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Ground Sf'ate of the Massless Nelson Model
Without Infrared Cutoff in a Non-Fock
Representation

Asao Arai *
Department of Mathematics
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Japan

November 9, 2000

Abstract

We consider a model of quantum particles coupled to a massless quantum scalar
field, called the massless Nelson model, in a non-Fock representation of the time-
zero fields which satisfy the canonical commutation relations. We show that the
model has a ground state for all values of the coupling constant even in the case
where no infrared cutoff is made. The non-Fock representation used is inequivalent
to the Fock one if no infrared cutoff is made.

Key words: Nelson’s model, massless quantum field, infrared divergence, ground state,
canonical commutation relations, non-Fock representation

1 Introduction | .

We consider a system of N quantum particles (N € IN) moving on the d-dimensional
Euclidean space R? (d € IN) under the influence of an external potential V : R? —
IR (Borel measurable) and coupled to a massless quantum scalar field. The model we
discuss here is the so-called massless Nelson model [10]. The problem to which we address
ourselves in this paper is that of existence of a ground state of the model without infrared
cutoff.

It has been shown that the massless Nelson model with infrared cutoff has a ground
state [14, 7]. A natural question to be asked next is if the model without infrared cutoff

has a ground state or not.

*Supported by the Grant-In-Aid No. 11440036 for Scientific Research from the Ministry of Education,
Science, Sports and Culture, Japan.



We remark that, generally spea,kmg, there is some subtlety on the existence of ground
states of massless quantum field models, which is due to possible infrared divergences.
Indeed, in a class of models which descrlbe interactions of particles and massless quan-
tum ﬁelds, it is proved or suggested that, if the time-zero fields are given by the Fock
representation and no infrared cutoff is made in the interactions, then the models have no
ground states, althogh it may depend on the strength of the parameters contained in the
Hamiltonians [6, 13, 2, 3]. On the other hand, the Pauli-Fierz model in non-relativistic
quantum electrodynamics has a ground state in the Fock representation of time-zero fields
even if no infrared cutoff is made. [4, §].

As for the massless Nelson model without infrared cutoff, Lérinczi, Spohn and Minlos
[9] recently proved that, in the case d = 3 and N = 1, it has no ground state within the
Fock space where the time-zero fields are given by the usual Fock representation of the
canonical commutation relations (CCR) indexed by S,eal(]Rd), the space of real-valued,
rapidly decreasing C®-functions on R?. '

The purpose of this paper is to point out that, if we consider the massless Nelson
model in a non-Fock representation of the CCR for time-zero fields, then it has a ground
state even in the case where no infrared cutoff is made. This new representation of the
massless Nelson model is inequivalent to the Fock one if no infrared cutoff is made.

This paper is organized as follows. In Section 2 we first briefly review the Nelson model
in the standard form in which the time-zero fields are given by the Fock representation of
the CCR indexed by Sreal(]Rd) We call it the “standard Nelson model”(SNM). Then we
give an algebraic characterization of the Nelson model in a way independent of the choice
of representations of the time-zero fields and derive rigorously field equations in a weak
sense. To the author’s best knowledge, field equations of the Nelson model has not been
rigorously established so far (only formal or classical ones are available).

In Section 3 we define the Nelson model in a non-Fock representation of the tlme-zero
fields.

In the last section, we prove that, under suitable hypotheses, the massless Nelson
model introduced in Section 3 has a ground state even in the case where no infrared
cutoff is made.

2 Algebraic characterization and field equations of
- the Nelson model

In this section we first recall the SNM. Then we present an algebraic characterization of
the Nelson model in an abstract manner. Finally we derive rigorously field equations of
the abstract Nelson model.

2.1 The SNM

The coordinate of the configuration space R*Y of the N particles is denoted ¢ = (g1,
av) € R™ with ¢; := (¢j1,+,q52) € BR* (j = 1,--,N). Let Dj, (j = 1,-+,N, s =
1,---,d) be the generalized partial differential operator in the variable g;,, so that the
momentum operator of the j-th particle is given by p; := (pj1, -+, pjq) with p;, := —iD;,.



The Hamiltonian of the particle system is then given by-the Schrédinger operator

N2
H,:= ; 2r:z,~ +V, (2.1)
acting on L*(R%), where m; > 0 is the mass of the j-th particle and p} = ¥2_ p?, =
~A,; is the d-dimensional generalized Laplacian in the variable g;.

For a linear operator T', we denote its domain by D(T).
We assume the following:

(H.1) The operator Hy, is self-adjoint on its natural domain D(H ) =N, D(A,)ND(V)
and bounded from below.

