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Equations
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Abstract

We consider a multi-component nonlinear partial differential equation in the two-
dimensional space-time R? which unifies Schrédinger and Klein-Gordon equations
in R?. By supersymmetric methods connected with shape-invariant potentials,
we show that a class of soliton-type solutions to the equation can be constructed
from solutions to nonlinear equations of some types for superpotentials. Moreover
we present new soliton-type solutions which are written in terms of g-deformed
hyperbolic functions.

Key words: nonlinear Schréodinger equation, nonliner Klein-Gordon equation, soliton,
supersymmetry, superpotential, shape-invariant potential, g-deformed hyperbolic function

1 Introduction

In this paper we present soliton-type solutions to the following nonlinear partial differential
equation for a CV-valued function

\If(.’L',t) = (\Ill(xat)7 °t 'a\IlN(x’t))

*Supported by the Grant-In-Aid No. 11440036 for Scientific Research from the Ministry of Education,
Science, Sports and Culture, Japan. :




on the two-dimensional space-time R? = {(z,t)|z,t € R} (N > 1):
. 0U(z,t) 0Y(z,t) OV (z,t)  0*W(z,t)
T o +h Oz T ot + Ox? _
+pU(,t) + | Uz, 1)[*U(z, ) = 0, (1.1)

where o, 8,7, p, K € C (k # 0), p € R\ {0} (not necessarily an integer) are constants
and

N
¥ (z, )| = ; W (2, 1)

Eq.(1.1) unifies N-component nonlinear Schrédinger and Klein-Gordon equations on RZ.
The basic idea of the method taken in the present paper comes from a paper [3] which dis-
cusses a use of supersymmetric quantum mechanics in constructing soliton-type solutions
to a multi-component nonlinear Schrédinger equation on R?

i(’)@(ac, 1) + 0°®(z, 1)

5 57 + £|®(z,t)|*®(z,t) = 0, (1.2)

the case of (1.1) with p =1, a = 1,8 = 0,7 = 0,p = 0. Qur primary concern is to
clarify relations between supersymmetric structures and soliton-type solutions to Eq.(1.1).
We show that there exists a correspondence from solutions of a nonlinear differential
equation to soliton-type solutions of (1.1) (see Propositions 3.1, 3.3 and 4.2). Then, using
this structure and results on supersymmetric quantum mechanics connected with shape-
invariant potentials [1], we find new soliton-type solutions to (1.1) in the following cases:
(i) N =1,p € R\ {0,—1}:arbitrary ; (i) N = 2,p = 1; (ili) N = 3, p = 1. These

solutions are written in terms of ¢-deformed hyperbolic functions with ¢ > 0.
2 Basic facts
We seek solutions ¥ = (¥y,---,¥y) to (1.1) in the form

U, (z,1) = @y, (z —vt), n=1,---,N, (2.1)

where v € R is a constant,
0n(z,t) = pnz — wpt (2.2)

with p,, w, € R being constants and ¥, is a twice continuously differentiable function
on R. This is a soliton-type solution. We assume that p, and w, satisfy
1,. :
Pn = Z(zav — 2iw,vy — B), (2.3)
2w, vy = vSa + RB. (2.4)

Condition (2.4), which ensures that p, is a real number, implies that, if v$y # 0, then
w, = (vSa + NP)/(2vF7) independently of n, but, if vSy = 0, then only vSa +RE = 0.



We set

a = 1403 . (2.5)
by = aw,— '7(.02 - /‘721 + p+ tBpn, (2.6)
| | 2.7)

The following fact is the starting point of our analysis here:

Lemma 2.1 The function ¥ := (Uy,--+,¥y) with ¥,, given by (2.1) m=1,---,N) is
a solution to (1.1) if and only if, for eachn=1,--- N,

(Loele) (Zm ) n(2) + bat(2) = 0. (28)

Proof. Direct computation. O

By Lemma 2.1, we try to construct solutions ¢ = (¥1,---,%¥n) to Eq.(2.8). A basic
general idea for that is stated in the following lemma.

Lemma 2.2 Let N be fized and V be a function on R such that there exist N twice
differentiable functions )Y on R -and constants E, (n =1,---,N) satisfying

- ) | yap (o) = Bl (o) 2:9)

and

aV(z)+ (Z |¢;’(m)|2) +K=0 (2.10)

with K := b, — aF, independently of n =1,---,N. Then
VY (z) == (MY (¢ — vt), - -+, €V EN YL (2 — vt)) (2:11)
is a solution to (1.1).
Proof. Eq.(2.9) and (2.10) imply (2.8) with ¥, = ¢Y. O

Lemma 2.2 relates (1.1) to the eigenvalue problem of the Schrédinger operator —d?/dz?
+V.

In general it would be difficult to find a potential V having the properties described in
the assumption of Lemma 2.2. But we show below that a use of an idea of supersymmetry
makes it possible to find such potentials V.

We shall discuss the case N = 1 and the case N > 2 separately.

