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PHASE FIELD MODEL WITH A VARIABLE
CHEMICAL POTENTIAL

YOSHIHIRO TONEGAWA

ABsTRACT. We study some asymptotic behavior of phase inter-
faces with variable chemical potential under the uniform energy
bound. The problem is motivated by the Cahn-Hilliard equation,
where one has a control of the total energy and chemical potential.
We show that the limit interface is an integral varifold with gener-
alized LP mean curvature. The convergence of interfaces as € — 0
is in the Hausdorff distance sense.

1. INTRODUCTION

In this paper, we study some asymptotic behavior of phase interfaces
in the van der Waals-Cahn-Hilliard theory of phase transitions. The
equation we consider is

(1.1) —eAu + @ =7,

where u : U C R® — R, n > 2, is the normalized density distribution
of a two-phase fluid and W is a double well potential with strict local
minima at +1. The function f may be cosidered as a chemical potential
field in the two-phase fluid model ([23]) and € ~ 0 is a parameter which
gives the order of interface thickness.

The associated energy,

(1.2) Es(u):/nguPJr@,

and the behavior of minimizers of this energy with a volume constraint,
were initially studied in [30, 39] within the framework of I'-convergence
([16]) and subsequently generalized by many authors ([6, 20, 26, 31,
35, 40]). In this case, the minimizers satisfy the equation (1.1) with
some constant f = ¢, and the functional E,(-) [-converges to the area
functional. The limit interface as € — 0 is area-minimizing with a given
volume constraint. It was also proved ([27]) that the constant mean

1991 Mathematics Subject Classification. Primary: 49Q20; Secondary: 35J60,
80A22, 82B26. v
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curvature of the hmlt interface is determined by the chemical potential
and o = [1 \/W(s)/2ds.

In [24], we studled the behavior of general critical points of the func-
tional (1.2) with a volume constraint and showed that the interface is
close in the Hausdorff distance sense to a locally constant mean cur-
vature hypersurface when ¢ ~ 0. This corresponds to studying (1.1)
again with constant f = ¢, with suitable bounds on the energy and
c. Note that due to the non-convexity of the functional, there can be
solutions which are only locally energy minimizing or even unstable.
In [24], we also proved that the interfaces of locally energy minimizing
solutions as € — 0 converge to a locally area-minimizing hypersurface.

Ore motivation to consider (1.1) with variable f, aside from being a
natural generalization, comes from the Cahn-Hilliard equation ([12]),
which models various phase separation phenomena in a melted alloy
with two stable phases. It is

=Af on 2 x (0, ),
' g:f = afl 0 on 9%2 x (0, 00),

u(z,0) = up(z) on .

The Neumann boundary condition reflects the insulation from the out-
side. It is a 4-th order gradient flow of E,(-) with volume conservation:

d d 5
7 u 0, the(u) /[Vf| <0

The time scale here is different from the usual setting, where ¢ may
be replaced by te. For more physical background, derivation of the
equation and the related equation such as the Allen-Cahn equation see
for example, [2, 4, 5, 8, 10, 11, 12, 13, 15, 17, 19, 25] and the references
therein. Even though it is far from a complete picture, we mention
the rnost relevant references to the present article. With the time-
scale under consideration, it is known that the limit problem is the
so-called Mullins-Sekerka problem ([32]). This was formally derived
by Pego [34], and was given a rigorous justification using asymptotic
expansions and spectral analysis by Alikakos, Bates and Chen [3]. In
case of radial symmetry and Dirichlet condltlons Stoth [41] proved a
global convergence to the limit problem in dimension three. For general
domains and solutions, Chen [14] showed that the solutions converge
to a weak solution of the limit problem using the notion of varifolds.
Here, we take the similar approach to that of Chen in this paper, using
varifold as our working device.
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Given a sequence of solutions {u'}2; to

W (u)

2

_611Aui + = fia

g; — 0, with uniform bounds sup, E.,(u‘) < E, and sup; || f*||wi.~ < 00,
we show that there exists a subsequence whose interfaces converge in
the Hausdorff distance sense to a hypersurface with the mean curva-
ture determined by f* = lim f¢, o and the interface multiplicities.
The mean curvature belongs to LP for any p < oo with respect to
the (n — 1)-dimensional hypersurface measure of the limit interface.
We prove a monotonicity-type formula for the properly scaled energy,
which extends the case discussed in [24]. Once this is established, the
rectifiability and integrality of the limit varifold follow more or less
from the argument in [24]. The proof is technically involved, and we
need detailed estimates on the positive part of the so-called discrepancy
function £|Vu|> — & using the Aleksandorov-Bakelman-Pucci (ABP)
estimates. The results are applied to the Cahn-Hilliard equation with
n = 2, showing that there exists a subsequence for a.e. time with the
convergence properties discussed in Theorem 1 when € — 0.

We note that there is an interesting class of unstable solutions with
multiple peaks ([9, 42, 7, 43] and the references therein). They describe
neuclei of phase separation phenomena which are experimentally ob-
served. Their singular limit cannot be captured by our method, since
the chemical potential or energy has to blow-up in our scale.

The organization of the paper is as follows. In Section 2, we state our
assumptions, terminologies and main results. In Section 3, we derive
our main monotonicity formula for the scaled energy. In Section 4, we
prove that the limit interface measure is supported on rectifiable sets
and that the measure has a.e. integral densities. In the language of
varifold, we show that the limit interface measure is an integral varifold
(after dividing by o) with the generalized mean curvature in L? for any
p < oo. In Section 5, we discuss some additional comments and some
implications to the Cahn-Hilliard equation.

I would like to thank X.-F. Chen and Y. Giga for stimulating con-
versations in the course of the present research project.

2. ASSUMPTIONS AND MAIN RESULTS

2.1. Hypotheses. We consider the problem with the following as-
sumptions.

Assumptions.
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A: The function W : R — [0,00) is C? and W(£1) = 0. For some
Y€ (=1,1), W <0 on(v,1) and W' > 0 on (—1,7). For some
a € (0,1) and £ > 0, W"(z) > & for all |z| > c.

B: U C R" is a bounded open set with Lipschitz boundary OU. Se-
quences of C*(U) functions {u'}2; and C*(U) functions {f*}%,
satisfy '

(2.1) At = g7 W (u?) — f

on U. Here, lim; o &; = 0, and we assume.there exist _
Co, Ao and By such that supy |u'| < co, || fillwinw) = (fy; 1F7]"+
Isz]n)l/n S /\0 and

/ &:|Vut|? N W (ut)

< F,
2 E; =0

for all i.