The Hilbert space for state vectors of the quantum scalar field of the SNM is given by
Fy i= @ ®F L2(1R°‘) - (2:2)

the Boson Fock space over L?(IR%), where ®"L2(]Rd) is the symmetric tensor product of
L¥(RY) (®2L*(RY) := C).

Let w be a nonnegative Borel measurable function on R? such that 0 < w(k) < oo
for almost everywehre (a.e.) k € IR? with respect to the d-dimensional Lebesgue measure
and

w(k) = w(—k) aek. o - (23)

For a.e. k € R?, w(k) physically means the energy of one free boson Wlth momentum
k. The function w defines a nonnegative self-adjoint multiplication operator on L?(IR?)
which is injective.

Remark 2.1 A physical example for w is given by .
wm(k) := VE: +m?, keRRY (2:4)

with m > 0 a constant denoting the mass of one boson. We are interested in the massless
case m = 0: wo(k) = |k|

The free Hamiltonian of the quantum scalar field is defined by
H, := dT'(w), | (2.5)

the second quantization of w [11, §X.7]. :
We denote the annihilation operators on F, by a(f) = fra a(k)f(k)*dk (f € L*(R%))
[11, §X.7]. The symmetric operator ‘

Bs(f) := \/—(a( )" +a(f)), , (2-6)

called the Segal field operator, is essentially self-adjomt [11 §X.7]. We denote its closure
by the same symbol.



Let 8!, 2(IR?) be the set of real tempered distributions on IR® and; for each s € R,
H; = {f € (R’ € IR}, (2.7)

where
A 1 .
f(k) = _(27r)d/2 A*d f(a:)e_’k"’dw | | (2.8)

is the Fourier transform of f. ‘
For f € H;Y/? and g € H'/?, we can define

A

¢r(f) =5 (%) y 7r(g) == g (z\/a_Jg) o (2.9)

Let : . ‘ . :
Fo := {¢ {1/1(")}n_0 € Fp|$pt™ = 0 for all but finitely many n’s}, (2.10)

called the subspace of finite-particle vectors. Then, forall f € H;? and g € Hi,/ 2 ér(f)
and ﬂp(g) leave .7-'0 mvanant satlsfylng the CCR

(ool molal = [, FCRY o), e
(e (£), de(F)] =0, [ne(g), me(d)] =0, f,f' € H/%, .4 € H)?, (212)

on Fp. Namely, {qSF(f) mr(9)|f € H;Y/?, g € H'/?} gives a representation of the CCR.
This representation is called the Fock representation of the CCR. In the SNM, ¢r(f) and
7r(g) are taken to be the time-zero fields: S

The Hilbert space for the SNM is-

H = L*(R™) ® F. o (2.13)

As usual, we freely use the natural identification of H with [S.v Fidg, the constant fibre
direct integral with base space (IR*", dg).and fibre £, [12, §XIIL16].
In what follows, for notational simplicity, a decomposable operator A = f]gi,m A(q)dq
on ‘H with fibre A(q) (which is an operator on J, for each ¢ € R*Y) is denoted A(q) also.
To describe an interaction between the particles and the quantum scalar field, we fix
distributions p; € S;eal(IRd),j =1,--+, N, which satisfy the following:

(H.2) Forj=1,.---,N, ‘
o p; e H, s=-1/2, —1. (2.14)

The interaction of the particles and the quantum field in the SNM is given by the
operator

HF = Z s (e_“““ %) s (2.15)

=1 w

acting in M. Formally we have Hf =YX, fra ¢r(g; — z)p;(z)dz, where

)= [ W{

(k * —tkx a(k)ezkz}dk



The total Hamiltonian of the SNM is defined by
Hsnm = Ho + MHY, . (2.16)

where

Hy:=H, + H, (2.17)
and X € R denotes the coupling constant of the model. o

Proposition 2.1 Assume (H.1) and (H.2). Then Hsnu is self-adjoint with D(Hgny) =
D(H,) and bounded from below Moreover, HSNM zs essentzally self-adjoint on each core
of Ho '

Proof. A simple application of [1, Proposxtlon B.2] which employs the Kato-Rellich
theorem (cf. [6]). ‘ _ 7 |

In summary, the SNM is characterlzed in terms of the Hamiltonian Hgny and the

time-zero-fields {¢r(f), Tr(g)|f € H;Y%,g € H1/2}

2.2 An abstract definition of the Nelson model

As is seen above, the SNM uses the Fock representation of the CCR to give its time-zero
fields and its Hamiltonain. We want to define the Nelson model in a way independent of
the choice of representations of the CCR for time-zero fields. A natural manner for this is
to use commutation relations fulfilled by observables, i.e., to find a possible Lie algebraic
structure. We shall take commutation relations in a weak sense.

