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GENERIC SPECIAL CURVES

Shyuichi IZUMIYA and Nobuko TAKEUCHI

We study generic properties of cylindrical helices and Bertrand curves as applications of
singularity theory for plane curves and spherical curves.

1 INTRODUCTION

In [7] we have studied cylindrical helices and Bertrand curves from the view point as curves on
ruled surfaces. These curves are different generalisation of circular helices which are called
special curves in classical treatises [3]. Although these curves are called special curves,
these curves form large classes of space curves. We can show that cylindrical helices can be
constructed from plane curves and Bertrand curves can be constructed from spherical curves.
Moreover, all these curves can be constructed by such a way (cf., Theorems 3.1, 4.1). These
facts mean that we can study generic properties of these special curves as applications of
singularity theory to plane curves and spherical curves. In generic differential geometry, we -
first consider model submanifolds which have standard properties like as lines, planes and
spheres in R? (cf., [1]). After that we estimate how “generic” submanifolds are different from
or similar like as model submanifolds. Usually, we estimate the contact between “generic”
submanifold and model submanifolds. Since both notions of cylindrical helices and Bertrand
curves are generalisation of the notion of circular helices, we adopt circular helices as model
manifolds here.

The basic notions and properties of space curves are reviewed in §2. In §3, we study generic
properties of cylindrical helices as an application of Singularity theory to plane curves. We
also study Bertrand curves in §4. We give examples of cylindrical helices and Bertrand
curves in §5.

1991 Mathematics Subject classification. 58C27, 53A25, 53A05
Key Words and Phrases. cylindrical helix, Bertrand curve, singularities
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2 BASIC NOTIONS AND PROPERTIES

We now review some basic concepts on classical differential geometry of space curves in
Euclidean space. For any two vectors @ = (z1,72,73) and y = (y1,v2,¥s), we denote
x - y as the standard inner product. Let 4 : I — R3 be a curve with 'Ny(t) # 0, where
() = dvy/dt(t). We also denote the norm of = by |x||. The arc-length of a curve 7,
measured from J(ty), to € [ is

- e a

Then a parameter s is determined such that ||5'(s)|| = 1, where 7'(s) = d¥/ds(s). So we say
that a curve 4 is parameterised by the arc-length if it satisfies ||¥'(s)|| = 1. Throughout in
this paper, we denote s the arc-length of space curves. Let us denote T'(s) = ¥'(s) and we
call T'(s) a unit tangent vector of 5 at s. We define the curvature of 7 by x(s) = [|7"(s)]|.
If k(s) # 0, then the unit principal normal vector N(s) of the curve ¥ at s is given by
~

7" (s) = (s)IN(s). The unit vector B(s) = T(s) x N(s) is called a unit binormal vector of
the curve 7 at s. Then the following Frenet-Serret formula holds:

T'(s) = k(s)N(s)
N'(s) = —k(s)T(s)+7(s)B(s)
B'(s) = —7(s)N(s),

where 7(s) is the torsion of the curve 4 at s. For any unit speed curve 4 : I — R3, we call
D(s) = 1(s)T(s) + k(s)B(s) the Darbouz vector of 7 (cf., [8], Section 5.2). We consider
the normalisation of the Darboux vector d(s) = D(s)/||D(s)]|, which is called the spherical
Darbouz image or the Darbouz indicatriz of 7.

For a general parameter ¢ of a space curve 5, we can calculate the curvature and the torsion

as follows: ) . e
oty = IO XD det (50 7(2) 7 :(t)).
17 (@) x F(@)

x 5
(L), 7(1))?

