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Abstract. Let A be a uniform algebra and M (A) the maximal ideal space of A.
A sequence {a,}, in M(A) is called £*-interpolating if for every sequence (as,) in £* there
exists a function f in A such that f(a,) = o, for all n. In this paper, an ¢*-interpolating
sequence is studied for an arbitrary uniform algebra. For some special uniform algebras,
an £'-interpolating sequence is equivalent to an £*°-interpolating sequence which is familiar
for us. However, in general these two interpolating sequences may be different from each
other.



1. Introduction

Let A be a uniform algebra on a compact Hausdorff space X and M(A) the
maximal ideal space .of A. Throuhout this paper we assume that {a,}, is an infinite
sequence of distinct points in M(A). For 1 < p < oo, a sequence {an}, is called £P-
interpolating if for every sequence (o) in #P there exists a function f in A such that
f(an) = oy for all n. An ¢*-interpolating sequence is called usually interpolating.

If A= H*(D), that is, the set of all the bounded analytic functions on the unit
disc D in C, then an ¢*-interpolating sequence was studied by Carleson [2]. Carleson [2]
determined an ¢*°-inlerpolating sequence when {a,} in D. In the general situation, that
is, for {a,} in M(H*(D)), Izuchi [5] studied an ¢*-interpolating sequence. Recently,
Hatori [3] showed that an ¢'-interpolating sequence is equivalent to an ¢®-interpolating
sequence when {a,} in D. In this paper we study an ¢!-interpolating sequence for an
arbitrary uniform algebra A when {a,}, in M(A). For {a,}, in M(A) put

J={feA; f=0 on {an}n}a
Je={f€A; f=0 on {an}nzx}
and
pr =sup{|f(ax)| ; f € Ji, IfIl <1}
For a,b in M(A)
o(a,b) =sup{|f(a)| ; f(b) =0, |Ifll < 1}.
When A = H*®(D) and {an}, is in D,
ak — ay,
1—aa,

Gr — Qn

o(ak, ay) = and p = [Tk

1- QrQy,

In general, we don’t know that

Pr = [nsx 0 (a, an).

However under some mild condition (Hypothesis I in Section 4), we can show that

Pk 2 Hn#k U(G'k) a'n)-
In general, p; > 0 if and only if JkaJ . Hence p; > 0 if and only if there exists a function

fr in A such that fy(a,) = 6nk. In this paper, for {a,}, in M(A) we assume that p; > 0
for all k.

- In Section 2, for an arbitrary uniform algebra we show that {a,}, is an £1-
interpolating sequence if and only if inf; py > 0. In Section 3, we define a finite £!-
interpolating sequence and we give a necessary and sufficient condition for this. In Section
4, we show that if inf; [T, o(ak,an) > 0, then {a,}, is always a finite £*-interpolating
sequence and under some mild condition it is an £'-interpolating sequence. In some sence,



this type theorem for an £*-interpolating sequence was conjectured in [1]. In Section 5,
we apply the results in the previous sections to concrete uniform algebras. In Section 6, °
we give a remark about an /™-interpolating sequence.

2. (-interpolating sequence

In this section, we show that {a,}, is an ¢*-interpolating sequence if and only if
infy pr > 0. The argument in ‘only if’ part of Lemma 1 is similar to one which was used
by Hatori [3] when A = H®(D).

Lemma 1. {a,}, is an £}-interpolating sequence if and only if there ezists a sequence
{fa}n in A such that fn(ax) = 6k (n > 1,k > 1) and sup,, || fn + J|| < 0.

Proof. Suppose M = sup,, ||fn + J|| < 0o and f,(ax) = 6nk- Let € be arbitrary positive
constant. For each n there exists g, in J such that ||f, + gn|| < M + €. If (o) € £, put

=200 an (fat+ gn)
Then f belongs to A and f(a,) = o, for n = 1,2,.... Suppose S = {a,}, is an £!-
interpolating sequence. Then there exists a sequence {f,}, in A such that f,(az) = 6.
For (a,,) € ¢}, put
T(an) = e anfn'57
then by hypothesis there exists a function f such that T'(ay,) = f|S. Since A|S is alge-

braically isomorphic to the quotient algebra A/J, we put the quotient norm of 4/J on
A|S. By the closed graph theorem, 7' is bounded from ¢! to A|S and so

1fx + Il = [I£elSI < NIT
because T'({0nk}n) = flS. O

Lemma 2. Suppose {fn}n is a sequence in A such that f,(ax) = 6n. Then
ot =1/pn forn=1,2,....

