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Abstract

We study dynamical systems generated by skew products
T:8'xR— S xR, T(x,y) = (=, \y + f(z))

where £ > 2,1/ <A< 1land fisa C? function on S*. We show that
the SBR measure for T is absolutely continuous for almost every f.

1 Introduction |

In this paper, we study a class of dynamical systems that stably admit an abso-
lutely continuous ergodic measure (acem) with a negative Lyapunov exponent. It
is well-known that expanding dynamical systems generally admit acem’s whose
Lyapunov exponents are all positive. The aim of this paper is to study another
kind of acem’s which is produced by a quite different mechanism: overlap and
sliding in short.

We can find a typical example of such acem’s in:a paper of Alxander and
Yorke[1], where the so-called generalized baker’s transformation is considered:

B:[-1,1] x [-1,1] ®, B(z,y) = {(2”” ~LAy+(-p) =20
| (0 +1,8y-(1-f) z<0

When § = 1/2, this map B is nothing but the ordinary baker’s transformation.
Alxander and Yorke studied the case 1/2 < 8 < 1. In such case, the images of
left and right halves of the domain, i.e., B([-1,0]x [~1,1]) and B([0,1] x[—1, 1])
overlap with some sliding. This makes the dynamical nature of the map B more
complicated and interesting. They observed that the map B admits an acem
if and only-if the number 3 satisfies a delicate numerical condition: absolute
continuity of the corresponding infinitely convoluted Bernoulli measure. As they
noted, there are infinitely many numbers in (1/2,1] (e.g. (v/5 —1)/2) for which
B admits no acem’s, according to a result of Erdés[2]. On the other hand, B
admits an acem for Lebesgue almost every 3 in (1/2,1] according to a more
recent result of Solomyak[3].



In this paper, we consider a class of dynamical systems generated by maps
T:S'xR—S' xR, T(z,y) = (£z, \y + f(z)) (1)

where £ > 2 is an integer, 0 < A < 1 is a real number, and f is a C? function
on S! = R/Z. We may regard this class of maps as a conceptual generalization
of the generalized baker’s transformations B in the sense that the translation
in vertical direction depends smoothly on z.

The map T is a skew product on the expanding map 7 : £ — £z and it is
uniformly contracting in the fiber direction. So 7T is an Anosov endomorphism.
The ergodic property of T is rather simple: there exists an ergodic probability
measure y on S! x R, for which Lebesgue almost every point x € S! x R is
generic, that is,

n—1

Z Opi(x) = weakly.

i=0

.1
lim —
n—oo n
(See section 2.) We will call this measure i the SBR measure for T.

The "question is smoothness of the SBR measure (4 with respect to the
Lebesgue measure on S! x R. In the case M < 1, the SBR measure is to-
tally singular because T contracts area. The case A > 1, which corresponds to
the case 8 > 1/2 for the generalized baker’s transformations, is more interesting,.
We will focus on this case. First we give two examples in opposite directions.
(The proof of the facts in these examples will be given in the last section. )

Example 1 Let £ = 2,05 < XA £051 and f(z) = sin27z. Then the SBR
measure pi for T is absolutely continuous with respect to the Lebesque measure
of S* x R. (See figure 1.)

Example 2 If f(z) = p(7(z)) — Mp(z) for some measurable function ¢ on S*,
the SBR measure for T is supported on the graph of @ and totally singular.

We claim that the SBR measure is absolutely continuous for almost every
T" and, moreover, that the absolute continuity is robust. Fix an integer £ > 2.
Let D C (0,1) x C*(S*,R) be the set of combinations (), f) for which the SBR
measure is absolutely continuous w.r.t. the Lebesgue measure on S x R. We
consider the interior D° of D with respect to the topology that is defined as the
product of the canonical topology on (0,1) and C?-topology on C2(S1,R). The
main result of this paper is the following.

Theorem 1 Let £~1 < X\ < 1. There exists a finite collection of C*® functions
@i S' = R, i=1,2---,m, such that , for any C? function g € C?(S%,R),
the subset of R™,

{(tlth?"' ,tm) € R™

(A, 9(z) + Ztisoi(x)) ¢ D° } :
i=1

is a null set with respect to the Lebesgue mesure on R™.



Figure 1: The orbit of the point (0.1, O)‘ up to time 100000 when L= 2,A=0.51
and f(z) = sin(z).

As simple consequences, we obtain

Corollary 2 D contains an open and dense subset of (1/¢,1) x C?%(S%,R).
Corollary 3 For £=1 <A <1 and 2 <r < o0, the set of functions

Dy ={f € C"(S",R) | (A, f) € D°}
is an open and dense subset of C"(S4,R). |

Moreover, the claim of theorem 1 implies that the subset D} above occupies
almost everywhere in C™(S*,R). In fact, if C7(S*,R) were a finite dimensional
Euclidean space, the claim would imply that the subset D} had full measure
with respect to the 'Lebesgue measure’ on C7(S!,R). See [5] and [6] for discus-
sions about measure-theoretical conditions that imply ”almost everywhere” for
subsets in infinite dimensional spaces.

