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Covariance kernel and the central limit
theorem in the total variation distance

Toshio Mikami
Department of Mathematics
Hokkaido University
Sapporo 060-0810, Japan

April 2, 2001

Abstract

We introduce covariance kernels for Borel probability measures on
RY, and study the relation between the central limit theorem in the
total variation distance and the convergence of covariance kernels.

1 Introduction.

Cacoullos and Papathanasiou (1989) introduced a function, called a covari-
ance kernel or w-function w(z), for a probability density function f(z) on R to
study the characterization of probability distributions. It is known that f(x)
is normal if and only if w(z) = 1 (see Cacoullos, Papathanasiou and Utev
(1992)). Cacoullos, Papathanasiou and Utev (1994) proved that the conver-
gence, as n — oo in L(R, dz), of a sequence of probability density functions
{ .}, with interval supports on R to g1 (z) = (27) /% exp(—22/2) is equiv-
alent to that of {wnf, — [}, to 0, where w,, denotes a w-function of f,.

Mikami (1998) generalized their result, by a different method, to the
case where probability measures under consideration are Borel probability
measures on R.

Cacoullos and Papathanasiou (1992) introduced a covariance kernel for
a probability density function f(z) on R¢ for d > 2. Papathanasiou (1996)
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used it to show that L'(R? dz)-norm of f — g4 (9a(z) = 1%, g1 (z;) for z =
(z:)., € RY) is dominated by that of (wif — f)&,, where (w%)Z, denotes a
covariance kernel (vector) of f. Papadatos and Papathanasiou (1998) studied
the relation between L'(R%,dz)-norm of f; — f, and covariance kernels of f;
and f, and of their marginals for two probability density functions f; and f;
on R4

In these papers they assumed that

ok = ( /Rd yiy; fr(y)dy — /R L ile(y)dy /Rd vife@Wdy)im (L)
is positive definite for k = 1, 2, and that the following holds:

([ e yudy)([ fu@dw) = [ (oi's)iflo)ds (12)

foralli=1,---,dand k = 1,2, and that f; and f; have convex supports
since they used an identity in Cacoullos and Papathanasiou (1992). They
also considered the discrete case under a similar condition.

In this paper we modify the definition of a covariance kernel so that it can
be defined for any Borel probability measure on R%. We also show, without
such a restriction as above, that the convergence, as n — oo in the total
variation distance, of a sequence of Borel probability measures {F,},>1 on
R to a standard normal distribution is equivalent to that of W(FP,)—Idx P,
to 0 (see section 2 for definition), where Id denotes an d x d-identity matrix.
Our proof is different from that of Mikami (1998), and our result in this
paper generalizes it to a multi-dimensional case.

In section 2 we state our main result which will be proved in section 3.

2 Main Result.

Before we introduce a modified definition of a covariance kernel, we give some
notations.

For a Borel probability measure P on (R, B(R?)) and any set S and
S"c {1, --,d} for which SN S’ = § and for which §" # {1,---,d}, put

pP3 (I;esdz;) (2.1)

(xj)jes’



f{(zj)jgsuszeRd‘#(SUS’)} P(zj)jes’ (Hi¢gldf£i) ifS#£P, SUS # {1,---,d},

= { P(mj)jes,(ﬂi¢sld$i) if SU Sl = {1, ret ,d},
1 if S =10,

P®(I;esdz;) = P(ij)jew(ﬂiesdxi). (2.2)

Here #(S) denotes a cardinal number of the set S, and Pj) e o (Higsrdz;)
denotes a regular conditional probability of P given (z;);es (see Shiryaev
(1995)). When it is not confusing, we write {i} = 4, (z;)(jj<iy = (%) j<i)
(T5) 1554y = (T5)54, ete, for the sake of simplicity.

The following definition is a modification of covariance kernels in Cacoul-
los and Papathanasiou (1992), and generalizes that in Mikami (1998) to a
multi-dimensional case.

