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Abstract. Suppose Ty is a Toeplitz operator with a symbol ¢ on the Hardy
space on the bidisc, H?. Let N be a backward shift invariant subspace of H?, that is, N
_is an invariant subspace under T and 7;'.Let P be the orthogonal projection from H?
onto N. For ¢ in H*, put S, = PTy|N. In this paper, we are interested in backward shift
invariant subspaces Wthh satisfy S,S, = S, S,. In particular, we show that S,S; = S;5,
if N is of finite dimension.
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§1. | Introduction

Let T be the torus that is the Cartesian product of two unit circles T in C. Let
1 < p € oo. The usual Lebesgue spaces, with respect to the Haar measure m of T2, are
denoted by LP = LP(T?), and H? = HP(T?) is the space of all f in L? whose Fourier
coefficients : " : '

6.0 = [ fzw)0tdm(z )

are 0 as soon as at least one component of (j, £) is negative. H? is called the Hardy space.
As T? = (T, z) x (T,w), H?(T, z) and HP(T,w) denote the one variable Hardy spaces.
Let P2 be the orthogonal projection from L? onto H?. For ¢ in L™, the Toeplitz
operator T is defined by :
Tsf = Pus(df) (f € ).

A closed subspace N of H? is said to be backward shift invariant if
TN CN and T;N C N.

- A closed subspace M of H? is said to be shift invariant if T,M C M and T,M C M.
. The orthogonal complement of N is shift invariant. In this paper, we are interested in
backward shift invariant subspaces. Let Py and Py be the orthogonal prOJectlon from
H? onto N and M, respectively. For ¢ in H®, put

S¢ = PNT¢PN'N and VV¢ = PMT¢PM|M1

It is known in [4] that V.V = V2V, if and only if M = gH? for some inner function ¢ in
H*®. In this paper, we are interested in backward shift invariant subspaces which satisfy
8.5y = 55S,. We will write P = Py and Q = I — Py where I is an identity operator on
H? and N is a backward shift invariant subspace. In this paper, we study two operators

A=QT,P and B=PT:Q

when AB = 0 or BA = 0. AB = 0 is equivalent to V,V} = Vo Va, and BA = 0 is_
~equivalent to 5,5y, = S;5;. In §2, we show that AB|M = V2V, — V,V* and BA|N =
S.Sy — 1S5S, Moreover we determme invariant subspaces When A=0orB=0.In§3
we show the following : If BA =0, then N C H?© ¢H? where ¢ is a one variable inner
function. Conversely if N = H? © ¢H? and q is one variable, then BA = 0. As a result,
AB = BA =0 if and only if A = 0 or B = 0. Moreover we show that if N is of finite.
dimension, then BA = 0.

~ For an operator C, ker C denotes the kernel of C and ran C denotes the range of

All results in this paper can be ,genera;lized to backward shift invariant subspaCes
in the polydisc by essentially same method. Such invarint subspaces have been studied
by Ahern and Clark [1], and Cotlar and Sadosky [ 3] from dlﬁ'erent points of view.



§2. A=0or B=0

Let N be a backward shift invariant subspace and M be the orthogonal comple-
ment of N in H2. Put P = Py and Q@ = I — Py, then Q is the orthogonal projection
from H? onto M.

Lemma 1 :
(1) AB = QT:QT.Q - QT.QT%Q and so AB|M = V;V. — VV;.
(2) BA = PT,PT*P — PT*PT,P and so BA|N = S,57, — S%.5,
(3) kerA={feN:T,fe N}d M.

(4) kerB={feM:T:fe M}® N.

‘Proof. (1) Since T,Q = QT,Q and T,T = T*T,,

AB = QT,PT:Q
= QT.T,Q - QT.QT,Q
= QRT,QT.Q - QT.QT,Q.

Since TXP = PT:P and T*T, = T,T,

BA = PT!QT.P
= PT'T,P — PT:PT,P
PT,PT:P — PT’PT,P.

(3) and (4) are clear.

Theorem 2.

(1) A= 0 if and only if N = H* © ¢H? where q is a one variable inner function
with ¢ = q(w).

