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Abstract

We will present an introductory review of the mathematics for investigating the
interfacial motion in crystal growth problems. Anisotropy is quite an important
factor in such problems. There are two types of anisotropy — the kinetic anisotropy
and the one of curvature effect. The main theme of this article is how the kinetic

_ anisotropy determines the growth form of the crystal and how the curvature effect
works on it.



1 Introduction

In this article the equation of the form

V = u(n)(e - ), (L.1)

is investigated to study the behavior of growing crystals. This equation is derived under
several physical assumptions. Crystals usually grow in some diffusion field of materials
and/or temperature field that might be a rate-determining process of crystal growth.
However, it is not the case here, and the circumstances surrounding the crystal is assumed
to be uniform. The driving force for crystallization is expressed by the sum of chemical
potentials which are derived from bulk free energy and surface free energy. The driving
force from bulk is considered to be a constant ¢ by the uniformity of surroundings, also ¢
is taken to be positive since we concentrate on the growth problem. On the other hand,
the driving force from surface depends on the geometric information written in the form of
weighted mean curvature x,. Weighted mean curvature is an extension of the usual mean
curvature when the surface free energy v depends on the surface orientation. At last, it is
assumed that the growth rate V' is proportional to the driving force and the sensitivity u
is orientation dependent, which we call a kinetic anisotropy. Therefore the equation (1.1)
includes two types of anisotropy, anisotropy of surface free energy and kinetic anisotropy.
It is by now ‘well known that the first order approximation of the shape of the growing
crystal is determined by kinetic anisotropy. However, it is often important to understand
the effect of curvature. We shall distinguish several phenomena which appear to be the

same but is different.

This paper is organized as follows. In the section 2, the basics of related mathematics
will be presented. Then we will demonstrate how the solution of the equation without

curvature effect behaves in the section 3. In the last section, the equation (1.1) will be



studied under several special situations. This paper is characterized as an introduction
to the theoretical study of crystal growth and related mathematics. In order to make this
paper understandable for non-mathematicians, we present various examples of typical
interfacial motions induced by (1.1) instead of developing a general and rigorous theory.
We will give some comments on related introductory references at the end of each section

if necessary. We have no intension to exhaust the references.

Memories of Prof. Yamaguti (by Kobayashi)

There certainly exists a mathematicians’ group called “Yamaguti school”, a,lthoﬁgh
it is not so strictly defined. I think Prof. Yamaguti did not like to make things too strict,
and of course, to make a closed group of his followers. He never imposed borders that
limit our way to do mathematics. As far as I remember, I never heard he’s saying “You
should do it in such and such. wey ...>. I'am an applied mathematician who never (or
seldom) prove theorems, that is my style. I might have a harder time to live with such a
style if I belong to another mathematicians’ community. On the contrary, there was no
problem at all, people in Yamaguti school including Prof. Yamaguti himself encouraged
me to find my own way. Thus I really thank him for his open-minded soul and all the

people who inherit it in their hearts.

Recently I found a statement about a definition of good leaders in some book. It says
that the good leader is a person who could make the followers not only respect him/her
but also think themselves to be indispensable to their party. Yes, that’s true. Everybody
knows Prof. Yamaguti is the very man who satisfies that condition of successful leaders.
He seemed to behave not so intentionally to encourage his students or disciples. Rather
that was a result of his virtue by nature, I believe. And I find that it’s almost impossible

to have such a type of leader as “Yamaguti” after him.



2 Basic Mathematics

In this section, we introduce mathematical concepts and tools needed in the subse-
quent sections. All the problems in this article will be considered in the 2 or 3 dimensional
space. We will express the 2 dimensional space and the 3 dimensional space by the same

notation R" unless we need to specify the spatial dimension.

2.1 PPHD1 Functions

If the function f(m) is defined on the unit sphere S®7!, i.e., f is a function of

orientation, it can be extended to the whole space R" by putting

fx)=|z|, f (I—El—;) for z#0 and f(z)=0 for =0, (2.2)

1/2
where ||, = z? for ¢ = (z1,...,2,). We will use the same notation f for the
- (]
1

extended function. This extended function f satisfies
f(Az) = Af(z) for A>0and z € R". (2.3)

A function which satisfies (2.3) is called a PHD1 (positively homogeneous of degree 1)
function. In this article, we handle the positive PHD1 functions only, and use the notation
PPHDI1 function for the positive PHD1 function hereafter. (Positive means taking positive
values except at the origin.) Fig.2.1 shows graphs of PPHDI functions defined on RZ,
which are wrinkled cones in general. Note that the slope of the generating line of the cone

corresponding to the direction n equals to f(n).

As is seen in Fig.2.1, PPHDI1 functions are not differentiable at the origin. Assuming
differentiability of a PPHD1 function f except at the origin, we have a vector-valued

function Vf(z) for z # 0. Then the following properties immediately follow. (See



Figure 2.1: (a) Graph of an isotropic PPHD1 function z = f(x,y) (b) Graph of an
anisotropic PPHD1 function z = f(z, y)

Appendix 1.)

Vi(Az) = V() (2.4)
f®) == V() (2.5)
z-dVf(z)=0 (2.6)

Equation (2.4) tells us that V f essentially depends only on the orientation. From (2.5) it
follows that f(n) = n-V f(n), therefore the radial component of V£ is always f(n)n. The
expression dV f(z) means a small displacement of Vf(x) against a small displacement

de from the position @, and it is rigorously defined as an exterior derivative of V f ().