Proof. Since (pnfn)(ak) = Pnbnk, ||pnfa + J|| > 1. By definition of p,, for each £ > 1
there exists g, € A such that ||g¢|| = 1, g¢(an) = 0 for n # k and

1
Pr—7 < ge(ar) < pr.

Put G, = go/ge(ax), then G, € A and
1 1 1

— < ||Gel| = < ’

P R ) RS V7
Moreover, Ge(ax) = 1, Ge(an) = 0 for n # k and so G, € fi + J. Since ||fi + J|| <
(pr — 1/€)7 for any £> 1, ||pefi + J|| < 1. O



Theorem 1. Let A be an arbitrary uniform algebra and {a,}n in M(A). {a,}n is a
¢*-interpolating sequence if and only if infy px > 0.
Proof. It is clear by Lemmas 1 and 2.

3. Finite /*-interpolating sequence

We say that {a,}, is a finite ¢'-interpolating sequence if there exists a finite
positive constant y which satisfies the following : For any finite £ > 1 and for any (a,) in
the unit ball of ¢!, there exists a function F} in A such that

Fy(a,) =a, for 1<n</¢

and ||Fy|| < v. .
For {an}, in M(A) and 1 < k < £ < o0, put

Je={feA; fla,) =0 if 1<n</¥},

J={feA; flan) =0 if 1<n<l n#k}

and
pre = sup{|f(ax)| ; f € J5, |Ifll <1}

Then pxe > pres1 and limg o pre > -

Lemma 3. {a,}, is a finite {'-interpolating sequence if and only if for each £ > 1 there
exists a sequence {fon}io; in A such that fyn(ay) = 0nx for 1 < k < ¢ and

SUP, SUP; << || fon + J|| < 0.

Proof. (a,) denotes an element in the unit ball of £!. Suppose

M = sup, sup; <, <¢ || fen + JY| < 00 and fen(ak) = Gk for 1 < k < £, then for any finite
£>1

IS0 onfen + | < (Shey lom) M.

If y =M +1, then for any £ > 1 there exists a g, € J* such that [|Z%_;an fon + gel| < 7.
Set Fy = Tf_ an fon + 9o, then Fy(a,) = ap for 1 < n < £ and |Fe|| < . Suppose {a,},
is a finite /'-interpolating sequence. Since {an} is an infinite sequence of distinct points
in M(A), for each £ > 1 there exists a sequence {fy,}:_; in A such that fon(ar) = Onk

for 1 <k <n. Put



Te(an) = Zf;=1 Ofnfe,n + J*

then ||T(aw)|| < ||IT(ZEoilan]). If || T — oo as £ — oo, then there exists (a,) in the
unit ball of ¢* such that ||T¢(an)|| — oo as £ = co. On the other hand, by hypothesis
IT*(e)|] < v < oo for all £. This contradiction implies that M = sup, ||T¢|| < co. This
shows that for any £ > 1 and any k£ > 1 with k£ < ¢,

1 fer + T8 = IT ({8 })I| < M.

O
Lemma 4. For{=1,2,... and1 < k < 4, ||fi + J|| = 1/ pxe-
Proof is almost the same as the proof of Lemma 2. : O
Theorem 2. Let A be an arbitrary uniform algebra and {an}n in M(A). {an}s s a
finite £*-interpolating sequence if and only if infy limy_, o p ¢ > 0.
Proof. It is clear by Lemma 3 and Lemma 4. O

4. Uniformly separated sequence
When A = H*(D) and {a,}, is in D, for any £ > 1
pr = Hnzko(ak, ar) = limg o0 pie.

When {ay}n is in M (A), Izuchi [5] showed essentially that infy, p; > 0 implies infy, I, 40 (ax, ar) >
0. However, this is not true in general. If 3222, (1— p,) < oo, then infy IT,x0(ax, a,) > 0.
In fact, p, < o(ak, a,) for n # k and so 112, p, < I,4,0(ag, a,) for any k& > 1. When

(1= pp) <00, 0 <II, pp and so infy [I,4k0(ag, a,) > 0. In this section , we study

n=1
these three quantities.