Remark 2.1 We can consider also “local” soliton solutions to Eq.(1.1) which are of the
form ¥ with (2.1), but, defined only in {(z,t) € R?|L; < z — vt < L,} with L; and
L, being finite real constants. Such solutions can be constructed from local solutions of
(2.8) on the interval (L;, L,). Indeed, we show that, in the case N = 1, local solutions to
Eq.(1.1) exist (see Proposition 3.4).



3 Solutions in the case N =1

3.1 General aspects

We first review a model of supersymmetric quantum mechanics introduced by Witten [5].
In the present paper, we do not discuss the model in Hilbert space framework. For the
purpose here, it is enough to work in the algebraic vector space

V = C*(R), (3.1)

the vector space of infinitely differentiable functions on R.
For a real-valued function W € V, we introduce linear operators

d d

: — + .
Aw = da;+W’ Ajy dw+W (3.2)
acting on V and define
H = A?,LVAW, Hy = Aw ASy. (3.3)
We have
+ d* +
where
Vg =Wit W (3.5)

(W' = dW/dz). The pair (Hj;, Hy) defines a supersymmetric Hamiltonian [5]. In
supersymmetric quantum mechanics, the function W is called a superpotential.
Let ¢ # 0 be a non-zero complex constant and

Qwo(a) := celo WO, (3.6)
Then Qw € V and
AwQw,. = 0. (3.7)
Hence
HYQw. =0, (3.8)
which implies that ,
d*Qw.,
— ——E%(—?—)— + Vit (2)Qwo(2) = 0. (3.9)

Hence we can apply Lemma 2.2 with N = 1 to obtain the following proposition. In the

case N = 1, we set
W= wy, Bi= py, bi=1by, 0:=6;. (3.10)

Proposition 3.1 The function
Uy (z,t) = @Dy (z — vi) (3.11)
is a solution to Eq.(1.1) with N = 1 if and only if W satisfies

a[W(z)? + W'(z)] + &lc|Pe e W&y 4 _ ¢, (3.12)



Proof. In Lemma 2.2, we need only consider the case where N = 1,V = Vi}, Y = Qw,e
and E1 =0. O

Proposition 3.1 gives an interesting correspondence between a solution W to the non-
linear integro-differential equation (3.12) and a solution to (1.1) with N = 1. '

In view of Proposition 3.1, it is important to find all the solutions to Eq.(3.12).

If we put :

#(2) = [ W()dy+A
with A being an arbitrary constant, then Eq.(3.12) takes the form
¢"(z) + ¢'(z)? + A L B =0 (3.13)

with A = k|c|*Pe™?2/a and B = b/a, provided that a # 0. We shall give a detailed
analysis of Eq.(3.13) in Appendix of the present paper and classify solutions to Eq.(3.13).

We may also make use of the supersymmerric partner Hy;, to construct solutions to
(1.1). A key fact for that is the following characteristic structure of a supersymmetric
Hamiltonian (cf. [1, Lemma 2.2]).

Lemma 3.2 Let Hyf = Ef with.f € V and E a constant. Let g := A}, f. Then
Hj,g=Eg.

Proof. Direct computation using definition (3.3). i
We take another superpotential U on R such that
Vi+E=Vy (3.14)
with E a constant.

Proposition 3.3 Assume (3.14) . Let

YE = Ay Qu, (3.15)
with ¢ € C a non-zero constant. Suppose that
a(W(z)? + W'(z)) + &|¢p(z)|*? + b—aE = 0. (3.16)

Then the fucntion ¥(z,t) := e®@pp(z — vt) is a solution to Eq.(1.1) with N = 1.
Proof. By (3.14), we have Hy, = H} + E. Hence

HyQ. = (HY + E)Qu,. = EQy.,. (3.17)
By (3.15) and Lemma 3.2, we have Hyj;¢)g = Etg. Thus an application of Lemma 2.2
with N =1 gives the desired result. a

Remark 3.1 For a given W € V, Eq.(3.14) for U is a differential equation of Riccati
type. Hence general solutions to Eq.(3.14) can be constructed from its special solutions.
For example, let U; be a special solution to Eq.(3.14) and Fy(z) := [ U;(z)dz. Then

6-2F1

fe2Fidr 4 ¢

is a general solution to Eq.(3.14) with ¢ being an arbitrary constant.

UI=U1+



3.2 Exact solutions

Let ¢ # 0 be a complex constant, and D and A be real constants. In the case a # 0, we
define a function g, on R by

_Me%y + De~% _ é p#—1
— a(1 + p) a’ ’ |
9p(y) = e \ b (3.18)
D- y)ew -2 =—
(p-Ses) -4 P

(y € R).
The following proposition describes general structures of solutions to Eq.(1.1).

Proposition 3.4 Assume that a # 0. Let G, be a primitive function of either 1/,/g, or

—1/,/p on
D. = {y € Rlg,(y) > 0}, (3.19)

and G;l denote the inverse function of G,.