Norms

All ;c};e norms on R" are PPHDI1 functions. Among them, the 2-norm |zl =
(Z x;") / is a special norm since it gives an isotropic PPHD1 function, i.e., f(n) = 1
onzS""l. For this f, Vf(x) = -I:_lz and it has only a radial component. The tangential
component of Vf (the component perpendicular to the radial one) is non-zero only when

f is anisotropic.

Two Dimensional Problems

If we treat 2 dimensional problems, it is convenient to adopt the polar coordinate



system (r,8). A positive function defined on S' can be expressed by the 27-periodic

positive function fo(6). Then it is extended to the PPHD1 function as

f(@) =rfo(6). (2.7)

Here we distinguish the notation f, and f to avoid confusion. Then V£ is a function of

6 alone by the property (2.4) and is actually expressed by

V= fol0)er(8) + fo(6)es(0), (2.8)

where e,(8) = (cosf,sin)T and ey(f) = (—sinh,cos)T. A simple calculation gives a

formula
AV f = (fo(8) + f5(6))eq(8)db. (2.9)

All the examples in this article will be given in the form (2.7).

2.2 Convexity

As stated above, all norms are PPHD1 functions. In addition, norms satisfy the

triangle inequality (or subadditive property)

fle+y) < fle) + fy), (2.10)

while it is not always valid for general PPHDI functions. However whether the inequality
holds or not is quite an important property for PPHD1 functions ~ converity. The function

defined on R" is convez if
flA=Ne+xy) < (1 =-Nf(z)+ Af(y) for z,y € R and A €[0,1].  (2.11).

If the function f is a PPHDI1 function, the following three properties are equivalent. (See

Appendix 2.)



(1) The function f is convex.
(2) The function f satisfies triangle inequality (or f is subadditive).
(3) The set {x € R"; f(x) < 1} is convex.

Convexification
For a non-convex function f, the unique convex function f called convezification of

f is defined as follows.

= sup{g(x); g is convex and g < f}, (2.12)

i.e., it is the greatest of all the convex functions no greater than f. It is, so to say,
obtained by filling up the concave part of the non-convex function like the convex hull is
constructed from the non-convex set. Actually these two are closely related, say, the set

{x € R™; f(x) < 1} coincide with a convex hull of the set {z € R"; f(z) < 1}.

2.3 Graphical constructions

There are several graphical methods to examine the properties of PPHD1 functions.
We will demonstrate what they mean and how they are related. The first one is a radial

plot of f expressed by
Cs= {f(n)n; ne S"‘l} . (2.13)

The second is a radial plot of the reciprocal of f which is also, as easily seen, an iso-surface

(level set) of f given by

Fy = {f—(ln—)n; nes ) ={zecR f(z)=1) (2.14)

This is called Frank plot when f(n) is taken to be y(n) which evaluate the surface free

energy density of the crystal. If PPHDI1 function f is continuous, both of C; and F}



are surfaces or closed curves surrounding the origin, and they are smooth if f is smooth.
A closed set enclosed by Fy is called Frank diagram and denotes ﬁ'f, i.e., F‘f = {x €
R"; f(x) < 1}. The third is a gradient plot of £,

Ef={Vf(n); nes" '} (2.15)

In the case f = v, Vf is called &-vector or Cahn-Hoffman vector{13, 2]. At this point
we impose differentiability on f although the definition of V f will be extended in order
to apply it to the cusp-shaped f which is common in the crystal problems. It will be
discussed later. The last one is called Wulff set (Wulff shape) in the context of surface

free energy, which is defined as follows:
Wi={z€R" n-z< f(n) forallme S"'}. (2.16)

The boundary W} is an inner envelope of planes (or lines) perpendicular to n and passing
through f(n)n, which we call Wulff plot. By definition W; is always convex regardless
of the convexity of f. There are several useful notions in convex analysis to describe the |

Wulff set, which are shown in Appendix 3.

@

Let us demonstrate these graphical methods by the examples. Consider the 2 dimen-
sional space and take the form fy(8) = 1 — acos40 in (2.7) and draw all the types of

graphs for it.

Example 1

Fig2.2 displays graphs of the convex function which is obtained by setting o a small
positive value. The first panel shows C; - radial plot of f. The second panel displays
F which is a radia} plot of f~'. The vector V f(n) is normal to F at the point f_(l;z_)-n
since Fy is a contour plot of f and V f depends only on the orientation. =; in the third

panel is a plot of V f(n) given by the form (2.8). The normal vector of Z; at the point

Vf(n) is n itself because of the propei’ty (2.6). The figure in the fourth panel is drawn



Figure 2.2: Graphs of a convex function given by f = r(1 — acos46) with o = 0.05.

by somewhat indirect way. W; is a region inside of the inner envelope formed by the lines
indicated. In this example, W, exactly coincides with Z, which is not necessarily true

as will be shown in the next example.

Example 2 ;

If the parameter a becomes larger, the function f will lose convexity. Actually
convexity is lost when the local convex condition fy(6) + f3(6) > 0 is violated for some
6, which means dV f(#) changes direction somewhere. Thus the critical value is given
by o, = 1/15 in this example. Fig.2.3 indicates graphs of a non-convex function. If
the function f becomes non-convex, the new features emerge in the graphs. The region
surrounded by Fy (i.e., Frank diagram 17}) becomes a non-convex sét and Z¢ is having

“ears” and is no more a simple closed curve. W; becomes to have corners although f is

{11
)




completely smooth, and W; is nothing more than the region which is surrounded by the
curves obtained by cutting off the ears from Z;. Although W; itself has no information
about ears, we can observe in the fouth panel of Fig.2.3 the switchback of the lines to

form the shadow of ears outside of Wj.