Assumption A requires that W has a standard W-shape with non-
degenerate minima at 41, and local maximum at . The assumptions
on u* and f! are either motivated by the applications to the Cahn-
Hilliard equation (see Section 5.2) or regarded simply as a starting
point of the problem. The regularity of  is then standard ([21]). The
requirement of W™ norm bound on f* comes mainly from a technical
limit of our approach using the ABP estimates. It is not clear this can
be replaced by a weaker norm bound such as WP for some p>n/2,
which we believe is ultimately the weakest bound for f¢ to conclude
the similar convergence results (see Section 5.1 for more discussion).

We next discuss a few immediate consequences of the assumptions.
Let

O(s) = /08 VvW(s)/2ds,

and define new functions
w'=doul

for each i.
Since |[Vw'| = /W (u¥)/2|Vui|, it follows by the Cauchy-Schwartz
Inequality that

R ]2 i
/IVw"Iél/sllvu! W) B
; 2 ), 2 & 2

We also have ®(—cp) < w* < ®(cp). By the compactness theorem for
bounded variation functions, there exists a subsequence also denoted
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by {w'} and an a.e. pointwise limit w*, such that

.lim/ |w* —w®| =0 and / | Dw®™| < liminf/ |Vt
ioo Jr; U ‘ isoo g
Here, | Dw*| is the total variation of the vector-valued Radon measure
Dw®™. ‘
Let @' be the inverse of ® and define
u® = o~ (w™).

Then u® — u* a.e., and by the Lebesgue dominated convergence the-

orem
/ |u* — u®| — 0.
U

Also by Fatou’s Lemma and the energy bound, we have

/ W) = / lim W (u) < lim inf / W(ui) = 0.
U U'L—)m 1—00 U

This shows that 4™ = +1 a.e. on U, and the sets {u>® = %1} have
finite perimeter in U, since

1 1 Ey
o — = — ol = oo < —
|6{u® = 1}[|(U) 2/U|Du l U/UIDw | < 5
where we define

o= [ Ve,

and where ||0A|| denotes the perimeter of A in the measure-theoretic
sense (see [18]).

2.2. The associated varifolds. In this section we associate to each
solution of (2.1) a varifold in a natural way. We refer to [1, 38] for a
comprehensive treatment of varifolds.

Let G(n,n—1) denote the Grassman manifold of unoriented (n — 1)-
dimensional planes in R*. We say V is an (n — 1)-dimensional varifold
in U c R*if V is a Radon measure on G,_;(U) = U x G(n,n — 1).
Let V,_1(U) denote the set of all (n — 1)-dimensional varifolds in U.
Convergence in the varifold sense means convergence in the usual sense
of measures. For V' € V,_1(U), we let the weight ||[V|| be the Radon
measure in U defined by

IVII(A) =V({(z,8) |z € 4, S€G(n,n—-1)})

for each Borel set A C U. If M is a (n — 1)-rectifiable subset of U we
define v(M) € V,,_1(U) by

v(M)(E)=H""'({z €U | (z, Ten™ {(H" ! i,2)) € E})
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for each Borel set E € G,_1(U), where Tan™ " *(H""!| s, z) is the ap-
proximate tangent plane to M at z and so exists for H* ! a.e. z € M.

We associate to each function w* a varifold V* defined naturally as
follows ([14, 24, 25]). By Sard’s theorem, {w* = t} C U is a C®
hypersurface for L' almost all ¢£. Define V' € V,,_;(U) by

Vi(4) = / o = 11)(A) dt

-0

for each Borel set A C G,_1(U). By the coarea formula ([18]), we have
Vi) = [ wei =g naya= [ v
oo A

for each Borel set A C U. One may interpret the varifold V? as a
weighted averaging of the level sets of 4, which is concentrated around
the transition region. The first variation of V* is given by (see [33,
Section 2.1])

22 e = [ (dve- Zwuv gl ) IV

for each g € CH(U;R™).

2.3. Main results. With the above terminology and assumptions A
and B, we show the following.

Theorem 1. Let V* be the varifold associated with u* (via w') as in
Sections 2.1 and 2.2. On passing to a subsequence we can assume
= fePweakly in W, uf = u™® ae., V'— V in the varifold sense.
Moreover,

(1) For each ¢ € C.(U

2
IVII(#) = Jim /df”v“' W ~ i [ o19w
’L—)oo 2—>00

(2) supp||0{u>® = 1}|| C supp||V||, and {u} converges locally uni-
formly to £1 on U \ supp||V||.

(3) For eachU CcCU and 0 <b< 1, {ju’| <1—b}NT converges to
U Nsupp||V|| in the Hausdorff distance sense.

(4) o7V is an integral varifold. Moreover, the density 0(z) = o N(z)
of V' satisfies

N(z) = { odd H" ! ae z€ M>,
even H™ ! a.e. z € supp||V| \ M,

where M is the reduced boundary of {u®™ = 1}.
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(5) The generalized mean curvature H of V is given by

() 00 n—1 oo
H(z) ={ @ ve(z) H N a.e. T € M, )
] H a.e. o € supp|[V]) \ M,

where v™° is the inward normal for M.

(6) The generalized mean curvature H belongs to L
with respect to ||V]|.

P
loc

for any p < 00

Comments which follows Theorem 1 in [24] goes with minor changes
here as well. Part (1) shows that in the limit the energy is equally
divided between the two terms of the energy functional (1.2), called
the equipartition of energy. In fact, our result shows the following:
For any U CC U and for the full sequence (not only a subsequence),

W (ut)

1

lim =0.

%]Vuﬂ2 —

This is even without £ |Vu‘|? dz converging to some measure. Part (4)

suggests that folding of the interface as € — 0 occurs locally as an inte-
ger multiple of 1-D traveling wave solutions ([29]), almost everywhere
in the measure-theoretic sense.

Without loss of generality, we may assume that M* C supp||0{u® =
1}||. We were not able to prove or disprove that H™ *(supp||0{u> =
1}|\ M) = 0 in general. This is due to the lack of a uniform lower
density estimate for the measure ||0{u* = 1}|| (as opposed to [|[V||) at
H"! a.e. z in the closure of M*°. On the other hand, if N(z) is odd
H™ ! a.e. for z € supp||V]|, the result (4) shows that H™ (supp||V| \
M=) = 0 and supp||V|| = supp||0{u* = 1}||. If N(z) =1 a.e., then
this corresponds to “no energy loss” situation, since

[ 1Dw16 = o g™ = 13@) = V1) = i [ 19l

for all ¢ € C,(U). In case f* are all constants and with no energy
loss, the relation between the curvature of the limit interface and the
chemical potential is established by Luckhaus and Modica in [27], and
we prove here the direct generalization.

