partlcular {V,0° }0<€<1 converges as € — 0, to ¥, strongly in L2([0,1] x
; p(t,x)d:z:dt), which completes the proof in the same way as in [17, Proposition
3.1). o o | o

Q. E. D.

Remark 2.1. If V(t z) and p(t Jc) in the proof of Porpos1t10n 1.7 is sufﬁc1ently smooth,
then o :

(see [18, éection 1]). L
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