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Abstract. Let H? be the Hardy space on the bidisc and 1 < p < oo. For a function
¢ in L*°, we study the norm of the Hankel operator Hy on H? and the invertibility of
the Toeplitz operator Ty on HP. The latter is strongly related with a weighted norm
inequalities on the bidisc.



§1. Introduction

Let m be the normalized Lebesgue measure on the torus 72. For 1 < p< oo, LF =
LP(T?,m) denotes the Lebesgue space and H? = HP(T?*,m) = {f € L? ; f({,n) =0 if
¢ < 0 or n < 0}, that is, HP denotes the usual Hardy space on T%. Let K? = {f ¢

~

L?; f(6,n) =0if £ < 0andn < 0}). Then K? = {f € L7 ; /fgdm:Oifgqu}
where 1/p + 1/g=1. Put H = H?N L and K = L” N L where L denotes the set of all
trigonometric polynomials on T?. Suppose m, and m,, denote the normalized Lebesgue
measures on the torus 7' =T, and T = T,,. Then T? =T, x T, and m = m, X M.

Let P be a projection from L onto H with P = 0 on K. Then P can be extended
boundedly to LP for 1 < p < oo and P is an orthogonal projection when p = 2. For a
function ¢ in L*°, the Hankel operator determined by ¢ is

Hyf = (I - P)(of) (f € HP)

and the Toeplitz operator determined by ¢ is

Tsf = P(of) (f € HP).

For the bounded linear operator A on H? or LP, ||A||, denotes the norm of
A. When p = 2, and HP is the Hardy space on the disc, Z.Nehari [10] proved that
|Hyll2 = ||¢ + H*||. Tt is not difficult to generalize this for p # 2, that is,

16+ BN < [|Hgllp < [[1 = Pllglio + H*=|.

This is different from a formula in [1, Theorem 2.11] because the Hankel operator is
different from ours. In Section 2, we generalize the formula above for ||Hyl|, to the Hardy
space on the bidisc. When p = 2, this is known (see [2],[4],[8] and [9]). When H? is the
Hardy space on the disc, R.Rochberg [13] showed that T, is invertible on HP? if and only
if = k¢o and @y = ho/ho where k is an invertible function in H* and hg is an outer
function in H? with |ho|? satisfying the (A4,)-condition (see [10, Theorem 1]). If p = 2, this
reduces to a theorem of H-Widom and A.Devinatz. In Section 4, for some special symbol
¢ we generalize the above theorem of R.Rochberg to the Hardy space on the bidisc. In
Section 3, we define (A,)-condition on 72 and give a theorem of Hunt, Muckenhoupt and
Wheeden on T2. This is used in Section 4.

An order relation can be inrtoduced in Z2%. Let L, be a line with rational slope
7 in the plane. S, denotes all lattice points on one side of L,, together with those on
the right side ray of L, from the origin. When L is a real axis, that is, L = Ly, then
So = {(m,0); m > 0}u{(m,n); n>0}. When L is an imaginary axis, that is, L = L_,
then S_ = {(0,n) ; n >0} U {(m.n) ; m > 0}. This order is non-archimedean, and Z?
has the smallest positive element (mg,n0) in S,. We assume that S, contains Z?%, that
is, —0o < r < 0. When —oco < r < 0, |mg| and |ng| have no common factor except
1 and r = ng/myg, and let (my,ny) = (0,1). When 7 = 0, (mg,ne) = (1,0) and let
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(my,n1) = (0,1). When r = —o0, (mg,n) = (0,1) and let (mq,n1) = (1,0). For each
half plane S,. put
Z = Z, = 2"w"

and
W =W, = 2Z™w™.

Hence Zy = W_o =z and Wy = Z_, = w, and if —co < r < 0 then W, = w.

For each r with —oco < r < 0, put HP? = the norm closed linear span of
UX_ZIH? in L7 if 1 < p < co and H® = the weak* closed linear span of UR _ ZJ H®
in L*®°. LP and H? denote the norm closure of the set of trigonometric polynomials and
analytic polynomials, respectively, of Z, in I? if 1 < p < oco. L and H;° denote the

weak™* closure. Then
H? = L2+ L2W + -+ LEW™ + W'HE,

Let £ be a conditional expectation from H® onto £°. Then &£ is multiplicative on HZ
and H® + WH® is weak* dense in L*. Hence H{° is an extended weak® Dirichlet
algebra with respect to £ (see [7]). For r = 0 and r = —oo, we will write that Hj =
H? H? = HE, WHS = wHE, WH? | = zHE, L3P = L and LZ_ = L where
LP = L>(T,,dm,) and LL = L*(Ty,,dm,,). H*(T,,dm,) and H?(T,,dm,) denote one
variable Hardy spaces. Let P“ be a projection from L onto (HY) N L with P¥ = 0 on
wH,, N L, and put PYf = wP”(wf). P? and P§ can be defined similarly.