(i) For every open interval J C Dy,
U(z,t):= celf(@t) g=A G (z=vt) (3.20)
is a solution to Eq.(1.1) with N =1 on {(z,t)|r — vt € G,(J)}.

(ii) Suppose that there exists an open interval J C D, such that G,(J) = (0,L) with
L>0o0rL=o0c0and

G;1(0) := limgyo G, () exists and g,(G;(0)) = 0. (3.21)
- G;'(» 0,1
, T z€el0,L
Pp(x) := { GS1(__J:) z € (—L,0) (3.22)
Then . ;
U(x,t) := ce®@Ne A ebrlz—vt) (3.23)

is a solution to Eq.(1.1) with N =1 on {(z,t)|z —vt € (—L,L)}.

Proof. (i) By Proposition B.3-(i), é(z) = G;'(z) is a solution to Eq.(3.13). In this

2
case, we have Qw,(z) = ce 48 '(®), Thus the desired result follows.
(ii) Similar to part (i) (an application of Proposition B.3-(ii)). 0

Remark 3.2 More concrete forms of G,(y) can be found by applying the results in
Sections C-E in Appendix. But we omit the details here.



Some of solutions given in Proposition 3.4 may be global in (z,t) and have explicit
representations. To write down one of them, we recall g-deformed hyperbolic functions
which were introduced in [1]:

sinh, z := %, cosh, z := _e__—{_—gqe_’ (3.24)
tanh sinh, @ h ! €R (3.25)
anh, z := sech,z := .

! cosh, z’ O cosh, z’ ! ’

where ¢ > 0 is a deformation parameter. Note that, if ¢ # 1, then sinh, z is not odd and
and cosh, z is not even:

sinh,(—z) = —gsinhy/, 2, cosh,(—2z) =gcoshy,z, z €R. (3.26)

The following formulas can be easily proven:

(sinh, z)' = cosh, z, (3.27)
(coshy z)' = sinh, z, (3.28)
cosh? z — sinh? z = g, (3.29)
(tanh, z)' = gsech?z, (3.30)
(sech,z)’ = —(tanh, z)(sech,z), (3.31)
tanh? z = 1 — gsech?z. (3.32)
Lemma 3.5 For all s € R, the function
W,(z) := —s tanh,(spz) (3.33)
on R satisfies the equation '
W,(z)?® + Ws'(;v) + %_%ezz’foz Wewdy _ g2 — (3.34)
Proof. Let p # 0. Then, by (3.28), we have
/Ox W,(y)dy = —]% log cosh,(spz) + Zl—Jlog ! _2*_ 1 (3.35)
This fact together with (3.30) and (3.32) implies (3.34). By the fact that
tanh, 0 = 1—;—3,
one can easily see that Eq.(3.34) with p = 0 holds. | O

Lemma 3.5 implies that W, is a solution to Eq.(3.12) with b = —as?, &|c|?? = 4as?(1 +
p)g/(1 + ¢)%. By (3.35), we have for p # 0

. 1 1/p
efo Wel)dy _ (%) sech;/p(sp:c). (3.36)

Thus we have the following result:



Theorem 3.6 Let p # 0. Suppose that k € R and

a(l + p)

> 0, b+as®=0. (3.37)

Then the function

a(l + p)gs®
K

1/2p
U, 0n(z,t) = ( ) eifle) sech}/?[sp(z — vt)] (3.38)

is a solution to Fq.(1.1).

Remark 3.3 The function ¥, (the case ¢ = p = 1) is a well-known soliton solution
(up to constant multiples) to the nonlinear Schrédinger equation (1.2)(e.g., [3]). Hence
Theorem 3.6 gives a generalization of a soliton of this type.

We next give a simple application of Proposition 3.3 with W = W,. Let us consider

the case p =1 and set
" Y(s) := —stanh,(sz).

Then we have

Y?-Y' =42
Hence (3.14) hold with W =Y, U = 0 and E = s2. In this case,
YE = cY.
Hence, if we take )
b=2as®, |c|* = =
K

then (3.16) is satisfied. Thus, by Proposition 3.1, we obtain the following result.
Theorem 3.7 Let b= 2as? and a/x < 0. Then

U(z,t) := —s1/—2a/ke®@H) tanh, s(z — vt) (3.39)
is a solution to Fq.(1.1) with N =1 and p=1.



4 Solutions in the Case N > 2

4.1 Supersymmetry with shape-invariant potentials

For the case N > 2, we consider a family of supersymmetric Hamiltonians, generalizing
an idea suggested in [3]. Let A be a subset of R and {W)}aepn C V. Asin the case N =1,

we introduce linear operators

d d

__ 9 +._ @
A(X) = T +W,, AX)T: - + W, (4.1)
acting on V and define
Hy(\) = AN)TAN), H_()):=ANAN)T (4.2)
We have
d? "
He(A) = =05 + Vi, (4.3)
where
VE =W W) (4.4)

We assume the following:

Hypothesis (W) There exist mappings f : A — A and F : f(A) — R such that for all
AEA
Vi + F(f(V) = Vi (4.5)

Remark 4.1 In the physics literature, the functions V;* satisfying (4.5) are called shape-
invariant potentials. This notion was first introduced by Gendenshtein [2] and developed
by many theoretical physicists (e.g., see [4]). The abstract mathematical formulation
extending the idea of shape-invariant potentials was given in [1].