~ We denote the inner product and the norm of a Hilbert space & by (-, -}, and || - ||x
respectively. But, if there is no'danger of confusion, then we simply write them as (-, -)
and || - |. |

Definition 2.2 Let A and B be densely defined linear operators on a Hilbert space X
and D be a subspace of X such that D C D(A)ND(B)ND(A*)ND(B*). Then we define

a quadratic form [A, B]? by
(4, B2(4,9) == (46, B¢) — (B$,49), ,6€D.
(“w” means “weak”.)

Remark 2.2 If A and B are bounded on X with D(A) = D(B) = X, then, for all dense
subspaces D of X, [A, BI2 (¢, ¢) = (¢, [A, B]@) for all 3, ¢ € D, where [A B] AB—-BA

(the usual connnutator).
Let F be a Hilbert space and
: | o
— J2(TR4N _
K:=L*(R")®F= /]RdN Fdg. (2.18)

Definition 2.3 Assume (H.1) and (H.2). Let so and s; be real constants. A Nelson
model is a set Mnewson = {K, D, Lz, {¢(f), 7(g9)|f € H?,g9 € H:}} having the following
properties: .



(N.1) D is a dense subspace of K.
(N.2) L, is a symmetric operator on K and the operator
Hyy = Hp + Ly (2.19)

is self-adjoint (D(Hywm) := D(H,) N D(Ly)). We call Hyy the Hamiltonian of the
Nelson model Myeison- h - SR v L

(N.3) The function w is such that |
| Sreat(R?) C Hw° N H;°’+2 NH*NH (2‘.20)

and,forall j=1,--- ,N,p=1,---,d,
D,p; € H, ' (2.21)

~where D, (p = 1,- d) is the generalized partlal differential operator in the p-th
variable z, in z = (z1,+++,24) € R

(N4) {K,D {¢(f) T(f)f € Seea(RY)}} is a representation of the CCR indexed by
rea1(IR ). Namely, for all f,g € Sreal(IRd) #(f) and w(f) are self-adjoint oper-

ators on K with D C D(¢(f)n(g)) N D(?T(f)d)(g)) N-D(¢(f)é(g)) N D(x(f)m(g))
satisfying the CCR

@) =i [ f@)g(e)da, (2.22)
[¢(f)’ ¢(g)] =0, [7r(f),7r(g)] =0, v (2'23)
~ on D and the linearity: | _ | ‘
¢(af + bg) = ad(f) + bp(g), w(af +bg) = an(f) +br(9), a,b€ER,
‘on D |

(N.5) Let X = gju,piu,Y = ¢(f)m(f), i =1,-++,Nyp=1,--+,d, f € Srear(IR?). There
exists a dense subspace £ of K such that ’

ECDX)NDY)ND(Ly)ND(Hy) (2.24)
~and the fdllowing relations hold in the sense of quadratic form on €:

(L3 giJE =0, [La,piule = iA$(Dupi(g; — ),
L, $(DE = —in(f),

[La, 7(F)I% = idlw(= N)f +3’\E(P1*f)(q1)a
[X,Y]; =0, [Hp,Y], =0,

where V = (Dy,---,D;) and p; * f is the convolution of p; and f: (p] * f)( )
e C y)f (y)dy. |



Remark 2.3 (i) We have
(w(—zV)2 f)(x) ¢ IR / wk) f(k)e*dk, f e S(RY).
Hence (N.3)_ implies ,tha,t' . ;
| w(—iV)*f € H,
so that ¢(w(— zV) f) is defined.
(ii) It follows from (H.2) and (N.3) that, for all f € Sweai(IR%), p; * f is a bounded

continuous function on R?, so that p; * f(q]) is a bounded self-adjoint multiplication
operator with D(p; * f(g;)) = K.

;I Let us show that the SNM is indeed a Nelson model in the above sense. We intr'oduce
Fosai=L{00, a(f)" - alf)Noln € N, f; € Dw).j = 1,---n},  (225)

where Q0 := {1 0,0,- } € F, is the Fock vacuum and L{---} means the subspace
algebralcally spanned by all the vectors in the set { -}, and

Do = CP(R*M) ®an w,fins | R (2.26)
where ®,; denotes algebraic tensor product.
Prop051t10n 2.4 Assume (H 1) and (H. 2) Suppose that |
/I<R|V(q)|2dq <o, VR>0, . (227)
Seea(R?)'C HY? 0 HY2, (2.28)
and, forj=1,---,N,py=1,---,d, -
Dyp; € H;'*. (2.29)

Let ’
_ L™ .= H, + AHE. S ~ (2.30)
Then

Msnwm := {H, Do, 3™, {¢r(f), 7r(9)|f € H,'*,g € HY*}}

is a Nelson model.