All results in this paper can be generalized easily to the Hardy space on the
polydisc.

§2. Hankel operator

Theorem 1 for p = 2 is known in [2],[3],[8] and [9]. Proposition 2 for p = 2 is
written in [8]. However its proof had some gap except r = 0 and r = —oo (see[9]).

Lemma 1. Suppose 1/p+1/q = 1. If h is a function in H}, then there exists an
fin B2 and a g in HY such that h = fg, |f], < 16l and igll, < (Al

Proof. In Section 1, we noted that H° is an extended weak™* Dirichlet algebra.
If his in H} then xgn)€(log|h|) > —co a.e. where E(h) is the support set of k. Hence
Theorem 4’ in [7] implies the lemma for p = 2. For p # 2, we can prove it similarly
because Theorem 4’ can be shown for arbitrary p (see[7, Section 5]).



Lemma 2. Suppose 1/p+1/q=1. If ¢ is a function in L™, then

g + H=||
= sup{| [ ghdm| ; he WH} and ||hfl <1}

= sup{| [ ofgdml| ; f € HE, g€ WHL, ||fl, <1 and |lgll, <1}

Proof. This is a result of Lemma 1 and Hahn-Banach theorem because the anni-
hilator of WH. in L™ is H®.

Theorem 1. Supposel <p < oo, 1/p+1/q=1 and ¢ is function in L. Then

max(||¢ +HFl, |+ HP|) < [|Hyll
< It = Pllg{[IFs" gl + HZ || + 1551l + H2||}.

Proof. We will give the lower estimate of ||Hy||. Since z"H% = HY for any
positive integer n, H? x wHI = z"H? x wH{. Hence

HP x K95 {|J z"H?} x wHY,

n=0

Using Lemma 2 in the second equality,

|Holl = sup{| [ (1 = P)pfgdm| ; f € H?, g€ 1%, ||fll, <1 and |lgll, < 1}
> sup{| [ ¢fgdm| ; f € H?, g€ K, ||fl, <1 and |lg], <1}

> sup{| [ pfgdml ; f € Hi, g€ wH, |fll, <1 and [igll, <1}
= ll¢+H|l.

Similarly we can show that || Hy|| > ||¢ + H||.
Now we will give the upper estimate of ||Hy||. Here for F € L? and G € L9, put

(F,G) = / FGdm.

| Hyll = sup{|(Hsf,9)| ; f € H?, ge LY, ||fll, <1 and |g|l, <1}
=sup{[(¢/, (I = P)g)| ; f € H”, g€ L, ||fl, <1 and |glly <1}
< I = Pllgsup{[(af, h)| ; f € H?, he K%, |fll, <1 and |h|, <1}.

Since K7 = wHY{, + zHY?, by Lemma, 2

Sup{|<¢f7 B>| ) f € Hp, h € va “f“P S 1 a‘nd Hh”q S 1}
< sup{[{¢f, F’h)| ; f € H?, he K, ||fll, <1 and [hfl, <1}
+sup{|(of, PEh)| ; f€ H?, he K |fll, <1 and |h]j, <1}
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< 1PPllgsup{| [ ¢fkdml; f € BP, k€ wHY, |fl, <1 and [kl <1}
1P llgsupd| [ @fkdmi; f € HP, ke HY, |fll, <1 and |kl < 1}
< IPllysupd] [ @fkdm|; f € HY, k € wHY, |fll, <1 and ||fll, < 1)

HIPSllgsupd] [ éfkdm|; § € B2, ke sHL, |7, <1 and [Ell, < 1}
<P lollg -+ BN -+ 15 ol + H|.

This completes the proof.

Corollary 1. Suppose p =2 and ¢ is a function in HY. Then
[ Hgll = llo +HZ.

Proof. Apply Theorem 1 as p = 2.

Corollary 2. Suppose p = 2 and ¢ is a continuous function on T?. Then
T [[Houn | = 6 + FE2]) and i || Hpun | = [16 -+ HE].
Proof. By Theorem 1 for p = 2.

l¢ +HY || = [|¢2" + H ||
< ||Hger || < Nl@2" + HY || + [|92" + HY||
= |l +Hy'|| + ||¢ + z"HY||.