There is a canonical mapping J : n/f(n) — Vf(n) which maps Fy onto = (see
Fig.2.2). It is not difficult to prove that W; = E; if F; is strictly (in the sense of
curvature) convex and smooth. In this case the map J is a diffeomorphism from Fy to

oW

Example 3

Let us see next how the convexification changes all these graphs. The original function
[ is the same with the previous example and the corresponding plots Cf, Fy and Z¢ are
drawn by dashed curves as shown in Fig.2.4. The plain curves are plots for f which is a
convexified f. FJ is obtained by the common tangent constfuction from F}, where the
common tangent implies common gradient through the angle range I. Then V f(n) stays
at the corner point P of Zf when mn run through the range I, consequently the ear is
removed. It is now clear that the ears in Z; correspond to the concave parts of Fy which

do not appear in Fy. W; always coincide with W} (see Appendix 3), which means different

Vi(n)

N
N

Figure 2.4: Graphs of f which is a convexification of f = r(1 — a cos 46) with o = 0.25.

-




f’s can give the same W;. In other words, W; does not have all the information of f,
actually it exactly loses the information of the concave part (range I, for example) of f.
It is essential that OW; = Z; if and only if f is convex. Note that the region surrounded

by Cf is not necessarily convex if f is convex as is seen in this example.

2.4 Extension of Vf

We will consider the anisotropic normal velocity v(n) of the crystalline surface in
the next section. The velocity function v(n) often has a non-differentiable profile which
gives inward cusps to its radial plot. Therefore we extend the definition of V f for such a

special class of f.

Here we will restrict ourselves to the two dimensional problems for simplicity, and refer
to the three dimensional ones in the end of this subsection shortly. As stated previously, f
is written in the form f(z) = r fo(8). If C; has a inward cusp at 8y, f3(8) is discontinuous
at 6, while fy(6) is a continuous function. Here we assume that the limits f(6y =+ 0)
exist, then V f(cos (6, + 0),sin (6 £ 0)) = fo(6o)e,(6o) + f3(6o £ 0)ey(bp) from (2.8). At
such a cusp point Vf cannot be defined in usual sense. The extended V f at the cusp

point is defined as a set of vectors by
Vi = {(1-A)Vf(cos (b — 0),sin (8o — 0)) + AV f(cos (6p + 0),sin (6, + 0)); 0< A < 1},
= {fo(6o)er(60) + ((1 — A)fo(6o — 0) + Afo(6o + 0))eq(6o); 0< A <1} (2.17)

Note that the radial component of the vectors belonging to the extended V f at the cusp
are all the same. Corresponding to the extended V f, there appears a line segment in Z¢

and W; which we will call a facet in this article.

Example 4
v 1 .
Let us take fo(6) =1+ (| cos 20| — 5) Fig.2.5 gives an example in which C; has



shallow cusps. Fy has outward corners corresponding to these cusps. If such cusps are

not so deep or equivalently corners are not so pointed, f can be convex and thus facets

[1]
’—h

Vi(n)

Figure 2.5: Graphs of a non-differentiable convex function given by f = r{1+a(| cos 26| -
1/2)} with a = 0.25. OW; is partially faceted.

and curved segment coexist in Z; (= 8W;). The line segment which corresponds to an

extended V f at the corner point P appeafs as a facet with the angle range I in =

Example 5
Fig.2.6 presents graphs in which the cusps of C; are deep. In such a case, corners are
pointed enough to make F; non-convex. Thus Z; has ears, and the square is remained

after removing ears from it, which implies that W} is fully faceted.
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Figure 2.6: Graphs of a non-differentiable non-convex function given by f = r{l +
(| cos 20| — 1/2)} with o = 0.70. W} is a fully faceted square.



Example 6
1 . 1 .
One more example is given by f3(6) =1+« (l cos 26| — 5) + 0 (| sin 20| — 5) It is
easily seen that 0W; is a fully faceted octagon if the values of o and 3 are close and not

so small. By choosing o and § appropriately, 9W; can be a fully faceted square as well

""""""“""
X
S

>

Figure 2.7: Graphs of a non-differentiable non-convex function given by f = r{1 +
(| cos26] — 1/2) + (|sin26| — 1/2)} with & = 0.40 and 8 = 0.80. OW; is a fully
faceted square (not an octagon):

as the previous example as shown in Fig.2.7. The difference from the previous one is the
existence of hidden facet induced by the shallower cusps, which will be discussed in the

next section.

Extension of Vf in the 3 dimensional space

In the 3 dimensional space, it is somewhat messy to define the extended Vf at non-
differentiable point by the similar way to the 2 dimensional case using the interpolation of
limiting vélues of Vf. It is given by the differentiation of Clarke [5] which is an extension

of subdifferentials of convex functions.

Note The readers are referred to the article [1] for physical interpretation of convexity

as well as an introduction to graphical constructions.



3 Anisotropic motion without curvature effect

In this section, we will study the following simple equation which describes an

anisotropic motion of crystalline surface,
V=), (3.18)

where V is a normal velocity of the surface of crystal and n is an outer normal unit vector
at the interface. The curvature effect is ignored here. Such a treatment is reasonable if
we are interested in large crystals and do not care much about a small scale structure at
corners or edges of the crystal. The velocity function v(n) is aésumed to be positive, and

is extended to the PPHD1 function still denoted by v.

3.1 Equilibrium Forms and Asymptotic Growth Forms

It should be noted here that there is a mathematical similarity between the equilib-

rium form of the crystal and the asymptotic growth forms.

Equilibrium Form

When v(n) represents the surface free energy density of the crystalline surface whose
outer normal is n. Equilibrium form of the crystal is a form which minimize the total
surface free energy /s v(n)dS under the constant volume constraint. This problem was
solved by Wulff about a hundred years ago, and the answer is a Wulff plot 8W,. Later

rigorous proofs were given by various authors. (See the review paper [26] and the book

[12].)