Proof. (N.1) is obvious. (N.2) follows from Proposition 2.1. (N.3) with sq = —1/2,s, =
1/2 follows from the present assumption. (N.4) follows from (2.11) and (2.12). For (N.5),
we take £ = Dp. By condition (2.27), C(R*) € D(V) so that C(R™N) ¢ D(H,).
Hence (2.24) follows. The commutation relations in (N.5) follow from direct computations
using (2.10), (2.11) and ' '

[Hy,a(f)] = —a(wf), [Hb, (N=awf), - (231)
on Foan (frwf € LA(RY)). S m



2.3 Field equations

We derive field equations f01jrthe Nelson model IMejson in a weak sense.

Definition 2.5 Let X be a Hilbert space and A(t) (t € R) be a linear operator on X.
Suppose that there exists a dense subspace D of X such that D'C D(A(t)) for all t € R.
We say that A(t) is weakly differentiable on D if, for all 4, ¢ € D, the function (¢, A(t)4)
is differentiable in ¢ € R. In that case we define a quadratic form w-dA(t)/dt|p on D by

w 80| (5,0 = L (0,09, boeD.

Definition 2.6 Let X be a Hilbert space and H be a self-adjoint opérator on H. Let A
be a delnsely defined linear operator on' X. We say that A is in the set Ay if it satisfies
the following (i) and (ii): :

(i) There exists a dense subspace Dy C D(H) such that, for all s € ]R elsH Dy C
D(A) N D(A7).

(11) For all ¥ € D4, the X-valued functlons s = AetHy and s — A* sHyy are strongly
- continuous on IR. :

For A € Ay, we set . ' ‘ -
Dpy:= L{e”H¢|¢ € DA,s € ]R} (2 32)

Lemma 2.7 Let X be a Hilbert space and H be a self-adjoint opemtor on X Let A be a
densely defined linear operator on X and set

Alt) :=e"HAe ™t e R,
Assume that A € Ag. Then A(t) is weakly differentiable on D4 g and

. 4AC)

a = i[H, A(t)]D2=. (2.33)

Dua,g

Proof. Let 1, ¢ € Dy g. Then,é € D(A(t))ND(A(t)*)forallt € R. For b € IR\{O},

<¢’ A(t + h’z — A(t) ¢> — <e—'itH e—ih: — 1’1,[), Ae‘i(f+h)H¢>

- _—ihH _
+ <A(t)*¢,'e—‘7{'~"}-¢> .

Since ¥ € D(H), it follows that
o e—zhH

lim S =Ly _imy.

h—0

It follows from Definition 2.6(ii) that Ae**H ¢ is strongly continuous in s. Hence

lim Ae—a(t+h)H¢ Ae —th¢

h—0



Hence

,ltli% <,(/)7 A(t + h}z - A(t) ¢> = Z< -—thH¢, Ae—th¢> A(t) ¢, H¢)

Thus the desired result follows. , B [

The canonical Heisenberg operator‘s of the Neson model IMejson (Definition 2.3) are
defined as follows:

itHNMm —itHNM

giu(t) :=¢ Mg ' ™, pj“(t) = e“HN.ij“e"'tHNM, (2.34)
é(t, f) i= ftHva g f)e—‘”HNM, Cw(t, f) = elthmap(y £t (2.35)
j=1,- N,p_l deSrea.l(IRd)tE]R

For a self-adjoint opera.tor T, Q(T) denotes the form domam of the quadratic form
associated with T'.

Theorem 2.8 Consider the Nelson model ]MNels‘m (Definition 2. 5’) Assume (H. 1} (H.2)
and the following (A.1)-(A.5):

(A1) (2.27) holds and H, is essentzally self-adjoint on C°°(]Rd).

(A.2) Forallj=1,--,N, p=1,---,d, the distributional partial derivative D;,V in the
variable ¢;, is a Borel measumble function on R?® which is a.e. finite with respect
to the Lebesgue measure. Moreover, C'°°(]Rd) is a form core of the self-adjoint
multzplzcatzon operator D;,V and D(Hy) C NIL, n4_, Q(D;,V).