Since ¢ is continuous, n11~>1{.10||¢ + z"H?°|| = 0.

Proposition 2. Suppose 1 < p < 0o and ¢ 1s a function in L. Then

sup l¢+ HZ|| < 1 Hyll < [|Pllpll¢ + H*]

—00<r<

Proof. For the lower estimate of ||Hy||, the proof is almost parallel to the case
of » = 0 and —oo which were proved in Theorem 1. When p = 2, the proposition was
proved in [8, Theorem 1] with a gap (see [9]). The point is to prove that the linear span

of U Z™HP? is dense in H? when r # 0 and r # —o0. For —oo < r <0,

N=—0
ZH? > {Z*w'; (s,t) € Z*, s > my, t > ng}

and
Z7VH? D {2*wt; (s,t) € Z%, s> —my, t > —ng}.
XD
where Z = Z, = z™w™, r = ny/my and ng < 0, mg > 0. Hence U Z"H? contains

n=—0oo

{z™w" ; (m,n) € S, U (the left side ray of L, from the origin)} and the linear span of
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{z™w™ ; (m,n) € S, U (the left side ray of L, from the origin)} is dense in H?. This
implies that the linear span of | ] Z"H? is dense in HP.

n=——oo

Corollary 3. Suppose p =2 and ¢ is a function in HP ={fe H™; /fdm =
0}. Then

([ 162am)™ < 1) < 6]

Proof. If ¢ is in H°, then ¢ is orthogonal to H? and hence ||¢ + H®| >

(fiotan)

. Corollary 4. Suppose 1 < p < 00 and ¢ = ¢y@, is a function in L™ where ¢,
is unimodular in L*(Ty,, my,) and ¢, is unimodular in L®(T,,m,). Then

max([|g; + H®[|, || + HZ|) < |Hgl| < [|Pllpll¢ + H>|.
Proof. This is a corollary of Proposition 2 by the following equality :

16200 + HZ|| = [|¢: + HZ|| = [|6, + H*(T;, m,)|| = |l¢. + H™||.

§3. Weighted norm inequality

If W is a nonnegative function in L', then

1 1 -p
— [ wrid
(m(E x F) JExF m)
P 1
<

= miE)/ ( /W " 1d’"w> S B X Jaxr O™

where 1 < p < co and E X F is a Borel set on T2, If W(z,w) = W, (2)Wa(w), and
Wi and W, are nonnegative functions in L'(T,) = L*(T,m,) and LY(T,) = LY(T, m,,),
respectively, then

1 1-p

(WlT) ExFW_ﬁTdmy_p - (miE) /Ewli—ldmzy_p <m @

—Tr—z_t—E_)/ ( /W ‘ldmw> p=;zl(7)/EW1dmz (m_wl(ﬁ/pwg;i-ldmw)l“”




and

1 1 1
— [ wa :——/Wdz————-—/de.
m(E x F) /ExF i m.(E) Je ' mmw(F) P2

Suppose 1 < p < oo and W is a nonnegative function in L'. We say that W
satisfies (A,)-condition for w if there exists a positive finite constant v such that

1 1
—_—— < p-T1
m(E x I) Jex1 Wm < ,ymz(E) / (mw /W dm“’)

where E is a Borel set in T, and I is an interval in T;,. Similarly (A,)-condition for z
can be defined. If W satisfies (Ap)-condition for w and z, then we say that W satisfies
(A,)-condition.

Using a theorem of Hunt, Muckenhoupt and Wheeden [6] on T, we give the
generalization to 72. This is known essentially in [3]. This will be used in Section 4.

-P

Lemma 3. Suppose 1 < p < oo and W is a nonnegative function in L.
[11PWdm <5, [1f +5PWdm (f € HE, g € wH)

with 7y, independent of f and g if and only if W satisfies (Ap)-condition for w.

Proof. It is easy to see that W satisfies (A,)-condition for w if and only if for
a.e.m, W satisfies (A,)-condition of one variable. In a theorem of Hunt, Muckenhoupt
and Wheeden (cf. [5, Theorem 6.1 in Chapter VI]), the constant ', of (A,)-condition and
the constant -y, of a weighted norm inequality are equivalent, that is, 0 < e < T,/v, < 1/e.
This implies the lemma with Fubini’s theorem.