We write as fO(A) := A, f*(A) == F(f*1(A\)), n > 1.

Lemma 4.1 Assume (W). Let

Ei(X) =0, (4.6)
E.(}\) := SF(fj()\)), n>2, (4.7)

Yra(z) = eJo Wa(y)dy |
o = ANTAFONT - AP 2Ny pomipyy 13> 2. -

Then, for all A € A,
Hy( My = E,(AN)ny, n>1. (4.10)



Proof. We prove (4.10) by induction. As in the case of (3.8), (4.10) holds for n = 1.
Suppose that (4.10) holds for some n. We have

Hy(MNnsipn = ANTH_(AA(fA)T - A7) b gnin
= AN)TH-(N)dns3)- (4.11)

By Hypothesis (W), we have
H_(3) = Hs (FOV) + F(F V). (112)
Putting this equation into (4.11) and using the induction hypothesis (4.10), we have
H+(’\)¢n+1,>\ = [En(f()‘)) + F(f()‘))]’v/’n+l,/\ = En+1()‘)"/)n+1,/\-

Hence (4.10) holds also for n + 1. o
Lemma 4.1 implies that, under Hypothesis (W), for all n > 1,
d*y,
B dq’iz’A + V,\+¢n,A = En(A)n - (4.13)

By this fact and Lemma 2.2, we obtain the following fact:
Proposition 4.2 Let N > 2 be fized. Assume (W). Suppose that

N p
aVif (z) + & (Z [cj[2[¢j,A(x)|2) +K =0, z€R, (4.14)
7=1
with c;’s being complex constants,
K :=b, —aFE,()) (4.15)
independently of n=1,---,N. Then
Uy(z,t) := (cleiel(x’t)xbl,,\(x —wt), -+, ene® @y (z — vt)) (4.16)

is a solution to (1.1).

Let ¢r(z) = f(f Wi(y)dy + nx with 7, € R being a constant. Then Eq.(4.14) is a
nonlinear differential equation for {¢,}rea. Hence Proposition 4.2 gives a relation of a
nonlinear differential equation to soliton-type solutions of (1.1).

Remark 4.2 As in Lemma 3.2, we have

H_ (VA nr = En(NARN . (17)
On the other hand, we can show that
AN Yy = Ea(A)¥n-1,50- (4.18)
Hence, if En()) # 0, then
H_(M)n-1,10) = En(A)¥n-1,700)- (4.19)



<

4.2 Exact solutions in the case N =2 and p=1

Let s € R and consider the case where the superpotential W) is given by

Wi(z) := —Atanh,(sz), X €R. (4.20)
Then the functions Vi& defined by (4.4) take the form
ViE = —A(A £ s)gsechl(sz) + A2 (4.21)
Let
fsA)=X=s, F(\):=0A+s)?=-X=2xs+s (4.22)
Then it is easy to see that
Vi + Fo(fs(X) = W (4.23)

Hence, for each s, W) satisfies Hypothesis (W) with A = R, F = F; and f = f,. Thus
we can apply Lemma 4.1 and Proposition 4.2. To do that, however, we need compute the
left hand side of (4.14) in the present case.

We consider only the simplest case p = 1 in nonlinearity. Let

N
Lgﬁ)(m) = aV(z) + & (Z |cj|2|g[)j,,\'(m)|2) + K (4.24)
R j=1
and 1+ 7 ,
b= —-2——‘1 . (4.25)
In the present case, we see that
n—1
E.(0) = Y F(fi(V) = (n—1)s[2X — (n —1)s], (4.26)
ot
Yia(z) = h)‘/ssech;\/s(sac), (4.27)
bar(z) = (s—2))RA=9/ tanhq(sx)sechg’\_s)/s(sm). (4.28)
Using this expression, we can show that
LE\ZZ(I) = —aX() + s)gsech’(sz) + a)? + K
+& (|01|2h2’\/s — e 2(2X — s)zqh2(’\_s)/s) sechg’\/s(sa:)
+&|c)? (2 — 3)2h2(’\_s)/ssech§(’\_s)/s(sx). (4.29)

There are two ways to have LE\2Z = 0. One of them is to take s = A. Then LE\2)A =0if
and only if

K = ~)\*(a+ &|cy?), (4.30)

£(le1Ph? — lea]?A2q) = 2aX%q. (4.31)
Hence we need only take b, (n = 1,2) as

by = —A%a+&lea?), (4.32)

bg = —K’C2|2A2 ‘ (433)

to have (4.15) for N = 2. Thus we obtain the following result.