Lemma 5.
(1) For any £ > 1, pre > Hfl;&k o(ag,a,). Hence for any k > 1

limy oo Pk e 2> [Tnotk 0 (G, Gn).

(2) For1 <n<fandn#k,pxe < o(ag,a,). Hence for any k > 1



limg_,o0 pre < infpzk o(ak, an).

Proof. (1) Fix any positive constant £ > 0. For each n with £ > n > 1 and n # k, there
exists F € A such that ||FZ|| <1, F&(a,) =0 and

o(ak, an) > |Fi(ak)| > olag, a,) — €.
Then F© = [T}, FS belongs to Jyx, ||F¢|| < 1 and
Pek > |Fé(ak)| > HfL;ek{U(ak:an) — ¢}

Ase =0 pgi > Hf#k o(ax,an) for any £ > 1 and hence limy_,o pg o > [Tnzr o(ak, an). (2)
is clear by the definitions of px, and o(ak, a,) for 1 <n < £ and n # k. O

Theorem 3. Let A be an arbitrary uniform algebra and {a,}, in M(A).

(1) If infy [Tk 0(ak, an) > 0 then {a,}, is a finite £*-interpolating sequence.
(2) If {an}n is a finite £'-interpolating sequence then inf, 4 o(ag, a,) > 0.

Proof. (1) By (1) of Lemma 5, infy lim,_, px,¢ > 0 and so by Theorem 2 {a,}, is a
finite £*-interpolating sequence. (2) By Theorem 2 infy, limy_,o, ¢ > 0 and so by (2) of
Lemma 5 inf, . o(ak, a,) > 0. ]

Hypothesis 1. Let A be a uniform algebra and {a,}, in M(A). If g, is a function in A
and ||gell < 1 for £=1,2,- -, then there exist a subsequence {ge;)}; of {ge}e and a
function g in A such that ||g|| < 1 and lim;_,« gg(j)(arn) = g(an) for anyn > 1

Hypothesis II. Let A be a uniform algebra and {an}n in M(A). For any a,b in {a,}n
with a # b, if the function f in A satisfies f(a) = f(b) =0 and ||f]] < 1, then for any
g€ > 0 there ezist two functions g and h in A such that ||g|| < 1+¢, ||h]] <1+¢,

g(a) =0, h(b) =0 and f = gh.

Lemma 6. Let A be an arbitrary uniform algebra and {an}, in M(A). If {a,}n satisfies
Hypothesis I then limy_,o0 pre = pi for any k > 1 and so a finite {*-interpolating
sequence is an £*-interpolating sequence.

Proof. limy_,o pre > px for any k > 1. If limy_, pg e > € > 0, then for each £ there
exists g¢ € J{ such that ||ge|| < 1 and |gs(ax)| > & > 0. By hypothesis, there exists g € J;
such that ||g]] <1 and |g(ax)| > & > 0. Thus limy,e pr,e < p and s0 limp,e0 Pr e = g
This and Theorem 1 and Theorem 2 also imply that a finite £!-interpolating sequence is
an ¢'-interpolating sequence. O



Lemma 7. Assume Hypothesis IL. If f is a function in Jie with || f|| <1, then for any

>0 f=T%far falan) =0 (n#£k) and ||f,]| < (1 +£)e 1

Proof. We may assume k = 1. Fix any € > 0. By Hypothesis II = 9203, llgsll < 1+

¢ (J=2,3) and gz(az) = gs(as) = 0. Since f(as) =0, ga(as) = 0 or g3(as) = 0. We may ,
assume gs(aq) = 0. By Hypothesis II, g5 = gaogos, ||g25]] < (1+¢€)? (j =2,4), and ‘
gzg(a2) - 924(04) = 0. Hence there exist hz, h3, h4 such that f h2h3h4, ||h || <

(1+¢€)* (j =2,3,4) ho(az) = ha(as) = hy(as) = 0. This argument implies the proof. O

Lemma 8. Let A be an arbitrary uniform algebra and {a,}n in M(A). If {an}n satisfies
Hypothesis II, then for 1 < k < £ py,= Hf;?&n o(ag, an). Moreover, if {a,}, satisfies
Hypothesis, I then px = [litn 0(0k, an).

