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Anisotropic curvature fiow in a very thin domain

Mariko Arisawa and Yoshikazu Giga
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Sendai 980-77, Japan. ' »

§1. Introduction

We study two types of evolutions of surfaces in a very thin region in R".
Q. =R"!'x(0,e)={z=(2",2,); ¢’ €eR", 0<z, <€ }.

The first one is the anisotropic mean curvature flow, and the second one is the constant
velocity (in normal direction) motion. The thickness of the region {l. is € > 0, a very

small positive number. The first anisotropic curvature flow equation is of form
V = M(n)(-divr,(Dv)(n)) + C(z,t,n) on [},

Here V denotes the normal velocity in the direction of the unit normal vector field n
of the hypersurface I'? in Q. at time ¢ and div denotes the surface divergence. The
functions M,~,C are given functions ; M is a positive function called a mobility. The
function 7 is originally defined on the unit sphere but it is extended for all p € R" so that
v(p) = (p/Ip])Ipl ; v is called an interfacial energy density. The quantity Dy denotes
the gradient of v in R™. The term C' is a driving force term. If ~¥(p) = |p|,C =0 and
M = 1, the equation becomes the famous mean curvature flow equation. The anisotropic

curvature flow equation naturally arises in material sciences and crystal growth problems.



The reader is referred to a nice book of M. E. Gurtin [18] and a review article by
J. Tayler, J. Cahn and A. Handwerker [27] for its physical background. In these problems,
C is often of form C(z,t,n) = M(n)e(z, t). We consider the above anisotropic curvature
flow in Q. with the right angle boundary condition '

Q..
The initial data we consider here is of form ['§ = [%§ x (0,¢) with ['§ ¢ R*'. We are
concerned with the problem to find an equation which governs the evolution of the limit

[; of [ as € — 0. Roughly speaking, our conclusion says that ', C R™! solves the
equation :

V = M(m,0) (-divy, Dy(m)) + C(«/, 0, t, m, 0) on [,
with 5() = v(5,0),p € R™!, where ' € R""! and m denotes the unit normal vector
field of ['; in R™!. The initial data of [', is [j. We shall state our problem and results
more rigorously later in this introduction.
The second problem we consider is

V=Mm) onlj with 'Y LdQ.
with the initial data which is not necessarily parallel in the directon of z,. Roughly
speaking, we conclude that the limit evolution I'; solves
V = M(m,0) on T,

with some initial data 'y which allows the existence of an initial layer.

We formulate these problems by the level set approach whose analytic foundation
has been established by Y. -G. Chen, Y. Giga and S. Goto [13] and L. C. Evans and
J. Spruck [12]. See also Y. Giga [16].

(Anisotropic mean curvature flow equation.)

e Vo, o ~ Vi,
= — - t, — .
0 e = (Vo) (DY) - © (18, 2% | 9,
>0, r=(z',2,) € R" x (0,¢)
(2) us (0, 2) = ug(z'), r = (z',2,) € R" ! x (0,¢)
(3) g%(t,x) =0, t>0, z=(2,0) and («',¢)
(Constant normal velocity equation)

8’&5 _ vus ‘ _ ’ -1
("L) at - M (IVU»J) ivunfl) t > 07 T = (‘L' 7‘E7L) € R X (O)E)
(5) ue(0,z) = ug (), z=(z',z,) € R" ! x (0,¢)

Ou,

O (5:5’;) =0, £>0, 2= (:L‘/,O) and (51;/,6)



In this formulation our interested surface at time ¢ (denoted by I['?) (¢ > 0) is given by

IT={2 ¢ R"|u(t,z) = const }

and its outward unit normal n is given by 135 ;- The function v(p) (p € R") is now -
assumed to be
(7) v 2> 0 is convex, positively homogeneous of degree one

and C? outside the origin.

The functions M(p) (p € R®) in (1) and (4), which we use the same notation without
any confusion, is an extension of M (the mobility) to R™. We assume that

8 there are constants M; and M, (0 < My < M) such that

M <M <|—zl-) <M, forallpeR"

In (1), C(z,t, &) is a given bounded function in R" X R* x 5" ! and homogeneous in-

degree 0 in the last variables (ﬁ—l € S”‘l) . As for the initial condition, we remark that in
(2) ug depends only on the first n — 1 variables ', the same given function for all € > 0,
while in (5) wp. depends on z € ., and may oscillate as € > 0 goes to 0. The precise
condition on ug.(z) will be given below in this paper.

These problems are examples of the multi-scale model in the engineering. The interfa-
cial surface ['; moves in the region whose thickness in the n-th direction is uncomparably
smaller than those of other directions. Therefore, as is stated before in this introduction,
we are interested in the limit behaviors of u, of (1)-(3) and (4)-(6) as € > 0 goes to 0,

rather than each solutions u, themselves. Our questions are the following.