It is well-known that the support of a rectifiable varifold with L?
mean curvature, p > n — 1, is locally a C** graph on a relatively open
dense subset O ([1]) for @ = 1 — "le. The density function on O is
locally constant and integer valued. If we additionally assume a better
bound on f?, for example, C** 0 < o < 1, k > 0, standard elliptic
estimates [21] show that the support there is C**2=. On the other
hand, we do not know if H" !(supp||[V| \ O) = 0 in general. The
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density function 6 is defined everywhere on the support of ||V|| and is
upper-semicontinuous.

If N =1, H* ' a.e. on supp||V|, then the support is locally a C*
hypersuface of mean curvature given by f*/c, except for a closed set
of H™ ! measure zero. ‘

3. MONOTONICITY FORMULA

In this section, in addition to Assumption A, we assume that the
functions u, f : U — R satisfy Assumption B with u¢, f* and ¢; there
replaced by u, f and e respectively. We assume that U is open and
UccU.

The main result here is the energy monotonicity formula for

2
E(r,z) = 1 | | Vul +W(u) ,
-l B(z) 2 g

Proposition 3.6. We first derive the identity (3.1) which gives the ex-
pression of the radial derivative of E(r,z). The main difficulty to prove
the positivity of %E(h x) comes from the positive part of the discrep-

ancy function £ = dvul’ W) WWhen f is a constant function,
Y €

we proved in [24] that 255 < c independent of €. There we utilized
a differential inequality satisfied by & — G(u), where G is a suitable
modification function, and the maximum principle type argument . In
this paper, since we only have control of Vf in L"-norm, we use the
Aleksandorov-Bakelman-Pucci type estimate instead. Even though we
could not prove the uniform supremum bound, we show ¢, < ce~2/5
for all sufficiently small ¢ (Proposition 3.2). This estimate gives us an
energy lower bound around the interface for the length scale of order
€%/, Then we use this lower bound and a covering lemma to obtain the
estimate on the integral of & (Lemma 3.5) satisfied for 7 larger than
the length scale of order £2/°. Combined with this estimate, we obtain
the monotonicity formula (3.10).

We denote W — euf by w.

Lemma 3.1. For B.(z) CC U, we have
(3.1)

d [ 1 / €|Vul2 W 1 / W e|Vul?
—_ — _— _|_ — _ _— —
dr -1 By (z) 2 & rn B (z) € 2

€ A O _2)-
R EOR Y BCEER A
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Proof. Multiply both sides of (1.2) by Vu- g, where g = (¢*, -+ ,g") €
Cl(U;R™). Then, after two integrations by parts, we obtain

(3.2) /(J<(5|V2u|2 + Wéu)>divg - 6Zuyiung§i —(Vf- g)u) =0.

We let z = 0 by a suitable translation and let ¢?(y) = y;p(|y|), where
o(|ly|) is a smooth approximation to the characteristic function xg,.
Writing r = |y|, (3.2) becomes

/U <<5W2u|2 + Wi“)) (r +np) — €PI (v Vu)? — €|Vu|2p

r

~(Vf-g)pu) =0.
By letting p — xp, and rearranging terms, we obtain

oo [ (T, [ (122 T
(55 - e

By dividing the above expression by r™, we obtain (3.1). O

For the moment we assume the following technical result which we
prove later.

Proposition 3.2. There exist constants ¢, and €, which depend only
on ¢y, Ao, W, n and dist(U,0U) such that, if € < €1,

<z€|Vu|2 w
p —_—

—> < 618_2/5.

(3.3) - -

U

Lemma 3.3. For B,(z) C U, there exists co which depends only on
o, Ao, n, W and dist(U, 0U) such that, for any s <t and € < &1,

(3.4) E(r,z) — E(s,z) > —cy (r + 7% + re‘2/5)

/T d’T/ (W s]Vu|2)+
+ [ = —— .
s T"JB.(z) \ € 2

Proof. By (3.3), the Holder and Sobolev inequalities, we obtain

1 gvaPr WY\ 1 elVa?  W\*
F/rm)( 2 _?) SF/BM){( 2 _?> *uf

< wa(e1e™® + ol ||| anr ™) < walere™® + coe(m)Aor ™).
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After integrating over [s,7], this gives the bound on the negative part
of the first term in (3.1). Also, for the third term in (3.1),

1 1
™ /Br(:v)((y — @) VUl < s \/Br(x). v
< coc(m)|[Vf||z» < coc(n)o.

Tn
The difference resulting from W and 1% may be estimated by

1
rn—1 /B (@) |uf| < COC(n)||f||W1,n7‘1/2 < COC(n)Ao’I‘l/Z,

With an appropriate choice of ¢3, we obtain (3.4). a

Proposition 3.4. There ezist constants 0 < c3, ¢4 < 1 which de-
pend only on cy, Mo, n, W and dist(U, 8U) such that, if B,as(z) C U,
lu(z)] < @ and € < &1, then

(3.5) E(r,z) > ¢4 fore <r < cge?®.

Proof. Translate x to the origin. By scaling & = z/e and 4(%) = u(e),
the energy scales as

1 e|lVul2 W B |Va)? N
‘ E(E,O)—sn_l/s< 5 +?> d:v—/Bl (—2—+W dz.

In this scale, there exists a constant cs which depends only on ¢y, Ag, 7,
W and dist(U, 8U) such that |Vi| < c; due to the standard elliptic L?
estimate ([21]). Since |@(0)| < a, there exists some cg = c(c5, W) > 0
such that W(@) > cs on B,,. Hence, E(e,0) > wycgt'. Using (3.4)
and setting s = ¢, if we restrict r to be less than c3e?® for sufficiently
small ¢5 = c(cy, cg,n) and setting c; = w,cgt'/2, we obtain the desired
inequality (3.5). a

In the following, we use the energy lower bound (3.5) around the in-
terface. The ball B,(z) we consider has a radius of order €%° at least,
which is larger than €%®, where we have the energy lower bound. We
cover the interface by a collection of balls with the radius %/5.

Proposition 3.5. There exzist constants c7, cg, €2 < €1 which depend
only on ¢y, Ao, n, W and dist(U,0U) such that, if B.(z) C U, r >

e/ and € < €,

1 e|Vul?  W\7
3.6 — - — < c B )
00 [ (TFE-F) <eme e
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Proof. We translate z to the origin. We estimate the integral on
A={z e B \B,_ s},
B={z € B,_.s|dist({|u| < a}, z) < %%},
C = {z € B,_.as | dist({|u| < o}, z) > */5}.