A curve 4 : I — R3 with s(s) # 0 is called a cylindrical heliz if the tangent lines of %
make a constant angle with a fixed direction. It has been known that the curve F(s) is a
cylindrical helix if and only if (7/x)(s) = constant. If both of k(s) # 0 and 7(s) are constant,



it is, of course, a cylindrical helix. We call it a circular heliz. On the other hand, a curve
5 : I — R® with k(s) # 0 is called a Bertrand curve if there exists a curve 4 : I —s R3
such that the principal normal lines of 4 and 4 at s € I are equal. In this case 7 is called a
Bertrand mate of 4. Any plane curve < is a Bertrand curve whose Bertrand mates are parallel
curves of . For a Bertrand curve 9, it has been known that if there exists a point so € [
such that 7(sg) = 0, then ¥ is a plane curve. Therefore, the torsion of a spatial Bertrand
curve does not vanish. For a space curve 4(s) with 7(s) # 0, the curve 7 is a Bertrand curve
if and only if there exist nonzero real numbers A4, B such that Ak(s) + Bt(s) = 1 for any
s €I (cf,, [3, 7]). So a circular helix is a Bertrand curve.

3 PLANE CURVES AND CYLINDRICAL HELICES

For a space curve, if the torsion always vanishes, then the curve is contained in a plane. In
this case we denote the curve ~ instead 4 and the curvature kp instead of k. For a plane

curve (t), we define a space curve

() =100 % (cor6 [ 1500t a
where 0 is a constant number and a is a constant vector with (¥(¢),a) = 0 and ||a|| = 1.

Theorem 3.1 Under the above notation, 4 is a cylindrical heliz. Moreover, all cylindrical
helices can be constructed by the above method..

Proof. We now calculate the curvature and the torsion of ~(t). By definition, we have

(1) = ¥(2) + cot 0a, (1) = rp(B)n(t), 7 (t) = Kp(B)n(t) — (s (£))%(2).

Therefore, by the formulae of the curvature and the torsion for a general parameter, we can
calculate that x(t) = |k, (t)| sin® @ and the torsion is 7(t) = &, (t) cot @ sin® §. Therefore, ~(t)
is a cylindrical helix.

For the converse, let J(s) be a cylindrical helix. In this case, the spherical Darboux image

d(s) is constant, then we denote that @ = d(s). There exists a real number ¢ such that

7(s) = ck(s), so we choose § that cot§ = c. Without loss of generality, we assume that

sinf > 0. Consider the curve v(s) = J(s) — (3(s), a)a, then (v(s),a) = (v'(s), a) = 0. This

T(s)T(s) + H(S)B(S), we have (¥'(s), a) = cosé.
7(5)% + K(s)?

Therefore, we have |¥'(s) — (7/(s), a)a|| = sind. It follows that

means that it is a plane curve. Since a =

~(s) + (cot@/ ||'y’(s)||ds> a =7(s) — cosfa + cot sinfa = F(s).

We have the following corollary.



Corollary 3.2 A plane curve ~ is a circle if and only if the corresponding cylindrical helices
are circular helices.

Proof. By the calculation in the proof of the theorem, we have k(t) = k,(t)sin?6 and
7(t) = kp(t) cot Osin® 6. Both of these are constant if &, is constant. O

For space curves 7, : I —> R® (i = 1,2), we say that ,(to) and J,(to) have at least
(k 4+ 1)-point contact if 3 ( 0) = 7%”)(150) for 0 < p < k. We also say that 4,(to) and ,(t;)
have (k + 1)-point contact if they have at least (k + 1)-point contact and satisfy the relation
N(k+1)(t ) # FED (4 to). Then we have the following fundamental proposition.

Proposition 3.3 Let5 : I — R? be a regular curve with k # 0. Then there exists an open
interval so € J C I and a unique cylindrical heliz & : J — R® such that 8(to) = J(to), the
curvature of § is k(ty) and 4,8 have at least 3-point contact at t,.