Asymptotic Growth Form

Let us consider an asymptotic growth form of (3.18). Here we define the surface



S¢7™ at the time ¢ by
SV = t oW, = {tx; x € OW,}, (3.19)

which is a constantly growing Wulff plot. Because W, C E,, each point on W, is
expressed by Vu(n) where n is a unit vector normal to W, at the point. The relation
v(n) = n - Vu(n) guarantees that S;*¥™ is a solution of (3.18). When we consider the
growth problem, W, and W, are called a kinetic Wulff set (Wulff shape) and a kinetic
Waulff plot, respectively. Note that tZ, is not a good choice for the solution of (3.18), since
=, cannot be a crystalline surface if v is non-convex. In the next subsection, it will be

shown that the kinetic Wulff plot W, is actually an asymptotic growth form of (3.18).

In contrast with the problem of equilibrium form, to obtain an asymptotic growth
form is not a minimization problém originally. However, it was clarified that the solution
is é kinetic Wulff plot 0W, as well as the equilibrium form is a Wulff plot W,, which
minimizes /s v(n)dS under the constant volume constraint. Therefore the kinetic Wulff
plot has to be a minimizer of /s v(n)dS under the constant volume constraint. The
quantity /s v(n)dS is an increment of volume of the crystal per unit time. Thus the
kinetic Wulff plot is the form which grows slowest of all the forms. In fact, it is proved by
[18] that the quantity /s v(n)dS/(volume)' ™ is strictly decreasing under the evolution
St (C R") of (3.18) unless S; is an asymptotic Wulff plot S7*¥™, in which case the quantity

is constant in time. Here “volume” denotes the volume enclosed by S.

3.2 Evolution Process

In order to solve (3.18) for some appropriate initial surface, we can adopt the method

of characteristics. Take the point &y on the initial surface Sy and let g be an outer normal



unit vector of Sy at @¢. Then the characteristics that starts from z, is given by
z(t) = &g + tVu(ny) (3.20)

which is a half straight line parameterized by the time variable ¢ > 0. Note that (3.20)
expresses a bandle of half straight lines which radiate from the point &, when Vu(ny) is
not a single vector but a set of vectors resulted from the non-differentiability of v. The

set P; at time ¢ > 0 is defined by

Py = {a(t) = 2o +tVu(ne); @ € Sy, ny is an outer normal unit vector of Sy at x,}.

(3.21)

At first, we assume that the set P, forms a surface for arbitrary ¢ > 0. To satisfy this
assumption, v must be convex, otherwise P; cannot form a surface for large ¢ since the
shape of P, converges to =, when ¢ tends to +oc. Let us confirm that all the area segments
of P; along one characteristics are parallel. By (3.20), dz(t) = dzy + tdVv(ng) holds.
Then it follows that ng - de(t) vanishes from ng - dzy = 0 and (2.6). Therefore the area

segment along the characteristics &(¢) are all normal to ng, and thus parallel. Thus the
dz(t) dz(t)
dt dt

normal component of is calculated by ny - = ng - Vv(ny) = v(ng), which

ensures that P; is a solution of (3.18).

In the following examples, the unit circle will be taken as an initial surface and the
function v is assumed to be the same type of function as adopted in the examples in the

previous section. Figures will display not P, but its scaled version P, which is defined
1 1 t
—P, = =
t+1 T 417 1Y
by ignoring the growth in size. The definition of P, implies that it is an interpolation

by P, = in order to emphasize an evolution of the shape

So +

between the two sets Sy and Z,, thus Py = Sy and }~’+oo ==y

Example 7

The function v is the same with f in Example 1 which is convex and differentiable.



(a) - ()

4 O O

t=0.4 t=2.0 t = +oo

Figure 3.8: The extended velocity function is v = (1 — a.cos40) with o = 0.05.  (a)
Characteristics with Sy  (b) Time evolution of P,

As is shown Fig.3.8(a), all the characteristics never cross each other. Thus P, form a

surface for ¢ > 0. Fig.3.8(b) displays a continuous deformation from Sy to =, = 0W,.

Example 8
The function v is convex but non-differentiable, which is taken from Example 4.
Characteristics also do not cross. Note that characteristics radiate from the points on Sy

where v is not differentiable which is indicated by round markers as shown in Fig.3.9(a).

o X® Q 9

t=04 t=2.0 t = +00

(@)

Figure 3.9: The extended velocity function is v = 7{1 + (| cos 26| — 1/2)} with o = 0.25.
(a) Characteristics with S;  (b) Time evolution of P,

Therefore the facets emerge as soon as the growth starts, which coexist with the round



corners all through the evolution process.

In these two examples, characteristics never cross each other, and the set F; is always a
surface. That is true if v and Sy are both convex as assumed in these examples. However,
characteristics cannot help crossing each other if v is non-convex, and they might cross
for non-convex Sy even though v is convex. Let us assume that v is non-convex here. If
the two characteristics meet at the point at the same time, the shock is formed there and
the characteristics end at the point. Once the shock is formed, the set P; becomes to have
an ear at the shock point. Let S; be a set which is obtained by removing ears from P,
then it is a closed curve with corners. S; is a solution of (3.18) when shocks appear. Also
a scaled version S, of S, is defined by S, = -t——%-—l_st’ then Sy = S, and S, = OW,. The

last equation guarantees that W, is actually an asymptotic growth form.