The set A is the €*/5-shell of the ball B,, B is the £*/°-neighborhood of
the interface and C is the complement of the two.
(1) Estimate on A. By (3.3),

2 + 4/5
(37) 1 (€|Vu| B _VK) < NWyE e < NWnC1
rn A 2 £

r - Cs

since r > cze?/®.
(2) Estimate on B. We first estimate H™(B). We apply the Vitali cover-
ing lemma ([38, Theorem 3.3]) to the family of balls { B,a/s () } s {jui<a}nB
(which covers B), so that {B€4/5 (z;)}Y, is a pairwise disjoint subset of
the family and so that B C UY,Bs.4s(z;). Then we have H"(B) <

wn(56*/°)*N. On the other hand, by (3.5) and since ¢ < e¥/°® < c3e?/?
for all sufficiently small €,

2
04(64/5)n—1 < E|vul + K
B_4/5(i) 2 €

holds for each ¢ = 1,--- , N. Since they are pairwise disjoint, by sum-
ming over %, we have

2
NC4(84/5)TL-1§/ <E|V2u| +—5VK)

These two estimates show that

H(B) < wn5"s4/5/ <E|Vu|2 N K) _ wpberm 1 E(r, 0)

- Cq 2 € C4

Finally, with (3.3),
(3.8) _1-/ (s[Vul2 B _VI_/>+ < ce”5H™(B) < wyb"c1 E(r,0)
A\ <

rm 2 € rn - C3C4

since r > cye?/®.
(3) Estimate on C. Define a Lipschitz function ¢ as follows:

¢(z) = min {1, e~¥3dist({|z| > r} U {|u| < a},2)}.
¢ is 0 on the set {|u] < a} U {|z| > r}, 1 on C, and |V¢| < %>,

+
Using this ¢, we estimate e[vm (which is larger than (ﬂ;"—l% - K) )
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on C. Differentiate the equation (1.2) with respect to the k-th variable,
multiply it by u,, ¢* and sum over k. Then,

- W o )
/ 3 euy Auy, ¢? = / ~—|Vu*§® — Vf - Vug?.
k=1

We integrate by parts, and since W” > « on {|u| > o},

2
/Ii!vu, ¢ +6|v2u’ ¢2 /IVf||Vu|¢2 + 2¢ Z I¢uyk¢yluykyl|

k=1

By the Cauchy-Schwartz inequality, we then obtain
(LHS) < [ SIVIPG + 5 IVul6 + SGIVHul? + 2 V0P u
Relegating two terms to the (LHS), we have
—/|Vu1 ¢ < / EIVf|2¢2+2a|V¢I2|Vu|2.
Since |Vo| < e/,
/5]Vu|2 < / e}V f|? + 467/5|Vu|2_
c .

K2 K

By the Holder inequality,

(3.9) i/s|vu|2 < 53(wnrn)nT_2HVf||%2 , 26/ B (r, 0)
re 2 2K2rn s
n—2
< Mwn™ B 2E(r,0)
2K2c3 KC3
y 7 > cse?/5. With appropriate choices of the constants, we obtain
( 6) by (3.7-9). O

Proposition 3.6. There exist constants cq, Ty depending only on cg,
Xo, m, W and dlst(U 0U), with the following property: For any B,(z) C
U,e<eyand cse?/5<s<r < 7o,

(3.10)
ec77 2\ T
e E(r,z) ~ e“*E(s,z) > / / < eiVu| > dr — cort/?.

Proof. By (3.1) and (3.6), we obtain

d d (1 1 W e|Vu2\"
= el el > M
drE(T’ z) + dr <r“ /T(w) uf) — rn /r(m) < € 2 )
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1 |
B (r,7) — s — — / (uf] + |V £]ful).
™ JB(z)

~1/2

The last term is bounded from below by —co(n, ¢y, Ao)r~/2. By mul-

tiplying e to the both sides and integrating over [s, 7],

T d 1
e"E(r,z) — e E(s,z) > /s ec”E (Tn—l /B,(z) uf) dr
ecTT V 2
/ < 8' ’LLI ) dr — 2C10r1/26c7r _ CsC;l(€c7r . 6073).

The first term in the (RHS) is estimated from below by —c(r'/2 +r3/2),
thus with a suitable restriction on r, we obtain (3.10). O

For the rest of the section, we show Proposition 3.2. First, we need
the following lemma showing that |u| stays within 1 + &" for n < 1.
In case f is bounded in L*™-norm, we can use the pointwise maximum
principle as in [24, Proposition 3.2]. Here we need to use integral
estimates.

Proposition 3.7. There exist constants €3 which depend only on A,
co, n, 0 <1 <1, dist(U,0U) and W such that

(3.11) sup u| <1+ "
U

whenever € < g3.

Proof. Suppose By C U. For any p > 1, multiply both sides of the
equation (1.2) by [(u—1)*|P¢?, where ¢ € C®(B;), ¢ > 0, and integrate
by parts. Then we obtain

- /p[(u — TP VUl + [(u - 1) P29V - Vu

- [Flw-r8 - [ w-1yre

For u > 1, W/(u) > x(u — 1) by the Assumption B, hence
g/[(u— D*ptie? +/€P[(u — 1) Vul*4?
<2 [lw-1raivelvd + [ 17w 1)Fs
<P [lw— 17 Vupg? + % / [(u = 1)1+ Vg2
_/ p+1¢2 15 c(p) / lflp+1¢2
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which shows
2e
_/ — 1) < > /[(u— DY Ve + iz_i@/mpﬂ(bz'

Since || f||re+1 < c(n, p)||fllwrn < ¢(n,p)Ae by the Sobolev inequality
for any p < oo, and since |u| is bounded by ¢y, we obtain

/ [(U‘ - 1)+]p+1 < C12(S, b, co, )‘0) K)Ep+1
Bi—s

by iterating the above estimate. To derive a contradiction, assume
that u(zg) — 1 > €" for some zy € B;_,. By the gradient estimate
|Vu| < cse™? (as in the proof of (3.5)), thus for y € Bei+n/ges(20),

u(y) — 1 > u(zg) — 1 — sup |Vu| - '¥7/2¢c5 > €7/2.
Then

CroePtl > — 1)t > w_"sn(pﬂ) 141 1964\
12677 2 [(w =17 > opt1 (e77/2cs)".
B 1+n/265(m0)

The right-hand side is of order eP"*1(*+D+2 GQince 5 < 1, for sufficiently
large p (p > %ﬁf—l) and small ¢, the inequality cannot hold. This
would be a contradiction. Hence we obtain (3.11). u > —1 — " is

proved similarly. 0O

It is convenient to work in the e-scale, namely, we consider B3y C U ,
and consider the rescaled problem

—Au+W'(u) =¢f on B3d/6.