Definition 2.1 For a Borel probability measure P on (R% B(R?)) such that
Jra [y[PP(dy) < oo, put fori=1,---d,

Wi (P)(dz) = PYi#i(1l,dz;)de, (2.3)
X [ 2Py 0ild2) = }Pray, (),
W(P)(dz) = (6,W(P)(da)), (2.4

Here we put 0y — 1 ifi = j, and = 0 if i # j (1 < 4,7 < d). When
W*(P)(dz) is absolutely continuous with respect to dz, we put W*(P)(dz)/dz =
W*(P)(z) and W(P)(dz)/dx = W (P)(z).

Remark 2.1 Suppose that [ga2*P(dz) = 0 and [ga |z%|?P(dx) = 1 fori =

-,d. Then W*(P) is a probability measure only when d = 1 (see (3.12)).
Suppose also that P(dz)/dx = p(x) exists. Then the covariance kernel W}, in
Cacoullos and Papathanasiou (1992) is equal to W*(P)(z)/p(z) if P(dz) is
a product measure.

For two finite measures P and Q on (R, B(R%)), let

p(Plde),Q(dz) = sup{] | ol ~ Q(da))| (2.5)
¢ is Borel measurable from R? to [—1,1]}

denote the total variation distance between them.



Remark 2.2 For two probability measures P and Q on (R%, B(R%)),

p(P(dr), Qdz)) = 2 sup [P(A)—Q(A)] (2.6)

AeB(R4)
(see Shiryaev (1995, p. 360, Lemma 1)).

The following is our main result.

Theorem 2.1 Suppose that { P, }n>1 is a sequence of Borel probability mea-
sures on (R%, B(R?)) such that [ga [yil>Pa(dy) = 1 (1 <i<d,1 <n). Then
the following (I) and (II) are equivalent.

(). dim p(P,(dz), ga(z)dz) = 0.
(II)' JLI&ZP(Pn(dx%Wz(Pn)(dx)) =

Roughly speaking, Theorem 2.1 means that the central limit theorem in
the total variation distance is equivalent to the convergence of nonnegative
definite matrices, to an identity matrix, which are coefficinets of the second
order differential operators of the second order PDEs that are satisfied by
probability measures under consideration.

In fact, when P(dzx)/dx = p(z) exists, W(P)(z) is a nonnegative definite
matrix and the following holds: for any ¢ € C*(R%R),

L, 3 GWH P @) o) P ole) fordm a7

i]l

S, 2Pl d) - 20 @) oot

If (I) or (II) in Theorem 2.1 holds, then

Jl%izd;/dl/ Po)@;),4:(d2) P Pa(dz) = 0 (2.8)

(see Lemmas 3.2 and 3.3).



3 Proof.

Before we prove Theorem 2.1, we state and prove technical lemmas.

Lemma 3.1 For any Borel probability measure P on (R%, B(R%)),

p(P(dz), ga(x)dz) (3.1)

Zp (dz), g1 (@) das PO (11 rid;))
< 2dp(P(d$), a(z)dx).

IN

(Proof). When d = 1, (3.1) is true (see (2.1)). Suppose that d > 1. Then
one can show the following by induction in d:

P(dz) — g4(z)dx

d
S Mcheingr(@r)dag(PY> (M sda;) — g1 (z:)das PY> (T 5da;)),

=1

where we put Il <x<0g1(2r)dzx = 1. This together with the following proves
the first inequality in (3.1): for i = 2,---,d,

PO (ssdz;) — g1 (2:)dw: P97 (s dy)
(P(dz) — g(z:)das PV (11, sidz)).

/{(mj)j«'ERi‘l}

The second inequality in (3.1) can be shown by the following: fori =1,---,d,
P(dx) — gy (z:)dz: PV (T i)
— P(dr) — ga(z)de + gi(z:)ds / (ga(z)dz — P(dz)).
{z;€R}
Q. E. D.