Example 9
The function v is non-convex and differentiable taken from Example 2. Characteris-
tics cross each other as shown in Fig3.10(a). The surface S; is smooth and coincide with

P, in the early stage. Then the shocks are formed at the certain time which is given by

(b)

t=0.2 : t=20 t=+00

Figure 3.10: The extended velocity function is v = r(1 — acos46) with o = 0.25. (a)
Characteristics with Sy (b) S; is displayed by the plain curve while P, by dashed curve.

1/(a— a) in this example. Once the shock is formed, S; becomes to have corners and P,



to have ears.

Example 10

The function v is non-convex and non-differentiable taken from Example 5. Fig.3.11(b)
shows that S; has both of round corners and facets in the early stage. The shocks are
formed at the certain time and S; has corners. After a while, S; becomes a fully faceted

square, and the form is kept from that time on.

(2) (b)
. s
~» NI
. A
N 4 0 |
; ¢ |
}I’I \\\\
T l'/:- -~
t=04 t=2.0 t=+00

Figure 3.11: The extended velocity function is v = r{1+o(| cos 26| —1/2)} with o = 0.70.
(a) Characteristics with So  (b) S; is displayed by the plain curve while P; by dashed
curve.

Example 11

The function v is taken from Example 6. As seen in Fig.3.12(b), S; is an octagon
with rounded corners and facets in the very early stage. Next the shocks appear and soon
S; becomes a fully faceted octagon which is kept for a while. However the faster edges
corresponding to the hidden facets disappear in a finite time, and consequently we have

a fully faceted square which consists of slower edges which is a final form oW,,.



(b)

t=04 t=2.0

Figure 3.12: The extended velocity function is v = r{1 + (| cos 26| — 1/2) + (| sin 26| —
1/2)} with @ = 0.40 and 8 = 0.80. (a) Characteristics with Sy. Characteristics
emanating from the eight non-differentiable points are not drawn to avoid making the
figure messy.  (b) S, is displayed by the plain curve while P, by dashed curve.

Note The method of characteristics goes back to [6]; see also [3] and [20]. The solution
S; and S{°¥™ given in this section are considered a level set solution (see e.g. [7]) defined

through the notion of viscosity solutions.



4 Anisotropic motion with curvature effect

In the previous section, we neglected curvature effects and analyzed mainly the form
of large scale crystals. Now we take the curvature effect into account. Throughout this
section the kinetic anisotropy is assumed to give a fully faceted kinetic Wulff plot; thus
the asymptotic growth form is a polygon provided that our equation includes no curvature
effect. We investigate how the curvature effect give influence to the corner shape under

certain situations in the 2 dimensional problems.

4.1 Isotropic curvature effect

Let us start with the isotropic curvature effect, i.e., v = 7. By defining Vy =

g(maxu + minu), D= V;'cfyg and M(0) = ‘—f,-,u(cos 0,sinf), we rewrite the equation (1.1)
0
into the following form :
V = M(0)(Vyo — Dk), (4.22)

where « is a mean curvature of the surface (in 2 dimensional problems, a surface is a
curve and a mean curvature is merely a curvature, of course). The sign of the curvature
k is taken so that x = 1 for a unit circle. Note that the parameter D has a dimension
of diffusion constant and M (6) is a dimensionless indicator of kinetic anisotropy. The

PPHDI1 function on R? corresponding to M is also denoted by M for convenience.

Example 11

Taking M(0) = 1+a (l cos 20| — %) and o large, the kinetic Wulff plot 0W), is fully
faceted as shown in Fig.4.13(a). Fig.4.13(b) presents a phase field simulation using the
equation

e 0p 1 Vo
DM(0)5_62V2¢+¢(1—¢) <¢—-2-+ﬁe>. (4.23)




We just state here that the sharp interface limit of (4.23) is (4.22). In the early stage

Qi(e) (b) t=0.08 t=0.2 t=03
O .

Figure 4.13: (a) Polar plot Cjs and kinetic Wulff plot W), where M (6) = 1+a(| cos 26| —
1/2) with @ = 0.6.  (b) Corresponding phase field simulation of the growth process from
the circular nucleus.

N,

when the crystal is small enough, the shape is almost circular which is deformed a little
by anisotropy. However, it looks to consist of growing facets and round corners with fixed
size once the crystal excesses a certain size, and the curvature effect seems to be localized

at the corners.

Let us examine whether facets and round corners coexist and corner rounding is local-
ized in the later stage of growth process. Assume here that the kinetic Wulff plot 0W)y,
is a regular polygon. By rotating the coordinate system around the origin O appropri-
ately, one of the vertex of W)y, say A, can be set on the half line § = 0 as indicated in
Fig.4.14(a). Let the orientations of the facets which include the vertex A be +07 as shown
— M(6
in Fig.4.14(a). Set b(f) = _c_(;i—él

for 8 € (0,6r) holds since W), is fully faceted and no facet between the facets with

which is a dimensionless function, then 0 < b(0r) < b(9)

the angles +0r. Take a coordinate s an arc length measured from the tip T along the
interface and #(s) an argument of the outer normal vector at the point having the arc

coordinate s as indicated in Fig.4.14(b). Then the equation (4.22) becomes

V = M(6) (vo — DZ—?;) : (4.24)



Assume such an interface as displayed in Fig.4.14(b) is traveling with the constant velocity
V to the right keeping its profile unchanged. The point s = S is a connection point
between the facet and the corner. The normal velocity at the point whose normal has an

angle 6 is represented by V = V cosé. Therefore

Figure 4.14: (a) Cyr and W), between two cusps.  (b) Description of the round corner.
S might be +o0.