Without loss of generality, we choose a suitable unit so that d = 1.
Also we denote the rescaled discrepancy function by

£ = IV_2u|_2_ — W(u).
With this scale, we need to prove
(3.12) sup ¢ < %5,
B,
In the following we use
|Vul®

£o(w) = Ty — W(w) - G(w),

where G : R — R will be fixed shortly. We first obtain a differential
inequality for &g, cf. [14, 29, 24]. For the reader’s convenience, we
supply the proof.
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Lemma 3.8. On |Vu| >0,

2(W' +G")Vu
[Vul?
+G'W' = 2G"(W + G) +ef(W + G') —eVf - Vu.

Proof. Compute

Ade = |Vl + ) g, (Aw)e, — W |Vul = W Au — G"|Vul* - G'Au
= |[V2u|* = (W' + G")Au — G"|Vuf> —eVu - Vf
(by Au=W'—¢f)
= |V2ul]? = (W' + G (W' —ef) — 2G"(G + W + &) — eVu - V,

where the last line is by substituting |Vu|? = 2(G + W + &z). On the
other hand, '

Va9 2 32 (3 et )
= 3 ((Ede, + (W' + G,

>2W' + G')Vu-Vée + (W' +G')?|Vul?.
We may then conclude (3.13). O

(3.13) Aég — -Vég +2G"¢q > (G)?

Lemma 3.9. Suppose 0 < n, 8 <1, 0 <t <1 satisfy 26 + ¢ > 2n,
0<s<1,0<cy; <1. Then, there exist 0 < g4 < €3, 0 < €19, €13 < 00
depending only onn, B, 1, s, co N, c11, dist(U,0U), n and W with the
following properties:

Suppose
(A) u € C¥](B,-s), f € C*(B.-s) and € < g4 satisfy

—Au+W'(u)=¢f

on B.-s and

(B) supp _, |u| <1+4¢€", supp _, & < cuie".
Then,

(3.14)

sup € < exo {1V fllzn(5,_) + |1 Fllin e, aniisizenser-m) + €7} -
(1-s)e—8

B
Proof. We choose ¢ € C*°(B;) such that

~ . 1 on Bl \ Bl_i,
¢(x) B { 0 on Bl—s; . i
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0 < ¢ <1, |V, Vil |V¢~$l/\/; < ¢, where we denote generic
positive constants depending only on s and n as ¢,. For simplicity, we
use the same notation ¢, for such constants. Then define

¢(z) = 011€Ld~>(6ﬁa:)
for z € B.-s. With this definition and by the properties of ¢, we have
(3.15) _
Vol < ence®™, V29| < cncse®™,  |[Vgl//3 < et

Let G(u) = c14e"(1 — (u — 7)?/8), where ¢4 > 1 will be determined
later, and define
§=(-G—-¢ (=&—9¢)
By restricting € depending only on -y and by Assumption (B), we have
G > 0. We later use G'W’ > 0onwu € [-1,1] as well as G” < 0 for any
u. On B,-s \B(l_%)e——ﬂ, ¢ = c11€*, hence by (B), £ < 0 there. Also,
£ = § — G on B(;_,).-s since ¢ = 0 there. In particular, if £ <0on
B, then § < G < ci4€" on B(;_y).-5. In the following, we denote
M = sup £F
B, g

and assume that M > 0 (or else, we are done). We next apply the
Aleksandorov-Bakelman-Pucci maximum principle to £+ on B,.-s. Note
that §~+ =0 on 0B.-s. Let I'" be the upper contact set of the graph of
5*. Then, with the diameter of the domain being 2¢7?, we have (see
[21, Lemma 9.3])

M 1 5 1/n
—_ — n .
zg_ﬂ — 7‘1,(4),,11‘/“ (/F+( Aé') )

Note that §~+ = f and A€ < 0 on I‘Jr,~ and the slope of the support
hyperplane is equal to the gradient of £. Since such hyperplanes have
slope less than Me? /s, we have

(3.16) |VE| < MeP/s on I't.
Also, since £t =0 on.BE-a \B(1—§)e—ﬂ, the height of the contact points
of the graph of 5 * and the supporting hyperplanes have a lower bound:

(3.17) E=¢> % on I't.

In the following, we carefully estimate —A¢ from above. In doing so,
we need to consider three cases, and define three subsets of I'" N B,—s
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A= {z]u(z)] = 1},
B={z[(y+1)/2 < |u(z)| <1},
C=A{z]lu(=)| < (v+1)/2}.
By (3.13), we have
~A = ~Ate + A

<

{_ 2(W' + G')Vu
[Vul?
+H{—ef(W' + G") + A} +H{eVu - Vf} = {(3+{IN+H{II+{IVI+{V}.

(1) Since & = E+¢ and using |Vu| = VE\/E+ W + G + > <\/E+ \/$>,

. v&c}+{2a"§c — (G} +H{-G'W' +2G"(W +G)}

I< [W!| + c146™)|VE + V)|

i
— (IV£I IV¢I)

ve v
, 2M 5 | pr2, B / 12,814
2IW'|+ cue”) (1) 5 + aifee™ | < (W] + cueme,ct{ e 5.

The last two lines are by (3.15-17) as well as M < c;;¢*. By separating
into three cases, we find
(sup [W"|e" 4 ¢146™) on A
I <Pt x (W] + Cc14") on B
(sup [W'| + c14")  onC.

(IT) Since ég =€ +¢ > 0 on 't and G” < 0, we have

171 <0.
(IIT) By the choice of G, both terms are non-positive on B and C.
Moreover, since G = —%4e" and G > c146"/2 for |u| < 1+ " for
suitably small €, ,
2n "

(crae™)? +c14E ( fllI;’W | on A,

117 < "‘T —01457’—8—’YIW/| on B,

— e min, o1 W(u) onC.

The first term comes from G”G. Note that min, 241 Wiu) > 0is a
strictly positive constant.
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(IV) By (3.11) and (3.15),

IV < |fle(IW'| + c14e™) + c11c,eP T

(e sup [W"| +e*7e4)|f| on A,
< e11ese® + ¢ (e]W] + et f] on B,
(esup [W'| + crae* )| f] on C.

