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Abstract:  Anisotropic curvature flow equations with singular interfacial energy
are important for good understanding of motion of phase-boundaries. If the energy
and the interfacial surface were smooth, then the speed of the interface would be
equal to the gradient of the energy. However, this is not so simple in the case of
non-smooth crystalline energy. But it’s well-known that a unique gradient charac-
terization of the velocity is possible if the interface is a curve in the two-dimensional
space.

In this paper we propose a notion of solution in the three-dimensional space by
introducing geometric subdifferentials and characterizing the speed. We also give a
counterexample to a problem concerning the Cahn-Hoffman vector field on a facet,
a flat portion of the interface.

Key words: singular energies, geometric subdifferentials, canonical restrictions,

facets, curvature flow

1 Introduction

Anisotropic curvature flow equations with singular interfacial energy were proposed
independently by J. Taylor [38] and by S. Angenent and M. Gurtin [3] more than a
decade ago to model motion of phase-boundaries in material sciences and the theory
of crystal growth. A typical example takes the form

B()V = —divr,[(Vy)@)] on T, (1.1)

*In the memory of Professor Masaya Yamaguti



Here V' denotes the normal velocity of an interface I'; in R" in the direction of a unit
outer normal n of I'y; 3 is a kinetic coefficient and it is assumed to be positive. The
function  : R® — [0,00) is an interfacial energy density and it is assumed to be
positively homogeneous of degree one; V< denotes the gradient of v in R™ and divr,
denotes the surface divergence. If v(p) = |p| and 8 = 1, then (1.1) is nothing but the
famous mean curvature flow equation. The problem (1.1) is (possibly degenerate)
parabolic provided that 3 > 0 and + is convex. An extreme but important example
of singular energy 7 is the crystalline energy, i.e. Frank vy = {p € R™;v(p) < 1} isa
convex (bounded) polyhedron in R™. In this case the meaning of (1.1) is not at all
clear even if we assume that I'; is smooth since the smoothing effect is so strong so
that it is expected to be nonlocal. |

When n = 2 so that I'; is a curve in the plane, the problem (1.1) for singular en-
ergy is by now well-studied. Three different notions of solutions have been proposed
when + is crystalline.

(i) Crystalline flow. A special class of polygonal flows is considered and (1.1)
is interpreted as a system of ordinary differential equations. A key assumption is
that the speed of each segment is a constant (depending on time) on the segment.
This flow is proposed by [38], [3]; see also [39]. Several properties of solutions are
well-studied [38], [40], [36], [37], [22]. The theory still works for the more general
equation '

B(n)V = —divr, [(Vy)(n)] + C (1.2)
with some constant C or even for
V = f(n, —divr,[(VY)(n)]) (1.3)

for a large class of coupling functions f [3], [40], [19]. The Stefan type problem with
crystalline interfacial energy has been studied in the papers [31], [32], [33]. Thus,
sometimes it is natural to admit nonconstant C' (cf. [16], [18]).

(i) Variational flow.  This is proposed by [12] and its properties are studied
in [11] when T'; is the graph of a function u. The idea is to interpret (1.1) by a
variational inequality d;u € —9¢(u) with some choice of the energy . Unfortu-
nately, this approach is so far limited for graph curves i.e. graphs of functions and,
moreover, no driving force term C in (1.2) is allowed. However, solutions can be
constructed for a very large class of initial data. We refer [30], [21] for a review of
the theory.

(iii) Viscosity flow. This is developed by [15], [17] for graph curves and [20] for
general closed curves. The idea is based on comparison principle. In [15], [17], [20]



the theory of viscosity solutions is extended to nonlocal smoothing (diffusion) effects.
This theory covers the general equation (1.3) with general singular interfacial energy.
Another merit is that the problem with smooth energy v and crystalline v can be
treated in the same framework so it is useful in understanding approximability of
solutions [19].

For consistency of these notions we refer to [12], [11], {14], [19]. Since crystalline
flow is characterized by ODEs, it provides an algorithm to calculate numerically
motion by smooth energy. The convergence of the algorithm has been proved in
various settings [12], [26], [27], [29], [17], [18], [19]. Approximation of crystalline
flow with motion by smooth energy has been also established [12], [17], [18]. [19].
Convergence of time semi-discretized variational solution is also established [2]. The

Allen-Cahn type approximation is also discussed in [4], [5], [42], [24].