Lemma 3.2 Suppose that d > 1, and that a sequence of Borel probabil-
ity measures {Po}n>1 on (R%, B(R?)) satisfies the following: for some i €
{1’ e 7d}}

Yim p(Po(dz), g1 (x:)da:(Pn) V77 (I dz;)) = 0, (3.2)
and [pa|z:|*P.(dz) = 1 for all n > 1. Then the following holds:

hm (pn)(j)j;ﬁ(ﬂj#dxj)l/Rx,-(Pn)%xj)#i(dxi)F - 0. (3.3)

n—oo Rd—l

(Proof). For R > 0,

/Rd (P (Wypsde)] [ 2Py, (d0) (3.4)
< (p)a)m(H#zd;c] |/ xi( )(m])m(da:i)ﬁ

{z€R4:|x;|>R}

The first part of the right hand side of (3.4) can be shown to converge to
zero as n — oo by the following:

[ 2B, e < Ry (PO (Typade) a5, (35)
and
/Rd*l(p)(w( i2id;) [/ 2Py, . ()| (3.6)
= D[, (R
<AR(Po)iy, (00, B) ~ [ gr(w)da,
. —-R
FPaYlay, ((—00,~F]) = [ gi(zi)dz)

- [Py, (=0 = [ )y
< 8Rp(P,(dz), g1 (z:)dwi(F,) 997 (W paday)),
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where we put

R .
Ay ={()im € R [ @R, (dm) <0},

R .
App = {(23) € RN | 2Py, (dni) > O}
-R J#

In (3.6) we used the following:

R
/ SL'igl(.’L'i)d.fL'i = 0.
-R
The second part of the right hand side of (3.4) can be shown to converge to
zero as n — oo by the following: by (3.2),

R
n—ooe R—x
/{IERd'lz-PR} 2l Fa(de) =51 = /_R|y|291(y)dy =%0. (37

Q. E. D.

Lemma 3.3 Suppose that d > 1, and thal a sequence of Borel probabil-
ity measures {Py}n>1 on (R%, B(R?)) satisfies the following: for some i €

{1’...,d};

Tim p(W(P.)(de), Pa(de) = O, (39
and that [ga |z:)*Po(z)dz =1 for all n > 1. Then the following holds:

n—oo fRpd-1

lim (Pn)(j)j# (Hj?éidxj)‘ /R y(Pn)z(a:])J;m(dy)l2 = 07 (39>

and for any R > 0,

lim sup /
%0 AeB(RY) Y {((m5)260) €A Y| SR}

[ =Bty @) [0 0) — [ 2P, (02 /010D = 0,

(Pa) D37 (I pad ;) g1 (y) dy (3.10)

and



lim  sup | / Y@ (T1 id;) (3.11)
n—oo AEB(RI-1)

><(/_°o —z(Pn) 23) 5 i(dz)/gl(()) —~1)| =0.

(Proof). (3.9) can be proved by (3.8) and by the following:

/ Wi(P,)(dz) (3.12)
= [ (RO )

x{ / D[ 2Py, d2) = ) (o)l ()

— [T 2Py (@) = ) (Pl ()
= Rdl(P)U# ()50 1L, ed;] / iy (d2)2 L,

where we used the following:

L 2Py, 1(02) = ) (P, () = 0. (3.13)
(3.10) can be proved by (3.8)-(3.9) and by the following: for y € [-R, R],

[ =Py, @0 ) ~ [ 2Py, (d2)/a(0) (3.14)

Yy z; . ,
= /O xigl(xi)_l(/;oo _Z(Pn)zm])]#z (dz)dxl - (PTL)‘E:I:J)]#l (dxi))>

and

(P95 (I, ) / " 2Py, . (d2)dz: — Pu(da) (3.15)

= (PO (Wpday) [ 2P, (d2) (P, (=00, i)
+W*H (P, (dz) — Pa(dz).
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(3.11) can be proved by (3.8)-(3.10) and by the following: for R > 0,

(B (T, gz} (1~ [ ~2(Po)iy, . (d2)/0a(0))  (3.16)

= (P9 (I uda;){ / (P, . (d22)

{z;€R:|z;|>R}

([ 2P d2) /91 (0))gr ()
[ 2P ad2) [ (P, (=00, )

—R

+/R(/y ~2(Pa)lay, . (d2) /91 (y)

_/ —2( wj)#i(dz)/gl(0))91(y)dy}
+ /{ziER:|wi|§R} (Pn(dx) - Wz(Pn) (dﬂf))

Q. E. D.

Finally we prove Theorem 2.1.
(Proof of Theorem 2.1). We only have to prove the case where d > 1. In
fact, when d = 1, the proof is done from the case where d > 1, by considering
probability measures {P,(dz) X ¢1(y)dy}.>1 on (R* B(R?)). .