Next, we sum the four terms on each set and evaluate them from
above. Note that the terms in (I/]) are “good terms”, giving the
necessary negative contributions. :
(I+--4+1V on A)

c.ct/? c.cM? 1
I + tre + IV S 054627’ s 211 Sup |W”‘5ﬁ+%—7l + s+¥11 Eﬂ-l—%—’l —_
€14 C14 8

W//
n SUPC| | n C;Cs E2ﬁ+L—2n> + (" sup |[W"| + e'eyy)| .-
14 14

Since 2n < 23+, we may restrict ¢14 large depending only on ¢y, c,, W
so that

2

1y IV —9116%52" + (€M sup W] + £ e10) | £

1
< c15€ +n|f[ * X{If1>c16em1}

for suitable choices of ci5, c16 = c(c11,¢s, W) > 0. Here, x4 denotes
the characterictic function of A.
(I+---4+1V on B)

1/2
. 1—
I+ 4+ IV < [Wepe” <_csc1_1 gBrs—n _ ’Y)y
C14 8
1/2
+ (61487’)2 CsCq1 €ﬁ+%_n _ l n 01;(2382/6_“_2"
C14 8 iy

+ (eIW'| + cae™™M)]| f].
Again with 2n < 20 + ¢ and restricting c14 large, we have

(3.19)
I+ 41V <—

_ 2

C
eI = Jae 4 EW| + exee™ )]

< C155|f| " X{|f|=c16em 1}
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where c15, c1g are chosen appropriately again.
(I+--++1VonC)

!
csci/? sup |[W| BT | o 20

Ci4

I+"‘+IV§014€"<

1 s ;

—- min W(u) + —— “uls 24 ") + (esup |W'| + cuae™™)| ).
4 <2t C14

Using 0 < n < B+ § and restricting ¢ small and ¢4 large depending
only on 1, W, ¢;; and c,, we have

(3.20)

I+---+1IV< _SM4en min W () + (esup [W'| + cie™™)| f]

fuf< 23
S C15€|fl ' X{|f|2616677_1}7

for suitable choices of c;5, c16-
(I +---+V) Combining (3.18-20) and |Vu| < ¢5, we have

I+ + V< cse| V| + cisel fl - X fizersen1)

on I't. Thus we have

_ 1/n
(/F+(_Ag)n> < o[V llznre) + casel|Fllm@ntirzeen—p)-

Since .
, 2P A\
sup { <M < — </ (_Ag)n> ’
B,—s(1-s) W r+
é = ¢ — G and G < ¢14", we have the desired estimate by suitably
choosing c¢;5 and c;3. O

Here we giVe a proof for (3.12). By the Sobolev inequality (applied to
the original scale), for any p < oo, we have

1/p
(8"/ |f|p> < ¢(p,m, $)Xo.
B _gye~1

In particular, for any £ > 1,

/n
Fiig
</B(1 s)s"lm{l-ﬂ>t} < B(l s)e—1

g _1
t'meTrc(p, M, 8)Ao.
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Thus in if t = 77!, with 0 < 7, with an appropriately large p, the
(LHS) of (3.14) is bounded in terms of )y uniformly for all small &. Now
we use (3.14) withp = 8 = 1/2 and « = 0 to any ball B,_1/2(z) C B.-1.
The condition (B) is satisfied for a suitable constant c¢;;, and 28+¢ > 2n
is satisfied. Thus we have

L up € < crp(e? + V2|V S| +51/2”f”m (I flzerse=1/2]))-
(1—-s)e—1
Next we apply Lemma 3.9 again with n = 3/5, 8 = 2/5, + = 1/2
and the new c;;. With this choice, 2n < 28 + . is satisfied. Since
1 — 3 =mn=23/5, we obtain (3.12).

Remark. The exponent 3/5 in (3.12) is simply a convenient choice
for us, but the argument works just as well, as long as the exponent is
strictly larger than 1/2. If we assume that f € WP for p sufficiently
larger than n (for example p > 2n), then we can prove a better estimate
with the exponent equal 1. As far as we can see, however, we could
not obtain such estimate for the case p = n.

4. RECTIFIABILITY AND INTEGRALITY OF THE LIMIT VARIFOLD

Proposition 4.1. There ezist constants 0 < Di<Dy<ooandry>0
which depend only on Ao, co, Eo, dist(U,0U) and W, such that

D™t < (B, (z)) < Dyr™t
for all0 < r < 1o, z € suppuNU and B.(z) C U.
Proof. The existence of D, is immediate from (3.10).

To establish the lower bound, let = € suppu N U. 3
Claim. On passing to a subsequence there exist x; € U such that
u'(z;) € [~a,a] and T, — T as i — co.

Proof of Claim. Suppose the converse. Then there exists some s > 0
such that B,(z) C U and B,(z) N {|vf| < o} = 0 for all sufficiently
large i. For each such ¢ either u* > & on By(z) or «* < —a on B,(z).
If v > a, by using the argument in Proposition 3.7 one shows that
ut €l — 3/ 1+ 63/ *] on B, 2(z) for all sufficiently large 7. Similarly,
if ' < —a, then v’ € [~1 — 63/4 ~1+¢7* on B,/5(z). This implies
W (ut) = O(e¥?) and thus ) s 0 yniformly on Bg/o(x) as i — oco.

For E’Ivu , by using the argument in Proposition 3.5 (estimate on
C), one shows that

/ & Vui2 < O(e2) - 0
3/2( )
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as ¢ — oo. Hence we may conclude that u(Bs/y(z)) = 0, which is a
contradiction to z € suppu. This ends the proof of the claim.

For any = € U N suppy, B,(z) c U and r < r,, Proposition 3.4 and
3.6 show that
1 l , ]2 i
(Bo(e)) 2 lim = | sl Vul? | W)
Balw) 2 €

,rn—l 100 ,r.n—l

. . — 2/5
> lim inf 217 "e*7"/2{ —corl/? 4 e=7%5%" B(cgel/®, 1)}
> 21—ne—C71'/2{__cg7,,1/2 + 6_676364}.

Thus, by suitably restricting r, we prove the existence of D;. O

Proposition 4.2. Either u* — +1 or ¢ — —1 uniformly on each
compact subset of U \ supp||V||. In particular, supp|0{u> = 1}|| C
suppllV||. . The terms $|Vu'|*> and e'W (u') converge uniformly to
zero on compact subsets of U \ supp||V|.

Proof. This follows immediately from the argument for the previous
proposition. : O

Let

;. &lVUE W)
6 = 2 - ’

€;
and define (passing to a subsequence if necessary) the measure |¢| on
U by

elie) = lim (1€t

for nonnegative ¢ € C.(U). Thus |{| is the measure theoretic limit of
the absolute values of the discrepancy functions.