For surface evolution in R? less is known. In [23] a crystalline flow is proposed and
a uniform speed on a facet (flat portion) is characterized by a canonical restriction
of the subdifferential of the interface energy. Unfortunately, their calculation of the
canonical restriction is not correct [23, Lemma 9.6]. Later in [6] it is shown that
the constancy of velocity on a facet may not hold if the flow fulfills the comparison
principle. A facet may break. However, still a reasonable choice of the speed seems
to be given by a canonical restriction of the subdifferentials as in [23].

In this paper we shall prove this conjecture by defining geometric subdifferentials
of interfacial energy and strong solutions to (1.1). We shall prove that the speed
must be equal to the canonical restriction (minimal element in L? norm) of geometric
subdifferentials. However, we are unable to prove the existence of our solutions nor
we are able to handle topology changes. The comparison principle is likely to hold
but we do not pursue this problem.

Bellettini and Novaga [5] give a notion of solution satisfying the comparison
principle (but they do not show existence of solutions nor characterize the speed).
Our definition is not comparable to their definition. At this point we should explain
that the speed is expected to be characterized by the minus divergence of a suitable
Cahn-Hoffman vector field. Bellettini and Novaga (7] assume existence of a bounded
Cahn-Hoffman vector field with bounded surface divergence while we require that
the divergence is in L?. For Lipschitz surfaces studied in [7] the authors assumed the
existence of a Lipschitz Cahn-Hoffman vector field. However, such an assumption
is often too strong since there is a minimal crystalline surface whose Cahn-Hoffman
vector field [9], [28], [23] is not continuous [10]. Our definition does not require the

existence of continuous Cahn-Hoffman vector field.



Some time ago Cahn and Hoffman [9] formulated a conjecture saying that a
reasonable Cahn-Hoffman vector field whose minus divergence equals the speed can
be written as a gradient of a function on a facet. Unfortunately, this conjecture is
false in general; we shall give a counterexample.

This paper is organized as follows. In §2 we introduce a good coordinate system
to define geometric subdifferentials of the interfacial energy. In §3 we define geo-
metric subdifferentials and their characterization. In §4 we prove that the velocity
of our flow agrees with the canonical restriction of the interfacial energy. In §5 we
disprove a conjecture of Cahn and Hoffman [9].

2 A class of surfaces

The goal of this section is to give a notion of admissible coordinate systems of the
surface so that “geometric subdifferential” of interfacial energy is defined. Let v be a
Lipschitz continuous real-valued convex function on R3. Assume that + is positively
homogeneous of degree one,-i.e., v(Ap) = My(p) for all A > 0 and p € R®. Assume
that y(p) > 0 for p # 0. The set '

{peR? «(p) <1}

is called the Frank diagram of v and is denoted by Frank 7. By our assumption
Frank v is a nonempty, bounded convex closed set. We shall distinguish vertices,
edges of Frank . Let 0v(p) denote the subdifferential of 7y at p, i.e.,

vp)={weR? y(p+q)—v(p) >w-q forall g R’}

where w - ¢ is the standard inner product of w,q € R3. The set dv(p) is a closed
convex set in R3. For p # 0 if 9y(p) is not a singleton, it is either a line segment or
a planar convex set not contained in a line. For p on the boundary d(Frank ) of
Frank v, we say that p is a vertez (of Frank ~) if 0(p) is a planar convex set (not
contained in a line). If 9y(p) is a line segment, we say that p € J(Frank ) is an
edge point (of Frank ). In addition we assume that v is of class C'»! away from 0,
vertices and edge points of the Frank diagram.

These notions are consistent with our intuition. At this point let us remind that
9v(0) is often called the Wulff shape of v and is denoted Wulff . It is the convex
conjugate of Frank ~.

We consider an oriented Lipschitz surface S embedded in R3. Let n be the unit
normal vector field which determines the orientation of S. A subset F' of S is a facet



if it is regarded as the closure of a connected component of a nonempty open set in
some plane (support plane) and it is maximal among those having this property. A
subset £ of S is a line segment if it is regarded as maximal nontrivial closed interval
on a line (support line). A subset L of S is a directionally linear surface if it is a
union of a continuous family of disjoint line segments and it contains no interior
points of any facet in a plane. Let O; (1 <1 < m) be a bounded cylindrical domain
in the sense that there exists a rotation R; € SO(3), a bounded domain §2; with
Lipschitz boundary in R? and a bounded open interval I; such that ©O; = Ri(Q4 < I;).