M(8) (Vo - D%g) =V cos¥, (4.25)
6(0)=0, 6(S)=0p, Z—i(S) ~ 0 (4.26)

holds. Here the critical radius is defined by R, = D/V;. It is a size such that the crystal

with the circular shape whose radius greater than R, grows while the smaller one shrinks

and disappears. By substituting s = S, we have b(fr) = ‘l//‘, then 5(6) (1 - ch’g) =
o

b(0r). Finally we obtain

d9 . b(ép)
Ro—=1- b(;) , (4.27)
6(0) =0, 6(S) = bp, (4.28)

which is an equation to be solved with an unknown function 6(s) and an unknown quantity

S. We can solve the initial value problem (4.27) with 6(0) = 0 first, then calculate S. Let



us define the function P(6) by
_p [0 b8 :
P() = RC/O b = b(ﬂp)de' (4.29)

Because P'(§) > 0 for § € (0,6r), P(6) is invertible. Therefore 6(s) = P(s) is a
solution of (4.27) satisfying (0) = 0. Now we get S = P(65) and the problem was solved.
However, it should be examined whether P(0F) is finite or not. It is easily seen that it
depends on the sharpness of the cusp of Cys at §p. Assume M () — M(6F) is of order
|6F — 6|% in the vicinity of 6p, then 0 < x < 1 must hold because of the cusp shape
of M(6) at 6 = §r. Thus we classify cusps into the two types, the former is given by
x = 1 which is called a normal cusp and the latter by 0 < x < 1 called a sharp cusp
in this article. By the formula (4.29), S is finite for sharp cusps and infinite for normal.
Therefore the corner formed by the curvature effect is localized if and only if the cusp is
sharp. Sharp cusp means a cusp with infinitely large slope in Cu, a spine with infinitely
large slope in Fjy and an infinitely long line segment for the extended Vf. If the cusp
is normal, § = +oco then the corner never be localized and no facet can exists in such
a traveling solution as Fig.4.14(b). Moreover there is no solution which has a flat part
when the cusp is normal. This follows from the strong maximum principle [19]. If all the
cusps are sharp and W)y is fully faceted, we can construct the growing form explicitly
by jointing the facet parts by the corner parts given above. There is no such a solution

with localized corners in the case of the normal cusps.

However, this result seems to contradict with the observation in the phase field simula-
tions which show us the localized corners even though the anisotropy gives normal cusps.
We claimed above that no facets exist for normal cusps, while we found ’facets’ in our
simulation. This is not a contradiction since the facet’ is not straight in mathematical
rigor but it is almost straight. Actually 8(s) converges ezponentially to 8 as s tends to

+oo for the normal cusp.



Figure 4.15: Shaded area represents a region which is rounded off from the corner.

Thus our next interest is to estimate how much the corner is rounded off by the
curvature effect. Let h and d be distances which are indicated in Fig.4.15. The distance

h is calculated by

h= /0 ” sin (07 — 8(s))ds =R, /0 " sin (6r — 0) - b0, (4.30)

(6) — b(6F)
This integral is always finite whichever type of cusp is concerned since the term sin (6r - 8)
cancels out the singularity of (b(6) —b(6r))~" at = 6. And the depth of corner rounding
d is expressed by the formula

h R b(6)

d " sin (0 — 6)—20)___
~ CosOr  cosfp /0 sin (0r = ) 3 ay — bi65)

do. (4.31)

This value together with the curvature radius at the tip

5(0)

Rtip = Rcb(o) — b(aF)

(4.32)

characterizes the round corner.

Let us examine the dependence of Ry, and d on the value of o for the both cases
of normal cusps and sharp cusps. Normal cusps are attained, for example, by setting

M@ =1-a (] cos 26| — %) There is a critical value o below which the kinetic Wulff



plot is not fully faceted, and also a critical value o above which the positivity of M (6)
is violated. These are given by ol = 0.4 and o} = 2.0 in this setting. Fig.4.16(a) plots
the values of Ry, and d against « in the interval a2 <a< ai. It shows that both of Ry,
and d are decreasing with respect to o. They are of order R, except for the values of a
close to . If we take M() =1 — « (m — %), the. cusps are sharp. The critical
values are o = 2(3 — 2v/2) = 0.343 and a} = 2.0. The values of Ry, and d are ploted in
Fig.4.16(b) which has no much difference from Fig.4.16(a).

10.0F § (a) 10.0+ l (b)
!
o
5.0r 5.0+ \\
1.0 T 1.0 P
. — O — e
0.4 . 1.0 2.0 0.343 1.0 2.0

Figure 4.16: Plain curve and doted curve indecate Ry,/R, and d/R. respectively, where
(a) M(6) =1 — o] cos 26| — 1/2) and (b) M(8) =1 — a(y/|cos 26| — 1/2).

Let us summarize the results obtained here shortly. In mathematically rigorous sense,
the curvature efféct is localized at the corner only when the cusps of Cjs are sharp.
However, the corner rounding is actually localized in the region with the size of order R,
regardless of the sharpness of cusps provided that the kinetic anisotropy is strong enough.
Remind that the equation (4.22) include three factors, bulk driving force, surface tension
and kinetic anisotropy. The critical radius R, is determined by the ratio between the
surface tension and the bulk driving force. And the structure scaled by R, is determined
by the kineti.c anisotropy as shown above. Therefore the size of round corners is smaller

if the ratio between the surface tension and the bulk driving force is smaller and the



anisotropy is stronger. Round corners do not change their size in the growth process
once the crystal size becomes large compared with R,. Thus the scaled asymptotic form
converges to the kinetic Wulff plot which is a polygon. As was shown, W}, does not have
the information of concave part of M. On the other hand, the corner structure mainly

depend on the concave part of M through the formula (4.31) and (4.32).