The proof of theorem 1 is based on an idea that transversality of the unstable
manifolds leads to absolute continuity of the SBR measure. We took this idea
from a paper of Solomyak and Peres[4] where the authors gave a simplified proof
of the above mentioned result of Solomyak.

Acknowledgment: The author like to express his gratitude to Prof. Lai
Sang Young for suggesting the papers [1] and [4] in the first stage of this study.



2 A description of the SBR measure
Let £>2,£7' <A< 1and f € C?(S',R). Consider a map 7 given by
T:Sl-—+51 z+— fr mod Z.

Let A= {1,2,---,£} and let AP be the space of words of length p on A. For
a word a = (a,),_1 € AP, let us denote its truncation to length 1 < ¢ < p by
[alg = (ai)j=;. Let P be the partition of S! into the intervals

P(k)=[(k-1)/,k/8);, ke A

Then P? := \/?Zy 7~%(P) is the partition into the intervals

=77 (Plap-a)),  a= (@), €A

For a point z € S and a € AP, we will denote, by a(z), the unique point
y € P(a) such that 7P(y) = z. We have 7(a(z)) = [a],-1(z) for a € AP.

For a word a € AP of finite length, the image of the segment P(a) x {0} C
S! x R under T is the graph of the function

S(z,a) = ZAi-lfw-i(a(m))) =D X! f([ali(x)). (2)

i=1 i=1

For a word a = (a;)2, € A™ of infinite length, we define

S(z,a) = lim S(z,[a];) = ZA"‘lf([a]i(w))' ‘ ®3)

=1

Remark that this limit exists and C2 as a function of = except for the point 0,
because we have

> 12 — (#(ta): <m)))l DN flles <00 forr=0,1,2.  (4)
i=1 i=1 ;
‘where

7@

We put o := (1 — A)"!||f||c2. Then, from the estimate (4), we have

Sup max {5, a)l IS (z, )], | #S@ )} <a. 5)

2
Il = sup max {5, | =) | 25 @)

for any word a € AP of finite or infinite length 1 < p < c0. Also we have

jTS(x au) — —d——S(:z: a)| <

o0
DX fllos S AT (6)
t=q+1




forae A7 (¢ < 0),u€ A® and r =0,1,2. .
For z € S!, take m(z) € A so that P(n(x)) contains z. Then we have

S(r(z), (z)a) = f(z) + AS(z,a). ()
for any word a € AP of length 1 < p < co. Let us consider maps
T: St x A — S xR, ¥(z,a) = (z,S(z,a))
and
©: 8 x A® — Sl x A®,  O(z,a) = (7(z), 7(z)a).
Then (7) gives a commutative relation
To¥=000:5"' x A® - ' xR.

Let m be the normalized Lebesgue measure on S! and let v be the Bernoulli
measure on A%, that is, the infinite product of the probability measure on A
that gives equal probability 1/£ for each element. The product m x v is invariant
and ergodic with respect to the map ©. Hence the measure p = ¥(m x v) is
invariant and ergodic with respect to T' from the commutative relation above.
Since the map T is contracting in the vertical direction and since the projection
of 1 to S* equals to m, Lebesgue almost every point in S x R is generic for the
measure u, that is, 4 is the SBR measure for T.

3 A bilinear form of the space of measures

For a positive real number 7, we define a non-negative symmetric bilinear form
(+,*)r on the space of finite signed Borel measures on R by

(0.0)r = [ Bz} (Blas))ds

where B(z,7) = {y € R | |z —y| < r}. Put ||lp|l» = v/(p,p)r. As a version of
Schwarz inequality, we have

(0,07 < llpllr - 116l (8)

Lemma 4 Iflim inf, 1077 |pll- < 0o for a Borel probability measure p on R,
then p is absolutely continuous with respect to the Lebesgue measure on R and
the density function du/dx satisfies ||du/dz| g2 < liminf,_, o710,

Proof. Forr >0, let us define g,(z) = r~1p(B(z,r)). Then ||g:llzz = r2|lp||.-
The assumption implies that there exists a sequence (k) — 0 such that

. P ~1
Am llgreyllze < liminfr="|pfl.



Hence, taking a subsequence if necessary, we can assume that the sequence 9r(k)
converges weakly to some go, € L?(R) such that ||geolzz < Hminf,_ 407 |p].
The weak convergence implies

/hgoodx= lim /hg,.(k)dx=/hd,u
R k—oo fp R

for every continuous function h with compact support. Hence goo = du/dz. O

Let py = ¥(8; x v) for z € S, where 4, is the point measure at z. This
family of measures p, £ € S!, is the conditional measures of the SBR measure
p with respect to the partition of S* x R into the fibers {x} x R, z € S1. Put

10) =77 [ s,
Sl
As a corollary of the last lemma, we can give the following sufficient condition
for the SBR measure u to be absolutely continuous.

Corollary 5 Ifliminf,_ o I(r) < oo, the SBR measure u is absolutely continu-
ous with respect to the Lebesque measure on S1 x R and the density function is
square integrable.

Proof. From Fatou’s inequality, we have
/S1 liirﬂgxfr‘zﬂpwnf dzx < lirrBi+r(1)fI(r) < 0.