Theorem 4.3 Suppose that ({.81)-(4.33) hold. Then
U(z,t) := (cle"g1 @Dk sech,A(z — vt), —cpAe2(@) tanh, A(z — vt)) (4.34)
is a solution to Eq.(1.1) with N =2 andp = 1.

The other way to have LQ =0 is to take s = A\/2. Let A\ # 0. Then Lfa/z = 0 if and
only if

K = —a)? (4.35)

aq = g&|c2]2h2. (4.36)

leiPh? — |ey |2 (3—2)\-)2 qg=0, (4.37)
In this case we need only to take b, as

by = —a)l?, b, = —“T)\z - (4.38)

to have (4.15) for N = 2. Thus we obtain the following result.

Theorem 4.4 Let A # 0 and suppose that ({.36)-(4.38) hold. Then

U(z,t) = (016i61($’t)h25ech§é@’
Alz — vt) Az — vt))

2

—g/\hc2ei92($’t) tanh, sech, (4.39)

is a solution to Fq.(1.1) with N =2 and p = 1.

4.3 Exact solutions in the case N=3 and p=1
We next consider the case N = 3 and p = 1. We have
Yaa(@) = (35 — 20RO/
x {g(2X — s)sech*(sz) — 2(A — s)sech{™**(sz)} . (4.40)
Hence we obtain
LE\?’l(m) = al+ K -a\)+ s)gsech?(sz)
+r{]e1|?h /s — Jea2(2X — 5)2qh20=2)/>
+]ea[2AZA2)/2g2 (2 — 5)bsech?* (s2)
+6 {|ea|*(2X = )2RHOI _ 4]cg2p20-2)/5(2) — 5)(\ — s)}
xsech2=9)/* (sz)

+4k|es|* (A — 3)2hz(’\“%)/ssechg(’\'zs)/s(sz). (4.41)

As in the preceeding case N = 2, there are two choices for s that gives LQ = 0. The
one is to take s = A. In this case we obtain the following result.



a

Theorem 4.5 Suppose that b, and by are given by ({.32) and ({.33) respectively, bs = b,
and

£(|c1]?h? — |ea*A%q + [ea]Ph 262 \%) = 2a)%q. (4.42)
Then
U(z,t) := _(clewl(x’t)h sech,A(z — vt), —coAe®2@ tanh, A(z — vt),
cse @Y\ 1gsech A(z — vt)) (4.43)

is a solution to Eq.(1.1) with N =3 and p=1.
The other choice is to take s = A/3. In this case we obtain the following result.

Theorem 4.6 Suppose that

by = —al?, , ' (4.44)
by = _gav, (4.45)
by = _-;-a‘v, (4.46)
PR — |ey? (g/\)zqh2 + les|2g? (gx)z ~0, (4.47)
Jeh? = §|c3|2q)\, (4.48)
aq = %n]c3]2h2. (4.49)
Then '
U(z,t) = (cleiel (“”’t)hssechf;——/\(ac 3_ vt))
—§c2ei‘92(x’t)h2)\ tanh, 22 o 2 A = v,
:{_15—)\2h03e"93(z’t) [5qsechg’&§—@ — 4sechq2\—(—a—63;2ﬁ]) (4.50)

is a solution to Fq.(1.1) with N =3 and p=1.

In the same manner as above, one may continue to calculate Lf\{\;) for N > 4 and check

if there exist constants ¢;,j = 1,---, N such that LE\{\? = 0. It is an interesting problem
to show whether or not, for all N > 4, there exist constants ¢;,j = 1,-+-, N such that

LE\]P = 0. But this problem is left open.

Appendix: Solutions to a nonlinear ordinary differ-
ential equation



A The equation considered and basic properties

In this appendix we consider the following nonlinear ordinary differential equation for a
real-valued function f on an open interval I C R:

@)+ fl(e)* + Ay B=0, zel, (A1)
where f' = df /dz, f" = d®f/dz?, and A, B and k are real constants satisfying
| A#£0, k0. (A.2)
Remark A.1 If A =0, then a general solution to Eq.(A.1) is given by
R e a3

where ¢ and d are arbitrary real constants. If & = 0, then then a general solution to

Eq.(A.1) is given by (A.3) with B replaced by A + B.

Remark A.2 Every twice differentiable solution f to Eq.(A.1) on [ is in fact infinitely
differentiable on I. This is easily seen by writing (A.1) as

f(z) = —f'(z)? — Ae*¥@) _ B. (A.4)
Lemma A.1 Let f be a solution to Eq.(A.1) and, for each s € R,
fs(z) := f(sz), szel, (A.5)
a scaling of f. Then |
4 P4 SPAk 2B =0. (A.6)
Proof. Direct computation. i

Lemma A.l shows a scaling law of Eq.(A.1).

Remark A.3 For each t € R, let fi(z) = f(z —t),z € I +t. Then, if f is a solution to
Eq.(A.1) on I, then f; is a solution to Eq.(A.1) on I +¢. This is a translation invariance
of Eq.(A.1).