Theorem 3. Suppose 1 < p < oo and W is a nonnegative function in L'.

[15PWdm <oy [ 17 +gPWdm (£ € H, g€ K)

with v, independent of f and g if and only if W satisfies (Ap)-condition.
Proof. Suppose that

[1spwdm <y, [1f+gpWam (feH, g€ K).
Then for any nonnegative integer n,
/|2"f|Pde < 7,,/|2"f + Z"g|PWdm.

Smce K> > wH®

w ?

U Z"H is dense in H?, for FF € H® and G € wH®

if g € wHy then 2"g € wHY and z"f € HY for any n > 0. Since

/ |FPWdm < v, / |F + G]PW dm.
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Now Lemma 3 implies that W satisfies (A,)-condition for w. The same argument implies
that W satisfies (A,)-condition for z. Conversely, suppose that W satisfies (A,)-condition.
By Lemma 3, for the weight W we have weighted norm inequalities for H +@H — HS®
and H® + zH® — HP. This implies the weighted norm inequality for H + K — H. In
fact, this is a simple result of the following decomposition. If f € H and g € K, then
G =g1+ g2 where g; € H° N K and g, € wH® N K, and so

f+i=(f+aq)+g

where f +¢; € H°N L. Then f € H*® and g, € ZH>.

Our (A,)-condition on T? seems to be strange if we compare with that on 7. A
natural (A,)-condition on T2 may be the following : There exists a positive constant -y
such that

1

— Wd
m(I x I) Jix1 m

i-p
1
<yl— = ,
=7 (m([ x I) IxIW dm)

However this is too weak for one weighted norm inequality.

Corollary 5. Suppose 1 < p < oo and W = W,,W, where W,, is a nonnegative
function in L*(T,,) and W, is a nonnegative function in L*(T,).

[ 1#PWdm <5, [1f +gPwdm (f € H, g€ K)

if and only if Wy, and W, satisefy one variable (Ap)-condition.

§4. Toeplitz operator

For ¢ in L*, T¥ and T are Toeplitz operators on HE, and HZ, respectively.
That is , T§f = P*(¢f) (f € HE) and T5f = P*(¢f)(f € HE). o(T,), o(T¥) and
o(T%) denote the spectrums, respectively. For a nonzero function h in H?, we call it an
outer function if

/log]h]dm = log|/hdm|

(cf. [14, p73]). For a nonzero function A in HE,, we call it a w-outer function if
/ 10g|h|dm:/log|/ hdmy,|dm, > —oo.
T2 T T

9



Similary we can define an z-outer function. When a function in H? is outer for w and z,
it is called weakly outer (see [11]). If A is an outer function in H?, then h is weakly outer.

In order to prove Lemma 4, we use a general theory of an extended weak *
Dirichlet algebra [7]. However we can also prove this using a general theory of a weak *
Dirichlet algebra. Since

/1og|/ hdm|dm, :/ log € (R)|dm
T T T?

where & is a conditional expectation from H® onto £ = H® NH®, if h is a w-outer
function, then hH? is dense in HE [7].

Lemma 4. Suppose 1 < p < 0o and ¢ is a function in L. If T 15 left invertible
on HY | ¢ = k¢o where k is invertible in HS, ¢y is a unimodular function, and T, 18
left invertible on H? .

Proof. If TY is left invertible on HE , then there exist a positive constant € such
that

[16f +gpdm > & [ |fPam

for f € H? and g € wH?. As g = 0, /|q5|p|f[”dm > €/|f|”dm for fe HE. Ifvisa

nonnegative function in L' with logv € L', then by Theorem 4’ in [7] v'/? = | f| for some
function f in H, N LP. By Theorem 5 in [7], H, N LP = H?, and so f € H?. Hence

/|¢|pvdm > 6/vdm

for all v € L' with v > 0. This implies that ¢ is invertible in L*°. Again by Theorem
4'¢ = k¢ for some k € H® and for some unimodular function ¢gy. It is easy to see that
k is invertible in HP. Since Ty = Ty T} and T} is invertible, T, is left invertible.

Lemma 5. Suppose 1 < p < oc and ¢ is a function in L*. Ty is invertible on
HE if and only if there exist an invertible function k in HY and a w-outer function h in
H?, such that ¢ = kh/h and |h|P satisfies (A,)-condition for w.