The proof of Proposition 3.3 is given by solving the natural equation K6(t) = k(o) and
75(t) = 7(to) under the initial conditions 8(to) = (to), 8(to) = F(to) and 8(to) = (to). We
call the circular helix § the osculating circular heliz of 7 at so. We remark that if 5 is a
cylindrical helix, then the spherical Darboux image of the both curves is a constant vector
a. By the proof of Theorem 3.1, the curve 6(s) = §(s) — (8(s), a)a is the corresponding
plane curve. Since disa circular helix, 4 is a circle. We can easily show that this circle has
at least 3-point contact with vy(s) = (s) — (¥(s), a)a at sy = s(tp). This means that § is
the circle of the curvature of 4 at sg. The centre of d is called it the centre of the curvature
of v at so. The locus of the centre of the curvature of a plane curve -~ is called the evolute
of the curve «. The evolute of =y is given by e,(c) = y(0) + (1/k,(0))n(c), where n(o) is
the unit normal vector which is given by the anticlockwise 7/2 rotation of the unit tangent
vector t(o) in the plane. For a cylindrical helix 4(s), we consider a curve

Bx(s) = 7(s) = (7(s) a)a+ =k N (o)
We can show that (E5(s), a) = (E%(s), a) = 0. This means that E5(s) is a plane curve. We
can also show that E75(s) is the evolute of the curve y(s) = ¥(s) — (¥(s), a)a. We call Ex(s)
the planer evolute of the cylindrical helix 4(s). We also consider a ruled surface defined by
PN3(s,u) = 4(s) + ulN(s) which is called the principal normal surface of 4. This surface
is deeply related to Bertrand curves as we have shown in [7]. Here, we consider the relation
to cylindrical helices. For PIN5(s,u), we define the orthogonal projection to a plane by

w5, (8, u) = 3(s) — (a,7(s))a + uN(s).

By our construction, we have the relation 3 y(s,u) = v(s) + uen(s), where ¢ = £1.

On the other hand, there is a beautiful application of singularity theory to plane curves (cf.,
[1]). One of the results is to classify the singularities of the evolute of a generic plane curve
and study the geometric meaning of such a point. We summarise the result as follows: Let
v : I — R? be a unit speed plane curve with the curvature k,(c). We denote o as the
arc-length of the plane curve here.



Theorem 3.4 [1] Under the same notations as in the above paragraph, we have the follow-
mng:

(1) The evolute e, is the critical value set of the mapping ~(s) + uen(s).

(2) The evolute e, is reqular at oq if Kp(00) # 0.

(3) The evolute e, is locally diffeomorphic to the ordinary cusp if and only if kp(00) = 0 and
kip(00) # 0.

Here, the ordinary cusp is the plane curve given by C = {(z1, ;) | 22 = z3 }.

We remark that the condition «, (o) = 0 and &/ (o) # 0 is equivalent to the condition that
the curve v and the circle of the curvature at «y(op) have 4-point contact. This point is
called the vertex of ~. Since we have k(s) = |r,(s)|sin? 8 and 7(s) = &,(s) cot §sin® 8, we
conclude the following proposition as a corollary of Theorem 3.4.

Proposition 3.5 Let 4(s) be a cylindrical heliz. Then we have the following:

(1) The planer evolute E5(s) is the critical value set of the orthogonal projection = x of the
principal normal surface PN of 5.

(2) The planer evolute E5(s) is locally diffeomorphic to the ordinary cusp if and only if
K'(s0) = 7'(s0) = 0, £"(sp) # 0 and 7"(so) # 0.

The last condition is equivalent to the condition that the cylindrical heliz 5 and the osculating
circular heliz at 4(so) have 4-point contact.

In [1] it has been shown that number of points with the condition K,(d) = 0 and &,(go) # 0
is finite and there are no points with &,(cq) = K,(0o) = 0 for a “generic” plane curve. By
‘Theorem 3.1, we might say that singularities of the planer evolute of a “generic” cylindrical
helix are ordinary cusps.

4 SPHERICAL CURVES AND BERTRAND CURVES

In this section we describe the method to construct Bertrand curves from spherical curves.