(A) Do the limits lim, o u.(t, z', %,) exist?, and if they exist, are they independent of the
last variable z,, 7

(9) liﬁlug(t,x',xn) = u(t,2")

(B) If (9) holds, can we characterize the limits 4 by some effective P.D.E.s?, or in other
words, can we find the effective limit laws for the motions of the limit surfaces
lim, ), {T'§} 5o In R 7

The answers to these questions are positive, and will be given below in Theorems 1.3 and
1.4 in this introduction. '

As the pure P.D.E.’s problems, -the above (A) and (B) may be classified into the
framework of the homogenizations and the penalizations. For the homogenizations and

the penalizations, we refer the readers to A. Bensoussan, J. L. Lions and G. Papanicolaou



(8], P-L. Lions, G. Papanicolaou and S. R. S. Varadhan [25], L. C. Evans [10], [11],
M. Arisawa {4], [5], K. Horie and H. Ishii [19], R. Jensen and P.-L. Lions [24], F. Bagagiclo
and M. Bardi [7], O. Alvarez and M. Bardi [1], and the references therein. Qur problems
(A) and (B) have two distinct points from the above cited works and the others. The
first point is that Q. in (1)-(3) and (4)-(6) are changing as ¢ | 0, while most of the
existing homogenizations and penalizations results treat the fixed domain. (There are
some exception like K. Horie and H. Ishii [19] which treats the shrinking domain as ours,
but with a much simpler first-order homogenization than ours.)
~ The second point is that the operators. |Vu| M (Vu / |Vu|) div (Dv(Vu)) and

M (Vu / |Vul]) |Vu| are not treated in so far as we know, in particular even the former
operator with M (p / |p|) = 1 and v = |p| (the mean curvature’s case) is not studied.
In [7] F. Bagagiolo and M. Bardi treated the penalization with the first-order operator
written in the form of sup,c 4{(—b(z,a), Vu) — f(z,a)} arising in the optimal control
problems (singular perturbation of the controlled dynamical system). The first-order op-
erator M(Vu/|Vul|) |Vu| are not in their framework, and the motivations to study the
penalization problem are different. The existing results for the second-order homoge-
- nizations and penalizations concern with the uniformly elliptic operators, and the results
for the first-order homogenizations and penalizations concern with the Hamilton-Jacobi
operators in the optimal control problem.

Our strategy to answer the questions (A) and (B) for (1)-(3) and (4)-(6) is the follow-
ing. Put

(10) ’ n= % n € (071), Tn € (078))
and define
(11) ve(t, z',m) = u(t, 2, en) t>0,2 € R" 1 ne(0,1)

From this re-scaling,

Ou.  Ou,

Oue 10U &%u, &%,
Oxr; Ox;

éa =€ E’]—, 39:,-899]- . (?IL‘Z'(?SL'J'

Pu. -2 v,
dz2 on?’

(1<4,j<n-1),

&2u, _ B2y,
Oz0z, Oz;0n
and (1)-(3), (4)-(6) are rewritten as follows.

(1<z<n——1)

,
2 v IU“E—I@% :
| aa’; = \][Vm/vaP—}— <s 19 ) (V- %) TG Y
(12) ¢ \/!Vx'v—lz e1g)’
V x/ Vs, ]()a' ) / n—1
= enst, T t>0, 2 e R, n€(0,1),
L \/lv rvel2 -—li;n




(13) v:(0,7',m) =uo(#’) 2 € R"ne(0,1),

8’;‘ ’
5’;—*:0 t>0, 2 €R™! p=0and1,

where Tr denotes the trace of an n X n matrix, G, = (gij)1<i j<n is the n X n matrix such
that

82 Ove —18 .
g 0piapg (‘(’T;l” 26 5%)&) 1 —<— Z’J S £ 17
— _— ""1 a 0’ —18 e *
(15) Gin=gni =€ 50 (2,e712%)  1<i<n-1,
G = £~ 222 (QL e—10u :
SN Op,2 oz’ on

and Y is the Hessian of v(a" n), t.e. Y = (yij)lsi,an,

where y;; = 6667; (1<, j<n=1), Yin=Yni = B{ngn (1<i<n-1),
and Ynn, = g,;.)- '
Vv ,6—1@—?}1 o 2
(16) %_ - M (Vzve 617) \lew"ua,2+ (5—1,(?97{5)
Vel ()’ "
t>0, 2 e R} ne(01),
(17) (0,2, m) =w(z',n) 2 €R", ne(0,1),
-
(18) Ve —0 t>0, ¢ € R™, =0 and 1,
On
where we assume that
( vo(2’, 1) is bounded, Lipschitz in R*~* x (0, 1)
w0(2',1) = (', e7)
(19) ) for all 2/ € R™!, for all np € (0,1), for all &€ > 0,
and
\ nlél[%)nl] vo(z',m) 1 1s Lipschitz.