Definition 2.1 (y-facet and vy-directionally linear surface).

(i) Let F be a facet in .S. If the orientation of F is in the direction of a vertex of
Frank ~, we call F' a v-facet. ,

(ii) Let L be a directionally linear surface in S with orientation n. If the orientation
n exists almost everywhere on a line segment ¢ forming L and n is in the direction of
a point on an edge of Frank <y (independent of ¢), we call L a ~y-directionally linear
surface. . '

(iii) Let ¥ C S be the union of y-facets and ~y-directionally linear surfaces. We say
that a po.int P of S is a localizable point of S if P does not belong to X. The set of
all localizable points is denoted by X¢(= S\ X).

Definition 2.2. We say that a covering A = {O;}2, of S with bounded cylindri-
cal domains is an admissible coordinate system of .S with respect to y if the following
properties are fulfilled.

(i) The set R;'(S N ;) is represented as the graph of a Lipschitz function on ;.
The orientation R; n is taken upward for all i = 1,...,m. Here Q; and R; are as
in the definition of cylindrical domains.

(il) A y-facet F is contained in O; for some j=1,...,m.

(iii) A line segment ¢ forming a +-directionally linear surface is contained in O; for
some j =1,...,m.

(iv) The orientation n(P) does not point to neither a vertex nor an edge point of
Frank «y for H2-almost all P € 3¢ here H? denotes the two-dimensional Hausdorff
measure.

Example 2.3.  Assume that Frank + is a convex polyhedron. Such a 7 is called

a crystalline energy density. If p- ¢ > 0 for every pair of adjacent vertices p,q of -
Frank -y, we say that N = {p/|pl|,p is a vertex of Frank v} is acute. If N/ is acute,

it is easy to see that the Wulff'shape of v has an admissible coordinate system (cf.

23])



In general Wulff v may not have an admissible coordinate system. For example,
if Frank «y is regular octahedron (so that A is not acute), the Wulff shape which
is a cube has no admissible coordinate systems. We thus observe that there exist
Lipschitz surfaces which have no admissible coordinate systems.

Definition 2.4.  An oriented Lipschitz embedded surface in R? is called .A- covered
if there is an admissible coordinate system .A.

3 Geometric subdifferentials

Let S be an oriented Lipschitz surface in R?® with orientation n. Let /(S) be the
interfacial energy with density v, i.e.,

1(S) = [ (),

where ‘H? denotes the surface element. Our goal in this section is to define the
‘geometric subdifferential’ of I. v

Assume that S is A-covered so that it has an admissible coordinate system
A={O;}%,. Foreach ¢ =1,...,m, the set SN O; is represented as

5= Ry SN O;) = {x3 = fi(z1,22), (z1,72) € i}
with some Lipschitz function f; on ;. By rotation we observe that

I(SNO;) = /Sﬂ o, Y(@dH? = /2 %(m)dH?, %i(p) = v(Ri p),

T

where n in the second integral denotes that orientation of 3; inherited from S. Since

n=(-V;,1)/\/1+|Vfi2, dH? = \/1 + |V /;|2dz and ~; is positively homogeneous
) ; Y Yy g

of degree one, I{SN ©;) is now represented as
1SN 0) = [ %(-Vf, s,

where V f; = (0f;/0x1, 0fi/0zs). When we apply R; or R} ! as a matrix to a vector
v in R™, when v is interpreted as a column vector. To define subdifferentials we fix
a function space and a functional which is convex and lower semicontinuous on this
function space. For this purpose we modify v;. Let K; be strictly larger than the
Lipschitz constant of f;. For 7; we define a convex function W;(g) on R? which is
coercive, i.e., lim, .o W(q)/|q| = 0o, and satisfies '

Wilg) = %(—g,1) for || < K;.



Let H be the real Hilbert space L%(Q;) equipped with the inner product { u,v ) =
Jo, vvdz. For u € H we define ¢; : H — (—00, 00] as

Jo, Wi(Vu)dz,  if Vu € LY(Q;) and Wi(Vu) € L1 (Q;)
wi(u) = with u = f; on 9%,
+00, otherwise.

Since W; is convex and coercive, it is well-known that ¢; is a lower semicontinuous,
convex function on H and ¢; # o0o; see e.g. [23, Lemma 9.1]. Thus the set-valued
function

u — Op;(u)

is a maximal monotone operator, where Oy;(u) denotes the subdifferential of ; at

U, i.e.
Opi(u) ={w € H; p;(u+h)—p;i(u) > (w,h) forall he H}.