This and the last lemma give the claim. ]

4 Transversality

In this section, we show that the SBR measure for T is absolutely continuous

if most pairs of the graphs of S(z,a), a € A®, are transversal to each other.

Actually, if we assumed that all pairs were transversal to each other, the argu-

ment below would be simpler. But we do not know whether such assumption

is a generic one. (The author suspects it is not.) Here we will give a weaker

alternative sufficient condition for the SBR measure to be absolutely continuous.
The invariance of the SBR measure y w.r.t. T gives the relation

Mz = I Z Tq(.ua(m)) (9)
ac.A9

for g >1and z € S. For c € A? and a,b € A9, we put
1006) =172 [ Y din(a)
. P(c)

and

I(r,c;a,b) = =2 /P a0, T o) i), (10)



From (9), we have

I(r,c) =€ 3" I(r,c;a,b). (11)

a,bEAT

The function S(-,a) for a word a may not: be continuous on the closure of
P(c) if P(c) has 0 as its right endpoint. But, obviously, the restriction of S(-, a)
to P(c) can be extended to the closure of P(c) as a C? function. We will denote
this extension by S¢(-, a). :

Let us consider words a,b € .Aq and ¢ € AP. We say that the functxons
S(-,a) and S(:,b) are (¢, §)-transversal on P(c) if either

|Se(z,a) — Se(z,b)| > € or d Sc(:z: a) — d S (:z: b)| >4

holds for each point z in the closure of P(c). Otherw1se we w1ll say that they
are (e, §)-tangent on P(c).

Proposition 6 Leta,b € A7 andc € AP. Ifthe functions S(-,au) and S(-,bv)
are (¢, 0)-transversal on P(c) for every u and v in A, then we have

I(r,c;a,b) < 857 1£~P max{4a/e, {F}
for0<r<e/d

Proof. Let x-(-) be the charactenstlc function of the 1nterval (-r,r). By
Fubini’s theorem, we have

(T (taz)), T (Ub(z)))r
= /R ) ( /IR Xxr(8 — 2)xr(t — z)dZ) d(T(paz)) X T?(1b(2)))(5:2)
<or [ xarle = 1) AT hacn) X T4n)) (511
< 27'/ x2r(S(z,au) — S(z,bv)) d(v x v)(u,v).
A x A%®
Again by Fubini’s theorem, we obtain
I(r,c;a,b)
< o1 / (e € P(e) | [S(z,au) - S(a,bv)| < 2r)d(v x »)(u,v).
0 % 450
Hence the claim of ‘the proposition follows if we show
m({z € P(c) | |S(z,au) — S(z,bv))| < 2r}) < 4r6~ 4P max{da/e, P} (12)

for every u and v in A*. Take an arbitrary connected component J of the set

{z € P(c) | |S(z,au) — S(x,bv)|’<‘e}



and put
B={r e J||S(z,au) — S(z,bv)| < 2r} C J.
In order to show the inequality (12), it is enough to prove
m(B)/m(J) < 4r6~! max{4a/e, {7} ' (13)

If B =0, (13) is trivial. Assume B # (. From (5) and the (e, d)-transversality
of $(-,au) and S(-,bv), we have, for z € J, :

d d
—_ —_—_— < .
d< de(:z:,au) | de(x,bv) <2«

Hence B consists of a single interval with length not larger than 4r/é. On the
other hand, the length of one of the connected components of J \ B is not less
than (e — 2r)/(2c) > ¢/(4a) unless the component contains an end point of
P(c) in its closure. Thus the length of J is larger than ¢/(4a) or, otherwise,
J = P(c). From these, we obtain

m(B) < ar /s
m(J) ~ min{e/(4a),£-?}

= 4r6~' max{4a/e, £P}.

We have completed the proof of proposition 6. O

For 1 < p,g < 00, c € A? and ¢,6 > 0, let E(g,c;¢,8) be the set of pairs
(a,b) € A? x A? for which there exist u and v in A™ such that the functions
S(-;au) and S(-,bv) are (¢, §)-tangent on P(c). We define

e(g,p;€,0) = Imax max #{b e A?] (a,b) € E(g,c;¢,6)}

where #{-} is the cardinality of the set {-}. Obviously (g, p;e, d) is decreasing
with respect to p and increasing with respect to € and . We put

e(q) = min{e(q,p;€,6) | €>0,6 >0,p>1} = pl_i_'nolo el_ig_l() 6l_i)x:10e(q,p; €,6).