Note It is observed in [4] that the scaled asymptotic form converges to the kinetic Wulff
shape for (1.1). Without curvature effects a rigorous proof for (3.18) is given by [23] and
[18] independently. A rigorous proof is given in [22] for (1.1) when two anisotropy u
and v are proportional. Later it was extended for general u and < in [14]. (These
results actually include higher dimensional version as well.) In both works the Frank
diagram 131, is assumed to be smooth and convex. However, the solutions studied there are
general growing (level-set) solutions [7] not necessarily convex. About the finer structure
of the asymptotics near the corner when W), is a polygon, an asymptotic formula of its
curvature is given in [17]. The exact solution having round corner is given by Uwaha [27]
including the equation (1.1) with interfacial anisotropy. Of course, the formula agrees with
ours, however in [27] it was not discussed whether there is exact solutions having facets
depending on the sharpness of the cusp of M. Also the formula (4.31) for d is not included
in [27]. In [28] the asymptotic behavior of curvature is culculated numerically by using
the evolution equation of curvature functions (in the Gaussian coordinate) equivalent to
(1.1). Their results are consistent with previous results and ours. Unfortunately, there is
no rigorous proof of the convergence of the finer asymptotic shape reflecting the structure

of the corner discussed in the previous paragraph.



4.2 Anisotropic curvature effect

We next examine the anisotropic curvature effect. Let us express the anisotropic
surface free energy density by v(n) = vG(n) where G(n) is a dimensionless indicator of
anisotropy. Because we are concerned with the 2 dimensional problems, G is given in the
form G(6), while G is also used for the extended PPHDI1 function as well as the usage of

M. Then the equation of interfacial motion is written in the form
V = M(6)(Vo — Drag), (4.33)

where kg is a weighted mean curvature with respect to the dimensionless surface free
energy G. The kinetic Wulff plot W), is assumed to be fully faceted as well as before.

Here we restrict our interest to the case where the Wulff plot 8W also has facets.

Example 12
The anisotropies are given by M (6) = 1+« (l cos 20| — —;—) and G(6) = 1+7 <| sin 26| — %)
The value of o is taken to be greater than the critical value 0.4, and 3 less than that .
Therefore W)y is fully faceted and Wy, is partially faceted as shown in Fig.4.17(a). Also
Fig.4.17(a) indicates that the orientations of facets are different by Z— between W), and
OWg. Physically speaking, this situation is somewhat unrealistic since the cusps in both
type of anisotropies usually appear at the angle corresponding to the singular interface
along which the molecules are densely packed. However, it might be useful to examine this
“example since it makes the relation between the two anisotropies clear in mathematical

sense. Fig.4.17(b) shows a phase field simulation using the eqation

eG) 09 , R
DM@ 3 =€ V- [GONGO)I +G'(6)))Ve] + ¢(1 - ¢) (¢ -5+ \/;D€> , (4.34)

where I is the identity matrix and J is the 7 /2-rotation matrix. In the practical simula-

1 . -
tions, the modulus function |p| in G(6) is approximated by ;ln cosh pp with large positive



(a) (b)

° O

Wo

Figure 4.17: (a) Kinetic Wulff set Wy, and Wulff set Wg where M(6) = 1 +
a (Icos 20| — %) and G@) =1+ 0 (Isin20| - %) with & = 1.0 and § = 0.25.  (b)
Corresponding phase field simulation of the growth process from the circular nucleus.

p. In the early stage when the crystal is small, the crystal form is almost similar to 8Wg,
which implies that the curvature effect dominates the kinetic one. However, soon the
crystal exhibit an octagonal shabe by the conbination of two types of anisotropies. The
corner is cut from the growing kinetic Wullf plot by the fixed size in the later growth
process. It is similar to Example 11 where the corner is rounded from the growing kinetic

Wullf plot by the fixed size.

From this result we are motivated to construct a traveling corner solution similar to the
one calculated in the previous subsection. Before doing that the meaning of the weighted
mean curvature kg has to be made clear. As long as the indicator function G(8) is twice

differentiable, kg is written by the form
ke = (G(0) + G"(9))x, (4.35)

where & is an usual (mean) curvature. If G (6) has a cusp, it seemes that the facet appears
with the corresponding orientation from the simulation. At the cusp angle, G"(6) can be
regarded as AG' - § where AG' is a gap of G'(6) and § is a delta function at the angle.
Thus kg has a form “+o0 x 0”7, and we can expect that it is finite and still has some

physical meaning. Fortunately it is true [24, 12]. It is evaluated through the variational



interpretation of surface free energy, which is

. AEnergy

¢ = AVolume’ (4.36)

K

where AEnergy is a variation of dimensionless surface free energy G against the small
volume change. Fig.4.18(a) represents a horizontal facet with energy density Gy and
adjacent two facets whose orientation is indicated by ; and 2 and whose energy density

are G; and G5 respectively. Consider the situation that the horizontal facet moves upward

(@ G, () VeosZ-
KT -

L.

Figure 4.18: (a) Graphical derivation of weighted mean curvature. (b) Traveling corner
solution.

h Gsh
by the distance h. Then AVolume ~ Lh and AEnergy ~ G 2 Go(tan 1 +
COS;  COS Y
tan pg)h. Therefore
. AEnergy 1 G, G
_ y _ 1 _ t . 4.37
fe ilzl—{)r(l) AVolume L {cos ¥ * COS P2 Goltan ¢; + tan %)} (4.37)

Note that the orientations of two slanting surfaces need not correspond to the cusps of
G; in such a case ¢; and G; (¢ = 1,2) are evaluated as the limiting value at the corner.
From (4.37), it is easily seen that kg can be non-zero on the flat surface at which the
usual curvature k vanishes. It should be noticed such a situation occurs only when the
flat surface is a facet induced by the cusp of G. On the other hand, kg must vanish on

the flat surface which is not derived from the cusp of G.