This set may be empty, but it must be convex and closed. We are now in a position to
define the geometric subdifferential 81(.S) at S as a subset of the Hilbert space L?(.S)
equipped with the standard inner product {( w,v ) = [qwvdH? for w,v € L2(S).

Definition 3.1. A function w € L?(S) is said to belong to the geometric subd-
ifferential of I at S if for almost every P € S and for all 4 € {1,...,m} such that
P € O; the identity w(P) = w(z') holds for some % € dy;(f;), where 2’ = n(R; ! P)
provided that one of the following conditions is fulfilled.

(i) P € O, is contained in a y-facet F(C S) contained in ©;.

(ii) P € O; is contained in a -y-directionally linear surface L(C S) contained in O;.
(iii) P € ©; is a localizable point of S.

Here 7 denotes the orthogonal projection §2; x I; — ;. The geometric subdifferential
of I at S is denoted 9I(S5).

The set 0I(S) may be empty, but it must be convex and closed since so are d¢p; (as
pointed out in [12] the set Jp; can be empty). Thus unless 8/ is empty, there exists
a unique w € 9I(S) that minimizes the L2norm ||w|| of w € AI(S). We call w a
canonical restriction (or minimal section) of 81 (S) and it will be denoted by 9°I(S).

Although our geometric subdifferential is not exactly a subdifferential, it has similar
properties. If S is stooth and S}, is a surface moved by A in the direction of n, then

1(Sy) — 1(S) > /S haw dH?



for w € OI(S) if the absolute value |h| is small. Unless <y is smooth, such a setting
is not realistic. However, this indicates that our subdifferential formally measures
variation of I(S) with respect to normal direction.

We shall prove that the value of w € 0I(S) at a localizable point is independent
of the choice of w € 9I(S), provided that ¥¢ enjoys some additional smoothness.
But first, we shall establish a local representation of 9I(.5).

Theorem 3.2. Assume that S is A-covered. Let ¢ denote the set of all localiz-
able points of S. Assume that ¥ is open. If wy,ws € 81(S N ©;), for some i, then
w1 (P) = wy(P) for (H*-a.e.) P in £°N O;.

Such a statement does not preclude possibility that values of w € 01(S) may depend
upon particular chart ;. Later, we shall show that this does not happen if we know
some further smoothness of ¥°. ’

To prove Theorem 3.2 wé recall a characterization of the subdifferential d¢; (for
each i = 1,...,m) which is due to Attouch and Damlamian [1].

Lemma 3.3. Assume that u € L*(Q;). A function w € L*(£);) belongs to dy;(u)
if and only if there is a bounded measurable function n on Q; such that

w=—divy in
in the distribution sense and n(z) € OW;(Vu(z)) for almost every z € ;.
Proof of Theorem 3.2. By definition of W; we easily observe that
Wilq) = —m(R7 (OV)(RiP)), P=(-q,1)/(lg" + D"* for g€ R (3.1)

By our assumption (Definition 2.1 (iv)) for H?-a.e. P € £° the set y(n(P)) is a
singleton. By (3.1) this implies that OW;(V fi(z")) for 2’ = n(R; ' P) is a singleton
for H?*-a.e. P X¢N0O;.

Assume that wy, wy € 81(S N O;). For H*a.e. P e SNO;, wi(P)=1w;(z')(j=
1,2) and w; € d¢;(fi). By Lemma 3.3 with v = f;.

w; = —div 1, 7;(z') € OWi(Vfi(e)), (1=1,2). (3.2)

Since we have assumed that ¢ is open, the set D; = (R ' (2N O;)) is open in ;.
Since OW;(V f;(z")) is a singleton in D;, then due to (3.2) 1j; = 72 holds on D; a.e.
We have thus proved that 1 = 1y, H?-a.e. in I);. The proof is now complete. O



Remark 3.4. By the representation of subdifferential dp; in Lemma 3.3 it is
clear that 0/(S) does not depend on the choice of the extension of W; to R2.

If we have regularity of Vy(n(P)) on 3¢, then we have ‘unique'ness of representation
of w € 0I(S) and also the value w on X¢ is computable. We do not attempt to
prove optimal results, but we establish some necessary basic ones.