Let 0 < L < oo or L = +0o. The following lemma concerns a continuation of a
solution of Eq.(A.1) on the interval (0, L) to a solution of Eq.(A.1) on (—L, L).

Lemma A.2 Suppose that f is a solution to Eq.(A.1) on the interval (0,L) such that
£(0) := limgso04—0 f(z) exists and

z>1371§1_’0 f(z)=0. (A7)
! #(a) 0, L)
z z € |0,
ra={ 10y Tl 45

Then F is a solution to Eq.(A.1) on (—L,L) and F € C*(—L,L).



Pyma—

a

Proof. Since f(—z) = f_,(z), it follows from Lemma A.1 that F satisfies Eq.(A.1) on
(—L,0) U (0, L). It follows from the definition of F' that F' is continuous at z = 0 with
F(0) = f(0). By (A.7), limgy505—0 F'(z) = 0 and

. ! _ . o _
AR @) = A fme) =0,
Hence F is differentiable at z = 0 with F'(0) = 0. Using (A.1), we have for all z €
(_L’ 0) U (Oa L)
! _ ! 1 T z
() - F'(0) - __/ F"(y)dy = ._l/ {F'(y)2 4+ AeFF@) 4 B} dy,
T z Jo z Jo
which implies that F” is differentiable at z = 0 with F”(0) = —Ae*/(9— B. Thus F is twice
differentiable on (—L, L) satisfying (A.1). By Remark A.2, F' is infinitely differentiable
on (—L,L). ]

For k # —2, we set
(A k) = ———— (A.9)

and define a function g on R by .

o(y) == { c(A, k)e? + Ce~® — B k# -2 (A.10)

(C —2Ay)e™® — B k=-2

y € R, where C is an arbitrary constant.
The following lemma gives a necessary condition for a function f to be a solution to

Eq.(A.1) on I:

Lemma A.3 Suppose that [ is a solution to Eq.(A.1) on an open interval I such that f
is one-to-one on I. Then

fl)=9g(f(z)), z€l (A.11)

Proof. Let h(z) = f'(z), z € I and y = f(z),z € I. Then h can be regarded as a
function of y € f(I) and

dh  dh
= == :i—y-h
Hence Eq.(A.1) gives
h%+h2+Ae’“9+B:0.
Let u(y) = h*(z) with y = f(z). Then we have
Z—Z = —2u — 2(Ae™ + B). (A.12)

Hence u(y) = g(y) with C being an arbitrary constant. Thus (A.11) holds for all z € I.
O



B General forms of solutions

A sufficient conditién for Eq.(A.1) to have a solution is given in the following lemma:

Lemma B.1 Let f be a twice differentiable function on an open interval I such that
f2) =9(f(z), ezel (B.1)

Suppose that f'(z) # 0 for all x € I. Then f is a solution to Eq.(A.1) on I.

Proof. By (B.1), 2f"(z)f'(z) = f'(z)¢'(f(z)), = € I. Hence 2f"(z) = ¢'(f(z)), which
implies that

, 1
(@) + f'(2)" = 59'(f(@) + 9(£(2)). (B2)
By (A.12) with u = g, the right hand side of (B.2) is equal to —Ae*/(®) — B, Thus f
satisfies (A.1). O

Lemma B.2 Let f, be a twice differentiable function on (0,L) such that

fi(@) = g(f+(z)), = €(0,L), (B.3)

and f'(z) # 0 for all x € (0,L). Suppose that f(0) := limysozmo fi(z) exists and
limx>0,x_>0 ffl_(.’E) =0. Let

f+(—$) LS ("L’O)
Then f is a solution to Eq.(A.1) on (—L,L).

flz) = { f(e) z€l0.L) (B4)

Proof. This follows from Lemma B.1 and Lemma A.2. O

Proposition B.3 Let G(y) be a primitive function of either 1/\/@ or ——1/\/g(_y on
Dy :={y € Rlg(y) > 0}. (B.5)
(i) For every open interval J C D}, G™'(x) is a solution to Eq.(A.1) on G(J).
(ii) Suppose that there exists an open interval J C DY such that G(J) = (0,L) and
G71(0) := limg)o G™Y(z) exists and g(G~1(0)) = 0. (B.6)
Then the function

~(z) z€[0,L)

G
G <z)  ze(-L0) (B.7)

is a solution to Eq.(A.1) on (=L,L).



Proof. (i) Let f(z) = G (=), =
1, which implies that f'(z)? = ¢(f(=
Eq. (A.1).