Proposition 7 We have

I(r) < A" %(q, p; €, 8)I(A™9r) + 86~ max{4a/e, £} (14)
Jfor1<p,g<o0,e>0,>0and0<r <e/d.
Proof. Notice that, from (11),

I(r) = Z Z 2% . I(r,c; a,b). (15)

CEA? (a,b)cA?x AT

From proposition 6, we have

> Y £¥I(ngab) <86 max{da/e ). (16)
CEAP (a,b)¢E(q,c;¢,8)



Since T is a contraction of rate A? in vertical direction, we have

(Tq(/ia(z))aTq(l‘a(z)))r = )\q(,ua(:c)’.ua(z)))\—qr for a € A (17)

From the Schwarz inequality (8) and the equality (17), we have

> (T(a@)), T (kv@))r < > 1T (pa@) M - 1T (o) M-

(a,b)€E(q,c;¢,8) (a,b)€E(q,c;¢,8)
<M > ltta@) lIr-ar - | @) IA-ar
(a,b)G_E(q,c;E,ts)
< A7 Z ”/"a(-’l-‘)lli—qr + ”Nb(:c)“i—-qr
< — 3

(a1b)€E(Qac;€ss)

<27 e(Q>p; €, 6) Z ”/—”a(m)”i—qr-
ac.A9

Multiplying both sides by 7=2£2¢ and integrating them over S!, we obtain

Z Z £~%](r,c;a,b)

c€AP (a,b)eB(q,c;e,d)

< ,,_—2[—2qu : e(‘]yp; €, 6) Z (~/Sl ”/‘a(m)”i—qrdx)

a€.A9

<7720 e(g, pre,8) D (fq /P ( )Iluylli—qrdy)
a

ac.A?
< AU o(g, py e, )I(ATr).

The inequality (14) follows from (15), (16) and the last inequality. w

Proposition 8 If e(q) < A9 for some positive integer q, the combination
(A, f) is contained in D°.

Proof. Choose large p and small € > 0, § > 0 so that e(g,p;€,d) = e(g). From
proposition 7, we have, for r < ¢/4,

Ir)<B-IN %)Y+ R
where § = A\7%"%(q) and R = 86! max{4a/e, £P}. It follows inductively that

n—1
I(X"e/4) < B71(e/4) + Z,BiR for n=1,2,3,.--.

i=0
Since # < 1 from the assumption, we obtain

liminf I(r) < (1 - B)"!R.

r—0

From corollary 5, the SBR measure for T is absolutely continuous.



Remark that the functions S(-,a) depend continuously on a € A®, A € R
and f € C*(S',R) in C? sense. (See the definition (3) and the estimate (4).)
Thus (¢, )-transversality of a pair of those functions is an open condition on
a € A%, A and f. By a standard argument using compactness, we see that e(q)
is upper semicontinuous with respect to f. Therefore f is contained in D°. O

Proposition 8 implies that a pair (), f) belongs to D° if the growth rate
of the quantity e(g) as ¢ increase is smaller than M\¢. Below we estimate this
growth rate using another quantity.

For ¢ > 1 and c € A, let d(g, c; ¢, §) be the maximum cardinality of a subset
{a1,as, -+ ,a4} C A7 satisfying the conditions

(a) the first alphabets [a;]; € A, 1 <4 < d, are mutually distinct and
(b) S(,a;) and S(-,a;) are (4\%a + €,4A9£~ 9% + §)-tangent on P(c).

Obviously we have d(g,c;¢,8) < £ from the first condition (a). Let us put
d(g, p;€,6) = maxcear d(g, c;€,8). Then d(q,p;e, 8) is decreasing with respect
to p and increasing with respect to ¢,d > 0. We put

d(g) = min{d(q,p;€,0) | € > 0,6 > 0,p > 1}.

g
Proposition 9 e(g) < Hd(z’).

i=1

Proof. Take €,6 > 0 so small and p so large that
d(g —i) =d(g —4,p+ 4227 (P + €), 2A T (P + 6))

for all 0 <4 < ¢ —1. Let us consider ¢ € AP and a € A?. Notice that, if a
pair (a,b) € A7 x A is contained in the set E(q,c;¢,d), the functions S(-,a)
and S(-,b) are-(2M\%a + ¢,2094~%q + §)-tangent on P(c) from the estimate (6).
Let W(a, c) be the set of elements b € A? such that the functions S(:,a) and
S(-,b) are (2\%a + €,22%4" % + §)-tangent on P(c). Then

< . < )
e(g) < e(g,p;¢,8) < max max #W(a,c)

For the proof of proposition 9, it is enough to show

g—1
#W(a,c) < H d(g —i,p+ 4227 (0P + €), 20 (0 Pa + ) (18)
i=0

for arbitrary ¢ € AP and a € A9. We prepare a lemma for the proof of (18).

Lemma 10 For any by and by in W(a, c), the functions S(-,b;) and S(-,bs)
are (490 + 2€ + 207 P0, AN 90 + 26 + 20~ Pa)-tangent on P(c).

Proof. From the definition of W(a,c), there exist points z;, i = 1,2, in the
closure of P(c) such that |Sc(z;, b;) ~ Se(xi,a)] < 2M9a + € and

dd_ic(x'i:b‘i) — %(.’IJ“ a) S 2)\ql_qa + 6



From (5), the variations of S¢(-, w) and £ S.(-, w) on P(c) is bounded by £~Pa
for any word w € A%. Thus we have. :
|Se(21,b1) — Se(@1,b2)| < |Se(@1,b1) — Se(x1,2)| + |Se(z1,2) — Se(z2, )|
+ |Se(z2,2) = Sc(z2, b2)| + |Sc(x2, b2) — Sc(z1, by)]
<dMa+2¢+207Pa

and, similarly,

dS ' d 3
(-’1;1, bl)

bo)| <4XY7 %+ 25 + 207 Pa.