Lemma 3.5.  Assume that S is A-covered and that {O;}™, is the A-covering.
We set U; = [ H(R;1(2°N ©;)) and we assume that f;|y, is a CY! function for each
t=1,2,...,m. Then, -

(i) the vector field £(P) = V~v(n(P)) is Lipschitz continuous in P € % and so is
P — n(P).

(ii) There exists i an extension of the vector field n(P) to a neighborhood of ¥¢ in
R?, which is H?-a.e. differentiable. '

Proof. (i) Smoothness of ¢ makes the claim obvious.
(ii) If R; 'y belongs to Q; x I;, then we set
i(y) = R~V fi(),1)/(1 + [V filz) ),
where x = TR, 13/. It is now clear that n and £ have the desired properties. O

This Lemma provides us with sufficiently differentiable extensions of n. As we shall
see, they play an important role.

Theorem 3.6. Let us suppose that the assumptions of previous Lemma hold. If
fi is an arbitrary H?-a.e. differentiable extension of vector field n, then

divgé = divrs V(),

holds ‘H?-a.e. on X, where divg denotes the surface divergence. Moreover, if wy, €
01(S), k = 1,2, then wi(P) = w(P) for (H*-a.e.) P in X°.

Remark 3.7. (i) (Surface dlvergence) For a Lipschitz vector field C on an open
subset M of S one is able to define surface dlvergence as

2

(divsC)(P) = Y _(DrO)(P) - 7

i=1



where {71, 72} is an orthogonal basis of the tangent space TpS at P and D, is the
directional derivative in the direction of 7; (cf. [35]). This quantity is well-defined
for H2-almost all P € M. Since

(divSC)(P) = trace((I — n(P) @ n(P))V()

for any Lipschitz extension of ¢ to a neighborhood of U in R?, in particular, dive( is
independent of the way of extension. Unfortunately, if ¢ is not Lipschitz, the above
definition loses its meaning for Lipschitz surfaces.

(ii) From Theorem 3.6 it follows that the value of w € 9I(S) on ¥ is independent
of the choice of admissible coordinate‘system.

Proof of Theorem 3.6. Let us consider fi an arbitrary H2-a.e. differentiable
extension of n. By an equivalent definition of surface divergence, we see

divg(Vy(n)) = divg(Vy(n)) = div(Vy(m)) — 0 - Da(Vy(8)).
By our assumptions we are allowed to calculate
i - Dg(Vy(n)) = Da(f - Vy(R)) — Daii - Vy(d) for H2-a.e. near P.
By the homogeneity we see n - Vy(n) = () so that
n- Da(Vy(n)) =0.

We thus obtain that
divg(Vy(n)) = divrs(Vy(n)),

and this result does not depend upon particular extension of n. Let us now assume
that wy, we € OI(S). We have already established in Theorem 3.2 that if we fix a
chart O;, then 8I(S N ;) is uniquely defined. Suppose then that wy, € dI(SNO;,),
k=1,2and O;; N Oy, # 0. As we know,

divgé = divgs(Vy(2(P))

and we can take a convenient extension in. In O;,, k = 1,2 we use the extension
defined in the course of proof of Lemma 3.5. Thus, ‘

wg = —divy [VW, (V fi, (.’Ll))]z divgs(Vy(n(P)), k=1,2

for H%- a.e. Pin O;; N O;,. Our Theorem follows. O



For a given 1 in Lemma 3.3 with u = f;, n(z') € OW;(V fi(2")) we wonder whether
there is a £ in O; (not only on S M ©;) such that

divgan(z') = —divgsé(P), ' =nR;'P o (3.3)

§(P) € Ov(n(P)). (3-4)
Indeed, such a & exists, thus the so called Cahn-Hoffman vector field can be con-
structed in one chart. In fact, the homogeneity of v yields

(O)(P) - P = ~(P) with R;P = P. (3.5)

By (3.1) for each ny € OW(q), there is a unique & € Oy(R;P) that satisfies ny =
—m(R; '&); the mapping 1y — & is denoted by =. Using this mapping, we obtain
that ‘

div n(e/) = —divam (R 'Z(n)()

with Z(n)(z') € dv(n(P)), 2’ = 7R; ' P. We set £(P) for P € O; by
§(P) = E(n)(wR; ' P). : (3.6)
Since

—divem(R7'Em)(@') = —dive B 'S (n)(«)
= —divrs&(P),
the vector field ¢ fulfills (3.3), (3.4).