Remark that (12)-(14) and (16)-(18) are now the homogenizatioﬁ (or penalization) in
the fixed domain R x (0,1).

We further assume that
(20) sup  |Vaue(z')] + sup [Viue(2))| <3C

:L’/ER"— 1 ) T GRn—

(upis C* in R* 1),

and that N oC ,
(21) >:pz : £

The homogenization results for (1 )-(14) and (16)-(18) are respectively as follows.

i ’7"71,|) 20'



Theorem 1.1.  Let v: (€ > 0) be the solutions of (12)-(14). Assume that (7),(8),(20)
and (21) hold. Then, we have the followmg

(1) If

(22) oC P

A t. ) = ) . nop s n
‘r)t(”’wp) 0 zeR"t>0, peR

holds, there exists an unique function (t,z’") such that

(23) 111[%1 ve(t, o', ) = 0(t, ") locally uniformly in
t>0, 2 e R", ne(0,1)

which 1s the solution of

(24) = [V M (i) dive (D3(V) = C (4,0, o)
t 2 0, z’ € R*1,
1—)'(077",) = UO(.’L',),
where
(25) Wp) =7(,0, P eRL

(i) If there exists T > 0 such that

8 (x,t,2) 20, 0<t<T, zeR" peR"

ue(t, 2, z,) are convez in (z',z,) € R*! x (0, C)

forallt € (0,T) and all € € (0,1),

there exists a unique function T(t,z") for which (23) a,nd (24) hold with (25), by replacing
t>01in (23) and (24) to 0 <t < T.
(1i2) If there exists T > O such that

%?(z f,[f)—l)go, 0<t<LT, zeR" peR"

ue(t, o', 2,) are concave in (', 2,) € R"™ ' x (0,¢)
forallt € (0,T) and all € € (0, 1),

there ezists o unique function (t,z’) for which (23) and (24) hold with (25), by replacing
t>01n (23) and (24) to0<t < T.

Theorem 1.2.  Let v.(¢ > 0) be the solutions of (16)-(18). Assume that (8),(19) hold.
Then there exists an unique function U(t,x’) such that

(28) | lim v.(t,5/,m) = (£, )

locally uniformly in ¢t >0, '’ € R*!



and U is the solution of

05 {(Vy5,0) i A
(29) Tl M <W) !V,,;/Ul t>0, z €eR",
(30) 1% o(t,2’) = min v(z’,n) 2’ € R"L

m
0 n€i0,1]
and

The answers to (A) (B) for (1 )—(3) and (4)-(6) follow from the above Theorems.

Theorem 1.3.  Let uc(e > 0) be the solutions of (1)-(3). Assume that ( 7),(8),(20) and
(21) hold. Then, we have the following.
(i) If (22) holds, there ezists an unique function %(t, ') (= 0(t,z’) in Theorem 1.1) and
(31) im sup lue(L, 2, zn) — 4(t,2")) =0 foranyT' >0, R>0

€10 0,1)x {l='|<RYx (0)
and G 18 the solution of (24).
(1) If (26) holds, there ezists an unique function 4(t,z’)(= 0(t,2)) and (24),(31) hold by
replacing [0,T"] to [0, T AT"], andt >0t0 0<t < T. :
(4i) If (27) holds, there exists an unique function u(t,z')(= 9(t,z')) and (24),(31) hold
by replacing [0,T") to [0,T ANT"], andt >0 to 0 <t < T. ‘

Theorem 1.4.  Let u.(e > 0) be the solutions of (4)-(6). Assume that (8),(19) hold.
Then there exists an unique function 4(t,z’)(= v(¢,2’) in Theorem 1.2) such that

(32) | lim sup |ue(t, 2", 20) — a(t, 2')] =0
el0 {y,myx{lz/ | R}x(0,¢)

for allt;, T\ € (0,00) satisfying t, <11 and all R >0,
and T is the solution of (29) with the initial condition
(33) hmu(t ) = min vz, n) = min wu.(z',z,) z’ € R"L

n€l0,1] zn€[0,¢]

Remark 1.1. By Theorem 1.3, (24), (25), we see that the limit interfacial energy is
(') = v(¥',0) (¢ € R™). Clearly, 7 is positively homogeneous of degree one. If v is
C? sois 7. For v and 4 we define their Wulff shapes by

={z eR" (z,9) <vlq) forallgeR"}
Wy ={z' e R" Y («/,¢) <F(¢')  foralld e R" '}

It turns out thét
(34) Wy = Proj VV7 ,



where Proj is the orthogonal projection R"™! x R — R™. (Indeed, if v is convex and
positively homogeneous of degree one, then the Wulff shape W, is the unique convex
compact (nonempty) set whose support function equals to v, i.e. y(p) = sup («,p), p €

zeW,

R"; see e.g. [26, Theorem 1.7.1].
Thus

() =7(p,0) = sup{(z’, ¥} ; (z',2,) € W, for some z,.}, p' € Rm!

or
3(p') = sup{(«',p); =’ € Proj W,}.