(2) B =0 if and only if M = qH? where q is a one variable inner function with
g =4q(2). '
(3) A= B =0 if and only if N = {0} or N = H>.
~ Proof. (2) follows from (1). We will show (1). H> = N® M and T,M C M.
Suppose A = 0. By (3) of Lemma 1, T,N C N. Put Ny = NOT,N and My = Mo T, M.
Then o -

H2 = Z &) (NQ D Mo)z" = Z & H2(T, U})Zn.
n=0 n=>0

By (1) of Lemma 1, VV, = V,V and so V}V,, = V,,V* because AB = 0. Hence
Vw(ker V') C ker V' and ker V' = M,. Therefore by the Beurling theorem [2], M, =

qH?*(T,w) and ¢ is a one variable inner function with ¢ = g(w). Hence M = ¢gH? and so
N = H? o qH?.



"~ Corollary 1
(1) AB=BA=0ifand only if A=0 or B=0.
(2) If N = H? & ¢H? and q is an inner function and S,S}, = S:S,, then q is a
one variable inner function.

§3. AB=0or BA=0

Suppose that N is a backward shift invariant subspace and M is a shift invariant
subspace. By Lemma 1, AB = 0 if and only if VoV, =V, Vy, and BA = 0 if and only if
S,y = S55S,. Hence we know (see [4],[5],[6]) that AB = 0 if and only if M = qH? for
some inner function g. In this section, we study N when BA = 0, that is, S,S} = S:5,.

Lemma 2.

ran A={M o :M}o {H*T,w)N M}

and
ker B= H*(T,2) "M @ wM ® N

Proof. Since (T f,g) = (f,wg) if f,g € H?,

{feM; T;f e M}
= Mn{H?*6wN}=HT,2)N M &wM

because H2owN = (H*6owH?)®w(H?© N) and N = H26 M. Hence by (4) of Lemma,
LkerB={feM; Trfe M}®N = H*(T,z)NM ®wM & N. By the same argument,
ker A* = H*(T,w)N M & zM & N and so

ran A = H?oker A*
= {Me:M}e {H*T,w)n M}.

Lemma 3 ,

(1) Let q be a one variable inner function with ¢ = g(w). N C H>© qH? if and
only ifran A D {M & 2zM} © ¢H*(T,w).

(2) Let q be a one variable inner function with ¢ = q(z). N C H? © q¢H? if and
only if ker B D ¢H*(T,2) ®wM & N.

Proof. (1) If ran A D {M © zM} & ¢H*(T,w), then ¢H?*(T,w) C M and so
N CH*6¢qH? If N C H?6 qH?, then M D gH*(T,w) and ¢H?(T,w) is orthogonal to
zM. By Lemma 2, ran A D {M o zM}oqH*(T,w). (2) lfker B D ¢H*(T,2) wM® N,
then ¢H*(T,z) C M and so N C H*©¢H? If N C H>© qH?, then M D ¢H*(T, z) and
qH*(T, z) is orthogonal to wM @&-N. By Lemma 2, ker B D ¢H?*(T,z) ® wM & N.



Lemma 4. When M -is an mvamant subspace of H2 fwM 2D Mo zM, then
M = {0}. :

Proof. Put M, - Mo ZM, then M= 2 @ Mozj. If wM D M, then wM D
0 =M€ 2

Z ® Mon ‘M because ZM C M ThlS implies. M = {o}.

7=0

Lemma 2 implies that A =0 if and only if M © ZM = H*(T,w)N M, and B =0
if and only if M = H 2(T zZ)N M &> wM Hence they imply trivially the condition in (1)
of Theorem 3.

Theorem 3.

(1) 8.8y, =545, zfand only if H¥(T, z)ﬂMéBwM 2 {Moe:zM}e{H*(T,w)N
M}.

(2) If S,Sk =.S%S,, then NC H? e qH? for some one variable inner function q

or N'= H?.

' (8) If N = H2 © gH? for some one variable inner function q, then S,S¥ = Sy Sy

(4) If S, 8% = 8S,, A# 0 and B # 0, then N C (H?>© ¢H*) N (H2 S qH?)
where ¢1 = q1(w) and ¢z = ¢2(2) are one variable inner functions.

Proof. (1) S,S%, = S5, if and only if ker B O ran A. Hence Lemma 2 implies (1).
(2) If H%(T,2) N M # {0}, then by Lemma 2 and a theorem of Beurling N C H? & ¢H?
for some one variable inner function ¢ = ¢(z). If H*(T,z) N M = {0}, then by (1)
wM D {M o6 :zM}e {H*(T,w) N M}. If H¥(T,w)N M # {0}, then by Lemma 2 and
- a theorem of Beurling' N C H? & ¢H? for some one variable inner function ¢ = q(w). If
- H*(T,w)NM = {0}, then wM D M ©2zM and so by Lemma 4, M = {0} and so N = H2.
(3) By Theorem 2, BA = 0 and so S, S = S}, (4) follows from the proof of (2).