In general it is not clear that divgé is well-defined for £ defined by (3.6). However,
on y-facet or some ~y-directionally flat surface we have the expected results.
Lemma 3.8. Let & be defined by (3.6).

(i) Let F' be a y-facet of S in O;. Then

divs{ = trace((I —n @ n)V¢) = div&(P) forae P E€F,

where n is the orientation of F.

(ii) Let L be a ~y-directionally flat surface of S in O;. Assume that its orientation n
is orthogonal to one fixed vector T (so that dy(n) - v is a singleton for v = T X n).
Assume that the mapping P — the element of 0y(n(P)) - v (denoted V~(n) - v) is
Lipschitz continuous. Then

divgé = div £(P), for H?*-a.e. PcF.



Proof. (i) By definition

dive€(P) = div £(P) —n - (Dn&)(P).

Since n(P) is constant on F, n- (Dpé) = Dy(£ -n). Moreover, by (3.5) £ -n = y(n).
This quantity is constant on F' so Dy(€-n) =0.

(i) We may assume, by rotation of coordinates of €;, that v = (0,v2,13) and
n = (0,ng,n3) on L. Since dy(n) - v and dy(n) - n = {y(n)} are singletons,

0 0
(62,89) = (5, (m), 5~ (m)) = V'y(n).
By (3.5) we now observe that

n(Dn§) =Du(n-&) — Duyn - €= Dny(n) — Dyn’ - V’fy(n))
= Dpni’ - V”)’(n) — D’ - V'4(n) = 0

where n’' = (ng,n3). Thus divgé = div £ follows H2-almost everywhere in L. O

Remark 3.9. The asSUmption that n is orthogonal to a single field vector 7 is
fulfilled if position vectors of an edge of Frank v belong to a plane containing the
origin. We may relax this assumption saying that 7 varies smoothly.

Remark 3.10. It is expected that 0(S) is independent of the choice of admissible
 coordinate systems. Unfortunately, we are unable to prove this statement in this
generality since we do not have a characterization of div £ in (3.6) by a surface
divergence. If S consists of y-facets up to H2-measure zero set (this case is called
fully faceted), by Lemma 3.8 the quantity div £(P) is independent of the extension
of £ and W;, so w € 9I(S) w.r.t. {O;} also belongs to JI(.S) w.r.t. other admissible
coordinates. See also Remark 3.7 (ii).

Remark 3.11. It is often asked whether for a given w € 0I(S) one can find a
Cahn-Hoffman vector field, i.e. a vector field £ on S such that £ € dy(n(P)) for
a.e. P € S and divg{ = w. For a fully faceted surface we define £ by (3.6) on one
~-facet F' of 5. Subsequently, for each y-facet we repeat this procedure to get the
Cahn-Hoffman vector field. Of course such a choice is not unique. It is possible
to construct the Cahn-Hoffman vector fields even if there is a y-directionally linear

surface L (satisfying assumptions of Lemma 3.8.). Here a difficulty arises when L



belongs to two different O’s partly because ¢ defined by (3.6) may have jump on L.
Fortunately for the direction of v, 0y(n) - v is a singleton so that £ - v is continuous.

Remark 3.12. It is desirable to define divgé when & € dvy(n) is not necessarily
Lipschitz continuous. According to geometric measure theory [35] the mean cur-
vature —divg n is defined for any rectifiable set S , so in particular for a Lipschitz
surface. But this is not enough to define divg{ in general (see Remark 3.7).

Remark 3.13. It is known that there is a ‘stationary’ crystalline surface such
that its corners do not satisfy the compatibility condition “(, 8y(n) # @, where n
is a normal of facets meeting at the corners; see Cahn and Taylor [10]. In this case,
there are no continuous Cahn-Hoffman vector fields. '

Remark 3.14. (Generalizatidn) Our argument applies to more general energy of
the form '

I(S) + / gdz
D
with constant g, where D is a bounded set surrounded by S. It is not enough to
replace the integrand in the definition ¢; by W;(Vu) + gu. If g depends on the space

variable, our argument does not apply directly since (; may not be convex in u. We
do not pursue this problem in this paper. ‘

4 Normal velbcity and evolution equations

We now consider a one parameter family {.S; };c ; of an oriented Lipschitz (embedded)
surfaces in R®, where J is an interval. We say that {S;:}ics is A-covered if there
is an admissible coordinate system A = {O;}7, of S; for all ¢t € J with {R;},
independent of S;. For an A-covered {S:}ies, R7(S, N ©;) is represented as the
graph

zy = fi(t,x1,72), (T1,22) € QY

of a function f; which is Lipschitz in the space variables. We say that Vi € L%(S,,)
is the normal velocity (field) of S; as t = ¢, if for each i = 1,...,m the formula