Therefore (34) follows.) We thank Professor Mi-Ho Giga who suggested to comsider

anisotropy in a thin domain as well as this remark (without proof).

Remark 1.2.  The initial condition (33) for the limit % the solutions of (4)-(6) shows
the existence of the initial layer, which is particular to the first-order case. (The same
phenomenon is pointed out in F. Bagagiolo and M. Bardi [7] , for the Hamilton-Jacobi
operator.) We do not know if the initial layer occurs to (1)-(3). ‘
Remark 1.3. Our convergence results do not directly imply the convergence of ['; — [,
since there may be a fattening phenomenon [12], [15]. If there is no fattening, our results
imply the convergence [ — T in local Hausdorff topology. This is easy to check as
proved in M.-H. Giga & Y. Giga [15, Lemma 8.4].

Before ending this long introduction, we shall give the plan of the paper. §2 is devoted
to the proofs of the convergences of v.(u.) to 7, (23) and (28) in Theorems 1.1 and 1.2.
In §3, we give the proofs of Theorems 1.1, 1.2 and of Theorems 1.3, 1.4. To prove these
results, we implicitly use the so-called formal asymptotic expansion based on the averaging
principle (or ergodicity) of thé diffusion system and the deterministic controlled system.
We derive the limit equation (24) by using this formal asymptotic expansion in §4.

Throughout of this paper, we use the theory of viscosity solutions, for which we refer
the readers to M. G. Crandall - H. Ishii - P.-L. Lions [9].

§2. Proofs of the convergences of u. and v,
The goal of this section is to prove the following two results.

Proposition 2.1.  Letu, (¢ > 0) be the solutions of (1)-(3), and assume that (7),(8),(20)
and (21) hold. Then, there ezxists a constant C > 0 such that

(35) sup |Vyu| < C uniformly in € € (0, 1].
eRn-1
wn€(0,8)
>0



Furthermore, if (22) holds, there exists a constant C > 0 such that

(36) sup
120

zeRn—-1

zp€(0,¢)

and if (26) or (27) holds, there exists a constant C > 0 such that

uniformly in € € (0,1],

(37) sup
t€[0,T]

z/eRn—1

T e(0,8)

uniformly in € € (0,1].

Proposition 2.2.  Let v.(¢ > Q) be the solutions of (16)-( 18] and assume that (8) and
(19) hold. Then,

(38) limv.(t,2',n) < min vy(z',{) wuniformly in 2’ € R*,n € [0,1]
e ¢efo,1] ‘
in the sense that

lim Sup [ve(t,2',m) — min vz, ()] <0

=0 (@' meRP1x(0,1] ¢€0,1]

and

(39) lli% ’Ue(t7g;”'r') = njf_an UO(J' Q) = RrR"1 = [0’ 1]
t—0 0,1

In the case of the mean curvature flow equation (M =1, v = |p|, C = 0 in (1)), the
estimate (35) and (36) are shown in Y. Giga, M. Ohnuma and M. -H. Sato [17].
extend their proof to our case.

Proof of Proposition 2.1.  First, we regularize (1) in the similar way to Y. -G. Chen,
Y. Giga and S. Goto [13], [14]. Let ps (6 > 0) be the mollifier (p € CP(R"), p >
0, Supp p € B(0,1) (the ball centered at origin with radius 1), [g= pdz =1, ps(-) =
L p (5)) We set

(40) w(B) = psv) + 6\flpE+8  peR™, 0<8<],

so that s is smooth on R" and strictly convex,

i) = s+ 1 (1),

( Cs(z,t,p) is a smooth approximation of C ( z,t, |)
such that for any ¢; >0

| wp ap (.Gl R0 <
(41) $ 0<8<1 R"%[Otllxj{cﬂ 9 B a('
O0Cs
and Cs — C, B —d—[— N uniformly

in every compact set in R™ x [0, tl] X S”'
Cs satisfies (21).