Lemma 4. Suppose ]a1<1and 18] < 1.
) z a | -«
' l—az l—az» 1—az

(2)( = — (¢>1).

1- az) (1- az)e * (1-a)t ° —

Qll'—‘
Q1 |

(3)(1_&0 §1—ﬁ -+ D (»le).

’U)

-P f. 1) and (2 le: .S" —— = — 4 10
vroo, () an ( ) are clear. Since - 1—-,8w+w’

W 1 B =
S R A @
T U= @ Bu
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This implies (3)
Theorem 4. If N is a backward shift invariant subspace of finite dimenéion n
H?, then S,S} = S*S,.

Proof. It is known in {1, p969] that N is spaned by partial derlvatlves of the
Cauchy kernels (1—az) ™} (1—Bw)~* for (o, B) in Z(M) = () {(e, ﬁ € D?; f.(a B) = 0}.
A fem -

. _ : |
Here Z(M) = | J{(a;,B;)} is a finite set in D% We may assume that (0,0) € Z(M)

J=0 S '
and (ap, f) = (0,0). When (0,0) ¢ Z(M), the proof is easier than that of the case,
(0,0) € Z(M). We will prove that o '

S5k =855, on (1—az) ™1 —pBw)™ )
where £ > 0, m > 0, (o, ﬁ) € Z(M) and (1—-az)~*(1—pw)™™ € N. When (e, 8) = (0,0),
we assume that (1 — a&z) 41— Bw)™ = ztw™.
Case I. £ > 2 and m > 0 : Suppose m > 1. ByLemma4 for0§j<m

z 1

(1-az)t (1 - Buw)!

because (1 — @z)~¢(1 — fw)™™ € N and ¢ > 2. Hence since m > 1, by Lemma 4
S,5% (1 — az) 41 — Bw)™ |

~ S,P {(1_',“ az)—‘—@—-—} |

belongs to N |

(1= puw)™
O (1-a2)t Z—_; 1=~ ﬂw
1
because i _% 3 0= Buy €N for0 j ji<m. By~the same argument we can show
‘that S%S,(1 — az)~¢(1 — fw)™™ 0= a2) Z - Suppose m = 0. S:5,(1 -
@z = SyP Y b = Sy 2 = 0 because ‘—-f—~— € N. Tt is clear that
v\T—aer ) T e T Ty S TR

SS*(l—ozz) = 0.
Case II. €<1andm>0 Supposeé—landm>1 Slnce (e, ﬂ)EZ(M)

where g € H*(T,z). Hence as in Case I, -
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because | [] — g . € M. By the same argument, we can show that
=0 1— a2 i 1—-a;z .

il - ) (i 1—6,8111)) F0r£=m=’0,_if; easy to

§=0

8581~ @2)"H(1 = fw)™ = (

see it as in Case 1.

§4. Conjecture

A backward shift invariant subspace of finite condimension in H? has a geometric
description. As a result, we can give a resonable conjecture.

Proposition 5. N is a backward shift invariant subspace of finite dimension in
H? if and only if
N = (H*© B;H*) n (H? © B,H?)

where B, = By(z) and By = Bs(w) are finite one variable Blaschke products.
Proof. If IV is of finite dimension, then by [1, p969]

= {(a,8) e D?*; f (aﬁ—O}_U{a], ) € D}

feM
and
M 2 BiH? + B,H?
" a £(5) - n —b, s(j)
B, = 2 1<ty '
where 0 < n < 0o, By j]';‘[1<1—djz> Hl 1—bw> < t(5), s(j) < oo
and N = H> © M. Since N is spaned by partial derivatives of the Cauchy kernels



(1 = az)™}(1 — Bw)™* for (a, B) in Z(M) [1, p969], N = (H? © BiH?*) N (H? © ByH?)
because '

_'_7 ; Fuj € H2(Taw)}

and

Conjecture. Suppose N # H?. Then S,S} = S8, if and only if N = (H? o
¢ H?) N (H? © ¢ H?) where ¢; = ¢1(2) and ¢, = g2(w) are one variable inner functions.
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