Proposition 4.3. [{| is the zero measure and so & — 0 in L, (U).
Moreover, both 5|Vu'|* — |Vw'| and 2W(u') — [Vw'| also converge to

zero in L, (U).
Proof. First we claim that
o 1
(4.1) lurn_)lgﬂ M—_IKI(BT(Q?)) =0

for all z € supplé| N U. Otherwise, there would exist z € supplél N U,
R > 0 and b > 0 such that R < 7o and [£|(B.(z)) > br™! for all
0 <r < R. Define

r1 = min {b(8Dycr + ¢c3) Y, R},
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ry = 71 min {exp[—4b~(cori/? + 4D, explcyr])], 1/2}.

By Proposition 4.1 and the definition of |£|, we may choose a large
enough 7 such that c3ef/ 5 <7y and

1 ;| 1|2 Wyt 1 ) b
[ AL cop, g
T B (z) 2 E; T B (z) 2

for all 7 < 7 < r;. By Proposition 3.5 and the definition of 7,

1 / W)  e|Vu'|)? *
71 - (z) € 2

; ~ b b
/ €] = (2 E(u’, 7, 2) + c)T > = — (¢72D3 +¢5)r1 > =
B (z) 2 4

1

7—n-—1

>

for all ro < 7 < ry. By Proposition 3.6,

1 : i]2 i
oD, > n_l/ e Vil | W(u)
™ By, (z) 2 &

—eyr b " dr . 1/2 —crr b "1 1/2
>e 71<Z/T2 7—697"1/>=€ 71<Zln(g —097"1/ 2 4D,

which is a contradiction, so we have proved (4.1).
Combined with Proposition 4.1 and supp|¢| C suppu, we have

€1(B,(z))

()
for all z € supplé|. A standard result in measure theory then shows
that [£] = 0.
It follows that & — 0 in. LE _(U).
By completing the square and using 2|Vw*| = 1/2W () |Vu'|, we
see that

2

f__|vuz|2+ (u) _2vaz| — i[Vuﬂ—— (u)
2 i 2 &;
g| VU2 W(u ;
S
€q
This implies the remaining claims in the proposition. O

Proposition 4.4. The limit varifold V satisfies |V || = 3p and is rec-
tifiable. The first variation of V is given by

1 .' o0 o0 o0 n—
5V(g)=§/UU°°d1V(f 9)=- feg v dH

Moo
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for any g € CH{U;R™), where M> C supp||V|| is the reduced boundary
of {u*® = 1} and f* on M* is the trace of f* € Wi™(U). The
generalized mean curvature vector H is given by

H(z) = {f;o(x)v“’(:c) H lae.x € M,

(z)
0 H" a.e z € supp||V| \ M,

where 8 is the density function for |V |. Moreover,

foIM>* e L (UH"?) for any 1 < p < oo.

Proof. Since ||V|| = lim||V*|| and |V?|| = |Vw'|d£" it follows from
Proposition 4.3 and the deﬁmtlon of p that s =||V|. Next we rear-

range terms in (3.2) and using |Vu,| |v %7, we have

£]2
f (s o

= / { <6llv2u 2 _ Wiu ) +uif"> divg + u'g - sz}

for any g € C3(U). Since &|Vu'|* — 2|[Vw'| and € converge to 0, v’
converges to u* strongly in L? for any 1 < p < oo and f* converges
weakly in W™ to f*°, we have

0V (g) = %/u‘x’(f‘”divg +g-Vfe).

Here we used (2.2), and note that V* converges to V in the sense of
varifold, hence 6V*(g) — 6V (g). To justify the integration by parts for
fg, we use the following theorem due to Meyers and Ziemer ([28], see
also [36, Theorem 1.3]).

Theorem([44, Theorem 5.12.4]) Let p be a positive Radon measure
on R™ satisfying

L (B.(2)) < .

K(p)= sup

zeR?, r>0 T

Then,

[ oau| < et [ 1vo1ac

for all € CI(R™).
Since H" 1| M < 2=1||V|| and ||V||(B,(z)) < 9—2%1——1, we have

— 2D

K(H Y M>n U) < DyD;'w,_1/4. Thus

$dH™| < ¢(n)D,D: / V4|
U

’M‘x’
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o~

for all ¢ € C}(U). Using this and smoothly approximating >, we
obtain

. 2

1
- fPg-vdH" ! = —/ div(f>*g)u*
u
for all g € C2(U;R™). Moreover, for any 1 < p < oo,
| if=paret <oy [ plrepivse
MenT : u

< c(n,p)D2D1_1Hf°°H€V1m(U) < 0,

by the Sobolev inequality. Since |6V (g)| < sup|g| [} eong |/ dH™ !

for all g € CH({U;R™), ||6V(g)|| defines a Radon measure on U. By the
lower density estimate bound of || V|| and Allard’s rectifiability theorem
[1, 5.5.(1)], we can conclude that V is rectifiable. It also follows that
|6V'|} is absolutely continuous with respect to H"~'| M, and hence
with respect to ||V|| as well. Thus,

cW'(;cz):—fg-HdHVH:—/ g- HOdH™ L.
supp|{V||

The expression for H follows from the second expression for §V'(g) in
the statement of the proposition. O

Note that this proves that H € L¥ (U;R™) with respect to ||V|| as
well for any 1 < p < co. By the standard theory for varifold with its
mean curvature in LP, p > n — 1, the density function 6 is well defined
everywhere on supp||V|| and upper-semicontinuous on U. This fact
also follows directly from Proposition 3.6.

Next, we prove that (z) = No for some positive integer H"~! a.e. on
supp||V||. With modifications, the line of proof is very similar to that
of [24, Section 5], so we point out the difference so that the reader may
follow the proof. There are two points which must be dealt with: the
first point is that we only have f € W™ so that f is “almost bounded”
but not quite, and the second is that the discrepancy function has an
estimate which is not as good as the case in [24], where we had £ < ce.
These points can be resolved by replacing the pointwise estimates in
[24] by suitable integral estimates.

The first proposition shows that there is only small energy uniformly
in € in the region {u ~ £1}.

Proposition 4.5. ([24, Proposition 5.1.]) Assume B is true with u,
e, f and Bz, and suppose s > 0. Then there exist positive constants b
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and €5 depending only on Mg, co, Fg, W and s such that

/ W (u) <s
Bin{|ul>1-4} €&

Proof. We use two lemmas, [24, Lemma 5.2, 5.3]. For the first lemma,
one only need to use the ABP estimate instead of the pointwise esti-
mate. Since it is a straightforward modification, we omit the proof.
The rest of the proof goes through with minor modifications of con-
stants. _ O

whenever € < 5.