Consider
5

(42)%*;:,/]%31%62 M5 (Vub) (Z ai %Z—‘S ) ,/vm|2+52 Cs (x,t, Vi)

i=1

= F5 (V4d, V2ul) - /|Vul|2 + 82 Cs (z,t, Vub)

t>0, («,z,) e R x (0,¢),

8,0 |
(43) —-Z— =0 £>0, (2,2, € R % (0,¢),
(44) u2(0, 2", 2,) = up(z) 2 € R, z, € (0,¢).

For the simplicity, we shall write u(t, 7', z,) = uS(¢,2’, z,) until the end of the proof.
From (40) and the regularity results of the uniformly quasilinear parabolic equations (see
e.g. Y. G. Chen, Y. Giga and S. Goto [14], O. A. Ladyzhenskya, V. A. Solonnikov and
N. N. Ural’tseva, [20], G. M. Lieberman [21]), u(t, z’, 2,) exists globally and is C'in t > 0
and C? in (2/,z,) € R"! x (0,¢). To see (35), put V = |Vu|? and differentiate it in ¢ to
have

2
%1;‘/— Z gg, 3?8:& _
(45) =2 Z a—“ f-)— {Fs(Vu, V) — /|Vul2 + 62 Cs (z,t, Vi) }.
Now,
2 Z Ou a (Vu, V)
. ‘ 1 2

| = Z%% % 2 S:% 5% -2 Z Z aii 3300:025, afggx,

(46) - < ; Z—ﬁf % +%j %% 53:(‘9;,

for from (40) the matrix (ar is positively definite. It follows that

Orke ) 1€k, <n

2 Z g;i dz {\/ Vul? + 62 Cs (=, t, Vu)}

5 ou OV Ou 80,5 . ‘ oCs oV .

- LYV e Y &0 0
Z VV+6Z 85& BILL zﬁ: apg ()fL'g

0Cs OV :

(47)>Z Co d“dv+mzf—f—,
£

V 4+ 62

VV + 62 Oz; Oz Ope Oz
from (21), (41).



By introducing (46), (47) into (45) we obtain
oV 0F5 v 3F5 oV C’& “Ou OV
48 — < —_— —_— e — —_—_—— ——
( ) 6t - % a’r'kg af])kal'g + ; 3pg (9!11@ XL: \/V+(52 82’, (9SLL

—VV+82 ) 9Cs ,av t>0, (@',z,) € R* ! x(0,¢).
7 Ope Oxg

From (43) it now follows that y

| oV du B ou D du O

(49) Oz, ; Ox; Ox;0z, 2; Oz; O0x;0x, + 0z, O0x 0z,
t>0, o € R, 2, =0, e.

0

Therefore, from the maximum principle, V' attains its maximum at ¢ = 0, and from (20)
we get (35). . '

Next, to see (36) or (37), differentiate the both hands sides of (42) in t, and set W = %.
Then,

ow OFs OW oF O*W 1 Ou oW

(50) v XL: Op; Bz, * Zzy 57:;; 0z;0%; - Cs ZL: /Ivulz._*_ 52 Oz; Ox;
p—— oCs oW
_ 2 4 82 e T
VIVul2+6 XL: B Br;

- HC;
— 2 2
VIVu 62 =

with
(51) gZ =0 t>0 2 €eR" 2, =0,
(52) W(0,z) = Fs (Vuo, Viuo) — +/|Vuol2 + 62 Cs (2, 0, Vug).
Thus, if (22) holds, from the maximum principle and (20),
sup |W(t,z',z,)] < sup W(0,z) < C for all € >0,
s e
and (36) is proved. On the other hand, if (26) holds,
ow dFs oW oF W 1 - Ou OW

S 2 B Bm X By ads, O X Jouny s o 0o

OCs OW
—./ 2 | 52
|Vul2 + 6 ; ap,'_ 92,

from which and (51), we know that W takes its maximum at ¢ = 0, that is from (52)

(53) sup W(t,z',z,) < sup W(0,z)<C  forall €>0.
0<t<T sacRn—1
f’ e]}(g-:)l a:,lee (0,8)



Moreover, since u. are convex ((26)) and since we have shown that | V|, is bounded, from
(42) there is a bound C such that

(54) W>C  foralle>0.
Thus (53) and (54) yield (37). The similar argument leads (37), if we assume (27).

Proof of Proposition 2.2.  Let M; (i = 1,2) be the constants in (8), and let V}(i = 1,2)
are respectively the solutions of

avi . avi\®
g — M V|2 -1-_£ > / n—1
' ov?

g — . . t > ! n—1 —
(56) 5 =" >0, ¢ €R™Y, =0,1,
(57) Vi0,2',n) = w(,n) = € R*Y, 5e(0,1).
By writing (55) as

YA . oVe .
55) £ =M; sup <(V,/V;,—i> (o, e oy, >,
( ) at Y ,an)GR" ‘ 67] ( )

jo’|24+an?=1 or 0

we can write the solutions V* explicitely as follows. (See P. -L. Lions [22], [23].)