Proof. By (1) of Lemma 5 it is sufficient to show that p;, < kim0 (ak, az). If

0 <0 < pry, then there exists f € Ji, with ||f|| < 1 such that

Pre— 0 < | flak)] < pre-
For any ¢ > 0, by Lemma 7, f can be factorized as f = Hfl# fro 1ol € (L + €)% and
fn(an) =0 for n # k. Hence
an;ﬁk | falar)] < (14 €)E-DED Hf;;ék o(ak, as).

Ase = 0ppp—0 < Hfl;ﬁk o(ax,an). Since § is arbitrary, pg, < Hf#k a(ak, ay). a

Theorem 4. Let A be an arbitrary uniform and {a,}n in M(A)

(1) Under Hypothesis II, {an}n is a finite £'-interpolating sequence if and only if
infg [Tnz 0(ax, an) > 0.

(2) Under Hypothesis I and II, {an}n is an €*-interpolating sequence if and only
if inf [Tk 0 (ak, an) > 0.

Proof. Theorem 1, Theorem 2 and Lemma, 8 imply the theorem. ]

When A = H*(D) and {a,}, is in D, {a,}, satifies Hypotheses I and II. Let A
be a disc algebra. Then if {an}, is in D then {a,}, satisfies Hypothesis II (see Section
5). On the other hand, it is easy to see that there exists a sequence {an}n in D which
does not satisfy Hypothesis I.



5. Special uniform algebras

When A4 = H*®(D) and {an}, in D, Hatori [3] showed that {a,}, is an ¢!-
interpolating sequence if and only if inf} [Tnsk 0(ak, an) > 0. Since it is clear that {a,},
in D satisfies Hypothesis I and II, this is a corollary of (2) of Theorem 4. Corollary 3
is also a result of Hatori [3]. We give another proof of it. Hatori [3] also shows this
type theorem for a Hardy space H?(1 < p < o0) on a finite open Riemann surbace and
generalizes a theorem of Shapiro and Shields [7].

Corollary 1. Let A be a uniform closed algebra between the disc algebra A and H ®(D),
and {an}n in D. Suppose that f/z belongs to A for f in A with f(0) =0. Then {an}n is
a finite £'-interpolating sequence if and only if inf), [Tntk o (ak, an) > 0.

Proof. If f € A and f(a) = 0 for some a € D, then f(z)/(z — a) belongs to A (see [4]).
Hence

1—-az

o f(z) belongs to A
and (z —a)/(1 - az) is a unimodular function in .A. Therefore, {a,}, satisfies Hypothesis
IT and so (1) of Theorem 4 implies the corollary. , a

Corollary 2. Let A =‘H°°(Dm)~ and {an}n in D™. Suppose an, = (al,a2,---,a™) and
nei(l = af]) < oo for 1 < €< m. {an}, is an £ -interpolating sequence if and only if
infg [Tk 0(ak, an) > 0. Proof. By Theorem 2 and Lemma 6, the ‘if’ part is showed. We

will show the ‘only if’ part. Put

L L

—a;, 24— a,

By = Bg(21,...,2m) = 1152 11, —2 ——2
k k( 1, 7m) Hl_lnnaﬂc Iale 1"'6%3[’

then By belngs to H*(D™) because 352 ,(1 — |a’|) < oo for 1 < £ < m. Put F, =
Bk/Bk(ak), then Fk(an) = Onk and

17k + JI| = |Be(ar) |7 | B + J|| = [Bi(ax)| ™

and so p = |Bg(ax)|. Theorem 1 implies that infy |By(ai)| = infy p > 0. Since

1 1 m m

ay — a, ag — ay,
o(ax, an) = max ( 1—alall” '|1—amal
= Unlg — On U

(see [1, p 162)),

|Br(ar)| < ITikgn 0(ak, an).



This shows the corollary. ' - a

Corollary 3. Let R be a finite open Riemann surface and A = H®(R) the set of all
bounded analytic functions on R. When {an}n in R, {a,}n is a £ -interpolating
sequence if and only if infy [, 0(ax, an) > 0.

Proof. It is known [8] that {a,}, is an £*°-interpolating sequence if and only if

infy, [Tpzx 0(ak, an) > 0. If {an}n is an £ -interpolating sequence then infy p, > 0 by
Theorem 1 and so by [8, Theorem 5.9] {a,}n is a £*°-interpolating sequence.