Let us apply (4.37) to example 12 to construct a traveling corner solution which
moves to the right in the constant velocity V as indicated in Fig.4.18(b). The slanted
facets (8 = +7/4) does not correspond to the cusp of G and thus kg = 0 there. Thus
Vcos%:- = VoM(n/4) holds. On the other hand the facet at the tip (6 = 0) comes
from the cusp of G, and k¢ there is evaluated by kg = %(\/ﬁG(wM) — G(0)) by setting
01 = @3 = m/4 in (4.37). Therefore V = M(0) {Vo - %(\/iG(wM) — G(O))} Solving

- . ~ b(0)
= = —_— (/2 4) —
these quatlons we get V = Vpb(n/4) and L 2Rcb(0) b /) (V2G(r/4) — G(0))
where b(0) = ](\:{)2%) Then L is of order R, as well as the corner rounding estimated in

the previous subsection.

Example 13

At last, we make W), and OWg fﬁlly faceted squares and having same orientation
as shown in Fig4.19(a). It is attained by setting M() = 1 + « (I cos 26| — %) and
Gl6) =148 (I cos 20| — %), and taking o and 3 large. Fig4.19(b) is a corresponding

phase field simulation, which displays a growing square solution. Taking the edges’ length

(a) (b)
© &

Figure 4.19: (a) Kinetic Wulff set Wy, and Wulff set Wg where M(0) = 1 +
1

o (|cos2e| - 5) and G(6) = 1+ 8 (| cos 26| — %) with o = 1.50 and 8 = 0.60.  (b)

Corresponding phase field simulation of the growth process from the circular nucleus.

Wa




L(t) and using the formula (4.37) with ¢; = @, = 0, the equation (4.33) becomes

4(11_? - M, (% _ 2DG1E7T/4)> | (4.38)
2DG (7 /4) o

where M is the value of M at the cusp point. There is a critical size L, = 7
this type of solution expressing the square crystal. If the initial shape is square and the
initial size Ly is greater than L., the solution keep on growing and soon converges to the
asymptotic growth whose growth rate is MoV;. If Ly is smaller than L., L(t) vanishes in

finite time. In this example, curvature effect does not change the corner shape of 0Wy,

since its corner shape is the one which is prefered by the anisotropic curvature effect.

The solutions presented in this section have rounded (or cut) corners whose size is fixed
to the order R, in the later stage of growth process, except for the cases like Example 13.
On the other hand, such kind of corners do not appear in the solution of V = v(n) as was
shown in the previous séction. Although its solution might exhibit round corners as shown
in Fig.3.9, the surface is magnified keeping its shape in the later stage of evolution, thus
the size of round corners is also magnified. Also Fig.3.12 apparently resembles Fig.4.17.
However, they are totally different. The crystal form in Fig.3.12 can be an octagon only
temporally and change to the square in a finite time. On the other hand, Fig.4.17 shows

a solution which is an octagon forever, while its scaled shape converges to the square.

Note The equation (1.1) with singular interfacial energy v was first studied by J.Taylor
and S.Angenent-M.Gurtin more than a decade ago. The reader is referred to the article
[11] in this volume for the developement of the theory as well as [24],[12] and [8]. For a
review of the equation with singular diffusivities, the reader is referred to [15] and [10].
We note that it is quite recent that a level set motion of solution was established for
(1.1) with singular y [9]. It turns out that the scaled asymptotic form converges to the
kinetic Wulff shape Wy, even 7 is singular. As noted in [8], once a level set method has

been established, such a statement can be proved as in [14]. Phase field model including



anisotropy is studied in [16] and [25]. See also [8] and [9] and the references cited there

for recent development of its mathematical analysis.
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5 Appendix

Appendix 1 The of PHDI1 functions (2.4) - (2.6)

Proof:  Differentiating f(Ax) = Af(x) by & we get (2.4). Differentiating f(\z) = A f(x)
by A and setting A = 1 yields (2.5). Taking the exterior derivative of the both sides of
(2.5) we have df (&) = dx - Vf(z) + - dV f(x). From df () = Vf(x) - de the identity
(2.6) follows.

Appendix 2 Equivalence of (1) - (3) in the section 2.2

Proof: 1t is obvious that (1) — (3) and (2) — (1). Therefore it is enough to show (3)
— (2). Let us take arbitrarily  and y which are not 0. Take & = —Z_ and n= Y

f(=) Fy)y
then £ and n belong to the set A = {x; f(x) < 1} (actually belong to its boundary).

fle+y) =@+ Fwm) = (fz) + F(¥)F ()

AC)) fy)

@+ @) F@)+ /W)
line segment connecting & and #. Therefore f(¢) < 1 and f(z +y) < f(x) + f(y) which

where ¢ = 7 7. The point ¢ belongs to A, since it lies on the

was the inequality to be proved.

Appendix 3 A subadditive PHD1 function is called a sublinear function. For a subset

K of R" let hx denote the support function of K, i.e.,

hx(x) =supx -y, (5.39)
yeK

which is always sublinear if it is well-defined in R™. Let K° denote the polar body of K,

i.e.,
K°={z € R*, hg(z)<1}. (5.40)

For the PPHDI function f we see that the Wulff set is the polar body of the Frank
diagram, i.e., W; = (F})°. By definition K° = K° for convex hull K of K. Thus



W; = Wy where f denotes the convexification of f. There is a reflexibity. The polar
body Wy of W; equals to the convex hull of F’f. The function f is a support function of
W;. For more details on convex functions of sets, the readers are referred to a book of

Schneider [21].