(i) Let fi(z) = G7'(z),z € (0,L). Then, as in part (i), f4 is a solution to Eq.(A.1)
n (0,L). Let (B.6) be satisfied. Then

€ G(J). Then G(f(z)) = z. ﬂence G'(f(z))f'(z) =
)),z € J. Hence, by Lemma B.1, f is a solution to

Hence, applying Lemma B.2, we see that f is a solution to Eq.(A.1) on (—L, L). o

C Classification of solutions (I): The case k > 0

Using Proposition B.3, we can classify solutions to Eq.(A.1).
We first note the following fact:

Lemma C.1 (i) Let k # —2. Then ¢’ has a zero if and only if ke(A,k)C > 0. In that

case, the zero is unique and given by

2C
= 1 .
W= T2 BRaAR) (C.1)
(ii) Let k= —2. Then ¢’ has a unique zero given by
A+C
bo = —52— (0.2)
Proof. We have
iy | ke(A k)R —2Ce % k# -2
This implies the desired results. | ]
For a constant ¢ € R such that g(y) > 0 for all y > ¢, we set
o 1
Lt = / dy. (C.4)
© a(y)
For a constant d € R such that g(y) > 0 for all y < d, we set
d 1
Ly ::/ dy. (C.5)
—= \/9(y)
In what follows in this section, we assume that
k> 0. (C.6)



C.1 The case ¢(4,k) >0, C<0

In this case g is strictly monotone increasing with g(y) ~ ¢(4,k)e®¥ ~ oo as y — co and
g(y) ~ Ce ¥ ~ —c0 as y — —oo. Hence g has a unique zero yo € R satisfying

(A, k)™ 4+ Ce™™ = B, (C.7)

Moreover g(y) > 0 for all y > yo, and g(y) < 0 for all y < yo. Since ke(A,k)C < 0
¢'(yo) # 0 by Lemma C.1-(i). It follows that L} is finite. Let

>
yo+ /?’0\/7 ¥ Z Yo,

where, for all ¢ € R, we set [J( - )dy = 0. Then Gyot([y0,00)) = [0,L}) and
limgy0 Gty (2) = Gl (0) = yo. Hence, by Proposition B.3-(ii), the function

_ | Guii(2) zel0,LE)
fle) "{G;oi(—@ v € (~L5.0) (C9)

is a solution to Eq.(A.1) on (—L}, L ).

Yo

(C.8)

C.2 The case ¢(4,k) <0, C>0

In this case g is strictly monotone decreasing with g(y) ~ ¢(A, k)e®¥¥ ~ —oc0 as y — oo
and g(y) ~ Ce ™ ~ oo as y — —oo. Hence g has a unique zero yo € R satisfying (C.T7).
The function

Gy - / ——dt v <o (C.10)

is a primitive function of —14/¢(t) on —oo,yo). The integral L is finite. As in the
preceding case, the function

) G (=) z€[0,L,)
f(=) "‘{ G1_(—z) € (—-L-,0) (C.11)

Yo ,— Yo

is a solution to Eq.(A.1) on (=L, Ly ).

Yo?

C.3 The case ¢(4,k) >0, C >0

In this case ¢’ has a unique zero q, satisfying (C.1). The function g is strictly monotone
increasing on [ag,00) and strictly monotone decreasing on (—o0,ao) with with g(y) ~
c(A,k)e¥ ~ 0o as y — oo and g(y) ~ Ce™® ~ oo as y — —oo We consider the cases
g(ag) < 0 and g(ag) > 0 separately.

(a) The case g(ao) <0

In this case, g has only two zeros. We denote them y; and y, respectively with y; < ys.
The integral L} is finite. Let

vy 1
= —_— > Y. .
G1(y) /y 0 dt, y>u (C.12)



Then the function

_ [ Gil(e) z€[0,Ly)
is a solution to Eq.(A.1) on (—Lf, L} ).
The integral L is finite. Let
Goly) = [ L o, y< (C.14)
2\Y) = ——at, Y Y2 .
v \/g(t)
Then the function 63(a) : ) :
. 2 (z z€|0,L,
is a solution to Eq.(A.1) on (=L, L, ).
(b) The case g(ag) >0
In this case ¢g(y) > 0 for all y € R. Let
(C.16)

Gyi(y) == / ’ —\/ﬁdt,

where c is an arbitrary real constant. Then G1*(z) is a solution to Eq.(A.1) on (0, LY).
Let ’ c 1
G_(y) == / i (C.17)
v /g()
where ¢ is an arbitrary real constant. Then GZ!(z) is a solution to Eq.(A.1) on (0,L7).
Note that LT < oo.

C.4 The case ¢(4,k) <0, C<0

In this case, if g(ag) < 0, then g(y) < 0 for all y € R. Hence we consider only the case
g(ap) > 0. In this case g has only two zeros. We denote them w; and w, respectively
with w; < wy. We have that ¢g(y) > 0 if and only if wy < y < ws.

Let
w; <y < ws. (C.18)

Gt = [ st

Then the function

_ ) Gai(2) z € [0, Gy, (w2)) ‘

fatr)={ G0y LGy (C19)

is a solution to Eq.(A.1) on (—Gy, (w3), Gy, (w2)).