These imply the claim of lemma, 10. a

Let W; = {[b]; | b € W(a,c)} C A*, for 1 <i <.q. Obviously W, = W(a,c).
From lemma 10, #W; < d(q,p;2({"Pa + e) (E‘Pa'—l- 4)): Hence, in order to
prove (18), it is enough show : S

#Wir1 <d(g—i,p + 422 " (0 P+ €), 240 (L P o + 5)) - £W; (19)

for1 <4 < ¢—1. Take an arbitrary element b € W; and let by, bs, -+, b,, be the
elements of W (a, c) such that [b;]; = b and that [bj];+1 are mutually distinct.

Then we can write each b; as b; = bu; by using a word u; € A%, From
lemma 10, the functions S( ;) are (dN%a+2e+ 20~ P, 4N9L qa+26+2£ Pa)-

tangent to each other on P(c ) Since we have

S(z,b;) = S(z,b) + A'S(b(z), u;)
from the definition (2), this implies that the functions S(-,u;), 1 < j < m, are
(47" + A% (2e + 267 Pa), ANT T~ 0Dy 4 ATU3(26 + 20 Pq))

-tangent to each other on P(bc). Remark that the first alphabet of ﬁj’s are
mutually distinct. Thus we have T '

m < d(g—4,p+5227 (7 Pa +€), 207 (L Pa + ).

Since this holds for arbitrary b € W;, we obtain (19). O
From proposition 8 and proposition 9, we get another sufficient condition,
which we will make use of in section 6.

Corollary 11 A combination (A, f) € R x C?(SY,R) is contained in D° if

limsupd(q) < M.

q—o0

5 Generic families

In this section and the next, we will consider families of maps of the form (1).
Henceforth we fix an integer £ > 2 and a real number ) such that £~ < )\ < 1.



Let g be a C? function on S* and let ¢;, 1 < i < m, be C*™ functions on S!.
For these functions, we consider a family of functions

m
fi(z) = g(2) + Y _tis(z) : S' - R (20)
, .=
with parameters t = (t1,%2,- ,tm) € R™. Then the corresponding family of
maps is

Ty:S'xR— S'xR, Tiz,y) = (b, \y + fil(z)). (21)

Remark that o, d(g, p; ¢, d) and d(g) in the previous sections now depend on the
parameter t. We will denote a(t), d(q, p; €, J;t) and d(g; t) for them in order to
express the dependence.

In this section, we will show that the limit lim SUP,_,oo d(g; t) is bounded
by a relatively small constant for Lebesgue almost all parameters t under an
assumption on the family T;. Actually, the bound is not so good as required in
corollary 11. However, in the next section, we will apply this estimate to the
family of the iterates 7{* and prove theorem 1.

First, we define a Jacobian for linear maps on Euclidean spaces. For an
Euclidean space X, we denote the Lebesgue measure on it by Lebx and put

Ball(n; X) = {z € X | |||l < n}.

Let L : E — F be a linear map between Euclidean spaces F and F. If L is
surjective, we define its Jacobian by

Jac(L) = Lebp(Ball(1; F))/Lebye(zy. (L~ (Ball(1; F)) N Ker(L)*)
= sup (Lebr(Ball(1; F))/Leby (L™ (Ball(1; F)) N H)) (22)

where Ker(L)! is the orthogonal complement of the kernel of L and the su-
permum on the second line (22) is taken over subspaces H C E such that
dim H = dim F. If L is not surjective, we simply put Jac(L) = 0. The follow-
ing are easy consequences of this definition.

Lemma 12 If L : E — F is surjective, we have, for any Borel set X C F,
LebF(X) LebKer(L) (Ball(nv Ker(L)))
Jac(L)

Lemma 13 Let Ey be a subspace of an Euclidean space E andlet L : E — F be
a linear map. For the restriction L|g, of L to Ey, we have Jac(L) > Jac(L|g,).

Lebg(L~1(X) nBall(y; E)) <

For an affine map A : E — F, we define its Jacobian Jac(A) as that of its linear
part.

Next we state a condition that we call (v, §)-genericity. Modlfymg the defi-
nition (2) for the family T}, we put

S(z,at) = Y N fi([ali(z)) (23)

i=1



fort € R™ and a € A7, 1 < p < 0. Also, for ¢ € AP, let Se{-,a;t) be the
unique C? function on the closure of P(c) that coincides with S (-,a;t) on P(c).
For a point z € S! and a sequence ¢ = (ag,a1,--- ,ak) of elements in A%, we
will consider an affine map

Gzo : R™ — R*
defined by

G, o(t) = (E%S(x, a;t) — %S(m’ao;t))z':m,.--,k. (24)
Definition Let 0 <y <1 and ¢ > 0. A family (21) is (v, 6)-generic at z € S?
if the following property holds: given a; € A, 0 < i < d, that have mutually
distinct first alphabets [a;]1, and given a positive integer k < vd, we can choose
a sequence o = (bg, by, ,by) from a;’s so that Jac(G; ;) > 6. Further, (21)
is (,0)-generic on a subset X C S if it is (v, §)-generic at each point z € X.
Remark The linear part of G, , does not depend on the function g but only on
the functions ;s in the definition (20). Since the Jacobian Jac(G;,,) is defined
as that of the linear part of Gy ., the (v, 6)-genericity above is a condition on
the collection of functions ¢;’s rather than that on the family T itself.