The second proposition deals with the “cutting” the varifold horizon-
tally into stacked single-layered interfaces. Define 7' : R® — R™~! by

T(z) = (21, -+ ,Zp-1). Also define v = (1, ,v,) = |3—3: whenever
|Vu| # 0 and v = 0 when |Vu| = 0. We additionally define
elVul>  W(u) e|lVul?  W(u)
e = + ) g&' = - .
2 - € 2 €

In [24, Proposition 5.5], one needs to change hypothesis (2).

Proposition 4.6. Corresponding to each R, Ey, s and N such that
0<R<o0,0<Ey<oo,0<s<1andN is a positive integer, there
exists 1 > 0 with the following property:

Assume the following:
(1) Y C R™ has no more than N +1 elements, T(y) =0 for ally € Y,
a>0,|y—z|>3aforaly,z€Y and diameterY < nR.
(2) On {zx € R™|dist(z,Y) < R}, u satisfies (1.2) with ||f||wi» < 0,
lul <2 and

R 2 +
/ 17:/ (Elvu | - W(u)) <nR foreachxz €Y.
n 2
a T By (x) €

(B)Foreacher anda <r <R,

/ &l + (1= ()l Vul dy < mrot,
Br(y) '

/ g|Vul? < Egr™ L,
Br(y)

Then we have

1 1
Z n—1 € < s+ j—f/ €e-
a R (o] dist(Yx)<R}

yeyY a(y)
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For the proof, one also modify the hypothesis (4) in [24, Lemma 5.4]
just like above hypothesis (2). With this, the proof of Lemma 5.4 goes
through with minor changes, and hence above proposition follows.

The third proposition deals with the e-scale. Here, one does need a
pointwise estimate on &, but & < ¢;e~%/% is sufficient.

Proposition 4.7. Given0 <s <1 and0<b <1, there exist 0 <n <
1 and 1 < L < co depending also on W with the following property:
Assume 0 < e < 1 and u satisfies (1.2) and & < ne™* on By (0) with
[fllwrn <m, [u(0)] <1 —0b, and

/ (€] + (1 = (va))e|Vul?) < n(deL)™ 2.
Byer(0)

Then, we have T~1(0) N {z € Bsr:(0) | u(z) = u(0)} = {0} and

7= |
_—_ e — 20
wn"l(L‘g)n_l Bpre(0)

We only point out that the place £, < n was used in the proof of
[24, Propostion 5.6} is where we wanted to conclude |u| < 1 — b on
By, (0) by suitably restricting n. But this can be done by having only
& < me~?! in fact. Also, instead of C? estimate for u (or z), we only
need C'# estimate for some 8 > 0, which is available even if f € Wb,

To end the proof of Theorem 1, we point out that the main difference
from that of [24] for the proof is the condition (2) of Proposition 4.6.
For this, note that the constants ¢, c; and cg in Proposition 3.2 and 3.5
of this paper scale like 7, hence they are small constants in the blowup
argument. It is not hard, then, to verify above Prop. 4.6. (2) using
Prop. 3.2 and 3.5 for a rescaled sequence of solutions. The argument
in [24] then shows that the density of the limit varifold ||V]|| is No,
where N is an integer, H™ ! a.e. on the support of ||V]|.

<s.

5. CONCLUDING REMARKS AND APPLICATIONS

5.1. On the Sobolev norm of chemical potential. In this paper
we consider the situation where we control the W™ norm of chemical
potential f as € — 0. We encounter a serious difficulty to relax the
control when we estimate the supremum bound on £|Vul* — 2. As
noted in the beginning, it is conjectured that a control of W? for some
p > n/2 should be sufficient to obtain our result, with the limit mean
curvature belonging to L? space for a smaller ¢g. This follows from the
following huristic argument: if the interface M is C* hypersurface and
if H belongs to W*P(U) for some p > n/2, the trace of H on M belongs
to LI(M) for ¢ > n— 1. If the mean curvature of M is given by H, the
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well-known result on the regularity of integral varifold [1] shows that
the monotonicity formula for the scaled energy (n— 1-dimensional area)
holds for M. Since f roughly corresponds to the mean curvature field
of the interface, one expects that f being in W'?(U) for some p > n/2
may be sufficient to obtain a monotonicity type formula, which may
also prove all the subsequent rectifiability and integrality of the limit
varifold. Quite relevant to this point are recent articles by Schétzle
[36, 37], where he studied convergence of integral varifolds with their
mean curvature given by Sobolev functions in W'?(U), p > n/2. His
results also sugget strongly that the multiplicity of the limit varifold
in this paper is H*! a.e. &, namely, no folding, on M N {f* # 0}.
Geometrically, if there is an odd number folding on M* N {f* # 0},
it implies that at least one of the interfaces has to bend in a wrong
direction as they converge, which seems unlikely to happen. We would
like to resolve these points in the future.

5.2. Implications to the Cahn-Hilliard equation. Consider a se-

quence of smooth initial data uf, s = 1,- - -, and ¢; with limsup E, (u}) <
o0, €; — 0. Suppose also that there exists a constant mg € (—|U], |U])
such that [, uf = mg for all 4 = ---. Let u’ be the solution to the

Cahn-Hilliard equation (1.3) with the initial data. As noted, f* corre-
sponding to u’ satisfies

t
Ewp) = B .00+ [ [ 19r)
for all t > 0. Moreover, Chen proved that ([14, Lemma 3.4])

172 Dllz2wy < C(Be, (') + IV, )] 2y
holds for all ¢ and ¢ for all &; small. Thus,

/0 PG, < C

for all large i. For L' a.e. t, we have liminf ||f*(,?)||mw) < oo by
Fatou’s Lemma. We now restrict our attension to n = 2 and such ¢.
With a suitable growth condition on W (such as W > |u|*, k > 2,
for all large u) and the Neumann boundary condition, one may show
that there exists a constant ¢ = c(U, || f*]|g1()) such that sup |uf] < c.
Thus, for n = 2, assumptions A and B are satisfied for a subsequence
on this time slice. Unfortunately, even though we may conclude that
there exists a subsequence for a.e. time slice for which we may apply
our result, the choice of the subsequence may differ for each t. Note
that the bound on ||f*(:,t)||z vy implies that the time derivative of
the total energy stays finite, not allowing a violent jump of mass there.
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