(58) Vit ,n) = _ inf  w(XL(t), Xna(?))

a=(a/,an)EA

where A is the set of measurable functions such that
a(t) : [0,00) = {p € R"{|p| =0 or 1}

and Xo(t) = (X4(t), Xna(t)) € R™ ! x (0,1) is the solution of the following ordinary
differential equation with reflection on the boundary : for a(f) = (/(¢), s (t)) € A,

X @) =2+ [jo/(s)ds t>0
Xna(t) =n+ J§ taa(s)ds — S n(X0o(s), Xna(s))d4, t>0
(59 with (X[(t), Xna(t)) € R*1 x (0,1) for all ¢ >0,
A = [} 1oa(X"(s), Xna(s))dA, for ¢t >0 is continuous

and nondecreasing,

where n(-) denotes the outward unit normal on the boundary.
Therefore, by using the comparison principle to (55)-(57) (z = 1,2) and to (16)-(18),
by using (58), (19) we have

(60) ~l[tolloo < V(2 ',m) < welt, o', m) < V2(t,',m) < [uplloo forall’ e > 0.



Now, let 5 > 0 be ﬁxed and put g9 = Maty.
For an arbitrary (zy,70) € R*™* x (0,1), let 7 € [0,1] be

1 » i ol — / _'
(6“) m_%fl) vo(z',n) = vo(z', 7)

Mgto
17— 7ol
ac(t) € A as follows (ae(t) = (4(t), ame(£)) )

Since |ng — 7| < 1, e = Matg < For any 0 < € < &, define the control

al(t) =0(e R™Y) forallt >0,

= i — 1)l ¢t < Eli=mol
am(t) { Sgn(’? 7’0) 0< Mo

— elfi—no|
=0 t2 5

and solve (59) with o,(t), and the initial condition (z’, 1) = (z§, 7o) to have

X;e (t) = m:)’ Xnas(t) = 7—] fOI‘ a.]l t 2 ——eln _ no.l_‘

By introducing this into (58) for ¢ = 2, we get
. - ) €
(62) V2(t, 20,m0) < Uo(wél,n) = vo(zg,m) for all ¢ > A

and by combining this inequality with (60), we have
i Yon) < i /
limsupwv.(¢,4',7) < o vo(%o,7)

(63) t—0
where the convergence is uniform in 2’ € R}

Clearly, for an arbitrary (z),m0) € R"™! x (0,1) and 77 defined in (61),
V. (0,25, 7) < V0,25, m0),

and from the continuity to the initial value, there exists ¢, > 0 depending on (=}, 70) such
that _
vo(z0, ) < V' (¢, 6, 7) < V' (£, 20, m0)-

Thus

. . , 7 . . 1 !
(64) né][%fu vo(%g,m) < liminf V' (2, x5, m0)-

t—0 .

From (60), (63) and (64), (38) and (39) were proved.

§3. Effective limit equations

—13—



This section is devoted to the proofs of Theorems 1.1, 1.2, 1.3 and 1.4.

Proof of Theorem1.1.  We shall prove only (i), for (ii) and (iii) can be proved similarly.
‘From (35), (36) in Proposition 2.1,

) .
|VorVe| Lo R+ xRA-1x0,1) 5 I‘ét_elL“(R+xR"—1x[0,1]) <C foralle €(0,1),

O :
| on ]Lw(R+an—1x[o 1y < Ce for all e € (0,1).

Thus, we can extract a subsequence &’ | 0 such that there is %(t, 2')

(65) EIL%UE' (t,2',n) = U(t,z") locally uniformly in
t>0, 2’ e R"!, nel0,1].

Hereafter we shall show that ¥ is the unique solution of (24), which also proves (23) that
¥ does not depend on the choise of the subsequence &’ | 0. For this purpose, we must first
show the following : if for some ¢(¢,2") € C®((R* U {0}) x R™ '), ¥ — ¢ takes a strict
maximum at (tg,70) € R™ x R™1 | 9(ty, 7o) = ¢(to, zo) and V7, ¢ (to, o) # 0.

Vz’(b(tOﬂrO)’O) . —
Voot 7o) ) divy (Dp”Y (Vz'¢(to,$o)))

(vz’(b(lm 7;0)7 0))
|V é(to, 7o)

holds, where 5(p') = v(¢,0). We assume that (66) does not hold, and shall look for the
contradiction. Assume that there exists 6 > 0 such that

60 St 2 (Vastio,snll M (ED ) ate, (DT 0tt020)

(Var(to, 20),0)
Ve bl )] ) 2

- (66) ¢(t0,$o) < [ Vad(to, 2o)] M((

—|vm'¢(t01 1'0)[ o (l'(), 07t07

—Ivfx'¢(t07 .'L'())I C ($0i 07 Lo,

Put fore >0 »
o(t, ', n) = ¢(t,z')  t>0, ¢’ e R™, ne(0,1).