Let w 1
’ G, (y) = —dt, w; <y < wy. (C.20)
v 4/9(1) ' :
Then the function

(z) z € [0, Gu,(w1)) (C.21)

_[Gu
fUJ2($) - { G;;(-——:v) T e (—'Gwz(wl)ao)
G



C.5 The case C =0

In this case a primitive function G(y) of £1/1/g(y) can be explicitly computed in the
form

G(y) = tanh;" ay/|B| — [c(4, k) e,

with o being a constant and ¢ > 0 is arbitrary. As a result, we see that, for all t € R\ {0},
the function

1 4t2q 2
f(z) := Elog A R + Elog sech,tz (C.22)
is a solution to Eq.(A.1) on R with B = —4¢?/k? if
A(k+2) > 0. (C.23)

This is a global solution.

D Classification of solutions (II): The case k < 0,
k# -2

Throughout this section, we assume that

k<0, k#-2. (D.1)

D.1 The case ¢(4,k) >0, C <0

In this case, by Lemma C.1, ¢’ has a uniuqge zero a given by (C.1). We only present a
solution in the case where —2 < k < 0 and B < 0. In this case, g is strictly monotone
increasing in (—o0,ap) and strictly monotone decreasing in (ag, 00) with g(y) = —B >0
as y — oo and g(y) ~ —|Cle™® ~ —oo0 as y — —oo Hence g has a unique zero y,
satisfying (C.7) and ¢(y) > 0 for all y > yo. Hence we can define

(D.2)

G(y) = /y: "\/*gl(—t—)dt, Yy > vo.

We have G([yo, >)) = [0, 00) with g(G7*(0)) = ¢g(yo) = 0. Thus, by Proposition B.3-(ii),
the function

—J G ) z € [0, 00)
flz) = { G l(—z) z € (—00,0)

is a solution to Eq.(A.1) on R. This is a global solution.
Other cases for (k, B) produce only local solutions.

(D.3)

D.2 The case ¢(4,k) <0, C >0

In this case too, by Lemma C.1, ¢’ has a uniuge zero ao given by (C.1).
Let £ > —2 and B < 0. Then g is strictly monotone increasing in (ag, 00) and strictly
monotone decreasing in (—o0, ag) with g(y) - —B > 0 asy — oo and g(y) ~ Ce ™ ~ o0
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as y — —oo. Let g(ag) < 0. Then g has only two zeros. We denote them by y, and y,
respectively (y; < y2) and define

G(y) := /yj ——;%Sdt, Y >y (D.4)

We have G([y2,00)) = [0, 00) and the function f given by (D.3) is a solution to Eq.(A.1)
on R. '

Let £ < —2 and B < 0. Then g is strictly monotone decreasing in (ag, o) and strictly
monotone increasing in (—oo, ag) with g(y) - —B > 0 asy — oo and g(y) ~ ¢(4, k)e*¥ ~
—o0 as y — —oo. Hence ¢g has a unique zero yo. Let

6= [ %dt, v> 0. (D.5)

Then we have G([yo, 0)) = [0,00) and the function f given by (D.3) is a solution to
Eq.(A.1) on R.

D.3 The case ¢(4,k) >0, C>0

In this case we have ¢'(y) < 0 for all y € R. Hence g is strictly monotone decreasing with
g9(y) > —B as y — oo and g(y) — oo as y — —oo. Then we see that the present case
produces only local solutions to Eq.(A.1). We omit them writing them down here.

D.4 The case ¢(4,k) <0, C<0

In this case we have ¢'(y) > 0 for all y € R. Hence g is strictly monotone increasing with
g(y) > —B as y = oo and ¢g(y) - —oo0 as y — —oo. Hence, if B < 0, then g has a
unique zero yp. Let B < 0 and define

Gly) = /y: %dtz Y > Yo- (D.6)

Then G([yo, )) = [0,00) and the function f given by (D.3) is a solution to Eq.(A.1) on
R.

D.5 The case C =0

In this case, if B < 0 and ¢(A, k) < 0, then a global solution to Eq.(A.1) is given in the
same form as in (C.22) v

E Classification of solutions (III): The case k = —2

In this case ¢’ has a unique zero by given by (C.2).



E.1 The case A <0 |

In this case, g is strictly monotone increasing on (—o0, bp) and strictly monotone decreas-
ing on (bo, c0) with g(y) - —B as y — o0 and ¢g(y) = —o0 as y — —oo.
Let B < 0. Then g has a unique zero z, satisfying

(C —2Az)e™*° = B. (E.1)
Let
)= [ L gt y>o (B.2)
= —al, Z 2. .
* \/9(t)
Then G([zg,0)) = [0,00) and the function f given by (D.3) is a solution to Eq.(A.1) on
R.

E.2 The case A >0

In this case, g is strictly monotone increasing on (b, 00) and strictly monotone decreasing
on (—oo,by) with g(y) > —B as y — oo and g(y) — o0 as y = —oo.
Let B < 0 and g(bo) < 0. Then g has only two zeros z; and z; (21 < 23). Let

G = [ y ﬁdt, y> . (E.3)

Then G([z2,0)) = [0,00) and the function f given by (D.3) is a solution to Eq.(A.1) on
R.
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