(A3) In addition to (2.24),

€ C D(H,) N {NYicy N et [D(pjugn) N D(gupin)} N [N, NE_, Q(D;V)].
(A4) For all s € R, ei*fru leaves € invariant: ethmg ¢
(A5) Forallj=1,---,N, ’[L= 1,---,d and 9 € 8,‘ the K-valued function g;,e*Hxmq) 4s

strongly continuous in s € R.

(A.6) For all f € Srea(IR?), the K-valued fuﬁctions ¢(f)e*H My and 7(f)eHvmqy) gre

strongly continuous in s € R.

Then the Heisenberg operators q;,(t), pju(t), ¢(t, f) and x(t, f) (f € Srea(IR?)) are weakly
differentiable on £ and

d‘b#(t) _ Pjn(t)
d T | (2.36)
w2l , = ~DiaV(a(t) = A" g(Dyp;(g; — e, (2.37)
W'M P = ﬂ.(t, f)7 ‘ (238)
d”fjt D) = -t S Dae), )

where Qj(t) = (‘Ijl (t)’ Tty de(t)), q(t) = (@a(t),---, QN(t))'



Proof. By (A.3) and the CCR

[pjw (Ilu] = _i5j16uu ‘on D(pjuqlu) N D(qlbpju),' ’

we have pi
[Hpa ‘Ijn]vgv = _iﬁ’

which, together with (N.5), implies that
[Hyn, il = =122 (2.40)

By this fact, (A.4) and (A 5), we can apply Lemma 2.7 to obtain (2.36).
Let

= — 2.41
; 2mJ . ( )
For all ¢ € D(hy), we have
sl < 2m; (o, hotp) < 2my]1|l|[Ro¥|
. C L m? :
< ellhodll” + I, (2.42)

where ¢ > 0 is a,rbltrary ‘By the self-adjomtness of H, and the closed graph theorem,
there exist constants a > 0,b > 0 such that, for all ¥ € D(H ) = D(ho) N D(V),

ol + IVl < all Byl + 1. | (2.43)
Hence, by (2.42), 4 o ,
Ipsnbll < avEl Hll + (bx@ s ?,—) m (2.49)

Let t,b ¢ € C”(]RdN) Then we have .

(Hyh, piu) — (Diuth, Hod) = (1,5(D;,V)9) -

By (A.1), (A.2) and (2.44), we can extend this equality to all ¥, ¢ € D(H,). Hence, in
particular, we have ‘

[Hy, piule = iD;,V : (2.45)
in the sense of quadratic form on €. Hence, by (N.5), we have
[HNMapju] =iD;,V +ix¢(Dup;(g; — ))- (2.46)

in the sense of quadratic form on €. By this fact, (A.4) and (A.6), we can apply Lemma

2.7 to obtain (2.37).
Similarly (more easily) we can prove (2.38) and (2.39). |

Now we show that Theorem 2.8 can be applied to the SNM.



Lemma 2.9 Let S be a self-adjoint operator on a Hilbert space X and A be a linear
operator on X such that, for some a >0, A is |S|*-bounded, i.e., D(|S|*) C D(A) and

A% < quISI“¢II +ollvll, ¢ € D(ISI°),

where a,b > 0 are constants. Then, for all v € D(|S|*), the function: ¢ — AetSp s
strongly continuous.

Proof. We have for all h € R

| APy — A5 < al|SI(ES ~ 1)y + b(e™ — 1)
S = i - DSl + bl ~ 1,

which implies the strong continuity of the function:t — Ae™S4. [

For a self-adjoint operator T on a Hilbert space which is bounded from below, we set
Eo(T) := info(T), : (2.47)

the ground state energy of T', where o(T) denotes the spectrum of T'.
Under hypotheses (H.1) and (H.2), we set

Hsnu := Hsnm — Eo( Hsnm), (2.48)
which is nonnegative.

Lemma 2.10 Assume (H.1) and (H.2). Suppose that Q(V) C D(|q|) and there exist
constants ¢y, ¢z > 0 such that for all u € Q(V)

llalull < exlllVI2ull + efuf. (2.49)

Then, for all j = 1,---,N, p = 1,---,d and ¥ € Q(Hgsny), the H-valued function
g; e sy is strongly continuous in s € R.