Assuming (v, §)-genericity, we can give the following essential bound for the
limit limsup,_,, d(q; t).

Proposition 14 If a family (21) is (v, 6)-generic on S* for some 0 < v < 1
and 6 > 0, then, for any n > 0,

Lebgm {t € Ball(n; R™) ( d(g;t) >~ ! (— ﬁ‘;g/\e + 3) } (25)

converges to 0 exponentially fast as ¢ — oo. Especially,

2logt
i b)) <41l 2087
h?iiipd(q’ )S ( log A +3)

holds for Lebesgue almost every t € R™.
Proof. Fixn>0. Put N = [-2log£/(log \)] + 2,

aft) =(1-1)"" [ fellc2

®p =  max max
teBall(n;R™) teBall(np;R™)

and

_[logf —logA
p(g) = [—Tge—— ] + 1.

Consider a parameter t € Ball(n; R™) such that

. _1-{ 2log#
d(g;t) >~71: (— logg)\ + 3) . (26)



Then

d(g, p(a); Nao, M€ %00 8) > 1 (=218 | 3} 5 -1y
log A
This implies that there exist a;,ag, -+ ,a4 € A7 and ¢ € AP@ such that

e d>~"IN,

o the first alphabets [a;];, 1 < ¢ < d, are mutually distinct, and

e there exist points 2,5, 1 <i < j < d, in the closure of P(c) such that
ds, dsS,
‘-(—i—j(x“,ai;t) - d—;(mij, aj;t)l < 4/\"£‘qa(t) -+ )\qlf_"ao < 5)\q£—qao.

Let z. € S be the left endpoint of P(c). Then Tij—Te < £2-7(9) obviously. Since
Iji—zyS’(-, a;;t)| < o on the interior of P(c) from (5), we have, for 1 <i < j < d,

ds ds, _ -
‘E;(xc,ai;t) - E(xc,aj;t)‘ < BN 90q + 207 P @D gy, 27
From the (v, §)-genericity, we can choose a sequence o = (bg, b1, ,by) from

{a;}L; so that Jac(G, ;) > 6.
‘Therefore, for each t € Ball(n;R™) satisfying (26), there exist ¢ € AP(®
and a sequence o = (bg, by, - ,by) of elements in .47 such that

o Jac(G,, ,) >4 and
o t € G;l ([—€€") for € = 5A9"9qp + 207Dy < AN 0.
For each of such ¢ and o, we have, by lemma 12,
Lebg~ (G715 ([~6,€V)) < 671 (2)N - O™~V

where C' is a constant that depends only on m — N. On the other hand, the
number of combinations of ¢ and by, by,--- ,by is bounded by 20 x ¢N+1)q
obviously. Therefore we conclude that (25) is not larger than

57H1ANLE9ag) - N - POV < G N (14ag) VAN Y.

Since £2A¥~1 < 1 from the definition of N, this is the claim of proposition 14.
O

We close this section with a simple observation. Consider a sub-family of T}
that corresponds to a subset {(pg(j)};-"zll of the collection {¢;}; of C* func-
tions, that is, the family of maps defined by (20) and (21) with ¢;, 1 <i < m,
replaced by @¢(;), 1 < j < m/. Then the linear part of the map (24) defined
for such subfamily is a restriction of the linear part of G, to some linear sub-
space. Hence, from lemma 13, wee see that, if such subfamily is (v, §)-generic

on a subset of S, the family T} itself is (7, §)-generic on that subset.



6 - The proof of theorem 1

Let T; be a famlly of maps deﬁned by (20) and (21) for some functions g and Dis
1 < i < m. Then the n-th iterate of T} is written in the form

TP (@,9) = (2, Xy + £7(2) o (28)
where }
1 (z) = JZOA" - lg<fﬂ(m))+21tz (ZOA ~ly; (rﬁ(w)))- (29)
If we put | |
g<n><x>=§x1—f 'g(ri(z)) and " (z)= ZOA “pi(ri(z),

the function f; (™ is written in the form

(")(x) g(")(x)+2tgo(")(:c) - (30)
=1 o )

Remark that (28) and (30) are completely in the same form as (20) and (21).
Thus we can apply the argument in the previous sections to the famﬂy e
through the correspondence

ety Ao, M@ g, oM @) - (31)
On the other hand, we can prove the following fact for the n-th iterate.

Prepqsition 15 For given n > 1, we can choose a finite collection of C*-
functions ¢;, 1 < i < 'm, so that the corresponding family T, as (28) and (30),
is. (1/(n +1),1/2)-generic on S, regardless of the C? function g.