From (67), We can easily check that ¢ satisfies

b ~ A Vo T 6—1305 -~
%(t,x)z\[lvxf@”(E‘l%) ( W) a") {dive (Dy(Vad(t,2)))

o r _,0 B2¢
1 1
Z (9P55Pn <(vwl¢(t,$),€ OT} )) 051,‘07]



22

L, 0% . _100\\ 8%
L ’ g 127 —
+e B <<Vz b(t, )€ 81))) o [

T\ 2 , qw r
—JW@&P+<€*%&@@) ent (Vard(t,z),e 2(t,z)) s
" IV + (18

in Br,-(to) X B,-(Z‘o) X (O, 1)

provided that € > 0, r > 0 are small enough. The above inequality is equivalent to

. ] ~ Vb, e -10¢
63 2tz J;vz/(m%(s %) T o)
\/lv B2 + ~1_2)

. _18%
_lem@l“(ﬁgﬁ) W\l ) 7|+
n \/lv B2+ —lg%)

TrG.(V? (z, n)‘b) o

in By (to) x By (o) x (0,1).

Since v, satisfies (12) in B.(to) X Bn(zg) x (0,1) , we have

(69) max (v — qNS) < max (ve — (lg)
Br(to)x Br(zh)x(0,1) 6(Br(to)>< B,(m;,)xiéﬁ‘))

and by letting € | 0 , we have

T—-¢) < max (7 -¢)

max ,
B’r(t())x .Br(xl)) 3(Br(to)>< Br($6))

which contradicts to the fact that (¢, () is the local strict maximum of ¥ — ¢. Accord-
ing to definition of the viscosity solution of (24), it remains to consider the case when
V¢ (to,20) =0 and V'V (to, 20) = 0 ; see [12], [13], [16].
For this purpose, assume that

9%
ot
for some & > 0, and shall look for a contradiction. By using the same notations as before,
this yields (68) when Vu¢ (t,2/,n) 0, and %% (t,2',m) =20 if Vyo (t,2',n) =0 and
Vo Vaed (t,2',m) = 0. The same argument leads (69), from which we get a contradiction.

(66)’ (to,l‘o) Z 20

Proof of Theor@m 1.2.  Set

Tp(z) = 'nei)(:(l)fl) vz’ ,n) e R

—15—



Let @(t,z") be the unique solutions of

v (V,0)
Doy [Y=BY)
9(0,7) = vo(z').

> |V 20| t>0, 2 e R"Y

Put
o(t,2',n) = o(t,2") t>0, z € R™1 ne(01).

It is easy to check that for any € > 0, ¥ is the unique solution of

oV \V4 /17,8—197?- >\ -
(70) B% =M ( ° 07) ARVAEZ <5—1gﬂ> t>0, £ e R",
s 8 e
n€(0,1),
(71) g-;—’.—.o t>0, 2 eR" n=0,1,

(72)  #0,2",m) = Bo(z").

The following estimate holds.

Lemma 3;1. There ezists a constant Mz > 0O such that

(73) |5 (¢,2',n) = 0(0,7',n)] < Mst  t>0, 2 e R™, n€(0,1).

Proof of Lemma 3.1. Let M; ( = 1,2) be the constants in (8). Consider for i=1, 2

Vi
%7 = M; |VsV;| t>0, 4 eR"!
Vi(0,7") = %ip(2").
From the comparison,
(74) V1(t,¢') < ﬁ(t, .’L‘,) < %(t,z‘l) t>0, 2 e R*L,
On the other hand, as explained in the proof of Proposition 2.2,

(75) Vilt,#) = inf 50 (X4(0) =1, 2,

where A; = {aft) : [0,00) — {0, M;} measurable function }, and for a(-) € A;
- (76) X, (@) =2 +/0 a(s) ds.
By taking account of (76), (75) can be rewritten as

(75) Vit,2") = inf  %p(y).
/- | S Mt
yleRn—l



Since tg(2’) is Lipschitz ((19)), from (75)

(77) Vit =)

> To(z') — Myt
%(tvml) S 50

To(z') + Mat.
Thus, by (74) and (75),
—Mit < o(t,2',n) — 9(0,2,n) = 5(¢, ) — 9(0,2") < Mat ,
and (73) was proved.
We go back to the proof of Theorem 1.2." From now on, we shall prove
(78) laiﬁwc.(t, ' \n) =9t 2, n) = (¢, ).
From Proposition 2.2,

lim v (2,2, 1) < To(2') uniformly in z’ € R™.