Proof. By Proposition 2.1 and the closed graph theorem, there exist constants a;, b, >
0 SllCh that, fOI‘ all ’(,Z) € D(HSNM) = D(HO)7 :

[ Hpl| + [ Hotb|| < an|| Hsnmp || + ba|4]l- (2.50)
By this inequality and (2.43), we have |
IVl < aar|| Hsnmp|| + (abr + 8][4}, |
which, via an application [11, Theorem X.18], implies that Q(Hsxu) C Q(V) and
V126 < aall Hsfandll + ball6ll, 6 € Q(Hswan),
with ay, b, > 0 being constants: Hence, by (2.49), we obtain

lgiutbll < craal BRI + (crbs + )ll8]l, % '€ Q(Hanm)-

Hence we can apply Lemma 2.9 to obtain the desired result. [ |



Lemma 2.11 Assume (H.1) and (H.2). Suppose that
. Sea(R)CHNHYL - (251)

Let € Q(Hsnm)- Then, for all [ € Srea(R?), the H-valued functzons ¢F(f)ei5H5NMz/1
and mp(f)et*Hs\My) are strongly continuous in s € R. ‘

Proof. Using the well-known estimates -

la(AB < ™2 F || o gy || HY 9, (2.52)
le() bl < Nlw™2fll o ey 1> 1| + 1| £l 2y (2.53)
1/) € D( 1/2), 'f’w—1/2f € Lz(]Rd),

we have

ler(H)¥l < \/illw_lfllm(md)llﬂtl,/zl/’”+\/—||w_1/2f||L2(md)||¢“,

fEH“ NnH;Y? ;o - (2.54)
lme(9)vll < V2 Ilglle(Rd)IlHl/2¢|l+ fllw”z‘llp(m)llz/)ll
g € L}(RY) n HY?, (2.55)

By (2.50) and an application [11, Theorem X.18], we have

"] < asll Bl + Ballgll, ¥ € Q(Hsww), (2.56)
with ag, b3 > 0 being constants. Tt follows that, for all f € Srea(IR?), ¢r(f) and np(f) are
HSNM—bounded Hence an application of Lemma 2.9 yields the desired result. .

We shall need the following condition too.
(H.3) The function w is such that ,
Sreal(RY) C H' 0 HY2, | (2.57)
Theorem 2.12 Assume (H.1)-(H.3), (A.1), (A.2), (2.29) and (2.49). Suppose that
D(Hy) C My Myymt [D(piuan) N D(qiypj;)] N (ML i QDY) (258)

Then the conclusion of Theorem 2.8 holds with Hyy = Hgsnm, qS(f) ¢r(f), n(f) = mr(f)
and €& = D(Hgsnm).-

Proof. We need only check that the assumption of Theorem 2.8 is satisfied with

HNM = HSNMa ¢(f) = ¢F(f)77r(f) = ﬂ'F(f) and £ = D(HSNM) (A3) and (A4) follow
from (2.58). (A.5) and (A.6) follow from Lemmas 2.10 and 2.11 respectively. |



3 A Nelson model in a non-Fock representation

In this section we define a Nelson model whose time-zero fields are given by a non-Fock
representation of the CCR and show that it has a ground state even if no infrared cutoff
is made.

Under hypotheses (H.2) and (H.3), we can define for each f € Spea(IR?)
_ Bi(R)F (k) |
B(5) = ¢p(F) + A Z / o (3.1)

We set o
7(f) = ne(f). : (3.2)

Proposition 3.1 Assume (H.2) and (H.3). Then: |
(i) {.7-']3,.7:0,{qz(f),?f(f)lsreal(]Rd)}} zs a répresentation of the CCR indexed by Sreal(le).

(ii) The representdtioﬁ {g(f),%(f)lsrea;(]Rd)}} is unitarily equivalent to the Fock repre-
sentation {¢r(f), 76 (f)|Sweat(R*)}} if and only if SN, p; € H;/?,

Proof. Part (i) is obvious. Part (ii) follows from an argument similar to that in [5,
Chapter 1, §1-e]. [

We now consider a Nelson model Whose time-zero ﬁelds are glven by {¢( ), T(HIf €
mJ(IR ). We introduce an L*(R?)-valued function G on R¥ (G : R™ — L*(RY),
G(q) € L*(R?), ¢ € R*™) by ,

and a function o (k) :
pi(k)p emia Ry
9= 5 [ A g e

By reality of p; and (2.3), W is real-valued.
We define a Hamiltonian by

H := Hy + 2®s(G(q)) — M*W + cp)?, (3.5)
where N )
] X
co = = Zi=1hy . (3.6)
21w lemey

Lemma 3.2 Assume (H.1)-(H.3). Then H is self-adjoint with D(H) = D(H,) and
bounded from below. Moreover, H is essentially self-adjoint on each core of Hy.