Let D, ={2z€C; |z~cy|<mu}, ca >0as D,NDy, =0 (n#m), D, C
D\{0} (n=1,2,3,---) and 2, rn/cn < 00. U = D\U,D, is called a Zalcman domain
[9]. When A = H*(U) and {an}n is in U, if infy [Tz 0(ax, an) > 0, then {a,}, is
an £*-interpolating sequence by (1) of Theorem 3 and Lemma 6 because {a,}, satisfies
Hypothesis I but {a,}, is not necessarily an £*-interpolating sequence by [6].

6. {~-interpolating sequence

When {a,}, in M(A) satisfies Hypothesis I, it is very nice to give a sufficient
condition or a necessary condition for an £*-interpolating sequence. Berndtsson, Chang
and Lin [1] give the following problem : Let A = H*(Y) and {a,}, C Y is a bounded
domain Y C C". Suppose infy [T, 0(ak,a,) > 0. Is {an}, a £®-interpolating se-
quence ? In Proposition 1, ¥ ,(1 — p,) < oo and so by the remark above Lemma 5
infy, [T,k 0 (ak, an) > 0. :

Proposition 1. Let A be an arbitrary uniform algebra and {a,}, in M(A). Suppose
{an}n satisfies Hypothesis I If p, > 2(nt + 1)(n? + 2)/{(nt + 1) + (n* + 2)?} for
n=1,2,3,--- and somet > 1, then {an}n is an £>-interpolating sequence.

Proof. By Hypothesis I there exists a sequence {F}}, in A such that ||F,| <1,

Fo(ax) =0if k # n and |Fy(an)| = pn for n = 1,2,.... Now Izuchi [5, Theorem 1] has
proved essentially the theorem. We use the notations in [5, Theorem 1]. Put
pn=2(1=6,)/{1+ (1 —4,)%}, 0 <, <1/(n®+2) because p, > 2(n* + 1)(n* +2)/
{(n*+2)*+ (n* +1)?}. If g, = 1/n”, then Y22, &, < oo and s0 []°2;(1 + €,) < oo. Then

1

V1+2e,

By the proof of [5, Theorem 1], there exists a sequence G, € A such that

Oop <1-—



o |Gnl £22(1+¢€,) <ooon X.

Hypothesis I implies that {a,}, is an £®-interpolating sequence. a

Proposition 2. Let A be an arbitrary uniform algebra and {a,}, in M(A). Suppose
{fi}x is a sequence in A such that fi(an) = Snk. {an}n is a £P-interpolating sequence if
and only if

SUPgeaniL, [|oli<1 (e [6(f2)]9)11 < o0,

where 1/p+1/g=1and A*NJ+-={p€ A*; $=0o0n J}. Forp=1 and ¢ = 0o we
assume that

supy (SnZy 16(fa)17)/? = supy supy, [(fa)| = sup, || fa + JI,

Proof. Suppose

Sup¢eA*nJ-L,.]|¢||§1(Z$z°:1 |$(fa)|9)9 =74 < 0.
For any ¢ € A* N J* with ||¢|| < 1 and any ¢ < oo, |
|6(Z e anfa)| < (Thet lom[P)P(Zho; 16(f)]9) 0
and so |
I 2021 anfall < 1a(E52 lanlP)'7?,

where fn = fo+ J. Thus if {0y}, € #° then f =32 0, fn belongs to A/J. Then
f(an) = oy for n = 1,2,--- and so {a,}, is an ¢P-interpolating sequence. Conversely,
suppose S = {a,}, is an ¢ interpolating sequence. For () € #7, put

lT(an) = Zzo=1 a’nfn|S7

then there exists a function f such that T(a,) = f|S. Since T turns to be bounded from
2 to A/J (see Lemma 1), for ¢ € A*/J+ with ||¢]| < 1

[6(H)] = 12021 and(fa)| < (TN )P

Hence supyegenye, |[¢||51(EZ°=1 |¢(fn)|q)1/q < 0. =

Hatori [3] is interested in when an £'-interpolating sequence shows an ¢®-interpolating
sequence. He showed that if A = H*®(R) and {a,}, in R, then {a,}, is such a sequence
(see Corollary 3). In general, Proposition 2 gives a necessarly and sufficient condition.
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