Proof. By Lemma 4, we may assume that ¢ is a unimodular function. If Ty is
invertible on HE, then there exist f € H2 and g € wHE such that ¢f = 1+ §. Since
(T%)* is invertible on HY, where 1/p + 1/¢ = 1, there exist f/ € H% and ¢’ € wHY
such that ¢f' = 1+ g'. Therefore ff' = (1+g) (1 + ¢') belongs to HP/2 N H%2. When
p>2, HY2NHY? = HY/2NHP/? = £2/2. Hence ff' belongs to £2/?> and so ff =1 a.e.
on T? because g,¢' € wHY. When 1 < p < 2, H¥/2 N HY? = £%9/2. This also implies
ff'=1 ae onT? Hence f € H? and f~' € H!, and 1+ g € H?, and (1 +¢)~! € HY,.
Since ¢ = (1+g)/f and |¢p| =1 a.e.on T?, |f| =|1 +g| a.e. on T?> and so 1 + g = af
for some unimodular @ € £X. Therefore ¢ = h/h where h = ff for some unimodular
B € L. Then h is a w-outer function in H?.

Since Ty is invertible on HE, there exist positive constants v and € such that

Yo + gl 2 TG fllp > €l f1l;

10



where f € HYY and g € wH;,. Then
P [+ R hPdm > & [ W7 £ P dm
and hence we can show that
¥ [IF +GPIhPdm > & [ |FF|hldm

where F € H® and G € wHZ, because h is w-outer. By Lemma 3, |h|P satisfies (A,)-
condition for w. _
Conversely if ¢ = h/h and |h|P satisfies (A,)-condition for w, then by Lemma 3

vp/ |f + gP|h[Pdm > /Ifl”lhl”dm (f e H®, g € wH)

and so )
% [l + hgPPdm > [hfPdm (f € Hy, g € wH).

Since h is a w-outer function in H? | hH® is dense in H? by [7] and so
7,,/ |6F + G[Pdm > /IFlpdm (F e H®, G € wH®).
D)

This implies that T% is left invertible because L?/wHE, = HE. Since [TYHZ], D
[P*(hHY)],, we will prove that [P*(hHS?)], = HE,. Then the invertibility of T follows.

For any n, we can write h = Zhjwj+w"+1kn+1 where h; € £2(0 < j < n)and k41 € HE,.
3=0

Since h is a w-outer function, |ho| > 0 a.e. on T? and hy € [P¥(AH®)],. [P¥(RH)], is in-

variant under multiplication by u € £° and so £ C [P¥(RH®)],. Since P¥(wh) = whq+

hy, why € [P¥(AH)], and so wL? C [P¥(RH)],. Since P¥(w?h) = w?hg + why + hy,

similarly we can show that w2£? C [P¥(RHS)],. By repeating this method, we can prove

that H?, C [P¥(RH®)],,.

Theorem 4. Suppose 1 < p < oo and ¢ is a function in L™, If Ty is invertible
on HP, then

h h
=ky— =k, —
¢ = ky ™ h
where k; is invertible in H® for t = w,z and hy 1s a t-outer function in HY for t = w, 2
such that |hy|P satisfies (A,)-condition for t = w, z.
Proof. If T}, is invertible on H?, then there exist positive constants v and € such
that

Mef +3lly 2 1 Tefllp = ell i
where f € H and g € K. As in the proof of Theorem 3, for any nonegative integer n

’y”/lqﬁz"f+2"g|”dm > 5”/]Z”f|”dm

11



where f € H and g € (wH(?) N L, and so we can show that

Mef +3lly = ellflp

where f € HJ? and g € wH}. This implies that T} is left invertible on HZ. Since
P¥(¢HY) D P(¢HY) D P(¢H) and TyH? = HP, T“’Hp is dense in Hf, and so Ty is
invertible on H? . Now Lemma 5 implies that ¢ = k hw / h where k,, is invertible in H°°
and h, is a w-outer function in H? such that |k, |? satisfies (A,)-condition for w. The
same method implies the statement about z.

Corollary 6. Suppose 1 < p < oo and ¢ is a function in L®. Then

o(Ty) 2 o(T%) Uo(T}).

Theorem 5. Suppose 1 < p < .

(1) Suppose ¢ = h/h for some nonzero function h in HP. If Ty ts left invertible
on HP, then |h|P satisfies (A,)-condition.

(2) Suppose k is an invertible function in H®, h is an outer function in H® and
|h[P satisfies (Ap)-condition. If ¢ = kh/h, then Ty is invertible on HP.