Proof. In the same way as in the case of Hgnm, we can show that H' := Ho+A®s(G(q))
is self-adjoint with D(H') = D(H,), bounded from below, and essentially self-adjoint on
each core of Hy. Since —A2W + ¢pA? is a bounded self—a,djomt operator the Kato-Rellich

theorem yields the desired result. ‘ |
Let ‘
LYF = Hy+ A®s(G(g)) — MW+ cp)?, - - (3.7)
so that
: H = H, + L}". (3.8)
Proposition 3.3 Assume (H.1)-(H.3). Then
Mnr := {H, Do, LY", {6(f), %(9)|f € H;',g € HY/*}} (3.9)

is a Nelson model.

Proof. Similar to the proof of Proposition 2.4. o [}

Pfobosition 34 Assume (H.1)-(H.3). Then {H,{d(f),7(9)|f € Sre;l(]Rd)}} is unitar-
ily equivalent to {Hsnm, {¢v(f), mr(9)|f € Sreal(le)}} if and only if

N | .
> pj€ H¥2 (3.10)

=1
Proof. Suppose that there exists a unitary operator Y on H such that
YHY ™' = Hgnu, (3.11)
Yo(F)Y ™' = ¢p(f), YF(H)Y ' = 76(f), f € Seea(R). (3.12)

Then, by Proposition 3.1, (3.10) holds. Conversely, suppose that (3.10) holds. Then we
can define a unitary operator U by

=
U :=exp (—-z)@s ( w3/21 . | (3.13)

It is easy to check that (3.11) and (3.12) hold with Y = U. |

Proposition 3.4 shows that, under (H.1)-(H.3) and the condition that ), p; € H;3/?,
the Nelson model IMyr is equivalent to the SNM. In this case, under sultable additional
conditions, Hsnm has a ground state [7] and so does H. Thus we are interested in the
case '

N
o g H (3.14)
Jj=1

This condition is called an infrared singularity condition. In this paper, we say that the
Nelson model Mneson has no infrared cutoff if (3.14) holds. Under condition (3.14), the
Nelson model IMyr is not unitarily equivalent to the SNM. Note that (3.14) and the

natural condition YN, p;/v/w € L3(IR?) imply |
‘ess.inf, cpaw(k) =0 (3.15)

(“ess.inf” means essential infimum), i.e., the quantum scalar field under consideration is
“massless”.

ey



4 Existence of a ground state of the Nelson model
Myr without infrared cutoff |

Let T be a self-adjoint operator on a Hilbert space and bounded from below. We say that
T has a ground state if there exists a non-zero vector ¢ € D(T') such that Ty = Eo(T)%.
In this case 1 is called a ground state of T'. '

We show below that, under suitable conditions, the Hamiltonian H of the Nelson
model IMyr has a ground state even in the case where it has no infrared cutoff (i.e.,

(3.14) holds). .

We formulate some additional conditions:

(H.4) The function w is continuous on IR? satisfying (3.15) and the following conditions:

DﬂwELoo(]R'd)7 M=1,"°,d,

Ikl]i—Irnoo w(k) = oo,

(H.5) Forj=1,---,N, . .
L, —__““'w’&()’;)' dk < oo, (41
(H.6) For all R > 0, Jai<r |V (¢)|dg < oo and there exist constants c;,c; > 0 such that
4 < aV(g) + ¢z, aege R (4.2)

An infrared-cutoff Hamiltonian of the SNM is defined by

al ikg; Xw>oPi™
HSNM,cr = Hy + A Z @s (e_quj -—‘f—'j;—]) , (43)
J=1

where o > 0 is an infrared cutoff parameter and xgs is a characteristic function of the set

S

~ Under (H.2), we can define for all & > 0 a unitary operator

. N
U, := exp (—i/\(I)s (i————zj=;§;;zgp]>> . (4.4)

Theorem 4.1 Assume (H.1), (H.2) and (H.{)-(H.6). Then H has a ground state 1
which has the following property: there exists a sequence {¢, }22, of unit vectors in
D(H,) such that 0, > 0,n € IN, lim,,_,, 0, = 0, each ¢, is a ground state of Hsnm o,
and ’

w- lim U4, = v, (45)

where “w-1im” means weak limit.



Remark 4.1 Consider the physical case w = wq ((2.4) with m = 0). Hence (H.4) holds.
Assume (H.2) with w = wg and that

3 ok o v

Then (3.14) and (H.5) hold with w = wy. Hence Theorem 4.1 holds in the physical case
without infrared cutoff.