Let us first see that theorem 1 follows from proposition 14 and proposition 15.
Since M > 1, we can take a positive integer n so large that

2log ¢n _ 2log ¢ non
(n+1)< Tog A +3)—(n+1)<—10g)\ +3>.{A£. (32)

For this n, we choose a collection of C* functions ¢;, 1 < i < m, as in propo-
sition 15. This collection of functions satisfies the required condition in theo-
rem 1. In fact, let g be an arbitrary C? function on S! and let T; be the family
of maps defined by (20) and (21). Then the family T7 of the n-th iterates is
(1/(n+ 1),1/2)-generic from the claim of proposition 15. Apply proposition 14
to the family T3*. Through the correspondence (31), the claim of proposition 14
and (32) imply that the map T{* satisfies the assumption of corollary 11 for



Lebesgue almost every t € R™. Notice that the SBR measure for TP is the
same as that for Ty. Hence the claim of corollary 11 implies that the palr (A, ft)
belongs to the interior D° of D for Lebesgue almost every t € R™. This is
nothing but the claim of theorem 1.

Now our task is the proof of proposition 15. Actually proposmon 15 is
reduced to the following claim.

Proposition 16 For given n > 1 and x € S, we can choose an open neigh-
borhood U, of z and a finite collection of C®-functions ¢z ;, 1 < i < m(z), so
that the corresponding family T, as (28) and (29) with ¢; replaced by Pz,iy 1S
(1/(n+ 1),1/2)-generic on Uy, regardless of the C? function g.

In fact, if we assume proposition 16, we can choose a finite subset of S2,
{z(1),2(2), - ,z(k)}, so that the neighborhoods Uz(j), 1 < 4 < k, cover St.
Let {¢:}2, be the union of the collection {@z(5),i}imt mE0) iy proposition 16
over 1 < j < k. Then consider the family T deﬁned by (20) and (21) for
these ¢;’s and an arbitrary C? function g. For each 1 < j < k, the family
of maps that is claimed to be (1/(n + 1),1/2)-generic in proposition 16 for
z = z(j) is a subfamily of this family. Hence, as we observed in the last part of
section 5, this implies that the family 77 is (1/(n + 1),1/2)-generic on each of
the neighborhoods Uy, 1 < j < k, and hence on whole S!.

-Finally we prove proposition 16 and finish the proof of theorem 1.

Proof of proposition 16 We fix a positive integer n and a point z in S* below.
The points a(z), a € A", are mutually distinct points in 7~"(z). Notice that
there is at most one element a in A™ such that the point a(z) is contained in
the forward orbit of z with respect to 7. In fact, if a(z) = 79(x) for some ¢ > 0,
the point z should be periodic and ¢ = (—n) modulo the period of z. But this
implies the uniqueness of a(z) and hence that of a.

For two elements a and b in A", we denote a < b if 79(b(z)) = a(z) for some’
q > 0. If both a < b and b < a hold, we have a = b because, .otherwise, a(z)
and b(z) would be contained in a periodic orbit that should pass through z,
and hence contained in the forward orbit of z. Thus the relation < is a partial
order on A™. (The transitive and reflexive law are clear from the definition.)

For each b € A", the number of elements a € A™ that satisfy a < b is not
larger than n+1. In fact, on the one hand, there is at most one element a € A®
such that a(z) = 79(b(z)) for some g > n because 79(b(z)) = 79-"(z) belongs
to the forward orbit of z. On the other hand, for each 0 < q < n, there is at
most one element a € A" such that a(z) = 79(b(z)). Thus, given a subset Q
of A", at least one (n + 1)-th of the elements are maximal in Q with respect to
the partial order <.

For 0 < e <1/2, let U(¢) be the e-neighborhood of z. For a € A", let Uy(e)
be the connected component of 7="(U(e)) that contains a(z). In other words,
Ua(€) is the £~ "e-neighborhood of a(z). Let v > 0 be an integer constant that
we will specify later. (We will give the concrete condition that v should satisfy

n (36).) For this v, we take ¢ > 0 so small that 7¢(Up(€o)) N Ua(eo) # § for
some 1 <4 < n+ v only if a <b. Then we take C®-functions ¢a, a € A", on
S so that



e the support of ¢, is contained in U,(ep),
o £o.(z) = A7t on U, (eo/3), and
o |£pa(z)| < 247"+ on S,

Denote the collection of functions ¢, a € A", by ¢z, 1 < i < £* and put
Uy = Uleo/3). We will show that this collection of functions and the open
neighborhood U, satisfy the required condition in proposition 16, provided that
we take the constant v sufficiently large.
- Henceforth we will consider the family of maps T; defined by (20) and (21)
with ¢;, 1 < i < m, replaced by ¢a, a € A". We will put g = 0 in (20) because
the claim of proposition 16 is irrelevant to the choice of the C? function g. Our
task is to check that the family T{ is (1/(n + 1),1/2)-generic on U,.