Let v : I — 52 be a unit speed spherical curve. In this section we denote ¢ as the arc-
length parameter of «. Let us denote t(c) = (o), and we call t(c) a unit tangent vector of
7 at o, where 4 = dv/do. We now set a vector s(o) = (o) x t(o). By definition, we have
an orthonormal frame {vy(c),%(c), 8(c)} along ~. This frame is called the Sabban frame of
- [8]. Then we have the following spherical Frenet-Serret formula of ~:

j(o) =t(o)

o) = (o) + ry(0)s(0)

5(0) = —ky(s)H(@),
where x4(0) is the geodesic curvature of the curve v in S? which is given by Ke(o) =
det (v(o) t(o) t(o)). We now define a space curve

(o) = a / +(0)do + acot 8 / s(0)do,



where a, § are constant numbers. The following theorem is the key in this section:

Theorem 4.1 Under the above notation, ¥ is a Bertrand curve. Moreover, all Bertrand
curves can be constructed by the above method.

Proof. We now calculate the curvature and the torsion of (o). By definition, we have

¥(o) = a(v(o) + cot 0s(c)), (o) = a(l — cot Ory(0))t(o),
and ,
(o) = —acot 8k, (0)t(0) + a(1 — cot brg(0)) (= (0) + Kg(0)8(0)).
Therefore, by the formulae of the curvature and the torsion for a general parameter, we can
calculated as follows:

5(0) = 6sin2 9(1 — ky(o) cot 8) (o) =\sin2 0(r,(0) + cot 0),

where € = %1. It follows from these formulae that a(ex(c) + cot 7(c)) = 1, so that F(s) is
a Bertrand curve.

-For the converse, let 7(s) be a Bertrand curve. There exist non zero real number A, B such
that Ak(s) + B7(s) = 1. We put a = A, cotd = B/a. We assume that a > 0 and choose
g = *1 with esinf/a > 0. We now define a spherical curve

~(s) = e(sin 0T'(s) — cos O B(s)).

Then we have .
v'(s) = e(k(s) + cot 67(s)) N (s) = - sin 0N (s).

Let o be the arc-length parameter of -, then we have do/ds = (¢/a) sinf. We also have

a’y(s)E = ae(sin 0T (s) — cos O B(s ))a sin @ = sin O(sin 0T (s) — cos O B(s))

and
dvy do

. € .
acot f(s) x ol = acot Oe(sin 8T (s) — cos B(s)) x 4 sin 6N (s)

= cosfO(sinfdB(s) + cos 6T (s)).

d
Since s = 4 x —z, we have

do

a/'y(a)da-}-aco’w/s(a)da

= /sin 6(sin 6T (s) — cos 6 B(s))ds + /cos 6(sin 0 B(s) + cos 8T'(s))ds

=/T(s)=

We now consider the contact between Bertrand curves and circular helices. We have the
following corollary of Theorem 4.1.

O



Corollary 4.2 The spherical curve v is a circle if and only if the corresponding Bertrand
curves are circular helices.

Proof. By the proof of Theorem 4.1, we have

—€eKg(0) cos 9‘, o) =
a a

k(o) = sin G/ég(a)‘

The spherical curve « is a circle if and only if Kg(0) = 0. This condition is equivalent to the
condition that 4£(c) = 7(c) = 0. O

Let o : I — S? be a spherical curve with kg # 0. For any o € I, we consider a unit vector

1
P + 8(00)).
€0 *a(00)? + l(ﬂg(ff‘o)’Y(Uo) (00))
and a circle S(eg, co) = {x € S? | (z, e0) = ¢o }, where ¢y = ———M. Then we define

Iig(O'())2 +1
the height function he, : S* — R by he,(x) = (x, €9) — co. We can easily calculate that

heo ©7(00) = (hey ©7)(00) = (hey 07)(00) = 0.

This means that S'(ey, ¢) is the circle of curvature of « at (o). Moreover, if we calculate
(heo, © 7)™ (00) and (he, o v)®(0y), then we can show that Sl(eg, co) and ~ have 4-point
contact at ¥(0o) if and only if K4(0p) = 0 and £,(0g) # 0. These arguments induce that the
centre of curvature of v at «y(op) is given by ey. We call the locus of the centre of curvature
of v the spherical evolute of 4, which is given by

1
eN0) = —F/—————=(Kql0)Yl0)+ 8(0)).
+(0) = s (a()(0) + 5(0)
Then we have the following proposition.
Proposition 4.3 Let v : I — 52 be a spherical curve and ¥ : I — R3 be a Bertrand

curve corresponding to . Then the spherical Darbouz image of ¥ is equal to the spherical
evolute of ~.