t—0
Thus, by putting.
et = sup{(ve(t,2',n) — 'Eol(:z:’)‘) vO; 2z’ e R ne(0,1)}
(79) limg 6.0 10

]

Fix tg > 0, and consider

| —18wE
duwE (Vouws,e1%5)

. BwE\?
8—;: M = ]Vx,w;h]l-{- & 1—0—17 y

t>t, 2 €eR™, ne(0,1),

+ .
6515 =0 t>if, £ €R", np=0andl,
n

wito,2',n) =To(z) £ 6., ' €R™', 5€(0,1)

where £ > 0 is an arbitray number in ¢ € (0, Mytg). Of course from (70)-(72),
(80) wE(t, 2, n) = 5(t — to, 2/, n) £ Seso-

From (79) and (80),

(81) ve(t,z',m) <wf(t,z',n) =0(t —t0,2',m) + Oeto

Since |

170(7",) - é‘E,to < '170(7",) < UE(O) fClJI) 2’ € Rn_l; ne (01 1)’



by the comparison,
(82) Ut —to,2",m) — s = wS (¢, 2, m) < velt, 2, m).

By combining (81) and (82), letting ¢y — 0 (¢ — Q), and by using (73) and (79), we get
(78). Since ¥ is the solution of (29) and (30), we proved Theorem 1.2.

Proofs of Theorems 1.3 and 1.4. Theorems 1.3 and 1.4 are derived easily from Theorems
1.1 and 1.2 by using (11).

84. Relatiionship with the ergodic problem

The effective equation (24) for (1)-(3) can be derived formally as follows. We formally
expand the solution v.(t,z’,n) of (12)-(14)

(83) w.(t,z',n) = 5(t, ') + vy (t, 2, ) + 0(e%) t>0, 2 € R", ne(0,1).

By introducing (83) into (12), we have

v ‘ . (Vwrﬁ,O) | 1yt / ( m’ﬁ70)
pu— , A ED T . - " TR .
(84) 5 = Vil M ( > )T.,GY c 2,0, i:meﬁI + O(e),
t>0, 2 e R" ne(0,1),
ov '
=0 "eRM, 0=
(85) 5 =0 >0, 2 ¢ ,n=0,1,

5(0,¢) =w(@) 2 € R,

where G’ = (vj;) is the n X n matrix such that

’Y:J = inj(vm"avIO(E)) ’ 1 < 717 <n-—- 11
(86) Yoi = Vin = € i (Vp0,0(€)) 1<i<n-1,
Ve, = 5—27n-n(va:"5: Ofe)),
where ;; = ap 6p oo (L <14, 7 <n)and Y’ = (yj;) is the n X n matrix such that
i0D;
yzg 3ﬁ3;] 1 g 7:] S n— 1a
yng—y11y,—82.d%p7)l— lglsn—l,
&y
ynn — 82(6;7
Remark that o2
= aly
(87) T.G'Y = T.G ¥ + O(€) + Yan(V&5,0) -57—]-} (t,7",7m)



where G = (7;;(V9,0))1<i jen—1 and ¥ = (V4(t,2')) are the (n —1):x (n-1) matrices.
Thus, if for an arbitray fixed (to,z}),pp) € R x R*! x R""!| there exists an unique
constant number H (to,z}, pf) such that the problem

Lo ‘ 82y |
(88) }1(t0,l‘6,p6) ’7nn(p070) _l' 77 E (07 1)’
%%1 =90 n= 01 17

has at least a solution vi(n), this vi(n) may serve as the corrector vi(¢,2',n) in the
expansion (83), and from (84) and (87), we get
o0 _ oo a (220 e o (Ves )
89 M 3 . / . 'Yy .
| | +‘H(t7z'l7vm"ﬁ)1

the effective limit equation for #(¢,z’). The problem (88) is called the ergodic problem
for the Hamilton-Jacobi-Bellman equation, and we refer the readers to M. Arisawa. (2]
and [3], M. Arisawa - P. -L.Lions [6] etc. The following is a typlcal result of the ergodic
problem with the Neumann boundary condition. :

Proposition 4.1.  Let a(n) >ap > 0 be a function in 7 € (0,1), f (n) be a Lipschitz
continuous function 1 € (0,1). Then there ezists an unique number dy such that

{ 4y — a(m)Z2(m) — fm) =0 7€, 1),
=0 n=0, 1.

admits a viscosity solution vi(n).

By using Proposition 4.1, the above unique number in (88) H(to, x5, py) =0 (vi(n) =
constant), and introducing this into (89), we get the effective anisotropic mean curvature
equatlon (24). In the precedmg sections 2 and 3, we rigorously confirmed this formal

gument '
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