Remark that, in considering the n-th iterate T instead of T, we have to
take the partition P" := V;?;()lr‘j (P) and B = A" in the place of P and A. For
a word b = (b1,b2,---,) € B*® on B, the function that correspond to (23) is

5™ (z,bit) i= S M1 (a0 (2))

- =1

where a is the word on A that is obtained by appending by, b, - - , € A" in this
order. But, from (20) and (29), we find

S (z,b;t) = i/\j_lft([a]j(m)) = S(z,a;t).
j=1

Hence, we can translate the (-, §)-genericity of the n-th iteration T{® at a point
y € S? to the follwoing condition:

Condition: given a; € A, 0 < i < d, such that [a;], are mutually dis-
tinct’ and given a positive integer £k < vd, we can choose a sequence ¢ =
(ag(0), A¢(1)> - - - »A¢(x)) from ay’s so that Jac(Gy,,) > 4. '

We will prove this translated condition for y € U, with v = 1/(n + 1) and
d =1/2. Let Q@ = {[a;],}%_; C A". Then, from the observation above, at least
one (n+1)-th of the elements of Q are maximal in Q with respect to the partial
order <. Hence we can choose a sequence o = (ag(0), Ag(1), "+ »agx)) from a;’s
so that [ag(;)]n, 1 < j < k, are maximal and mutually distinct in Q. We will
prove Jac(Gy,,) > 1/2 for y € U,. For a € A and t € R™, let us put

SW(z,a;t) = zn: A1 £ ([a)s(2)) (33)
i=1
and
S@(z,a;t) = i A1 ft(ta]i(m)). (34)
i=n+1



Also we define linear maps
GP:R™ - RE, a=1,2,

by

GE)(t) = ( 2 5y, 2¢0)7) ~ 5 (1, 3¢ >) R
j=112737"'y

Obviously, Gy +(t) = Gg(,l,) (t)+ G(z) (t). From the choice of ¢y and o, we have
T (Ulag(;]n (€0)) N Ulaginyl(€0) =0 forl<g<n+v (35)

if 0 < j < kand0 < j' <k are distinct. Hence, for any a € A%, the integers
g > 0 for which [a]4(y) belongs to the support of one of the functions Plagiiyln?
0 < j < k, are arranged at intervals larger than n + v. ,

Let Ey be a k-dimensional linear subspace of R™ defined by -

Ey = {(tl,tz,'“" ,tm) cR™ l t; =0if ¢ 3/:6(]) for any 1 <5< k}
Then, for t = (t1,t2,  ,tm) € Eg, y € U, and 1 < j < k, we have

SOy, a¢(5)3 t) = te( A" Plag ) ([2e())n ()

and, from the assumed properties of ©,’s,
d | |
=50 (W a¢)it) = tegy).
On the other hand, we have, for t € Eq and y € Uy,
' | . d | -
SW(y,ag(q);t) = %S(l)(y,'agm);t) =0.

Hence the matrix corresponding to G({,),| B, : Eo — R* is the unit matrix of
size k if we set the order of coordinate axes of Ey appropriately.

On the other hand, the first n + v terms in the sum on the right hand side
of (34) is zero when t € Ejy. Thus, for t € Ej, the function S (y,ag(J),t) is
written in the form .

00 k
SPagmit) = D D temA gy (2e@]i@))-

i=2n+v+1p=1

The absolute value of the coefficient of t(;y in ad;S @) (z, ag(;); t) is smaller than

oo
Z » )\z—lg—z . 2Zn)‘—n+1 < 2/\n+uz—n—u(1 . /\/e)—l
i=2n+v+1 .



Hence, each entry of the matrix corresponding to Gz(,zz,l 8 : Eo — RF is smaller
than 4A"*+¥£="=¥(1 — X/£)~! and hence its operator norm is not larger than
kAP L=V (1 — N /E) 7L

Remark that we have k£ < £*/(n + 1) < £™. So if we take v so large that

(1 =A™t (1 - 2/0)~ 1 > 1/2, (36)
we can conclude
Jac(Gy,o) > Jac(Gyo|E,) > 1/2 fory e U,

using lemma 13.

7 Appendix

We prove the facts given in Examples 1 and 2. Let us first consider Example 1.
In this case, £ = 2 and A = {0,1}. We claim that e(1) = 1. Obviously this
claim and proposition 8 show the absolutely continuity of the SBR measures.
Let us consider two element a and b in A™ such that [a]; = 0 and [b]; = 1.
For || < 2/5, we can check (actually, using a calculator) that

d d
’ES(:I:,a) - ES(a:, b)‘

= ‘%cos({ah(m)) - %COS([b]l(x))

+ |7 coslfla(e) —  con(bla(e)| + -+

A2

a1 Y

1 2r A ™ T T
v >2-—2—cos?—-z(cosE +cos(§—g)) -

In the case 2/5 < z < 1-2/5, each of the points [a]2(z) and [b]2(x) is contained
in the 1/40 neighborhood of either of k/8, k = 1,3,5, 7. Hence

|S(z,a) — S(z,b)| > 2{sin(2r/5) — Asin(37/10) — A2(1 — A\)~!} > 0.

These imply e(1) = 1.

The proof of the facts in Example 2 is easy. We can check that the subset
graph(p) is forward invariant and the map ¥ in section 2 is written as ¥(z,a) =
(z,¢(z)). Hence the SBR measure p = ¥(m X v) is supported on graph(y) and
totally singular. a
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