Proof. By the proof of Theorem 4.1, we have

sin? 0(1 — ky(o) cot 6) sin® (k,(0) + cot 6)

k(o) =¢ . (o) = Z
and p :
T(0) = a(v(o) + cot 93(0))d—z, N(o) = et(0).
Then we have B(o) = ea(do/ds)(s(o) — cot 0v(c)). We can easily show"that

D(o) = 7(0)T (o) + k(0)B(0) = 2—‘;(3(0) + rg(0)¥(0)).



Therefore, we have d(o) = e,(0). O

Corresponding to the Darboux vector of a general space curve 7, we have the following
developable surface:

RG5(s,u) = B(s) + uT(s).

We have called RG5 the rectifying Gaussian surface of ¥ in [6]. Nevertheless, we call it the
Darboux developable of 4 here. The reason L is that the surface has always singularities and
the set of singular points are the image of D(s) = (7/k)(s)T(s) + B(s) which is called the
modified Darbouz vector of 5. In [6] we have studied singularities of the spherical Darboux
image and the Darboux developable of a space curve. One of the main results in [6] is as
follows:

Theorem 4.4 Let 5 : I — R3 be a regular space curve with & # 0 and 7 # 0. Then we
have the following:

(1) The spherical Darbouz image d of ¥ is locally diffeomorphic to the ordinary cusp C at
d(so) if and only if (7/k)'(s0) =0 and (1/k)"(s0) # 0.

(2) (a) The Darbouz developable of F is locally diffeomorphic to the cuspidaledge C X R at
uoT'(s) + B(so) if and only if ug = (7/K)(s0) and (7/x) (so) # 0.

(b) The Darbouz developable of ¥ is locally diffeomorphic to the swallowtail SW at uoT (so)+
B(so) if and only if ug = (17/k)(s0), (1/£)'(s0) = 0 and (7/k)"(s0) # 0

Here, SW = {(z1,%2,%3) |71 = 3u® + v0,z9 = 4u® + 2uv, 73 = v, (u,v) € R? } is the
swallowtail. '

Remarks The assertion (1) had been known by Fenchel[4]. A point 5(¢) of a curve ¥ in R®
is called twisting if T / k(to) = 0. Such a point is systematically studied by Uribe-Vargas[9] and
Romero-Fuster and Sanabria-Codesal[2]. In [5], we have shown that the Darboux developable
of 4 is locally diffeomorphic to the cuspidal cross cap CCR at ugT(so) + B(sp) if and only
if up =0, 7(s0) = 0 and 7/(s) # 0. Here, CCR = {(x1, T2, 73) | 72 = 2223 }. As we already
mentioned that if there exists a point sy of a Bertrand curve with 7(sp) = 0, then the curve
must be a plane curve. Therefore, the cuspidal crosscap does not appear as singularities for
Darboux developables of Bertrand curves.

In the construction of the Bertrand curve in Theorem 4.1, suppose that we fix real numbers
a, 0. Let v, : I — S? (i = 1,2) be spherical curves, then ~,,~, have (k + 1)-point contact
at o if and only if 4,, 4, have (k+ 1)-contact at op. This means that if S*(eg, co) is the circle
of curvature of v at 4(0g), then the corresponding circular helix is the osculating circular
helix of 4 at 4(0g). Moreover, we have the following lemma:

Lemma 4.5 Let v : I — S? be a spherical curve and ¥ : I — R3 be one of the corre-
sponding Bertrand curves with k # 0. Then the following three conditions are equivalent:

(1) Kg(oo) = 0 and Ky4(oo) # 0.
(2) (r/)(00) = 0 and (7/k)(00) # 0.
(3) £(00) = T(00) = 0, &(00) # 0 and (o) # 0.