J1+ Vit 2) 2V (P) = 8 fito,z'), ' = xR;'P

holds for ‘H2-almost every P € S;, N O; and the right derivative Of fi(to,-) exists
as an element of L*(£);). This is a natural definition since the normal velocity of



the graph z3 = fi(t,2') equals 8, fi/(1 + |V fi|?)'/? if f; is sufficiently smooth. The
normal velocity is unique if it exists. We need some regularity to define solutions of

/3(n)Vt € —"(91(515) on St, (41)
where 3 is a positive continuous function on 52, the unit sphere in R3.

Definition 4.1.  For an open interval J let {S;}+cs be A-covered. Assume that
the normal velocity V exists for ¢ € J as an element of L2(S;). Assume that
fit +s,2) — fi(t,"), BV (Rm~12') — BVH(Riw~l2') in L2(}) as s [ O for t € J.
Here we set 7712’ = R P, where P € S, N ©;. Then we say that {Sihicsis a e/t
regular evolution.

Definition 4.2. Let {S;}:«cs be a regular evolution on an open interval J. We
~say that {S;} is a strong solution of (4.1) if
B(n)V' € —0I(S;) forall teJ

as an element of L%(S;).

It appears that the velocity may not be determined. However, similarly to usual
subdifferential equation du/0t € —Op(u) we have a characterization of the velocity.

Theorem 4.3.  Assume that {S;}ic s is a strong solution of (4.1). Then f(n)V* =
—dPI(S,,) for each ty € J.

Proof. By Theorem 3.2 w; = ws holds outside -facets and v-directionally linear
surfaces of Sy, for wy,ws € OI(Sy,). Thus it suffices to prove that

/ 1B(n)V|2dH? < /2 w|2dH? for all w e —AI(S,), (4.2)
P2 to

where X;, denotes the union of all y-facets and ~y-directionally linear surfaces of .Sy, .

Let F be a facet of S, contained in O;. Later we shall suppress the index ¢ of f;.
We modify f(to) = f(to,) outside F so that f(to+s,2') = f*(to, ') for every small
s >0 and for ae. ' € O\ 7Fs and f*(ty,z') = f(ty) for 2’ € wF. Here Fs is a
é-neighborhood of F'in §. We may assume that L?(€;)-limit of (f(Zo+s) — f5(t0))/s
as s | 0 exists and it agrees with f;" (fg) on mF. We may also assume that f % belongs
to the domain of ¢; with the boundary condition u = f(#p + 5). By the definition
of geometric subdifferential of I at S, the equation (4.1) yields

1 (gpz(fs(to)) _ (pz(f(to + 3))) 2 f.s(tO) —b{'(to + 5) (_/jvt(ﬂ-.s)d:?- (43)

S wFg



Since —w € 8I(S,,),
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nFg s

Here f(to + s) is a modification of f(fy + s) such that f(to + s) = f(lo) outside Fj
and that f(to+ s) = f(to + s) on F; f(to + s) is chosen so that it belongs to the
domain of ¢; with boundary condition u = f({).

We may take f*, f defined in a suitable way so that

i f(t0)) — @i f*(to)) = o(s)
as s,0 (4.5)

@i(f(to + 8)) — wi(f(to + 8)) = o(s)

provided that § = é(s) is taken so that the area of Fs \ F is o(s). We can add up
(4.3) and (4.4) and subsequently pass to the limit s — 07. We come to -

0 2 /ﬂ LU (00)BVY = ff (toJw)de
= [ 4B TR~ Vo i 9 P
- fp{ﬁ(V“’V — Viow}dH?.