Proof. (1) If T}, is invertible on HP, then there exists a positive constant v such
that

Werf+all, > Ifll, (f€H, g€K).

As in the proof of Theorem 3, for any nonnegative integer n,
P [192°f + 2gPdm > [ |2 fpdm
where f € H an g € (wHS) N L, and so we can show that

YWef+al > 1fll, (f €Hy, g€ wHY).

and B
yp/|h‘1f+h‘1g|”|h|pdm > /lh‘1f|”|h|pdm
where f € HjyY and g € wHY. For any F' € H® and any G € wH®,
inf /|h Y~ FP|hpdm = inf /|f hFPdm =0

and
inf /Ih |h|pdm— 1nf /]g hG[Pdm = 0.
gewH

Hence
71’/ |F + GP|hPdm > / |FPP|hPdm  (F € H®, G € wH®),

12



By the same argument, we can give the above inequality for HS® -+ ZHS instead of H® +
wHS. By Lemma 3, |h|? satisfies (4,)-condition. )
(2) Since Ty = T T}, and Ty is invertible on H?, we may assume that ¢ = h/h. If
h
|h|P satisfies (A,)-condition, by Theorem 3

[1sPinpdm < v [ 17 + gPlkPdm (f € H, g € K)

and so )
[ \nsPdm <5, [ \ohs +hgPdm (f € H, g € K).

Since h is outer, h™! belongs to N,. Since |h[P satisfies (A4,)-condition, h~! belongs to
N, N L, = Hy. This implies that hH? is dense in H? because h € H*. Thus

/|F|”dm < 7,,/|¢F +GPPdm  (F € H, G € K).

This implies that T, is left invertible because L?/[K], = HP. If we can prove that
[Ty(H)lp = [P(hH)], = HP, then the invertibity of T} follows.

o0
Let h = Zhj be a homogeneous expansion of h where h; is a homogeneous poly-
Jj=0 B B
nomial of degree j. Since h is outer, hg is a nonzero constant and 1 € [P(hH)),. P(zh) =
zho + P(zhy) = zhgy + ¢ for some constant ¢ because

z/_z:zﬁo+z7zl+z27zj.
Jj=2

Hence z € [P(hH)], because 1 € [P(hH)],. Similarly w € [P(hH)],. P(2%h) = 2%he +
P(2%h; + 2%hy) = 22hg + cz + d for some constant ¢ and d because

(o¢}

2°h = 2%ho + 2 (hy + ha) + 2% by
7=3
Hence 22 € [P(hH)], because 1, z € [P(hH)],. Similarly w? and zw belong to [P(hH)},.
By repeating this method, we can prove that H C [P(hH)],.

Corollary 7. Suppose ¢ = ¢y,¢. is a function in L where ¢, € L*®(T,, my)
and ¢, € L*(T,,m;). T, is invertible on H? if and only if T, is invertible on HP(T,,, m,,)
and Ty, is invertible on HP(T,,m,).

Proof. If T, is invertible on H?, then both ¢, and ¢,, are invertible on H?, and
there exists a positive constant & such that

/|¢f+g|”dm > g/|f|pdm

for f € H? and g € wH®. This implies that there exists a positive constant ¢’ such that
[160f +gPdm > [ |fpdm
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for f € H? and g € wHY because ¢;'wHS C wH. Hence Ty, is left invertible on
HP?(T,,my). It is easy to see that Ty, HP(T,, m,) is dense in HP(T,, my,). Thus Ty, is
invertible on H?(T,,, m,,). Similarly T}, is also invertible on H?(T,, m,).

Conversely if both T,, and T, are invertible on H?(Ty,, m,) and H?(T,,m,).
respectively, then by a theorem of R.Rochberg [13] ¢ = ¢,,¢, satisfies the condition in (2)
of Theorem 5. Hence Tj is invertible on H?.

Remark

(1) Suppose ¢ = (2 — Zw)/(2 — zw). By Theorem 4, T} and T are invertible on
HZ and HZ, respectively.

(2) If ¢ is a unimodular function and ||¢ + HY|| + ||¢ + HP|| < 1, then T} is
left invertible on H?. For by Theorem 1 ||Hy|| < 1 and so ||1 — T;Ty|| < 1 because
T3Ty + HyHy = I. Suppose ¢, = (a — Zw)/(a — zw) and |a| > 2. Then ||, + HY|| +
||pa +H®|| < 1 for some a and then [|¢, + HY|| + ||#. + HP|| < 1. This implies that Ty,
is invertible on H?.
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