Proof. By the proof of Theorem 4.1, we have
_sin?@(ky(0) + cot )

w(0) = 6sin 6(1 — k4(0) cot 6) (o) '

a a
It follows from these formulae that the condition (1) is equivalent to the condition (3).

Since & # 0, we have sin§ — kg(0) cosf # 0. Therefore, we have

(r/6)(0) = -

sinfrky(o) + cos b
(sinf — ky(0) cos§)

Then we can calculate that
Eg(0)
(sinf — ky4(o) cos §)?’

(r/k)(0) =

and
(r7K)(0) = e{Ky(0)(sin @ — ky(0) cos8)? + 2K4(0)?(sin b — K,(c) cos§) cos §}
B (sin@ — kg4(0) cos )4 '
Thus, the condition (1) is equivalent to the condition (2). _ a

Eventually, we have the following theorem:

Theorem 4.6 Let 4(s) be a Bertrand curve with k # 0 and 7 # 0. Then we have the
following:

(1) The spherical Darbouz image d of ¥ is locally diffeomorphic to the ordinary cusp C at
d(so) if and only if K'(so) = 7'(s0) = 0, k"(s0) # 0 and 7"(sq) # 0.

(2) (a) The Darboux developable of ¥ is locally diffeomorphic to the cuspidaledge C x R at
uoT'(s0) + B(so) if and only if ug = (7/k)(s0) and '(se) # 0 and 7'(so) % 0.

(b) The Darbouz developable of ¥ is locally diffeomorphic to the swallowtail SW at ugT (so)+
B(so) if and only if uo = (7/k)(s0), #'(s0) = 7'(s0) = 0, £"(00) # O and 7"(so) # 0.

The conditions (1) and (2),(b) are equivalent to the condition that the Bertrand curve 5 and
the osculating circular heliz at ¥(sqg) have 4-point contact.

We can prove that the number of points with the condition K4(do) = 0 and &,(0o) # 0 is
finite and there are no points with K¢(0o) = K,(0p) = 0 for a “generic” spherical curve by
the similar method like as the case for plane curves in [1]. By Theorem 4.1, we might say
that Theorem 4.6 asserts a “generic” properties for Bertrand curves.

5 EXAMPLES

In this section we give examples of cylindrical helices and Bertrand curves by using the
method in the previous sections. We also draw pictures of the planer evolute a cylindrical
helix and the Darboux developable of a Bertrand curve.

An example of cylindrical helices and it’s picture is given as follows.



Example 5.1 Applying a Euclidean motion, we can move any plane to the (21, a, 0)-plane
in R®. We now consider in this situation. If we choose a plane curve ~y(t) = (z1(t), z2(¢), 0)
and a = (0,0, 1), the corresponding cylindrical helix is

3(0) = @(t),22(0) ¢ [ VEOF T+ @rd),

for a given constant number c.

We now consider a plane curve v(7) = (2cosT,sin,0) then we have a cylindrical helix

~

(1) = (2cosT,sinT, E(t,—3)), where E(r,m) / V1 —msin® odo. The planer evolute
of ¥ is E,(0) = ((3/2) cos8(1 — 3sin* ), —3sin @, 0). These curves are depicted as in Fig.1.

We also give an example of Bertrand curves. -

Example 5.2 We consider a spherical curve (7) = (sin T, sin7 cos T, cos? 7). By using the
method in §4, we have the following Bertrand curve (a = 1 and cot 8 = 1):

¥(r) = ( COST-’r%(——;—F( ;).{_1( AE(r, ;)+3F(‘r,%))>,
_2arctan< V2sinT ) \/W sinT
3
T3

3 + cos(21 2\/§ ’

V8 +cos(2r)
COST 3+COS( 7') 1 2cos¢+\/m —sm 27‘),

-
2 2v/2

do

,
where F(1,m) = . Pictures of the curve is given in Fig.2. Moreover, we can
1 —msin?o

draw both of plctures of the spherical Darboux image of v and - itself (cf., Fig.3). The Fig.
4 is a part of the Darboux developable of 4. We can observe the swallowtail.



Fig.4.
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