Hence,
/ BVR)2dH? < / Vtow dH?.
. F F
Finally, with the help of the Schwarz inequality we can see that

/ 1BV 2dH? < / |2 H2.
F F

We argue in a similar way for directionally linear surfaces and obtain (4.2). O

5 Canonical restriction

Since the velocity of solution of (4.1) is characterized by the canonical restriction of
OI(S) (Theorem 4.3), it is important to calculate 9°1(S). Let F be a y-facet with
Lipschitz boundary in a plane H whose orientation (normal) is denoted by ng. Let
vg be the outer normal of OF as a set in H. We assume that S is convex near F in
the direction of ny so that S is situated in one side of H near F'. In this situation
by Lemma 3.3 and Theorems 3.2 and 3.6 it is easy to see that w = 9°I(9) is a

minimizer of the variational problem

1y = [ 1122 (51)



among all f € K, where
K ={f € L*(F); f =dive¢ forsome & € L®(F;R?)
satisfying &(z) € Oy(np) forae. z € F
and {(z)-vp(z) = op(x) on OF}.
Here o (z) = sup(0v(nF)-vp(z)). It is a kind of support function of the set dy(np).

Since K is closed and convex in L2(F'), there is a unique minimizer of (5.1) on K.
'The normal trace £ - v is well-defined as an element of H~/2(8F) since ¢ and divp
§ € L*(F) ([41], [13)).

It would be interesting to study the features of the minimizer. If F = dv(np),
then it is easy to see that { = identity yields a minimizer and divp¢é = 2. However,
contrary to the case n = 2 discussed in [12] it turns out that the minimizer might be
nonconstant even if Frank - is polyhedron as proved by [43], [6]. On a directionally
linear surface one can prove that the minimizer is a constant on a.e. line segment
forming L but we do not touch this problem here. We give here a criterion for
constancy of the minimizer when dy(np) is a unit disk due to [8], where a more
general situation is studied. |

Lemma 5.1([8]). Assume that dy(np) is a unit disk. If |
HY(OA)/H*(A) > H}(OF)/H?*(F) (5.2)
for all A C F', then the minimizer f of (5.1) in K is constant on F.
Corollary 5.2([8]).  Condition (5.2) for all A C F is equivalent to
| max k(z) < H'(OF)/HA(F) (5.3)
provided that F' is convex. Here k denotes the inward curvature of OF.

Since H'(F)/H?*(F) = 2 if F is the unit disk, then condition (5.3) is fulfilled if
F is a small perturbation of a disk. For example, an ellipse with small eccentricity.

By rotation of coordinates we may assume that ng = (0,0, 1) so that dy(np) =
W x {c} with some ¢ € R. Then the problem (5.2) is equivalent to minimizing

JAGRE (54)
F
among all f € K’ with : .
K'={f € L*(F); divp = f for some n € L*(F;R?)
satisfying n(z) e W forae z€ F
and n(z) - vr(z) =sup(W -vp)}.



If 0y(np) is a unit disk, we may assume that W is a unit disk centered at zero in
R2.

Lemma 5.3.  Assume that W is a closed unit disk in R? centered at 0eR2 If
f in K’ is a constant on F, then there is a vector field n on F such that

a)|n(z)| <1forae z€F
b)n-vek=1o0ndF
c) f=divy =HYOF)/H*(F) (= constant denoted by ;)

Proof.  Condition (a) is equivalent to saying that n(z) € W for ae. z € F i (b)
follows from the boundary condition 7 - vp = sup(W - vg). If div 57 is a constant vy,
then integrating by parts yields ‘ ‘ B

'110/ d.’I,':/ I/F-nd'le/ 1dH .
F oF } oOF

Thus voH%(F) = HY(F). O

In [9] Cahn-Hoffman conjectured that if f; minimizes (5.4) in K’, there is a
gradient vector field Vu such that = Vu and div 5 € K’. Unfortunately, this
conjecture is not true and we shall give a counterexample.

Proposition 5.4.  Assume that ) € L?(F) satisfies a), b), ¢). Assume that OF is
smooth. Then there is no function u that satisfies Vu = n in F unless F' is a disk.

Proof. = If there were u that satisfied Vu = ), then by b) and c) we would have

Au=vy=H(OF)/H*(F) in F
ou

= 1 )
Bor on OF

Any solution u to this equation is smooth in F' by elliptic regularity theory (e.g.
25]). It is also unique up to an additive constant. By a) and b) the value of 7 on
02 equals vp so that u|sr is a constant. However, this is overdetermined and the
only possibility is that F' is a disk according to a result of Serrin [34].

Theorem 5.5.  Assume that F' is a convex C? set satisfying (5.3), e.g. an ellipse
with small eccentricity, and assume that F is not a disk. Let fy be the minimizer
of (5.4) in K'. Then there is no u :  — R that satisfies Vu(z) € W, du/0v = 1
and £ = Vu and fy = div £. '

This follows from Proposition 5.4 and Corollary 5.2.
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