Remark 4.2 Assume (3.14). Then we have
w-lim U, = 0. (4.6)
o—0

This is an expression of infrared divergence. Hence the relation w-lim, o, Usl¢,, = o
in Theorem 4.1 suggests that w-lim, ., ¢, = 0.

The idea of proof of Theorem 4.1 is to apply [7, Theorem 1].

Let
K:=H, - AW + o).

Lemma 4.2 Assume (H.1) and (H.2). Then K is self-adjoint and bounded from below.

Proof. This follows from the boundedness of )\2W and a simple apphcatlon of the
Kato-Rellich theorem. n
Let X
K: =K — EO(K)
Lemma 4.3 Assume (H.1), (H.2) and (H.6). Then (K +1)7! is compact.
Proof. By (H.6) and the boundedness of W, we have

lim {V(q) — A*W(q) + coA?} = oo.

lgj—o0

Hence, applying [12, p.249, Theorem XIIL.67], we obtain the desired result. m

We denote by B(L2(IR?N)) the set of bounded linear operators on LZ(R*").
For each k € IRY, we define a linear operator on L2(IR*N ) as follows:

Remark 4.3 By the original assumption for w, the Lebesgue measure of the set {k €
R%w(k) = 0} is equal to zero. Hence, v(k) = G(-)(k) a.e. k € R%.

Lemma 4.4 Assume (H.2). Then, for a.e. k € RN, v(k) € B(L*(R™)) with
N -
16(k)|
<2),
=1 (k)




Proof. This easily follows from (3.3). : ]

The following lemma immediately follows from Lemma 4.4.
Lemmé 4.5 Assume ( H.1) and (H.2). Then, for a.e. k € R¥,
| o(k)(K + 1) € BUAR™D), (K +1)2u(k) € BLA(R™)).
Lemma 4.6 Assume (H.1) and (H.2). Then, for all uy,u; € L*(R*™), the functions
(w2, v(-)(K + 1)), (uz, (K +1)720(Jua),
on R? are measurable. Moreover,

OR) = [, o5 (WK + B+ [ + B 0(0)P) d < o

and

Jlim C(R) =0. (4.8)

Proof. We have
_ <. Aik)”

(uz,v(k)(;{ + 1)—1/2ul) = z_; \/w_(agj(k)

with

gik) = [ uale)" (7 = 1) (K +1)™u;) (g)dg.

It is easy to see that g; is continuous on R%. Hence (ug, v(-)(K +1)~Y2u;) is measurable.

Similarly we can show that (uz, (K + 1) 1/2y(-)u,) is measurable.

We have
o) < 5 [ spletbPas < S 'fj(,’j)z
Hence C(R) < oo and (4.8) holds. n
Lemma 4.7 Assume (H 1) and (H.6). Let ¢ € D(K'?). Then ¢ € D(|g;|) and, for all
j=1---,N,
llg; 18]l < et &2 + (X | Wl + ercod® + c1Eo(K) + o) ||| (4.9)

In particular,

j = lgl(K +1)77? (4.10)

18 bounded.

Proof. Let y € D(K). Then, using (H.6), one can easily prove (4.9). Since D(K) is a
core of K2, it follows from a limiting argument that D(|g;|) D D(K/?) and (4.9) holds

for all ¥ € D(Kl/z). ]



Lemma 4.8 Assume (H.1), (H.2), (H.5) and (H.6). Then
1 L - |
/]Rd S P& +1) 12|24k < co. (4.11)

Proof. By the elementary inequality
le™ % — 1] < |g;| [K|

we have for all u € L2(R*)

al /3(

(k)| %]
w(k)
which, by (H.5), implies (4.11). |

Hence

lo(R)(K +1)72) < Z ——{|Qjll;

Proof of Theorem 4.1

We have
H=KQ®I+1Q®H,+ Hi(v)

with

Hy(o) = % [ (o(B)ak)” + vk a(k))dk

Hence H is exactly of the same form as the Hamiltonians considered in [7]. Lemmas
4.2-4.8 show that H satisfies all the assumptions of [7, Theorem 1]. Thus we can apply
[7, Theorem 1] to conclude that H has a ground state 1. From the proof of [7, Theorem
1], we see that 1, is a weak limit of a sequence {t,,}52, of unit vectors in D(Hy) such
that o, > 0, lim,,_,., 0, = 0 and each v, is a ground state of the infrared-cutoff version
H, of H:

H,=K®I+I®Hy,+ Hi(v,), o>0,

where v, (k) := v(k)xw>o(k). By Proposition 3.4, ¢,, := Us,,%s,, is a ground state of
Hsnmio, With ||¢5, || = 1. Hence (4.5) holds. ]
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