We assume that d > 1 from here on.

Suppose that (I) in Theorem 2.1 holds. Then the following which will be
proved later holds: for any ¢ € {1,---,d}

Jim p(W*(Po)(dz), (P) V57 (I idez5) g1 () das) = 0, (3.17)

which implies (II) by Lemma 3.1.
(3.17) is true. Indeed, by (3.13),

W (P)(dz) = (Po)V5# (Tl pida;) g1 () dacs (3.18)
= (B (1 pda;)dx;
X {1 0}(3%)(/R 2(Pa){e;),,(42) (Pa){s,),. (=00, 23])

- [ u R, m(dy) 91(y)dy))

9



Loow) @) [ 2(B)iny 1 (d2) (P, . ((@1,00))
[ YY) = 1))},

where 14(z) denotes an indicator function of the set A. We also have

/R (B (I, )| / )iy (d2) (3.19)
x(/_ dari(Pn)z s ((—o0, ;] +/ dz;(P, ) )i ((zi,00)))

- /Rd_l(P YOz (11 4dx ;) !/ m])#, / lyl(F zj)m dy)

< (/Rdﬂ(P") Jiri( (I 2:dx ;) |/Rz a (xj)j¢i(dz)| 2)1/2 _,

as n — oo by Lemma 3.2. Decompose the integral in (3.18) as follows: for
R >0,

lewoi@) [ dy = ewon(@) [ dy+1cra@)( dy+ [ dy),
oo 0 =3 R
l(o,oo)(fvi)/z‘ dy = 1<R,oo)($i)/z. dy + 1<0,R]($i)(/R dy+/z' dy).

Then the following (3.20)-(3.21) completes the proof of (3.17).

/Rd (Po)V7# (1 4sd5) (3.20)
X{/ dxi/ Y1 ((Pa) ), () + 91(y)dy)
+/ aa; / [YI(Pa)iay), .. (dY) + 91 (y)dy)
+R(/_ Y1 (Pa)ia,y, 0 () + 91(y)dy)
LRy, () + 1 (w)dy)))

2l Palda) + [ ¥ g1 (y)dy — 0,
{veR:|y|>R}

/{meRd:|mi|2R}
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as n — oo and then B — oo (see (3.7)), and for any Borel measurable
p: R [-1,1],
[ o) (PR 57 (), (3.21)
x{1<_R,ol<a:z-> | v (Pl ) + g1(w)dy)
v | fy((P Ve d) — 1))}
(P)Os(TL, ez, ) g1 () ds).

Suppose that (II) in Theorem 2.1 holds. Then the following which will
be proved later holds: for all ¢ € {1,---,d},

+10,r)(
< 2R?*p(Pu(dz),

Jim p(B,(dz), (P) D% (I pude)gr(2)do) — 0, (3.22)

which implies (I) in Theorem 2.1 by Lemma 3.1.
We prove (3.22) to complete the proof. For any R > 0, by Chebychev’s
inequality,

/{zeRd-|z-|>R} (Fn(dz) + (Pn) Wiz (I idz5) g1 (2)das) (3.23)

< B[ fnPRade) + [ ¥ (v)dy) < 2/,
{z€R%|x;| >R} {yeR:|y|>R}

and for any A € B(R?)

/{qzv)#.z.)e,&ﬂmkm( w(dw) — (Pa) 77 (I sadzs) gy (2:)dxs) - (3.24)

P,(dx) — W*(R,)(dz))

/{((mj)j;éi,mi)GAimlSR} (

+/ P, Wiz (11 i Vdz
xJ JFi mz)EA |Xl?z|<R}( ) ( J# J)

[ 2Py, (d2) [ (P, (d2)
H[ 2Py m<dz>/gl<:z:,> ~ D)},

11



which completes the proof of (3.22) by Lemma 3.3.

Q. E. D.
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